ON THE SECOND COHOMOLOGY CATEGORICAL GROUP AND A

HOCHSCHILD-SERRE 2-EXACT SEQUENCE

A.R. GARZON AND E.M. VITALE

ABSTRACT. We introduce the second cohomology categorical group of a categorical
group G with coefficients in a symmetric G-categorical group and we show that it clas-
sifies extensions of G with symmetric kernel and a functorial section. Moreover, from an
essentially surjective homomorphism of categorical groups we get 2-exact sequences a la
Hochschild-Serre connecting the categorical groups of derivations and the first and the
second cohomology categorical groups.
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group of derivations and the second cohomology group of E and G with coefficients in A
0 — Der(G, A) — Der(E, A) — Homg(Nap, A) — H?*(G, A) — H%(E, A)

where the middle point Homg(V,p, A) is the group of G-module homomorphisms from
the abelianization of N to A. The Hochschild-Serre sequence can also be modified to get
a b-term exact sequence involving the first and the second cohomology group

0 — HY(G, A) — H'(E, A) — Homg(Ny, A) — H2(G, A) — H2(E, A)

(These sequences are indeed part of long exact sequences, see [28, 3, 21, 23, 27, 1].) In the
present paper, our first aim is to give a 2-dimensional version of these exact sequences,
replacing groups with categorical groups.

In order to construct cohomology categorical groups, a first step has been done by Ulbrich
in [33] (see also [32, 14]) : if G is a group, |G|y is the discrete categorical group associated
with it and A is a symmetric [G]o-categorical group (a [G]o-module in the terminology
of [33]), Ulbrich defined cohomology groups H"(G, A) by considering the cocomplex of
symmetric categorical groups C(G,A) that, in dimension n, consists of functors from
G™ to A, where G" = G x ... x (G is seen as a discrete category, and 0 is obtained by
taking alternating sums (i.e., tensor) of the homomorphisms d;: C*(G,A) — C""(G, A),
i =0,...,n+ 1 defined, for all zy,...,2, € G and F € C"(G,A), by

- do(F) (21, ..., Tpp1) = “F (22, ...y Tng),

- dZ(F)<{L'1, '--7In+1) = F(l’l, ey Liliq1, ...,l’n+1), 1 S 1 S n, and

- dpi1 (F) (21, ooy Tpg1) = F(21, .0y ).

This process can be generalized replacing the group G by any categorical group G and
using a corresponding cocomplex of symmetric categorical groups C(G, A). Moreover, ins-
tead of cohomology groups, using relative kernels and relative cokernels we can construct
from C(G, A) all the cohomology categorical groups H"(G, A) as explained in [15]. What
we do in this paper is to give an explicit description in terms of cobords and factor sets of
the first and the second cohomology categorical groups (and of the categorical group of
derivations), that is, those categorical groups entering in the Hochschild-Serre sequences.

Since we dispose of an explicit description of the second cohomology categorical group, it
is natural to look at what kind of extensions this categorical group classifies. This leads us
to revisit categorical crossed modules (in the sense of [13]) and finally to a classification of
extensions with symmetric kernel and functorial section which generalizes the classification
obtained in [6] for extensions of symmetric categorical groups.

More in detail, the layout of this paper is as follows : in Section 2 we revisit the case of
groups and we give a proof of the Hochschild-Serre exact sequence slightly different from
the one available in the literature (see for instance [21]) and more convenient to prepare
our 2-dimensional version. In particular, we separe the construction of the sequence, which
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is a special case of the Kernel-Cokernel Lemma and could be obtained even if the group
homomorphism E — G is not surjective (see [35]), from the interpretation of the middle
point of the sequence, which definitely depends on the fact that the homomorphism is
surjective. Section 3 is a reminder on categorical groups. We fix notation and we recall
convenient versions for categorical groups of actions, derivations, kernel and cokernel,
and exactness. In Section 4 we discuss cobords and factor sets of a categorical group G
with coefficients in a symmetric G-categorical group A, and define the cohomology cate-
gorical group H?(G, A, ). Specializing in different ways G and A and taking the group
7o(H?(G, A, ¢)) of connected components, we recover Eilenberg-Mac Lane and Ulbrich co-
homology groups. Section 5 is devoted to the construction of two Hochschild-Serre exact
sequences of categorical groups from an essentially surjective homomorphism of categori-
cal groups E — G and a symmetric G-categorical group A. In Section 6 we concentrate
on an interpretation of the middle point of the Hochschild-Serre exact sequences similar
to the one establised in the group case. In order to introduce extensions with a symmetric
kernel, in Section 7 we discuss categorical crossed modules, a notion introduced in [13]
(see also [10]). The reason why we need categorical crossed modules deserves an explica-
tion : in the case of groups, an extension can be presented as a surjective homomorphism
together with its kernel or, equivalently, as a normal subgroup together with the corres-
ponding quotient group. Even for categorical groups the two approaches are equivalent ;
this is due to some general results on categorical crossed modules established in [13] and
summarized in the present paper as Proposition 7.9. Having this fact in mind, in Section 8
we define an extension as a normal sub-categorical group together with the corresponding
quotient categorical group. The advantage with this definition is that, when the normal
sub-categorical group is symmetric, it is easy to construct an action of the quotient on the
kernel, much more easy than to do the same if one defines an extension as an essentially
surjective homomorphism with a symmetric kernel. The price to pay is that (contrarily to
what happens with groups) to be a normal sub-categorical group is a structure, and not a
property, and the only reasonable way to handle such a structure is to see it as a special
case of the general structure of categorical crossed module. Finally, Section 9 is devoted
to the cohomological classification of extensions with symmetric kernel. We give only the
constructive part of the proof and we omit the long diagrammatic arguments needed to
check that the various constructions fulfill the requested coherence conditions.

Remark 1.1 The cohomology categorical group H?(G, A, ¢) introduced in Section 4 is
one of two possible variants. In order to understand this point, let us look at the simpler
case where the action ¢ is trivial, and let us start with the classical case of groups. For
a group G and an abelian group A, to construct the cohomology groups H"(G, A) one
can start considering the chain cocomplex of maps (in any dimension) from the simplicial
set K(G,1) (the Grothendieck’s nerve of G seen as a category with only one object) to
A, with differentials given by alternating sums of the induced cofaces. The same process
can be carried out for a categorical group G and a symmetric categorical group A. What
changes in the case of categorical groups is that at the beginning of the story two different
choices are possible, and these different choices lead to different cohomology categorical
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groups. Indeed, one can consider as starting point either Ner(G), the simplicial set of
a categorical group G (see [9]), or the pseudo-simplicial category that G defines by the
familiar bar construction, where face and degeneracy functors are defined in a standard
way and where simplicial identities hold up to isomorphism (see [8, 11] and the references
therein). When the action ¢ is trivial, our cohomology categorical group H?(G, A, ¢) is
the one coming from this pseudo-simplicial nerve. The Ner(G) version is studied in a
separate paper [20] and is related to singular extensions of categorical groups.

2. The group case revisited

Let G be a group and A = (A, ¢) an abelian group together with a G-module structure
p: G x A — A We write ¢(x,a) = "a. The starting point to construct the Hochschild-
Serre sequence and the H!-H? sequence is described by the following commutative diagram
of abelian groups and homomorphisms

A2 Der(G, A) —S= CL(G, A) 29> 72(G, A) —~ H2(G, A)

I \l

HY(G, 4) —— C'(G, A)

where
- CY(G, A) is the group of 1-cochains, i.e. maps g: G — A such that g(1) = 0;
- 7Z%(G, A) is the group of 2-cocycles, i.e. maps f: G x G — A such that

fla, 1) =0=f(Ly), “fly,2)+ f(x,yz) = f(z,y) + f(zy, 2)

- dg: CHG, A) — 7Z2(G, A) is defined by d¢(g)(,y) = “g(y) — g(zy) + g(@);

- Der(G, A) and H?*(G, A) are, respectively, the kernel and the cokernel of d¢ (the
element of Der(G, A) are called derivations);

- dg: A — Der(G, A) is defined by the inner derivation dg(a)(x) = "a — a;

- HY(G, A) is the cokernel of dg, and C'(G, A) is the cokernel of i¢ - dg;

- ig and J are induced by the universal properties of H'(G, A) and C'(G, A);
- H*(G, A) is the cokernel of &;

- s¢ is induced by the universal property of H*(G, A).

Lemma 2.1 In the previous diagram
1. ig: HY(G, A) — C(G, A) is the kernel of 6: CH(G, A) — Z%(G, A);
2. sq: H3(G, A) — H*(G, A) is an isomorphism.



Proof. Apply the Kernel-Cokernel Lemma to the diagram

A
0

In the resulting exact sequence

‘eld C1(G, A) == CY(G, A)

— = 73(G, A) —=7*(G, A)

A-2- Der(@, A) —= Ker(8,) —= 0 —= H2(G, A) =%~ HX(G, A) — 0

the exactness in Der(G, A) and in Ker(d,;) gives that H'(G, A) ~ Ker(d), and the exact-
ness in H2(G, A) and in H*(G, A) gives that s¢ is an isomorphism. n

Consider now an epimorphism of groups p: £ — G and the induced E-module structure
ExA—GxA— Aon A. Composition with p: E — G induces also a monomorphism
p1: CHG,A) — CYE,A), and composition with p x p: E x E — G x G induces a
monomorphism py: Z*(G, A) — Z*(E, A). We have all the ingredients to construct the
following commutative diagram of abelian groups and homomorphisms

A id A
dG dE
Der(G, A) a Der(E, A) b Ker(d,)
ic H'(G, A) —2 HY(E, A) —* Ker(d,)
iG ig
cya, A) 2 CYE,A) 2 Cl(p, A) i
juse] J TE L Tp
(SE 613
i (G, A)— Cl(E, 4)— C'(p, A)

.
72(G, A) 2 72(E, A) z 72(p, A)
~

IS8

g
- H
sG y /
A)

where



- Py CHG, A) — CYE, A) is induced by the universal property of C'(G, A);

- C'(p, A) is the cokernel of p;, C*(p, A) is the cokernel of p,, and Z%(p, A) is the
cokernel of po;

- 0, and g, are induced by the universal properties of CY(p, A) and C'(p, A), 7, and T,
are induced by the universal properties of Ker(d,) and C'(p, A), and s, is induced
by the universal property of Coker(d,).

Lemma 2.2 In the previous diagram
1 p;: CHG, A) — CHE, A) is a monomorphism ;
2. m,: C'(p, A) = C'(p, A) is an isomorphism and, therefore,

3. m, and s, are 1somorphisms.

Proof. Consider

A ig-dag Cl(G,A)i_l(G,A>
qX\ /
id Ker(z) P Py
h
AL CY(E, A) ——~C!(E., A)
qX\ l /
Ker(mg)

Observe that h is an epimorphism because ¢ is an epimorphism. Now apply the Kernel-
Cokernel Lemma to the diagram

Ker(x,) — CY(G, A) =%~ C'(G, A)

Ker(rp) — CHE, A) —— CHE,A)

The resulting exact sequence
0 — Ker(h) —= 0 —= Ker(p,) —= 0 — C(p, A) —2= C(p, A) —=0

gives that Ker(gl) =0, so that p s a monomorphism, and that 7, is an isomorphism. m
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Corollary 2.3 Consider an epimorphism of groups p: E — G and a G-module A. There
are two exact sequences of abelian groups connected by a morphism of complezes

0 — Der(G, A) —%> Der(E, A) -2~ Ker(8,) =~ H2(G, A) -~ H2(E, A) —%> Coker(8,) — 0

0 — HY(G, A) — HY(E, A) —= Ker(9,) TH2(G, A) ?ﬂ2(E> A) — Coker(é,,) — 0
Moreover, g and wg are epimorphisms, and mp, sq, Sg and s, are isomorphisms.

