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Abstract

We define the cohomology categorical groups of a complex of symmetric categorical groups, and
we construct a long 2-exact sequence from an extension of complexes. As special cases, we obtain
Ulbrich cohomology of Picard categories and the Hattori—Villamayor—Zelinsky sequences associated
with a ring homomorphism. Applications to simplicial conomology with coefficients in a symmetric
categorical group, and to derivations of categorical groups are also discussed.
© 2004 Elsevier B.V. All rights reserved.
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1. Introduction

In the late seventies, Villamayor and Zeling&8] and, independently, Hattoi®], dis-
covered a long exact sequence connecting Amitsur cohomology groups of a commutative
algebra with coefficientd/ (the group of units) andic (the Picard group). The search
of a better understanding of the Hattori-Villamayor—Zelinsky sequence lead to a series of
works by Takeuchi and Ulbrich culminating with a cohomology theory for Picard categories
[13-17]
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The aim of this work is to revisit the previous results using recent techniques developed
in higher dimensional homological algebra. In fact, we will derive Hattori-Villamayor—
Zelinsky sequence and Ulbrich cohomology as special instances of general results on the
homology of symmetric categorical groups.

The plan of the paper is as follows. Section 2: the kernel and the cokernel of a morphism
between symmetric categorical groups have been studigdjfh9). Here we refine these
notions, introducing kernel and cokernel relative to a natural transformati@s in the
following diagram

Ker (F,p) A Coker(¢,G)

0 C
P
O

R %
B

Section 3: using relative kernels and cokernels, we define the cohomology categorical
groups of a complex of symmetric categorical groups. As for abelian groups, there are two
possible definitions, giving equivalent cohomology categorical groups.

Section 4: an extension of (symmetric) categorical groups is a diagram

A—p— C
RD A
B
which is 2-exact in the sense [f0,19] and such thaf is faithful andG is essentially
surjective (se¢l,12]). Following the lines of11], we associate a long 2-exact sequence
of cohomology categorical groups to any extension of complexes of symmetric categorical
groups.

Section 5: we specialize the previous result to get Ulbrich cohomology and Hattori—
Villamayor—Zelinsky exact sequences. We discuss also simplicial cohomology with coeffi-
cients in a symmetric categorical group.

Section 6: in[7], a six term 2-exact sequence involving the low-dimensional cohomol-
ogy of a categorical groufs with coefficients in a symmetri€s-module is constructed.

We obtain this sequence as a special case of the kernel-cokernel lemma for symmetric

categorical groups, which is a special case of the long cohomology sequence obtained in
Section 4.

2. Relative kernel and cokernel

A (symmetric) categorical group is a (symmetric) monoidal groupoid in which each ob-
ject is invertible, up to isomorphism, with respect to the tensor product. We write CG for
the 2-category of categorical groups, monoidal functors, and monoidal natural transfor-
mations (which always are natural isomorphisms); SCG is the 2-category of symmetric
categorical groups, monoidal functors compatible with the symmetry, and monoidal natural
transformations. For basic facts on (symmetric) categorical groups, we r¢fé€,i®]and
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the references therein. As far as notations are concern@dsifa (symmetric) categorical
group, we writeng(G) for the (abelian) group of its connected components,arith) for

the abelian group of automorphisms of the unit object, that {$&) = G(I, ). If Gis a
group, we writeG[0] for the discrete categorical group having the elemen¢s a$ objects.

If G is abelian, we write5[1] for the categorical group with just one object and having the
elements ofG as arrows (ifG is not abelianG[1] is just a groupoid). IX is an object of

a categorical groufis, we denote byX* a fixed dual ofX. (Note: composition is always
written diagrammatically.)

2.1. The relative kernel
Given a morphisnF' : A — B in CG, the notation for its kernel, s¢&0,19], is

. SF\

KerF ———

We consider now two composable morphismandG in CG, such that the composite
is naturally equivalent to the zero functor, and we constructelaive kernelas in the
following diagram

Os|o
o

€
Ker (F,p) —2 - A = B C
a

0 1)

The relative kerneKer (F, ¢) is in CG (in SCG ifF, G and¢ are in SCG), and it can be
described as follows:

e AnobjectisapaifA € A, a: FA — I) such that the following diagram commutes

G(FA)

\/

e Anarrowf : (A,a) — (A’,d’)isanarrowf : A — A’ such thatthe following diagram
commutes

FA———— FA

PN
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e The faithful functore r ) is defined by (r ) (A, a)=A, andthe natural transformation
E(F.@) by S(F,(p)(A, a)=a.