Proof. Apply the Kernel-Cokernel Lemma to the diagrams

CH(G, A) = CY(E, A) 2= Cl(p, A)  CHG, A) —>C' (B, A) —~Cl(p, A)

o Jo» |o o |éx |%

Z2<G, A) ? ZZ(E, A) T) ZQ(p, A) Z2<G, A) T> ZQ(E’ A) T ZQ(p, A)

and use Lemma 2.1 and Lemma 2.2. m

We look now for a different description of the group Ker(d,). Let N be the kernel of
p: E — G and N,, = N/[N, N] its abelianization. Since p is surjective, N,, has a G-
module structure induced by conjugation in E':

n=ene"! forne€ N,x € G and p(e) =z

In the next result, we denote by Homg(N,p, A) the abelian group of G-module homo-
morphisms N,, — A, and by Hom(N, A) the abelian group of equivariant homomor-
phisms, that is, group homomorphisms h: N — A such that h(ene™') = P(®h(n) for all
eec E.neN.

Proposition 2.4 Let p: E — G be a group epimorphism with kernel N. The abelian
groups Homeg(Nap, A), Hom(N, A) and Ker(d,) are isomorphic.

Proof. 1) The isomorphism Hom(N, A) ~ Homg(Nap, A) is just the restriction of the
natural isomorphism Grp(N, A) ~ Ab(N,y, A) given by the universal property of N,y,.
2) Consider now the kernel of §,: C'(p, A) — Z?(p, A). Explicitly

Ker(6,) ={lg: E = A] | 3f: GXx G —= A:0r(9) =p2(f)}

with [g] = [¢] if there exists u: G — A such that g = p;(u) + ¢/, and with dg(g) = pa(f)
meaning that P(Ug(ey) — g(eies) + gler) = f(p(er), p(es)) for all e;, eo € E. We put

¥: Ker(d,) - Hom(N,A) [g]— (g-i: N - E— A)



where 7: N — G is the inclusion.
- ¥ is well-defined : if [g] = [¢], then condition g = p;(u) 4+ ¢’ gives for all n € N

g9(n) = u(p(n)) + ¢'(n) = u(1) + ¢'(n) = g'(n)

- X[g]: N — A is a group homomorphism : condition dg(g) = pa(f) gives for all n € N
and e € I

(n)

g(ne) = "™g(e) + g(n) — f(p(n),ple)) = ‘gle) + g(n) — f(1,p(e)) = gle) + g(n) (1)

- X[g] € Hom(N, A): using condition dg(g) = pa2(f) once again we have for all e € E

P(e™") = glee™") — gle) + f(ple), p(e™")) = —g(e) + f(ple), p(e™)) (2)

Now if n € N and e € E, from (2) and 0g(g) = p2(f) it follows that

"g(net) = glene™") — gle) + f(p(e), p(ne™")) = glene™") + "g(e?)

and therefore using (1) we get
glene™) = Mgfne) = Hy(e ) = MOg(n) + gle)) ~ Mle ) =

= M) + Mg(e) = P(e) = M)

- ¥ is surjective : let h: N — A be in Hom(N, A) and choose a set-theoretical section
s: G — E of p such that s(1) = 1. We can construct g, € C'(E, A) and f, € Z*(G, A) as
follows

951 B — Az gs(e) = hles(p(e))™) . fs: Gx G = A fi(z,y) = h(s(zy)s(y) 's(x) )

To check that dg(gs) = p2(fs) is long but easy, so let us check that X[gs] = h: for all
n € N we have g,(n) = h(ns(p(n))™') = h(ns(1)~) = h(n).

- ¥ is injective : let [g] € Ker(d,) such that the restriction of g to N is 0. Fix once again
a set-theoretical section s of p such that s(1) = 1 and put us = g-s: G — A. We have to
show that g = us - p, so that [g] = 0. For this, observe that from dg(g) = p2(f) we deduce

0=g(1) = g(s(z)s(x) ") = g(s(x)) + “g(s(2)™") = flz,27") (3)

for all z € G. Finally, since es(p(e))™! € N for all e € E, using condition dx(g) = pa(f)
one more time and putting x = p(e) in (3) we have

0 = gles(p(e))™) = g(e) + "g(s(p(e)) ™) — f(p(e),ple)™) =

= g(e) = g(s(p(e))) = g(e) — us(p(e))
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Putting together Corollary 2.3 and Proposition 2.4, we get the exact sequences originally
due to Hochschild and Serre [22].

Corollary 2.5 Consider an epimorphism of groups p: £ — G with kernel N and a G-
module A. There are exact sequences of abelian groups

0 — Der(G, A) — Der(E, A) — Homg(N,p,, A) — H*(G, A) — H*(E, A)

0 — HYG, A) — HY(E, A) — Homg(Ny,, A) — H*(G, A) — H*(E, A)

3. A reminder on categorical groups

In this section we collect some basic facts on categorical groups and on the corresponding
notions of action, derivation, kernel, cokernel, and exactness.

Starting from the works of Deligne [16], Frohlich and Wall [17] and Sinh [31], categorical
groups have been studied extensively in the literature (they already appear in the work of
Whitehead [36] in their strict form of crossed modules of groups). We refer to [5] and [29]
for an introduction to monoidal categories, and to [2] and [34] for basic facts on categorical
groups.

Actions of a categorical group on a (symmetric) categorical group have been introduced
in [7] and [12]. The corresponding notion of derivation has been introduced in [18] and
[19].

Convenient notions of kernel, cokernel and exactness for homomorphisms of (symmetric)
categorical groups have been studied in [26] and [34].

3.1 Categorical groups. A categorical group (sometimes called gr-category or 2-group
in the literature) is a monoidal groupoid G = (G, ®, I, a,l,r) such that every object X is
invertible, that is, the functor

X®(-):G—-G, Y—»XQY

is an equivalence. It is then possible to choose, for each X € G, an object X* € G (called
an inverse of X) and arrows nx: [ — X ® X* and ex: X* ® X — [ such that the usual
triangular identities are satisfied. The choice of a system of inverses (X*, nx,ex), X € G,
induces a monoidal equivalence

(=) G—-G f: X->Y - X"V
where f* is defined as follows

i i “1®i i
X o Xl xr gy oy -2 9 i o x oV XM gy ~ v

The following simple lemma is quite useful, it will be tacitly used in several calculations
all along the paper.
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Lemma 3.2 Let f: X — Y be an arrow in a categorical group. The following diagrams
commute

X eoXx—r% yvgy Xxox—I yvey

P N

I 1

In fact, the commutativity of these diagrams characterizes f*: X* — Y™ once f is given.

(Note that, if in the definition of f* we use f instead of f~!, then the monoidal equivalence
(—=)*: G — G is contravariant and the previous lemma holds in any monoidal category
with duals.)

A categorical group G is said to be symmetric if it is symmetric as a monoidal cate-
gory, the symmetry being usually denoted by ¢, ,.: X @ Y — ¥V ® X. We will denote
by CG (respectively SCG) the 2-category whose objects are categorical groups (respecti-
vely, symmetric categorical groups). The 1-arrows, called homomorphisms, are monoidal
functors T' = (1,73): G — H (respectively, symmetric monoidal functors), and the 2-
arrows, called morphisms, are monoidal natural transformations. Note that a canonical
arrow Typ: I — T1 can be constructed from the natural and coherent family of arrows
T, TX®TY — T(X ®Y). Note also that in CG and SCG, the 2-arrows are invertible.

If F: G — H is any functor between categorical groups, we denote by F*: G — H the
composite functor

e pL
that is, F*(X) = (FX)* and F*(f) = (Ff)*. In the same way, from a natural transfor-
mation a: F' = G we get a natural tranformation o*: F* = G* defined by a% = (ax)*.
When F is monoidal, we can assume that F*(X) = F(X*) and F*(f) = F(f*). Finally,
if a: F = G is monoidal, then o, = ayx- (to check this last fact, use Lemma 3.2).

If G € CG, then the set (&) of its connected components is a group (abelian if G is
symmetric) with operation induced by tensor product. We denote by 7 (G) the abelian
group Autg (/) of automorphisms of the object I (to check that m1(G) is abelian, use
the Eckmann-Hilton argument : in 7 (G) composition coincide, up to the canonical iso-
morphism I ~ [ ® I, with tensor product). Finally, for a group G we denote by [G]o
the discrete categorical group on G if G is abelian, we denote by [G]; the symmetric
categorical group with one object and such that m([G],) = G.

Remark 3.3 Throughout the paper we will use several variants of the following simple
fact. If G and H are categorical groups with H symmetric, then CG(G, H) is a symmetric
categorical group with structure induced pointwise from that of H. Moreover,

m(CG(G,H)) ~ Grp(m(G), m (H))
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Indeed, let 0: G — H be the constant homomorphism sending each arrow on the identity
arrow on [, and let a: 0 = 0 be a morphism. By naturality, we have that ax = ay: [ — I
if [X] = [Y] in m(G), so that « induces a map my(G) — 7 (H). By monoidality, we have
that axgy = ax ® ay, so that such a map my(G) — m(H) is a group homomorphism.

Notation 3.4 When no confusion arises, in order to simplify notation we will

- omit the associativity isomorphism axyz: (X ®Y)® Z - X ® (Y ® Z) and the
right and left unit isomorphisms rx: X - X ® I and lx: X - I ® X

- omit indexes, writing for example c: X ® Y = Y ® X instead of cxy

- denote canonical arrows as “can” or even as unlabelled arrows; for example, we

writecan: X - Y @ X Q@Y " or X 2 Y @X®Y*orjust X Y ® X ®Y" instead

of
i c id
X Xl vy oy ey — vy e XV
or of
77Y® id®Cy*’X

X2 rex?™yeyvieXx

Y@X®Y”"

3.5 Actions. If G and A are categorical groups, an action of G on A is a homomorphism
of categorical groups ¢: G — Eq(A), where Eq(A) is the categorical group of monoidal
autoequivalences of A. When such a G-action is given, we will say that A = (A, p) is a
G-categorical group. To give a G-categorical group structure on A is equivalent to giving
a functor

e(f)(u)="u

0 Gx A=A, (X, A) VLY, B) o o(X)(A) = X4 o(Y)(B) = ¥B

(when f =idx or u = id4, we write respectively *u and /A instead of /u) together with
natural families of arrows

P34 XA@ B — MA@ B), oi " X(YA) = YA g Ao A

satisfying the following coherence conditions (see Definition 2.1 in [12])!

(actl) ¢ XA,B®C (d®¢XBC) a= g S0§<A®BO (@gc,A,B(gid)
(act2) ¢ X Y®Z,A XSOYZ A ay . g0X®YZ A SOX,Y, zZy
(aCtg) IYA Y = ZA , Sp‘lvaA . X(;D() — A
(actd) ¢ XYA®B XSOYAB o YA, YB SOX@Y,A,B . ((px YA g o YB)
2 2 2 1
A,
(acth) ¢ I B (o8 @ pB) = pfeB

1. All along the paper, we will consider several coherence conditions. When they are already available
in the literature, we give a precise reference and express the condition as an equation. This is the case in
Subsections 3.5 and 3.11 (categorical actions and derivations) and in Subsections 7.2 and 7.3 (categorical
precrossed and crossed modules). Otherwise, we express the condition in the more readable form of a
commutative diagram.
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One can construct a unique natural family of arrows X : I — *I such that
gog(’I’B-(gof(@)id)-l __ ¢§(,A,I_<id®spf<>_T — X S0{(,1/,1‘ XY oX = pXov ol — ol

We say that an action ¢: G — Eq(A) is symmetric (or that A is a symmetric G-categorical
group) if A is symmetric and ¢ factorizes through ¢: G — Eqs(A), where Eqs(A) is the
categorical group of symmetric monoidal autoequivalences of A. To express an action
¢: G — Eqs(A) as a functor ¢: G x A — A, we need one more condition (see Definition
2.1in [12]) :

(act6) @y 7 c= Yo tP

Remark 3.6 In Section 6 we will use the fact that any action ¢: G — Eq(A) induces
two group actions

mo(p): m0(G) X mo(A) = me(A) and @: m(G) X m1(A) — m(A)

The first one is defined in the obvious way because (G x A) = m(G) x mo(A). The
second one sends a pair ([X],a) € mo(G) x m1(A) on the composite

o Xa ()7t

I X1 X1 I

and is well-defined thanks to the naturality of ¢, and the functoriality of ¢.

3.7 Kernel. Given a homomorphism 7": G — H in CG, its kernel is the following diagram

in CG
G
%m&
)—  ~H

K
Ker(T

where

an object of Ker(7T') is a pair (X € G,z: TX — I);

an arrow f: (X,z) — (Y,y) in Ker(7') is an arrow f: X — Y in G such that
y-T(f) =

the faithful (but in general not full) homomorphism K(7'): Ker(7) — G is defined
by K(T)(f: (X,z) = (V,y)) = (f: X = Y);

the component at (X, z) of the morphism k(7)) is given by z: T(K(T)(X,z)) =
TX — I =0(X, ).

The kernel of T'is a bilimit in the sense of [4] and also a standard homotopy kernel. Bilimit
means that for any other diagram in CG of the form

Y

G
¢

\\::
p
5 H

A
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there exists a homomorphism R': A — Ker(7T') and a morphism p': K(T) - R = R
such that p - (T o p/) = k(T) o R' (where o is the horizontal or Godement composition
of morphisms); moreover, if R": A — Ker(7) and p”: K(T') - R” = R are such that
p-(Top") =k(T)o R’ then there exists a unique morphism r: R' = R” such that
pr-(K(T)or)=p.

Standard homotopy kernel means that, in the same situation, there exists a unique ho-
momorphism R': A — Ker(7T') such that K(T) o R = R and k(T) - R’ = p.

Finally, if T: G — H and R: A — G are in SCG, then Ker(7T'), K(T') and R’ also are in
SCG.

Note that, because of the double universal property of the kernel, we do not pay too much
attention to the fact that a diagram in CG or in SCG involving kernels (or cokernels) com-
mutes strictly or just up to a 2-arrow.

3.8 Cokernel. Let now T: G — H be a homomorphism in SCG. Its cokernel is the

following diagram in SCG
H

Coker(T)

G

0

and it satisfies two universal properties dual to those of the kernel. It can be described as
follows :

- the objects of Coker(T) are those of Hj
- a prearrow from A to Bis a pair (X € G, f: A—TX ® B);

- an arrow [ X, f]: A—o= B is an equivalence class of prearrows, where two prearrows
(X, f), (X', f) fromA to B are equivalent if there exists an arrow z: X — X' in G
such that (T'(z) ®id) - f = f/;

- the tensor product of two arrows [ X, f]: A—> B and [Y,g]: C —= D is given by
the class of the prearrow with object part X ® Y and arrow part

A0 X 9B TY 9D . TX @ TY 9 B D~T(X®Y)® B® D

- the essentially surjective on objects homomorphism C(7"): H — Coker(7") sends an
arrow f: A — B to the class of the prearrow

(I, A—~B—>TI®B)

C(T) in general is not a full functor ;

- the component at X € G of the morphism ¢(T) is given by the class of the prearrow
(X, TX - ITX).
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Exercise 3.9 We leave to the reader the following exercise, which is easy but meaningful
to grasp the difference between groups and categorical groups when kernels and cokernels
are involved.
Let A be a categorical group and consider the canonical homomorphisms A — 0 and
0 — A. We have

Ker(A —0)=A, Ker(0 — A) = [m(A)]o

If A is symmetric, we also have

Coker(A — 0) = [m(A)]1, Coker(0 — A) =A

7N

0

3.10 Exactness. A diagram

A

C

in CG is 2-exact if the comparison homomorphism F’: A — Ker(G) is full and essentially
surjective on objects. When the above diagram is in SCG, its 2-exactness is equivalent to
ask that the comparison homomorphism G’: Coker(F') — C is full and faithful.

Obvious examples of 2-exact complexes are

Ker(T) ray G—>H and G——H o) Coker(T")

equipped respectively with k(7"): T-K(T') = 0 and ¢(T"): C(T')-T = 0. More interesting,
if
A—L>B-—C5>~C with p: G- F =0

is 2-exact, then
m(A—">B—>C) and m(A—">B—~C)
are exact sequences of groups (the converse implication is not true).

3.11 Derivations. If G is a categorical group and (A, ¢) is a G-categorical group, a
derivation from G to A is a functor D: G — A together with a natural family of arrows

Bxy: DX ® DY - D(X ®Y)

satisfying the following coherence condition (see Definition 3.1 in [19]) :

(der]-) D(a) . /6X®Y,Z . (/BX,Y ® ld) . a—l . (ld @;(]d ® @f’Y:DZ» _
= Bxyez - (1d® XBy) - ([d® DY DZ)

One can construct a unique arrow (y: I — DI such that
Bxr- (ld®@ *By) - (id@¢d)-r=D(r), frx-(ideeg™)-(fy®id)-1=DI

Given two derivations (D, ), (D',3"): G — A, a morphism of derivations e: (D, ) =
(D', ') is a natural transformation e: D = D’ compatible with 8 and ’: (see Definition
3.1 in [19))
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(der2) exey - fxy = fxy - (ex @ Yey)

From the previous conditions, it follows that €; - 5y = ;.
When (A, ¢) is a symmetric G-categorical group, the category of derivations Der(G, A, )
is a symmetric categorical group, with structure induced by that of A. Moreover, in this
case there exists a homomorphism dg: A — Der(G, A, ) defined, on an object A, by the
inner derivation dg(A)(X) = XA ® A*. For such a functor, the structure of derivation
dg(A)(X) @ Xdg(A)(Y) = dg(A)(X ®Y) is provided by

. x, YA A% _ X,Y,A o X A A*
id® (¢, )t (1) P1 ®¥

idepX
XA®A*® X(YA(X)A*) <2> X X®YA®A*

where
(1) iS XA®A*® X(YA)®XA*2 X(YA)®A*®XA® XA*
(2) is ¥VAR A*®@ M(A® A*) ~ XA A* @ X

For an arrow f: A — B in A, the natural transformation dg(f): dg(A) = dg(B) has
component at X given by *f ® f*: YA ® A* — *B ® B*. We denote the kernel and the
cokernel of dg by

HO(G, A, ¢) 3 A —- Der(G, A, p) "L H(G, A, )

4. The second cohomology categorical group

In this section we introduce a possible second cohomology categorical group H?(G, A, ).
To avoid confusion with the second cohomology categorical group H?*(G,A) studied in
20], we adopt the terminology here of “cobord” and “factor set” to describe H?*(G, A, ¢),
and we leave the terminology “cochain” and “cocycle” for H?(G, A).

We fix a symmetric G-categorical group A = (A, p: G — Eqs(A)) as in Subsection 3.5.
We start by describing the symmetric categorical group C!(G, A) of cobords and the
symmetric categorical group Z?*(G, A, ) of factor sets. In both cases, the structure of
symmetric categorical group is inherited from that of A.

Definition 4.1 A cobord of G with coefficients in A is a pair G = (G, Gy) with G: G — A
a functor and Gg: I — GI an arrow. Given two cobords G,G’': G — A, a morphism of
cobords is a natural transformation #: G = G’ such that the following diagram commutes

(cobl) GI o
x G
I

We denote by C}(G, A) the symmetric categorical group of cobords.

G'I
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Definition 4.2 A factor set of G with coefficients in A is a 4-tuple F' = (F,ap,7p,lr)
where F': G x G — A is a functor and

a7 FXY)9 F(X®Y.2) » “F(Y.2) @ F(X,Y ® Z)

rec I — F(X, 1) 15:1— F(I1Y)

are natural families of arrows such that the following diagrams commute

(fs1) [0 F(X,2)— 2% X g p(X, 2)
T%(@F(Txvid)l lXZJZw@F(id,zz)
FIX,)@F(X®I1,Z) % F(I,Z) @ F(X,I® Z)
ap
(fs2)
(1) id®apy 2" (6) c®id ) id@an 7OV (8)
a?’Y‘Z®F(a,id)l l((pf’y’F(Z’W))_l(@id
(2) (9)
.ld®a§,x/®z,wl l@;{, Yr(z,w),F(Y,ZeW)

(S)Spg(’F(Y’Z)’F(Y@Z’W)®id<4) Xa?’Z’W(X)F(id,a) (5)

where

1) =FX,Y)OFX®Y,2) F(X®Y)® Z,W)

(

(2) = *FY,2) 9 F(X,Y®Z)®@ F(X® (Y ® Z),W)

(3) = F(YV,2)® FYRZW)@ F(X,(Y ® Z) @ W)
(4) = XF(Y,2) @ F(Y @ Z,W)) @ F(X,(Y ® Z) @ W)
(5) = FZW)RFY,ZaW)@ F(X,Y ® (Z®W))
6) =F(X,)Y)® X*YF(ZW)R F(X®Y,ZQ W)

(7) = XYF(ZW)QF(X, V)R F(XQY,Zo W)

8) = XYF(Z, W)@ *F(Y,ZoW) @ F(X,Y © (Z@W))

9) = XYF(Z,W) @ XF(Y,ZoW)e F(X,Y @ (Zo W))
Given two factor sets F, F': G x G — A, a morphism of factor sets is a natural transfor-

mation o: F' = F’ such that the following diagrams commute

X,Y,Z

(fs3) F(X,Y)®F(X®Y,Z)—* XP(Y,Z) @ F(X,Y ® Z)

aX,Y®QX®Y,Zl lxay,z®aX,Y®Z

F(X,Y)RF(X®Y,Z) —5— "F(Y,2)® F(X,Y © Z)

aF,
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(£s4) Y)

/
N

FI(X, 1) FI(L,Y)
We denote by Z2(G, A, ) the symmetric categorical group of factor sets.