The natural transformatios ) is compatible withp, in the sense that the following
diagram commutes

e_ .
Fo)® e
e(,:,q,) -F-G > (F,p) -0

e D D can

0 —/—> 0

can

The relative kernel is a bi-limit, in the sense that it satisfies the following universal
property (and it is determined by this property, up to equivalence): given a diagram in CG

m
éo

==}

F G C

oéb

)
with y compatible withe, there is a factorization
(E': K — Ker(F, ),y : E' - e,y = E)

in CG of (E, y) through(e(r, ). &, ¢)), that is the following diagram commutes

. e
E€Fp) F ——=EF
Etrg [ U

EI.O= O

can

and, if (E”, y") is another factorization ofE, y) through(e(r,¢), &r,¢)), then there is a
unique 2-celk : E’ = E” such that

e D)

E'er0) E"er0)

E

commutes. The relative kernel is also a standard homotopy kernel, in the sense that it satisfies
the following universal property (and it is determined by this property, up to isomorphism):

in the situation of diagram (2), there is a unigtié: K — Ker(F, ¢) in CG such that

E'. e(F,p) = E andE’ - E(F,p) = l//
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To prove the previous universal properties is a simple exercise. The next proposition
expresses the kind of injectivity measured by the relative kernel (compare with the similar
results stated ifiL0,19]for the usual kernel).

Proposition 2.1. With the notations of diagrarfl).

1. mi(Ker(F, ¢)) = 0if and only if F is faithfu)
2. no(Ker(F, ¢)) = 0 if and only if F is¢-full (this means full with respect to arrows
g: FA1 — FAzsuchthatG(g) - ¢4, = ¢,4,)-

Proof. (1) We know from[10,19]thatr1(Ker F)=0if and only if F is faithful. Moreover,
the comparison betweekier (F, ¢) and Ker F is full and faithful, so that it induces an
isomorphism between; (Ker(F - ¢)) andny (Ker F).

(2) Let (A, a) be an object oK er (F, ¢). The arrowa - F; : FA — [ — FI is such
thatG(a- Fr)- @; =@ 4. If Fis ¢-full, there existsx : A — I suchthatF'(«) =a- F;. This
means that a realizes an isomorphism betwegm) and the unit object oK er (F, ¢).

Conversely, ifg : FA1 — FAzis suchthaG(g) - ¢4, = ¢,,, then the following is an
object ofKer (F, ¢)

(A1® A5, g®1: F(A1® A5) ~ FA1 ® FA} — FA2® FAS ~ I).

If to(Ker(F, ¢))=0, thereisamorphisin: (A1® A%, g®1) — (I, F,‘l) inKer(F, ).
Now, if we call f : A1 — A2 the following composition

A A ®I~AI®AS® A2 "S5 T ® Ay~ A,

we have that'(f) =¢. O

A direct consequence of the universal property (as a bi-limit) of the relative kernel is the
following cancellation property.

Proposition 2.2. In the situation of diagranfl), consider the following diagram i€G

Ker (F,p)

H o &F.0)
O

K 0 A

If « and ¢(r,y) are compatible then there is a uniqu@-cell x : H = 0 such that
o - e(F,p) = 0.

Proof. This is becauseH, «) and(0, can : 0 - e(r 4y = 0) provide two factorizations of
(0, can : 0- F = 0) through the relative kernel.]
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To finish, let us observe that the usual kernel is a special case of the relative one. Indeed,
given a morphisn¥ : A — B in CG, we can consider the canonical natural isomorphism

B
g
A 5 0

and the relative kerneXer (F, can) is nothing but the usual kern&er F. In particular,
canfull just means full.

2.2. The relative cokernel
Given a morphisnG : B — C in SCG, the notation for its cokernel, sg®,19]is

SN

—> CokerG

The picture for theelative cokernels the following one (everything is in SCG):

0

Wﬁ,e) 5
F G G
C (9,6)

Coker(¢,G)

o éw

3)

The relative cokernaloker (¢, G) can be described as follows:

e oObjects are those dt;

e pre-arrows are pair&B, /) : X - YwithBe Bandf : X - GBQY;

e anarrowis aclassof pre-arrows, two pre-arro®sf), (B’, f’) : X — Y are equivalent
if thereisA € A anda : B — F(A) ® B’ such that the following diagram commutes

X f GB®Y
f/J J{Ga@l
GB ®Y G(FA®QB)®Y
IQGB QY G(FA)® GB' ® Y
([)A®l®l

e the essentially surjective functd¥,, ¢, and the natural transformation,, ) defined
as for the usual cokernel.
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Once again, the natural transformatiog, ) is compatible withe, in the sense that the
following diagram commutes

¢ Po,G)
F-G- ID((p,G) > 0 'P(q),G)

F 0 D D can

F- 0 —/—/—> 0

can

Like the relative kernel, the relative cokernel is both a bi-limit and a standard homotopy
cokernel with respect to diagrams in SCG of the following kind

-
O o
o

()
2N

G

Oéw

(4)

whereys is compatible withe in the obvious sense. We leave to the reader to state the
universal properties and the cancellation property for the relative cokernel.
In the next proposition, we fix the kind of surjectivity measured by the relative cokernel.

Proposition 2.3. With the notations of diagrar{8).

1. no(Coker(¢, G)) = 0if and only if G is essentially surjective
2. mi(Coker(p, G))=0ifand only if G isp-full (this means thagivens : GB1 — G B>,
thereisA e A andg : By - FA® Bz suchthath = G(g) - (¢4 ® 1ga,))-

Proof. (1) From[10,19] we know thatig(Coker G)=0ifand onlyifG is essentially surjec-
tive. Moreover, the comparison betwe€nker G andCoker (¢, G) is full and essentially
surjective, so that it induces an isomorphism betweg oker G) andmg(Coker (¢, G)).

(2)Let[BeB, b:I - GB®I]:I — I beamorphismiCoker(p, G). The arrow
bgivesrisetoanarrow: GI ~ 1 —- GB® I ~ GBinC. If G is p-full, there isA € A
andg : I - FA ® B such thath = G(g) - (¢4 ® 1gp). The pair(A, g) attests that the
morphism[ B, b] is equal to the identity ol in Coker (¢, G).

Conversely, leg : GB1 — G B2 be a morphism irC. We get the following morphism
in Coker(¢p, G)

P (h)

-1
I 76 (B1) GB GB> 76 (B2) I

If m1(Coker(¢p, G)) = 0, the previous morphism is equal to the identity. This means that
thereisA € A anda : B1 > FA® BasuchthaitG(@a) - (94, ® 1) =h. O

The usual cokernel is a particular case of the relative cokernel. Indeed, given a morphism
G : B — Cin SCG, its cokernel is the relative cokeridglker (can, G) as in the following
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diagram

Once againganfull just means full.

2.3. 2-exactness and relative 2-exactness

Let us recall from[10,19]the notion of 2-exactness. Consider a sequéiite, G) in
SCG together with the canonical factorizations through the kernel and the cokernel

-
BOs|lo

A

Ker G—— CokerF~ Ker G—— CokerF

We say that the sequencé, ¢, G) is 2-exactif the functor F’ is full and essentially
surjective on objects or, equivalently, if the funci6f is full and faithful. This is also
equivalent to say thafoker F’ (or Ker G’) is equivalent to O.

Consider now the following diagram in SCG

0 0

O 0
L A F G C M

with oo compatible withp and¢ compatible wity. By the universal property of the relative
kernelKer(G, y), we get a factorizatioF’, ¢') of (F, ¢) through(e(c. . ¢@.y))- By the
cancellation property of¢ -y, we have a 2-celt as in the following diagram

Y L A F B S C

O <l

Ker (G,y) ——— Coker(a,F’)
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The dual construction gives rise to the following diagram

A—F 5B S

Ker (Gy) ———— Coker @,F)

A direct calculation shows thatoker(a, F') ~ Ker(G’, 7). We say that the sequence
(L,a, F, @, G,y, M) isrelative 2-exacif the functor F’ is essentially surjective aridfull
or, equivalently, if the functot;’ is faithful andy-full. This is also equivalent to say that
Coker (2, F') (or Ker(G’, %)) is equivalent to 0.