§ \
| A

Remark 4.3 The definition of factor set comes from the following fact. Given a functor

F: G x G — A and three natural families a}( Y2 , 7 1%, we can define a tensor product

R AXGXxAXGAXG, (AX)®r(B,Y)=(A® B F(X,Y),X®Y)

a unit objet (I,1), an inverse (4, X)* = (¥'A* @ ¥ F*(X, X*),X*) and three natural
families
- (A, X) — (A, X)®p (I,1) with components

X
A—>AQRIRI egy err

AR MIQF(X,I), X—X®I

- (B,Y) = (I,1) ®F (B,Y) with components

id@pf eIy,

B—I®B®I I BoFIY), Y—I®Y

- (A, X)®p (B,Y))@r (C,Z) = (A, X)®r (B,Y)®r (C, Z)) with first component

i)

Y
X,B F(Y,Z) .
B, YO F(YZ) g

1d®(<pX ¥, C) 1®a§‘ id®yy

(1) id®cid )

where
(1) =A@ *B F(X,Y)® YO F(X®Y,Z)
(2) =A® *Be **YCo F(X,Y)2 F(X®Y,2)
(3) =4A® *Be YYC)® *F(Y,Z2) F(X,Y ® Z)
(4) =A X(B® YCo F(Y,2))® F(X,Y ® Z)
and second component (X @Y)®Z - X ® (Y ® Z).

Conditions (fs1) and (fs2) in Definition 4.2 are precisely what is needed to make such
families coherent in the usual sense of monoidal categories, so that (A x G, ®p, (I,1),...)
is a monoidal category (in fact, a categorical group). In Section 9 we will denote such
a categorical group by A xr G. Observe that if the factor set F' is the O-functor, then
A xp G is the semi-direct product A <, G, see [19, 25].
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Lemma 4.4 There exists a homomorphism § = dg: CH(G,A) — Z*(G, A, ¢) defined, on
an object G, by
S(A)X,Y)="CGY @G (X®Y)GX

X 903(

X
r5a: 1 xp 4 XGI GIoG (X®I)GX

GYi G
Y Y e (loY)ol 22N gy o ar(IeY) 0 GI

Y, *
X,Y,GZ X, "GZ,GT(Y®RZ .
(¥1 ) 2 ¢ )®1d

(3) = (4)

~l®can

aze (1) (2)

where
() =*CGY oG (XQY)eGX @ ¥¥GZG" (XY ®2)eG(XY)
(2) = *CGZ R GY 9 G'(X QY ®Z)® GX
B3) =X"GZ) @ *GFY ®2)@ *GY ® *GY ®Z2) @G (X®Y ®Z)®GX
4) = *¥'GZG(YR2)GY)@ *GY 0 Z) G (XY ® Z)® GX
and, on a morphism B: G = G', by

XBy ®Bx gy ®Bx

i(B)xy: *GY @ GH(X®Y)®GX

Y@ (XY)G'X
Moreover, the kernel of dg is equivalent to Der(G, A, ¢).

The fact that the families rsq, [sq and asg constructed in Lemma 4.4 are canonical depends
on the fact that A is symmetric, a braiding on A is not sufficient here.

Definition 4.5 The second cohomology categorical group H?(G, A, ¢) of G with coeffi-
cients in A is the cokernel of dg. Therefore, we have

Der(G, A, ) — = CL(G, A) —2> Z2(G, A, ) —> H2(G, A, )

Example 4.6

1. If G is the discrete categorical group [G]o associated with a group G, then the
set of objects of Z?([G]o, A) is identified with the set of Ulbrich’s 3-cocycles of G
with coefficients in A, see [33]. In particular (see Example 3 in [12]), if A is the
discrete symmetric [G]o-categorical group [A]y associated with a G-module A, then
Z*([Glo, [A]o) is the discrete symmetric categorical group [Z%(G, A)]y associated with
the abelian group of Eilenberg-Mac Lane 2-cocycles of G with coefficients in A.

2. If G = [G]p and, moreover, A = [A]; is the symmetric [G]o-categorical group with
only one object associated with a G-module A, then Z?([G]o, [A]1) is the discrete
symmetric categorical group associated with the abelian group of Eilenberg-Mac
Lane 3-cocycles of G with coefficients in the G-module A.

This shows that the cohomology groups introduced by Eilenberg-Mac Lane [28] and
Ulbrich [33] can be obtained as special instances of the symmetric categorical group
H?(G, A, ¢) via the functor m.
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5. The Hochschild-Serre sequences for categorical groups

In order to prepare the Hochschild-Serre 2-exact sequences, we generalise Lemma 2.1 and
Lemma 2.2 to symmetric categorical groups.

Lemma 5.1 Consider a diagram in SCG

K(9) 5

A2 Ker() C 7 2 Coker(s)
C(D>i ca«@-ml / % ls
Coker(D) G Coker(K(9) - D) Coker(0)

where K(0), 0 and S are induced by the universal properties of Coker(D), Coker(K(d)- D)
and Coker(§). Then

1. K(0): Coker(D) — Coker(K(d) - D) is the kernel of 0: Coker(K(9) - D) — Z;
2. S: Coker(d) — Coker(9) is full and essentially surjective.

Proof. Consider the diagram

A —C Coker(K(0) - D)
L |
0 Z Z

Id

Apply the Kernel-Cokernel Lemma for symmetric categorical groups (Proposition 6.3 in
[15]) and use Exercise 3.9. We get a 2-exact sequence

A —2> Ker(8) —> Ker(8) — [mo(A)]; —> Coker(§) —> Coker(d)
1. Consider the factorization through the cokernel

A —2 > Ker(6) —— Ker(6)

C(D)l /

Coker(D)

By 2-exactness in Ker(d), 7" is full and faithful. Moreover, the sequence

wo(T)

ro(Ker(8)) ™% my(Ker(8)) — mol[mo(A))1) = 0

is exact, so that mo(7") is surjective. This means that 7" is essentially surjective, and then
T’ also is essentially surjective.
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2. Consider the factorization through the kernel

[mo(A)]; —> Coker(8) —> Coker(9)

R TK(S)

Ker(S)
By 2-exactness in Coker(d), R is (full and) essentially surjective. Therefore,
mo(R'): mo([mo(A)]1) = 0 — mo(Ker(S))
is surjective, and then mo(Ker(S)) = 0. This means that S is full (see Proposition 2.1 in

[34]). Finally, the fact that S is essentially surjective is obvious because S - C(d) = C(9)
and C(0) is essentially surjective. =

Lemma 5.2 Consider a diagram in SCG

F

A A’
D o~ D’
@)
C g C Coker(G)

C(D)l \LC(D’) \LR

Coker (D) = Coker(D") Tl Coker(G)

with F full and essentially surjective, and G faithful. Then
1. the comparison G: Coker(D) — Coker(D") is faithful ;

2. the comparison R: Coker(G) — Coker(G) is an equivalence.

Proof. Using the factorization D of D through the kernel of C(D), and the factorization
D' of D' through the kernel of C(D’), we split the upper part of the previous diagram as

A = /
X\ ) I
D Ker(C(D)) —=Ker(C(D")) D’
K(C(D)) K(C(D))
G

Following Proposition 2.1 in [26], we have that D and D’ are full and essentially surjec-
tive. Therefore, Coker(D) is also a cokernel of K(C(D)), Coker(D’) is also a cokernel of
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K(C(D’)), and F is full and essentially surjective. Apply now the Kernel-Cokernel Lemma
to the diagram

Ker(C(D)) — ) D coker(D)
N B B
Ker(C(D")) RO C 0 Coker(D")

We get a 2-exact sequence

Ker(F) — Ker(G) — Ker(GQ) — 0 — Coker(G) —> Coker(G)

where Coker(F) is equivalent to 0 because F is full and essentially surjective (see Propo-
sition 2.2 in [34]).
1. From the previous 2-exact sequence, we get an exact sequence of abelian groups

0 = m(Ker(G)) — m(Ker(G)) — 0

where 0 = m(Ker(G)) because G is faithful (see Proposition 2.1 in [34]). Therefore,
m(Ker(G)) = 0, and then G is faithful.
2. The 2-exactness in Coker(G) of the previous sequence of symmetric categorical groups

gives that R is full and faithful (use Exercise 3.9). Finally, R is also essentially surjective
because R - C(G) = C(G) - C(D"). =

5.3 Hochschild-Serre 2-exact sequences. In the rest of this section, we fix an es-

sentially surjective homomorphism of categorical groups P: E — G and a symmetric
G-categorical group A = (A, ¢: G — Eqs(A)). Clearly, P induces a symmetric action
@+ P of E on A (by abuse of notation, we will write ¢ instead of ¢ - P). Moreover, P
induces by composition two faithful homomorphisms

Pc: CYHG,A) — CHE,A) and Pz: Z*(G, A, ) — Z*(E, A, )
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We can now construct the following diagram in SCG (each part is either commutative or
commutative up to a 2-arrow) :

A i A
d@ d]E
Der(G, A, ) Der(E, A, ) Ker(ép)
C(de) Ko C(dg) ko) K
E P
K(dg) HY (G, A, ¢) HY(E, A, ) Ker(dp)
K(6g) K(dE)
CY(G, A) & CY(E, o) 20 C!(P,A) K(sp)
c\(m@)d\c,) l 5 c\mwm@ l 5p N
) Pe . C(P) .
oG g (G,A) Q (]EaA) Q (Pv A)
dg Og
ap
Z2(G, A, ) L ZX(E, A, ¢) i ZX(P, A, )
W\ C(é]E) C@P)
C(0g) C(ép)
C(d) H*(G, A, p) H(E, A, ¢) Coker(d,)
56 y /
sp
H*(G, A, ¢) H*(E, A, ¢) Coker(dp)
where

- CY(G, A) is the cokernel of K(dg) - dg and H*(G, A, ¢) is the cokernel of d;
G

- CY(P,A) is the cokernel of Pc, C'(P,A) is the cokernel of P, and Z?(P, A, ¢) is the
cokernel of Pj.

Proposition 5.4 Let P: E — G be an essentially surjective homomorphism of categorical

groups and A a symmetric G-categorical group. There exist 2-exact sequences of symmetric
categorical groups

Der(G, A, p) —=Der(E, A, ) —Ker(dp) —H?*(G, A, ) — H%(E, A, ) —= Coker(dp)

C(d@)l C(dE)l WP\L \LSG ism lsp

HY(G, A, ) —HY(E, A, ¢) — Ker(dp) — H*(G, A, p) — H*(E, A, ) — Coker(dp)

Moreover, for the connecting homomorphisms, we have :
- C(dg) and C(dg) are essentially surjective ;
- sg and sg are full and essentially surjective ;

- mp and Sp are equivalences.
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Proof. Apply the Kernel-Cokernel Lemma to the diagrams

C(G, A)

‘| PR s

Z3(G, A, p) Z*(E,A,p)  Z2(G,A, ) Z*(E, A, p)

Py,
in order to construct the 2-exact sequeces. Then apply Lemma 5.1 to the diagram

A% Der(G, A, )ﬂlC(G,A)HZQ(GA o) L m2(G, A, )

cwml K(3) dwi / k i

Hl(GAgo)K(é C!(G, A) H2(G, A, ¢)

(and to the similar diagram with G replaced by E) and Lemma 5.2 to the diagram

Id

A A
K(0¢)-de lK(EE) di
CY(G,A) — 2~ C/(E,A) — (P a)
C(K(dg)-dg) \LC( (65)-dg) iwp
1 1 ot

The fact that 7, is an equivalence immediately implies that 7p and sp also are equiva-
lences. [

6. The middle point of the Hochschild-Serre 2-exact sequences

In this section we look for a description of Ker(dp) similar to the one obtained with
Proposition 2.4 in the case of groups.
We fix the following data

K(P) p ®

N E G

Eq,(A)

where P is a homomorphism of categorical groups, N is the kernel of P, and (A, ¢) is a
symmetric G-categorical group. From Example 2.6.v in [13], recall that there is a canonical
action e: E x N — N with constraints e, e, e;. Explicitly, £ e (N,n: PN — I) is given
by

id®n®id

(E@ N® E*, P(E® N ® B*) 2~ PE® PN ® PE* PE®I® PE* ~1I)
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6.1 The equivariant hom. We denote by Hom(N, A) the symmetric categorical group
having equivariant homomorphisms as objects. This means that an object is a homomor-
phism (H, Hy): N — A in CG together with a natural family of arrows

HEWN™: H(E e (N,n)) — "PH(N,n)

satisfying the following coherence conditions? :

(act) Hy™™ - H (oY) = PH (N, n) - o &

(act87) PEH(an)7(M7m) . QOPE,(N,TL),(M,m) . (Hgﬂ(an) ® Hgv(Mvm))

2 2
_ Hf,(N,n)@(M,m) . H(.zE,(N,n),(M,m)> . H2EO(N,n),Eo(M,m)

(act") PQE,FH(N’ n) - SOfE,PF,(N,n) ) pEHf;,(N,n) ' Hg’,Fo(N,n) _ H(E@F,(N,n) ) H(.JIE,F,(N,n))

A morphism
a: (H,Hy,Hy) = (K, Ky, Ky): N— A
in Hom(N, A) is a morphism «: H = K in CG such that

(actl()’) PECV(N,n) . Hg,(N,n) _ Kf’(N’n) - QUBe(N.m)

In order to prove that Hom(N, A) and Ker(dp) are equivalent symmetric categorical groups
(Proposition 6.4), we need two lemmas.

Lemma 6.2 Consider the group actions

mo(e)

mo(E) X mo(N) —=7mo(N) and mo(E) x m(A)

7r0(P)><id

70(G) x m(A) —== 1 (A)

(see Remark 8.6 for the action @), and the abelian group Homq, ) (mo(N), 71(A)) of equi-
variant group homomorphisms. Then

m (Hom(N, A)) ~ Homy, ) (mo(N), 71 (A))

Proof. As in Remark 3.3, a morphism «: 0 = 0 in Hom(N, A) induces a group homo-
morphism

mo(N) = m(A), [N,n] = (onny: I —=1)

Moreover, by condition (act10’), such a homomorphism is equivariant. n

2. We write these conditions just as equations, because they are special cases of conditions (act7) —
(act10) defining homomorphisms and morphisms of actions, see Subsection 7.1.
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Lemma 6.3 Consider the following diagram in CG

0 A
P) P
/juc P)\\M%
G

If P is essentially surjective and if 5 and k(P) are compatible, that is, for every (N,n) € N

K(
N

E
(
0

U
UPN

(n) Ul

I

commutes, then there exists a unique morphism B: U = 0 in CG such that fo P = p.

Proof. Using part 2 of Proposition 7.9, this Lemma can be seen as a special case of Lemma
7.5. For the reader convenience, we sketch here the direct argument. The uniqueness of 3
immediately follows from the fact that P is essentially surjective. To construct 3, consider
an object X € G, fix £ € E and x: X — PFE and put

Be: ux 2 ypp 2o

The naturality of 4 amounts to the equation Bx-U(f) = g for every arrow f: PE — PF
in G. To check this equation, consider the following object in N

(F® E*\n;: P(F® E*)~ PF® PE* 2L pp o PE -~ 1)

The compatibility between § and k(P) applied to the object (F' ® E*,nys) gives the
commutativity of the exterior of the following diagram

%’PE* can
UPE  UPE* Pr&ie I®]1
U(f®id) U(f)®idl (%) lid id
UPF @ UPE Soaho: I®I
% can
U(PF ® PE*) - UP(F ® E*) I
U(PZ,F’E ) BreE*

Since the four unlabelled regions commute by naturality and monoidality of 3, the region
labelled (x) also commutes. Tensoring (%) with UPE we get Br-U(f) = Bg, as requested.
The rest of the proof is now easy. [
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Consider now N = Ker(P) - E — G — Eq,(A) as at the beginning of this section, and
Ker(dp) — CY(P,A) — Z*(P, A, ¢) as in Subsection 5.3. We have the following result.

Proposition 6.4 There is a homomorphism of symmetric categorical groups
¥: Ker(op) — Hom(N, A)

Moreover :
1. If P is essentially surjective, then Y is faithful.

2. If P has a functorial section, then Y is an equivalence.

Proof. Construction of the functor X.

Recall that an object in Ker(dp) is given by G: E — A in C'(E,A) together with an
equivalence class [L,a] with L: G x G — A in Z*(G, A, ) and a: 0g(G) = Pz(L) in
Z*(E, A, p). We define 3(G, [L, a]) to be the restriction of G to the kernel of P

NG, [La]) = NoL R —9ap

The monoidal structure G(K(P)(M,m)) @ G(K(P)(N,n)) — G(K(P)((M,m) ® (N,n)))
is given by

c GN id m_l i
GM ® GN GN @ GM 22 1N & aM ——N9Y PuGN & GM

\LOLM,N

L(PM,PN)® G(M & N)

L(m,n)®id

GM e N) 2L (I, 1) o G(M ® N)

where @y is obtained in a canonical way from
ayn: "MGN ® G*(M @ N) ® GM — L(PM, PN)

The equivariant structure G(K(P)(E o (N,n))) — TEG(K(P)(N,n)) is obtained in a
similar way, using @2, an g, g NgE+ and ag g«.

The functor ¥ is well-defined on objects. Indeed, [L, o] = [L’, &/] means that there exists
A: L= L'"in Z*(G, A, p) such that Pz()\) -« = . This implies the commutativity of the
following diagram, which expresses the fact that the monoidal structure of ¥(G, [L, a])
does not depend on the choice of L and « (and similarly for the equivariant structure)

L(PM, PN) ® G(M @ N) — e

aM’NT \ / Tri@id
PMOIN @ GM ) Apm,pN®id /\1,1®id\ G(M (Y N)
C‘f,M,Ni lri,@id

L'(PM,PN)® G(M & N)

L' (m,n)®id
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Recall now that an arrow [U, 8]: (G, [L,a]) = (G',[L,/]) in Ker(dp) is a class of pairs
with U: G — A in CY(G,A) and 8: G = Pc(U) ® G’ in C'(E, A) such that there exists
A L= 6g(U)®L in Z*(G, A, ) such that Pz(\)-a = (dg(Pc(U))®a’)-0r(S). We define

S[U, B]: 2(G, [L,a]) = G-K(P) = G' - K(P) = (G, [L, o))
BN , U(n)®id , ,
S[U, Blnmy: GN—=UPN @ G'N Ul ® G'N ~ G'N

The functor ¥ is well-defined on arrows. Indeed, [U, 5] = [U’, /'] means that there exists
v: U = U’ in C(G, A) such that (Pc(y) ® G') - B = 3. This implies the commutativity
of the following diagram, which expresses the fact that X[U, §] does not depend on the
choice of U and (8

U(n)®id

UPN @ G'N Ul®G'N

BNT \ / TU()@id
GN \’YN®id 71®id< I®QGN
5§vl / \ J{Ué@id

UPN ®G'N U (o Ul ®GN

Since the symmetric monoidal structure of Ker(dp) and of Hom(N, A) are both induced
by that of A, the functor ¥ is a homomorphism in SCG.

1. 3 is faithful. This is equivalent to prove that m1(X): m(Ker(dp)) — m (Hom(N, A))
is injective (Proposition 1.1 in [34]). Using Lemma 6.2, we get the following explicit
description of 71 (X): for an element [U: G — A, 5: 0 = Pc(U)] in m (Ker(dp)),

N n Uo_1
T (D)[U, 8]: mo(N) = mo(A), [Nyn] = 12 ypy Y% pr Yo

Assume now that [U, f] is in the kernel of 71 (¥). This means that, for any object (IV,n)
in the kernel of P, one has that

1 upNn
U \LU(n)
Ul

commutes. This is precisely the compatibility condition requested in Lemma 6.3. Since P
is essentially surjective, from Lemma 6.3. we get a (unique) v: 0 = U in C*(G, A) such
that v o P = (. Therefore, [U, 8] = 0 in m(Ker(dp)) and m(2) is injective. Observe that
we can apply Lemma 6.3 even if U in general is not monoidal. Indeed, since [U, ] is in
the kernel of m(X), there exists A: 0 = dg(U) in Z*(G, A, ¢) such that Pz(\) = dg(3).
Explicitly, this gives

Mxy: I = VYU (X®Y)UX
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so that U is a derivation and [ is a morphism of derivations, and derivations correspond
to homomorphisms into the semi-direct product (see [19] or [25]).

2. Assume now that P has a functorial section, that is, there exists a functor S: G — E
and a natural transformation s: Id = P -S. With no lost of generality, we can assume
that there exists an arrow Sp: I — ST such that P(Sp) - Py = s;.

The functor X is essentially surjective. Let

(H,Hy): N— A, HEWN™: H(E e (N,n)) = "PH(N,n)

be an object in Hom(N, A). We look for an object (Gg,[Lg, as]|) in Ker(dp) such that
¥(Gs, [Ls,ag]) >~ (H, Hy, H,). From an object E € E, we construct an arrow

id®spp

es: P(FE® (SPE)*) ~ PE® (PSPE)*

PE® (PE)* ~ I

and we define

Gs:E— A, Gg(E)=H(E® (SPE)", e,)

The functor Gg is defined in a similar way on arrows. Using Sy, we get that Gg is in
CY(E, A). From objects X,Y € G, we construct now an arrow

(2,y)s: P(S(XQ®Y)® (SY) @ (SX)") =1
Up to the constraint Ps, (x,y)s is given by

Sxey ®sy ®sy

PS(X®Y)® (PSY)*® (PSX)* XYY*®X*~1

We define
Ls:GxG— A, Ls(X,Y) = HS(X®Y)& (SY)' & (SX)", (2,1),)

Lg is defined in a similar way on arrows. To have a factor set, we still need the constraints
ar,rr,lp asin Definition 4.2. We will go back to this point in few lines, let us now construct
ags: 0g(Gs) = Pz(Lg). The idea is to go back to the proof of Proposition 2.4, check that
dr(gs) = p2(fs) and then follow step-by-step such a proof. The output is the following
natural family of arrows (without writing the arrow-part of the objects of N)

H, l®can®id

(2) <L (3) - (4) - (5)

(1)

where

(1) = PXH(Y @ (SPY)) @ HX ® Y ® (SP(X ® Y))*)* @ H(X ® (SPX)*)

2 =HX®Y®SPY)@X)@HSPX®Y)Y* X))@ H(X ®
3) =H(SP(X®Y)®Y* @ X") @ HX ®Y ® (SPY)* ® X*) ® H(X ® (SPX)*)
(4) =HSP(XRY)2Y* 9 X* @ X®Y @ (SPY) @ X*® X @ (SPX)*)
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(5) =H(SP(X®Y)® (SPY)* ® (SPX)*)

In the same way, to construct the constraints ar, 7, one can make explicit the fact that
the map fs: G x G — A considered in the proof of Proposition 2.4 is a 2-cocycle, and
then follow step-by-step such a proof. We omit this part, as well as the straightforward
construction of an isomorphism 3(Gg, [Ls, as]) ~ (H, Hy, H,).