Since the compariso& er(G,y) — Ker G is full and faithful, 2-exactness always
implies relative 2-exactness. To make clear the difference between 2-exactness and relative
2-exactness, let us consider two basic examples.

Example 2.4. 1. Consider the following sequence in SCG

0% AL B Coker F

together withcan : 0- F = 0 andnyp : F - P = 0. Itis always 2-exact if8. It is 2-exact
in A if and only if F is full and faithful. Moreover, it is relative 2-exact ifx if and only if
F is faithful. Indeedsg(Ker (F, nr)) = 0, so that any functoF is ng-full.

2. Consider the following sequence in SCG

kKerG25BS 20

together witheg : e - G = 0 andcan : G - 0 = 0. Itis always 2-exact ifi8. It is 2-exact
in Cifand only if G is full and essentially surjective. Moreover, it is relative 2-exadt if
and only ifG is essentially surjective. Indeeth (Coker (can, G)) =0, so that any functor
G is eg-full.

3. The cohomology of a complex

From[11,13] recall that a complex of symmetric categorical groups is a diagram in SCG
of the form

Lo L1 Lo L,_1 L L
Ay =Ag— A1—>A2—>---L>An—n>An+1—>n+l
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together with a family of 2-cellgx, : L, - L,+1 = 0}, > ¢ such that, for alk, the following
diagram commutes

Lh-1.%n

Ln+1 ' Ln ' I-n+1 f—— I-n—1‘ 0
Ip-1'Lnes D Dcan

Olpjt ——> 0o

can

To define theith cohomology categorical group of the compley, we use the following
part of the complex

0 0
On—2 Oﬂq
Lho L L Lnia
An-2 Anp-1 An > Anig An+2
p-1
O
0

and we repeat the construction given in 2.3: by the universal property of the relative
kernelKer(L,, «,), we geta factorizatiotL; _,, o, ;) of (L,_1, a,—1) through(e(z., o).
&(L,.,))- By the cancellation property ef., »,), we have a 2-celt,_» as in the following
diagram

) Lna L
An-2 An-1 An .

An+1

Ker (Lp,0) ——— Coker(dp-2,Ln-1)

Definition 3.1. With the previous notations, we define théh cohomology categorical
group of the compleXd, as the following relative cokernel

H"(A,) = Coker(ay—2, L,,_1).

Note that, as in Section 2.3, there is a dual constructioW ®fA,) starting with the
relative cokernelCoker(a,—2, L,—1) and ending with a convenient relative kernel. The
resulting categorical groups are equivalent. Note also that, t#8eh,) andH1(A,), we
have to complete the complék, on the left with two zero-morphisms and two canonical
2-cells

0—0>0—0>A02>A1..., can:0-0=0, can:0-Log=10
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We give now an explicit description @i (A,):

e an object ofH" (A,) is an object of the relative kern&ler(L,, a,), that is a pair
(Ap € Ay a, : Ly(Ay) = 1)

such thatl, 1(a,) = o, (Ay);
e apre-arronA,, a,) — (A, a,) is a pair

(Xn—1€Ay_1,xp-1: Ay = Ly1(Xu—1) ® A;z)

such that the following diagram commutes

La(Ay) bt) (L1 (Xe1) © AL)
w -
! Ly(Ly-1(X,y-1)) ® Ly(A})
ay, -1 (Xp-1)®1
L, (A}) - 1 ®"Ln(A;)

e an arrow is a class of pre-arrows; two parallel pre-arrows
(Xn—1, ¥a-1), (X;_1, %, _1) : (An, an) = (A}, a
are equivalent if there is a pair
(Po2€Ap2,pp2:Xpn-1—> Ly2(Pr2) ® X;,_1)

such that the following diagram commutes

An Ln-1(Xn-1) O Ay
Xr’]—l l l/l-n—l(pn—z) 01
Ln-1(Xn-2) O Ay Ln-1 (Ln-2(Pn-2)0 Xp-1) O A,
1 0 Lp-1(Xpt2) O A, Ln-1 (Ln-2(Pn-2))OLn-1 (Xn-1) O Ay
%

o‘n—Z(Pn—Z) uio1

Remark 3.2. From the previous description, it is evident that

mo(H" (A,)) =~ ny(H" 1 (AL)).