The functor X is full. This is equivalent to prove that m(Ker(X)) = 0 (Proposition 2.1 in
[34]). An object in Ker(X) is an object (G, [L, a|) in Ker(dp) together with a morphism
w: 0= %(G,[L,a]) in Hom(N, A), that is, u: 0 = G-K(P) is a monoidal and equivariant
natural transformation. To prove that [G, [L,a]] = 0, we need Us: G — A in C!(G, A),
Bs: G = Pc(Us) in CHE, A) and \g: L = dg(Us) in Z*(G, A, ). We define

Us: G—>E—S=4

We construct (s in two steps. Consider first the following natural family of arrows depen-
ding on the object X € G

19 1Y G(SX @ (SX)") —T= GSX © PIXG(5*X) © L*(PSX, (PSX)")

id® *XG(S*X)®L* (SX7S;()i

GSX ® *G(S*X) ® L*(X, X*)
with @ is obtained in a canonical way from «. Tensoring with G*SX, we get
bs(X): G*SX — *G(S*X) ® L*(X, X*)

Fix now an object E € E and consider the object (E ® S*PE,es: P(E® S*PE) — I) of
N already used to prove that X is essentially surjective. We can construct the following
natural family of arrows depending on £ € E

H(EQS*PE,es)

I G(E ® S*PE) —"~GE ® "EG(S*PE) ® L*(PE, (PSPE)*)

id®L*(id,s}gE)l

id®bs(PE)~!

GE ® G*SPFE GE @ "PG(S*PE) ® L*(PE, (PE)*)

with a obtained once again from « in a canonical way. Tensoring with GSPE we get
as required. It remains to construct

As(X,Y): L(X,Y) = “UsX@Ui(X QYY) ® UsX
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The argument is similar to the one used to prove that ¥ is faithful, and we only sketch
it. Using s and «a, we construct

—1
Ap g

ter: L(PE,PF) PEGF@G*(E® F)®GE
i PERs(F)®B%5(EQF)®Bs(E)
PEUsPF @ UsP(E ® F) ® UsPE

Now we have to prove that 7 is compatible with k(P). This means that for every (N, n), (M, m) €
N, the following diagram must be commutative

TN, M

L(PN, PM) PNUGPM ® U%(PN ® PM) ® UsPN
L(n,m)l \L "Us(m)@Ug(n@m)@Us(n)

L(I,1) s T @UHI @ T) @ Usl

1

can can

If this is the case, then there exists a unique A\g: L = dg(U) such that Ago(Px P) = u, and
we have done. Through a (quite intricate) diagram chasing, the commutativity of the above
diagram reduces to the fact that if £ = K(P)(N,n), then the arrow e;: P(EQS*PE) — [

is equal to

P(ids* (n))

P(N @ S*PN) P(N®I)~ PN —">]

and this is easy to prove using the naturality of s and Lemma 3.2 applied to the arrow
n: PN — I. [

Putting together Proposition 5.4 and Proposition 6.4, we get the following result.

Corollary 6.5 Let P: E — G be an essentially surjective homomorphism of categorical
groups and A a symmetric G-categorical group. There exist 2-exact sequences of symmetric
categorical groups

Der(G, A, p) — Der(E, A, ¢) — Hom(N, A) — H*(G, A, p) — H*(E, A, ¢) — Coker(dp)

H'(G, A, p) —H'(E, A, ) — Hom(N, A) —H*(G, A, ) — H*(E, A, ¢) — Coker(dp)

7. Categorical crossed modules

Categorical precrossed modules and categorical crossed modules have been introduced in
[13], and used in [10] as algebraic models for connected homotopy 3-types. In this section
we complete the definitions of [13] so to organize categorical (pre)crossed modules in a
2-category. We also add some results on the quotient categorical group associated with a
categorical crossed module.
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7.1 The 2-category of actions. Consider two actions
(p: G x A= A g, 1,92) and (¢': G' x A" — A, ¢, ¢, ¢5)
in the sense of Subsection 3.5. A homomorphism of actions is a triple
(R, F,\): (G,A,p) = (G, A, )

with R: G — G’ and F': A — A’ two homomorphisms in CG (with F in SCG if the actions
v and ¢’ are symmetric), and

NoAFP(YA) » T FA

a natural family of arrows satisfying the following coherence conditions :

F A
(act?)  FA i) F(1A4)
w’é“l lAI’A
FA FopA RIpA
F, 4B F(p3™P)
(act8) F(*A)® F(*B) F(*A® *B) F(*(A® B))
)\X,A®>\X,Bi \L)\X,A@B
RXFA ® RXFB w,gX,FA,FB RX(FA ® FB) RXFQA,B RXF(A ® B)
v F i(,Y,A
(act9)  RXR(YA) <2 pX(vay) ) p(xeyy)
RX)\Y,A\L l)\X@Y,A
RX(RYF 4) RX®RY [ A RX®Y)p A

_—
/RX,RY,FA rX
Y1 2 FA

It follows that A7 - F(pX) - Fy = BXE, - o/ BX
Given two homomorphisms of actions

(R, N, (R, F'N): (G A @) — (G A )
a morphisms of actions is a pair of morphisms
B:R=R «a:F=F
in CG such that the following diagram commutes

(actl0) F-o=2=¢ - (RxF)

ao@ﬂ ﬂsﬂ’O(ﬂxa)

Frep==¢" - (R x I)
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Actions with their homomorphisms and morphisms form a 2-category denoted ACT (or
SACT if we restrict to symmetric actions).

Observe that, if (R, F,\): (G,A,¢) — (G',A’,¢') is a homomorphism of actions with
A = A" and F = Id,, then A becomes a morphism in CG:

G/ or el
Vﬂ)\ X VW\ X
G 5 Eq(A) G Eqs(A)

%)

7.2 The 2-category of categorical precrossed modules. A categorical precrossed
module is a 5-tuple
(G,A,¢: G — Eq(A), T: A — G,v)

with (G, A, ¢) an action, T: A — G a homomorphism in CG, and
vxa: T(FA) @ X - X®TA

a natural family of arrows satisfying the following coherence conditions (see Definition 2.2
in [13]) :
(peml) vxeya - (T ) @1id) = (id @ vya @id) - (vx,v4 @ id)
X,A,B TXA, XB

(pem2) (id @ T3"7) - (vx.a @1id) - (id © vx,5) = vx a5 - (T(gy ) @id) - (T, ®id)
(pem3) via-T(pg @id) - T(la) = lra
It follows that vx ;- T(py ®id) - (Tp ®id) - Ix = (id ® Tp) - rx.
Given two categorical precrossed modules
(G,A,p: G — Eq(A), T: A — G,v) and (G, A", ¢: G — Eq(A"), T": A' - G,V
a homomorphism of categorical precrossed modules is a 4-tuple

(R,FNT): (G, A0, T v) — (G A, ¢ T V)

with (R, F,\): (G, A, ¢) = (G, A, ¢') a homomorphism in ACT, and 7: R-T =T'-F
a morphism in CG such that the following diagram commutes

R(nyA)

(pem4) R(T(*A) ® X) R(X ®TA)
RéF(XA),XT \L(Rgf,TA)l
RT(XA) ® RX RX ® RTA
TXA®idi J{id®7'A
T'F(*A) ® RX RX @T'(FA)

T AYSE %

T'(RXFA) ® RX
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Given two homomorphisms of categorical precrossed modules
(R,F,\7), (R F' N 7 (G, A o, T,v) — (G A, o, T V)
a morphism of categorical precrossed modules is a morphism
(B,a): (R, F,\) = (R',F',\)

in ACT such that the following diagram commutes
(pcmb5) R-T=—=T'.F
50Tﬂ H/T’oa
R-T—=T -F

Categorical precrossed modules with their homomorphisms and morphisms form a 2-
category denoted CPCM (or SCPCM if we restrict to symmetric actions).

7.3 The 2-category of categorical crossed modules. A categorical crossed module
is a 6-tuple
(G,A,¢: G — Eq(A), T: A — G,v,x)

with (G, A, ¢, T, v) a categorical precrossed module, and
Xap: “B®A— A®B

a natural family of arrows satisfying the following coherence conditions (see Definition 2.4
n [13]) :
) ) A,B )
(eml) (id ® xpe) - (xa 180 ®id) - (1 TP 1 @id) - (B C®id) = Xaepc
(em2) (xa5®id) - (id ® xac) = Yapec - (v 7 ®@id)
(cm3) Yxap-wr DA (T @id) 1 (B ®id) - (g @1d) = o P xxa xp
(cmd) T - vpap = T(xas) Ty o4
(cmb) xrp-rrIp - Top . gp =lp

It follows that x4 1 (eI ®id) 14 = 74.
Given two categorical crossed modules

(G,A,p: G— Eq(A), T: A — G,v,x) and (G, A", ¢: G — Eq(A"), T": A' - G,V )
a homomorphism of categorical crossed modules is a homomorphism
(R,FNT): (G A0, T v) = (G A, ¢, T V)

in CPCM such that the following diagram commutes
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F
(cm6) F(TAB@ A)— 42 p(4g B)
FQTAB’AT TF;,B
F(™B)® FA FA® FB
ATAVB®idT TX%‘A,FB
RTA T'EA
FB&FA——— FB® FA

Finally, morphisms of categorical crossed modules are the same as morphisms of catego-
rical precrossed modules.

Categorical crossed modules with their homomorphisms and morphisms form a 2-category
denoted CCM (or SCCM if we restrict to symmetric actions).

7.4 The quotient categorical group. Let us recall from [13] that, given a catego-
rical crossed module (p: G — Eq(A), T: A — G,v,x), we can construct the quotient
categorical group

G

%c@&ﬂ
——G/T

Its construction is the same as for the cokernel of a homomorphism in SCG, see Subsection
3.8, the only difference is the tensor product of arrows : given two arrows [A, f]: X —o>Y
and [B,g|: H —= K , their tensor product is given by the class of the prearrow with
object part A ® YB and arrow part

A

idorsl ®id
XoH % TAY @ TB® K —2F

TART(B) Y @ K~T(A® YB) Y @ K

Here is the universal property (in the bilimit style) of the quotient categorical group :
given a diagram in CG

G
S
H

0

A

if the following diagram commutes

Gy G(vx,a) X
(qegl) GX @ GTA G(X @ TA) G(T(*A) ® X)
id®5AJ( TGZ"(XA),X
X
GX@] can ]®GX<WGT< A)@GX



35

then there exists

G/T
C(T) I Y{
G G H

in CG such that the following diagram commutes

(qeg2) G'-C(T)-TXL .1

G/OC(T)ﬂ u(s

G- 0<=—0
Moreover, the pair (G, ) is essentially unique.
Conversely, given a pair (G', ¢") as above, condition (qcg2) defines a morphism ¢: G-T = 0
in CG satisfying condition (qcgl).
As a consequence of its universal property, the quotient categorical group satisfies the
following cancellation property.
Lemma 7.5 Let (p: G — Eq(A),T: A — G, v, x) be in CCM, and consider a diagram
i CG

C(T)

G——>G/T
C(T)l 48 lH

such that the following diagram commutes

(qeg3) H-C(T)-P—=D . 1 g

50Tﬂ ﬂcan

KC(T)TWKO

There exists a unique morphism o: H = K such that oo C(T') = p.

Here is how homomorphisms of categorical crossed modules extend to the quotient cate-

gorical groups.
Lemma 7.6 Consider a homomorphism in CCM

(R,F,A\7): (p: G = Eq(A),T: A - G,v,x) = (¢: G— Eq(A), T: A = G,V x\)
There exists a diagram in CG

¢ g/r

| v

/ /
G o(r’) G'/T
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such that the following diagram commutes

(qcgh) B-C(T)-TZLC(T) - R-T—L2" (). T F

EOC(T)H, HC(T/)OF

R-0 can 0-F

Proof. Define

C(T")or c(T")oF can

§: C(T")-R-T—=25C(T")-T' - F 0-F

0

Check condition (qcgl) on § using condition (pcm4) on 7, and apply the universal property
of G/T. Condition (qcg4) is now a special case of condition (qcg2). =

Remark 7.7 To complete Lemma 7.6, consider a morphism in CCM
(/67 a) : (R7 F7 A7 T) :> (R/7 Fl? Al? T/) : <G7 A? g07 T7 V7 X) % (G/7 Al? 80/7 T’? V’? X,)

There exists a unique morphism B : R = R’ such that the following diagram commutes

(qegp) R-C(I)==C(T")-R

BOC(T)ﬂ H/C(T’)o,@

R———C(T")-R
We adopt the following terminology, introduced in [13].

Definition 7.8 Let G be a categorical group. A normal sub-categorical group of G is a
categorical crossed module (G, A, p: G — Eq(A), T: A — G, v, x) with T faithful.

From Example 2.6.v in [13], we know that the kernel of a homomorphism F': G — H
in CG has a canonical structure of normal sub-categorical group. Moreover, condition
(qcgl) is verified if we take 6 = k(F'). Here is the relation between kernels and quotients
(Propositions 3.6 and 3.8 in [13]).

Proposition 7.9

1. Let (¢: G — Eq(A), T: A — G,v,x) be in CCM and consider the factorization
through the kernel as in the following diagram
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(a) T" is a full and essentially surjective homomorphism of G-categorical crossed
modules ;

(b) if T is faithful, then A and Ker(C(T)) are equivalent normal sub-categorical
groups of G.
2. Let F': G — H be in CG and consider the factorization through the quotient as in
the following diagram

Ker(F') al G H

G/K(F)
(a) F' is full and faithful ;

(b) in particular, F is a quotient (i.e., F' is an equivalence) iff F is essentially
surjective.

To end this section, we point out a simple but relevant situation (see Remark 8.5) where
the universal property of the quotient categorical group holds.

Lemma 7.10 Let (p: G — Eqs(A),T: A — G,v, x) be in SCCM. The morphism in CG

S

Eqs(A)

G
4

A

5
0
with 64 5: 7B — B defined by

B ca,B®id

id

BRA®RA*~B
satisfies condition (qcgl).

Proof. This follows from conditions (act6) in Subsection 3.5 and (cm3) in Subsection
7.3. ]

8. Extensions with symmetric kernel

Definition 8.1 Let A and G be categorical groups, with A symmetric. An extension of
G by A is a 6-tuple

(B,: B — Eq,(A), T: A — B, v, x,5)
where (B, A, vy, T, v, x) is an object in SCCM with T faithful (that is, A is a symmetric

normal sub-categorical group of B), and S: B/T — G is an equivalence in CgG.
When v, v and x are understood, we denote an extension of G by A by

C
ATIB%(T)B/TSG
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A homomorphism of extensions is a 4-tuple
<R7 A? T? m) . <B7 A? ¢7 T7 V? X? S) % (]B/7 A7 ¢/7 T’? V’? X,7 S/)

where m: S = §'- R is a morphism in CG (with R induced by A and 7 as in Lemma 7.6),
and (R, Idg, A\, 7): (B, Ao, T v, x) — (B, A", TV, x,) is a homomorphism in SCCM

o(T)

B B/T
A Ut |rRIx Eq.(A) Bl Wm G
N A A
! lA
B o) B'/T

A morphism of extensions

/8: (R7 A? T? m) :> (RI7 Al? 7-/7 ml) : (]B7 A? w’ T7 V? X? S) % (]BIJ A’ ¢/7 Tl’ Vl? X/7 S/)
is a morphism (3,id): (R,Ida, A, 7) = (R/,Idy, N, 7") in SCCM such that the following
diagram commutes

(extl) g'. R % g’ .

\/

where B is obtained by S as in Remark 7.7.
Extensions of G by A with their homomorphisms and morphisms form a 2-category de-

noted Ext(G, A).

Remark 8.2 Because of Proposition 7.9, in any extension of G by A the symmetric
categorical group A is equivalent, as a normal sub-categorical group, to the kernel of

S-C(T):B—B/T — G.
Remark 8.3 Using Lemma 7.5, in the definition of homomorphism of extensions we can

replace the morphism m: S = S’ - R by a morphism

B "B/

X
R | G

i

/ I
B o B'/T

such that the following diagram commutes
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(ext2) §-C(T)-TLL s .o(T) R -T—=U2" g ¢(1) - T

Soc(T)H/ M,S/OC(T)

S0 wan S0
In this case, condition (extl) for a morphism of extensions is to be written as
(extl) §'-C(T") R——CTF o (T) - R
o e
S - C(T)

Remark 8.4 In fact, the 2-category Ext(G, A) is a 2-groupoid, that is, any morhism is
invertible and any homomorphism is an equivalence. The proof of this fact follows the same
lines of the proof of Proposition 2.8 in [6], just replace the cokernel of a homomorphism
in SCG used in [6] by the quotient categorical group (see also Proposition 10.3 in [30]).

Remark 8.5 Consider an extension of G by A

(T
ATIB%()B/TSG

Since A is symmetric, we get a symmetric action of G on A as follows

P

G-S-B/T Eqs(A)

where (1,9) is the factorization through the quotient

o(r
A—T . (7) B/T

w\wl s
0 ¥

Eqs(A)

the morphism §: ¢- T = 0 is as in Lemma 7.10, and S~ is the essentially unique adjoint
quasi-inverse of S. We recall ¢ - S™! : G — Eq,(A) as the action of G on A induced by a
given extension of G by A.

The next proposition allows us to use the action induced by an extension as a parameter
to classify the extensions with symmetric kernel.

Proposition 8.6 Consider a homomorphism of extensions as in Definition 8.1

B C(T) B/T
7N N
A U RN Eqs(A) Bl um G
B/ B//T/
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The actions of G on A induced by the two extensions are equivalent.
This statement means that there exists an equivalence of the form
(Id,1d, ~): (G, A, - S71) = (G, A, ¢/ - 5"
in the 2-category SACT of symmetric actions described in Subsection 7.1.
To help reading the proof, let us resume the whole situation in the following diagram
Eq,(A) =
P =5

/
=1 B

>

B/ BI/T/
0 \\ i i(y
Eqs(A -
as(A) 7%
Proof. The proof essentially consists in finding a morphism X to fill-in the following

diagram in CG
V&

G
/
=>m
B/T I B /T’
AN /
(4 P’
Eqs(A)

We start constructing the following morphism

V' R-C(T) g@ QT - REE ¢ RE—yp 1. C(T)
In order to use the cancellation property of the quotient (Lemma 7.5), we have to check
condition (qcg3). Using condition (qcg2) on ¢ and on ¢’ and condition (qcg4) on 7, condi-
tion (qcg3) reduces to the commutativity of

w“T’&w’-I%T

5’ﬂ Jer

O<:6¢-T
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Finally, using the description of § and ¢’ given in Lemma 7.10, the commutativity of the
previous diagram amounts to condition (cm6). n

In the next definition we specialize extensions (Definition 8.1) to get ¢-extensions for ¢ a
fixed symmetric action.

Definition 8.7 Let ¢: G — Eq4(A) be a symmetric action. A p-extension of G by A is
a 7-tuple
(B,y: B — Eqs(A),T: A — B,v,x,S,s)

where

C
ATIB%(T)B/TSG

is an extension of G by A, and

is a morphism in CG (¢ is as in Remark 8.5).
A homomorphism of y-extensions

<R7 )\7 T? m) : (B7 A? w’ T? y? X? S7 8) —> (B/7 A? ,lp/7 Tl? Vl’ X/7 Sl? 8/>

is a homomorphism of extensions (R, A, 7, m) such that the following diagram commutes

(pextl) 1;.5%&/.3.5

P S
A morphism of ¢-extensions
B: (RN 7,m)= (RN, 7',m'): (B, A, T,v,x,S,s) — (B, A T vV x5, 5

is just a morphism of extensions.

p-Extensions of G by A with their homomorphisms and morphisms form a 2-groupoid
denoted Opext(p, G, A).

Remark 8.8 Using Lemma 7.5 once again, we can reformulate Definition 8.7 as follows :
a p-extension of G by A is a 7-tuple

(B,: B — Eqs(A),T: A —B,v,x,S,0)

where

C
ATIB%(T)B/TSG
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is an extension of G by A, and

Eqs(A) - G

ol E

is a morphism in CG such that the following diagram commutes

(pext2) ¢-S-C(T)-T2Lqy.T

cp~Soc(T)ﬂ/ H(S

0SS - 00

A homomorphism of y-extensions
(R’ A? T? N) : (B7 A’ ,l7Z)7 T’ ]/7 X7 S7 O-> % (B/7 A? ¢/7 T/’ Vl? X/7 Sl? O-/)

is a homomorphism of extensions (R, A, 7, ) as in Remark 8.3, such that the following
diagram commutes
(pextl’) - S5 C(T) =L .5 - C(T') - R
T
¥ /. R

Finally, a morphism of p-extensions

6‘ (R7 A? 7—7 l’l’) :> (R/7 Al? 7—/7 l’[’/) : (]B’ A’ ,QZ}7 T7 V’ X7 S7 0‘) % (B/7 A’ ,QZ)/’ T/’ Ul? X’? S/’ OJ)

is just a morphism of extensions as in Remark 8.3.

9. Classification of extensions with symmetric kernel

In Subsection 3.8 we have described the cokernel Coker(T") of a morphism 7: G — H
in SCG as a categorical group. In fact, Coker(T') is obtained from a monoidal bicategory
(that, by abuse of notation, we still denote Coker(7")) by taking 2-isomorphism classes
of 1-arrows as arrows. Explicitly, the objects of Coker(7) are those of H, a 1-arrow from
Ato Bisapar (X €G,f: A—TX ® B), and a 2-arrow from (X, f: A - TX ® B)
to (X', f': A — TX' ® B) is an arrow z: X — X’ in G such that (T'(z) ® id) - f = f'.
(The fact that Coker(T") is a monoidal bicategory is mentioned in the introduction of [34],
and the whole proof has been done in [24]. The same argument can be developed for the
quotient categorical group associated with a categorical crossed module.)