This will be useful in Section 5 to make some proofs shorter.
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Let us look now at the functoriality off”. A morphismr, : A, — B, of complexes in
SCG is pictured in the following diagram:

where the family of 2-cell§4, : L, - Fyy1 = F, - My}, >0 makes commutative the
following diagram:

Ln-1/n 1My

Ln—l' I—n . Fn+l _> Ln—l . Fn : Mn :>Fn—1 : Mn—l : Mn
an—l'Fn+1 D DFn—l'ﬁn—l

0 -Fns1 > 0 < Fn-1-0

NS

can can

Such amorphisminduces, for eagla morphism of symmetric categorical groups(F,) :
H"(A,) — H"(B,). Its existence follows from the universal property of the relative kernels
and cokernels involved. It can be described explicitly: given an olijegte A, a, :
L.(A,) — I)in H*(A,), we have

H"(F)(An, an) = (Fy(Ay) € By, 2,1 (Ay) - Fugalay)
M, (F,(Ap)) — Fn+1(Ln(An)) g Fn+1(1) ~1T).

The facttha( F,,(A,), i;l(An) - F,11(ap)) is an object of the relative kern&ler (M,,, f,,)
depends on the condition on the famfly, }. Given an arrow

[Xp—1€Ap_1,xp—1: Ay = Lyc1(Xpm1) ® A;,] (Ap,ay) — (A;p a;,)
in H"(A,), we have

H"(F)[Xn-1, Xn-1] = [Fp-1(Xn-1) € Bu-1, Fyu(xp-1) - (2n-1(Xn-1) ® 1) :
Fu(Ay) — Fp(Lyp—1(X,-1) ® A;z)
>~ Fy(Lyn-1(X-1) ® Fu(A})
- Mn—l(Fn—l(Xn—l)) & Fn(A;l)]
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4. The long cohomology sequence

Recall that an extension of symmetric categorical groups is a diagram in SCG
A—2—c
ENEPA
B

which is 2-exactF is faithful andG is essentially surjective (s¢#,12]). Equivalently, an
extension is a diagram in SCG of the form

0 0
can can
O O
0 G
0 A F B C 0 0
(Y

which is relative 2-exact iy, B andC. (Indeed, 2-exactness and relative 2-exactness are
equivalent conditions ifi8, becaus& er (G, can) >~ Ker G andcanfull means full. Now,

if the factorization ofG throughCoker F is full and faithful, the relative 2-exactness/n

of (O, can, F, ¢, G) is equivalent to the relative 2-exactness\rof (0, can, F, ng, Pf),
thatis, by Example 2.4, to the faithfulnessffThe argument for the essential surjectivity
of G is dual.)

A morphism of extensions is pictured in the following diagram:

where the 2-cells make commutative the following diagram:

Fu G

F.G-N=——>F MG ——> L-F-G

oL e
ON :)0(' LO

can can
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Definition 4.1. An extension of complexes in SCG is a diagram

Ae 0 C.
Qe
0
B,
where

A, 5B, S c,

are morphisms of complexes, apd = {¢,, : F, - G, = 0}, > is a family of 2-cells such
that, for each,

[
\ 0
Fn Gn

An

Cn

0
®n
0

A Fn B, Gn C,

n
L & Mnj o an
B C

n+1l Foes (pn+1 Gre1 n+1l

n+l
\i/

0

is a morphism of extensions.

Theorem 4.2. Let

Aow—o’co
ANEI74
Be

be an extension of complexes of symmetric categorical groups. For eeérais a mor-
phism4,, and thre-cellsH" (p,), 2, and¥,, making the following long sequen2exact
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in each point
0 0
H'(p,) Vn
Hn(F o Hn(G A 0 Hn+l(F )
H(A) == HY(Be)—=> HY(Co) — H™ AL ———— H™(B.)
Zn
O
0