In order to compare H?*(G, A, ) with Opext(p, G, A), in the next proposition we look at
H?(G, A, ) as a monoidal bicategory.
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Proposition 9.1 Let G be a categorical group and ¢: G — Eqs(A) a symmetric action.
There exists a homomorphism of bicategories

E: H3(G, A, p) — Opext(p, G, A)
which 1s locally an equivalence.

Proof. We split the proof in four steps.
Step 1. We construct a 2-functor

E: 7*(G, A, ) — Opext(p, G, A)

where Z2(G, A, ) is seen as a 2-category with only identity 2-arrows.
Let F': G x G — A be a factor set and consider the categorical group A X G described
in Remark 4.3, together with the canonical injection and the canonical projection

AA>A XFGLG

Since i5: A — A Xz G is equivalent to the kernel of pg, we get a canonical structure of
normal sub-categorical group on iy: A — A Xp G. In particular, the symmetric action
V: A xpG — Eqs(A) is given by

A8 = pu (A, X) @F (B, I) @F (4, X)")

Moreover, since pg is surjective on objects, by Proposition 7.9 we get a monoidal equi-
valence S: (A xp G)/iy — G such that S - C(ip) = ps. In this way, we get an extension
E(F) of G by A
i C(i .

A2 A xp G2 (A % G) /i —-G
which in fact is a p-extension because there is an obvious morphism o: ¢ - pg = ¥ in CG
obtained using s, 7 and the symmetry of A.
Let now a: F = F': G x G — A be a morphism of factor sets. We get a homomorphism
of extensions E(a): E(F) = E(F") as follows

AxprG AxprG
A Id G | W Eqgs(A)
k\ % %
AXF/G AXF/G

where A is given by A4 x),3 =id ® *(id ® X*a}x*) @axx-and Id: AxpG = Axp G
is the identity functor with monoidal structure given by

(id®ax,y,id)

(A, X)®F (B,Y) (A, X) ®p (B,Y)



44

In order to check that £(«) is a homomorphism in Opext(p, G, A), one has to apply
Lemma 3.2 to the arrow ax x-: F(X, X*) — F'(X, X*).
Step 2. We construct now a 2-natural transformation

Z3(G, A, p)

/\

CY(G Opext(p, G, A)

Let G: G — A be a cobord. We get a homomorphism of extensions as follows

AX(;G{G AXégG
AU oc G 28 o Eqs(A)
X % %
Ax,G Ax,G

where A x, G is constructed by taking ' = 0 in Remark 4.3, and the symmetric action
' A x, G — Eqs(A) is constructed as the action ¢ in Step 1, but taking once again
F = 0; explicitly :

(AX)B — A® XB®A*&> Xp

The functor ® is defined on arrows by
(f,h): (A X)—=(B,Y) = (f®G(h),h): (ARGX,X) = (BRGY,Y)

and its monoidal structure is obtained using s, ¢; and the symmetry of A. Finally, the
morphism 7: ®g - iy = i, is defined by

(ild®Gy*,id)

Delia(A)) (A@1,T) = iy(A)

and the morphism \: ¢ = 1)/ - 4 is the opposite of the morphism o used in Step 1.
Step 3. Now we extend the 2-functor £: Z*(G, A, ¢) — Opext(p, G, A), constructed in
Step 1, to a homomorphism of bicategories

E: HA(G, A, p) — Opext(p, G, A)

(we limit ourselves to define € on objects, 1-arrows and 2-arrows ; to check that £ is indeed
a homomorphism of bicategories is long but essentially straightforward). On objects, £
is defined as £. Consider now a l-arrow in H*(G, A, ), that is, a pair (G, a) with G in
CY(G,A) and a: F®6G = F' in Z*(G, A, ¢); the homomorphism £(G, a): E(F) = E(F")
factors through £(F ® 0G) and is described in the following diagram, where ®¢ and 7 are
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as in Step 2, and Id is the identity functor with monoidal structure determined by « as

in Step 1.
iy AXFG PG
[ T\

Aix& XF®6GGﬂ>G

\ | /
QA AXF/G PG

Consider now a 2-arrow 3: (G,a) = (G',a/) in H*(G, A, ¢), that is, a morphism 3: G =
G’ in C}(G, A) such that

Fosq—220 L posor

N7

commutes ; the morphism £(3) is described in the diagram

AXFG

y Y
B=

A Xpgsa G o A Xpgsar G

A X

where 3, y = (Id®fx,id): (A®GX,X) — (A®G'X, X), and the monoidal structure on
the identity functor Id is determined by F' ® §() as in Step 1. Finally, the fact that the
identity natural transformation in the bottom triangle is monoidal is precisely condition
o - (F®6(B)) = a above, and the fact that the natural transformation 3 is monoidal
follows from Lemma 3.2 applied to the arrow fxgy: G(X ®Y) - G'(X ®Y).

Step 4. Finally, we prove that the homomorphism £: H?(G, A, ) — QOpext(p, G, A),
constructed in Step 3, is locally an equivalence.

€ is locally faithful : if 8, 8": G = G’ are such that £(3) = £(8'), then for all A € A and
X € G we have

depx=1deBy: AGX - AR GX

and taking A = I we get fx = fYy.
& is locally full : let (G, ), (G',a’): F — F' be l-arrows in H*(G, A, ¢) and consider a 2-
arrow 3: E(G,a) = E(G',a/) in Opext(p, G, A). Explicitly, £ is a natural transformation

BA,X: (I)G(AvX) = <A®GX7X> — <A®G/X7X) = (I)G'(A7X>
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and so it has two components
Bi(A,X): ARGX - ARG X, By(A,X): X - X
We define Sx: GX — G'X as follows :

GX ~ T Gx —80

I®GEX~GX

In this way, condition (pcm5) on 3 gives condition (cobl) on 3, that is, 8: G = G’ is a
morphism in C!(G, A), and the monoidal character of 3 gives condition o/ - (F®4(8)) = «
on f3, so that 8: (G, a) = (G', ) is a 2-arrow in H*(G, A, ). Moreover, condition (act10)
on B gives that

B(AX)=id®Bx: ARGX - AR G'X

and condition (ext1’) on 3 gives that
Bo(A, X)=id: X — X
so that E(B)=p.
£ is locally essentially surjective : consider two cocycles F, F': G x G — A and a homo-

morphism (R, 7, 1): E(F') — E(F) in Opext(p, G, A)

AXFG

AXF/G

We are going to construct G in C}(G, A), a: FRG = F'in Z*(G, A, ¢) and B: & = R
in Opext(p, G, A). Let us write

R(A, X) = (RY(A, X), R*(A, X))
for the two components of R, and
a = (T'(A), 7(A)): (A, I) = (RY(A, ), R*(A, I))
for the two components of 7, and observe that
g = 7(A): T — B¥(AT)
because of condition (ext2). Now we put

G=R(I,-):G—A
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As far as the natural transformation 3 is concerned, it is of the form
Bax = (B'(A,X), (A, X)): Pa(A, X) = (A® GX, X) = (R'(A, X), R*(4, X))

and we put
BHA,X) =pax: X = R*}A X)

To construct the first component $*(A, X), observe that for any cocycle F one has

(A, 1) ®p (I,X) ~ (A, X), so that the monoidal structure of R provides a natural fa-
. AX .

mily of arrows R;"" with two components of the form

(p' (A, X), p*(A, X)): (RYA, @R (I, X), R*(A, )@ R*(I, X)) — (R'(A, X), R*(A, X))
and we put

r1(A)®id P (A,X)

BYA, X): A® RY(I,X)

RY(A,I)® R'(I, X)

RY(A, X)

To construct the natural transformation «, consider the following arrow, where we use
tr.x, pory and the definition of ®z in the first step, the monoidal structure of R in the
second step, and ¢ and the definition of ®p in the third step

(RYI, X)® *RY(I1,Y)® F(X,Y),R*I,X)® R*(I,Y))

(RY(I,X),R¥(I, X)) ®p (RNI,Y), R¥*(I,Y))

R((I,X) ®@F (1,Y))

(RYF'(X,Y),X®Y),R3(F'(X,Y),X®Y))
Composing the first component of such arrow with
BUF(X,Y),XQY) ™ R(FI(X,)Y),X®Y) = F(X,Y)e R (I,X®Y)
we get an arrow
GX®GY @ F(X,Y) = FI(X,Y)G(X®Y)
and then, using symmetry and inverses in A, the needed arrow
axy: FIX,)Y)® "GY  G* (X ®Y)® GX — F'(X,Y)

This concludes the proof of Proposition 9.1. [
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Remark 9.2 For any cocycle F': G x G — A, the ¢-extension

E(F): A—2>AxpG-2>G

described in Step 1 of the proof of Proposition 9.1, has a functorial section given by the
canonical injection ig: G — A X G (note that ig is not monoidal, unless F' = 0).
We will say that an extension

C
ATIB(T)B/TSG

has a functorial section if there exists a (non necessarily monoidal) functor U: G — B
and a natural transformation

B

AN

G

G

Id

and we will denote by Opext z¢(p, G, A) the full and 2-full sub-2-category of Opext(p, G, A)
of those p-extensions which have a functorial section.

Theorem 9.3 Let G be a categorical group and ¢: G — Eqs(A) a symmetric action. The
corestriction

E:H(G, A, ¢) — Opextps(p, G, A)
of the homomorphism of bicategories €: H2(G, A, ) — QOpext(p,G,A) of Proposition

9.1, is a biequivalence.

Proof. We have to prove that £ is essentially surjective on objects, that is, surjective up
to equivalence. Let

’L/)T <o TS
A T B C(T) B/T

be a @-extension with functorial section. Up to the equivalences G ~ B/T and A ~
Ker(C(T)), we can describe a cocycle F': B/T x B/T — Ker(C(T')) using a section

The functor F' is defined by

FX,Y)=(UXQUY QU (X®Y),ux @ty @ tyy)
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Let us look for example to its associator
XY, Z . X
ap” T FX)Y)Q F(X®Y,Z)— “F(Y,Z) F(X,)Y ® Z)
It is given by the following arrow, where the first step is canonical (use the explicit defini-

tion of F') and the second step comes from the fact that the equivalence A ~ Ker(C(T))
is equivariant (first part of Proposition 7.9)

FX,Y)R F(X®Y,Z)
UX®FY,2)oU*X @ F(X,Y ® Z)
XFY,Z)®@ F(X,Y ® Z)

(*XF(Y,2)) " 1®id

XE(Y,Z)® F(X,Y ® Z)

Finally, the needed arrow in Opextpg(p, G, A) is given by

A T C(T) B/T
:l ~can lR Fo/T
Ker(C(T)) Ker(C(T)) xr B/T

IKer(C(T))

with

id®u*
RX = (X®U'X, X@U'X — % - X @ X*~1),X)
| |

The previous theorem allows us to define the Baer sum of extensions with symmetric kernel
and functorial section. More precisely, if we denote by Opext¢(p, G, A) the groupoid ob-
tained from Opextpg(p, G, A) taking as arrows 2-equivalence classes of homomorphisms,
we get the following corollary.

Corollary 9.4 Let G be a categorical group and ¢: G — Eqs(A) a symmetric action.
The biequivalence

E: H*(G, A, ¢) — Opextpg(p, G, A)

induces a structure of symmetric categorical group on the groupoid Opextpg(p, G, A).
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