Proof. We give the construction of the morphisms and 2-cells involved in the statement.
As far as 2-exactness is concerned, we concentrate on the 2-exacti#g§y), which is
the most delicate part of the proof. In fact, we give a first constructiom,cdnd 2,,. We
use these constructions to show that the factorizatioli'aiG,) through the kernel ofl,,
is essentially surjective. Then we give a second constructidi'¢t,), 4, andX,, and
we use them to show that the factorizationttif(G,) is full.
Construction ofH" (¢,): given an objectA, € A, a, : L,(A,) — I)in H"(A,), if
we applyH"(F,) andH"(G,) we obtain the following object of/" (C,):

(Gu(Fn(Ay)) € Cy, ﬂ;l(Fn (Ap)) - Gn+1(i;l(An)) - Guy1(Fpga(an)) -
Ny (G (Fu(Ap)) = Gup1(My(F(Ay)))
= Gpp1(Fpt1(Ln(Ay))) = Gpia(Fupa(D)) = 1).

Such an object is naturally isomorphictbe C,, N, (I) >~ I), which is the unit object in
H"(C,), via the morphism

Hn((/).) =[I e€Cy_1, (/)n(An) 1Gu(Fr(Ay) = I =Ny a(D) Q1.

First construction of4,,: let (C,, € Cn, ¢, : N,(C,) — I) be an objectirKer N,; since
G, : B, — C, is essentially surjective, there aBg € B, andi : G,,(B,) — C,. Since

(M, (By), ,un(Bn) < Nu(i) - cp : Guyra(My(By)) = Nu(Gr(By)) = Nu(Cp) = 1)

isan object oK er G,+1 and the factorization af,, 1 : A,+1 — By41throughKer G411

is an equivalence, there arg,,1 € A,y 1 andj : F,41(A,41) — M, (B,) such that
Gnt1(J) ty (Bn) Ny (i)-cn=0, 11(Apnt+1). Nowwe need anarrow, 1 : L,1+1(Ap+1) — 1.
Since the factorizatio,, , , of F, 12 throughKer G,2 is an equivalence, it is enough to
find an arrowF,, (L, +1(Ant1)) — F,_ ,(I). This is given by

Int1(Ant1) - M1 (j) - B (Bp)  Fyg2(Lpt1(Ang1)) = 1 = Fyyo(D).

Finally, we put4,,(C,, ¢,) = (Ay+1, ay+1). This is an object ofH{"+1(A,): the condition
Lyy2(an+1) = 041(A,41) can be checked applying the faithful functy, 3.
Consider now an arrow

[(Z1—1€Chr,2p-1:Cp = Ny—1(Zy-1) ® C;;] 2 (Cpycn) = (C;/p C,/q)
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in H"(C,). We look for an arrow
[Xn € Ay, xy e Apl— Ly(X,) ® A;,+]_] (Apg1, apy1) — (A:1+17 a;/1+1)

in H"t1(A,). SinceG,_1 : B,_1 — C,_1 is essentially surjective, there afg_1 € B,_1
and! : G,_1(Y,—1) — Z,_1. We get the following arrow irC,,

iz (NpeaTH D - (5 (V) ®D - (1o () ™h
Gn(Bn) i Gn (Mnfl(Ynfl)) ® Gn(Bn) = Gn (Mnfl(Ynfl) ® Bn)-

Since the factorization af,, throughCoker F, is an equivalence, we get the corresponding
arrow inCoker F),

(X, € Ap.s: By = Fu(X,) @ My_1(Y,-1) @ By1: By = M, _1(Y,—1) ® B;,.
This allows us to construct an arrow

Fry1(Ang1) = Fppa(Ln(X0) ® Ay yq)
in Ker G,+1 in the following way:

Fry1(Aps1)

J

M, (By)

M (s)

Mn(Fn (Xn) ® Mn—l(Yn—l) & B,;)

~

v

Mn(Fn(Xn)) ® Mn(Mnfl(Ynfl)) 0y Mn(By/l)
1®p,—1(Yn-1)®1

My (Fy(X)) @ My(B.)

It xne(H ™t

v

For1(Ln(Xn)) ® Fn+l(A;,+1) >~ Fppai(Ln(Xy) ® A;;+1)'

SinceF,:Jrl is an equivalence, we get a uniquely determined ampwA,, 1 — L,(X,) ®
A2+1- Finally, we putd,,[Z,_1, z,—1]=[X,, x,]: the condition to be an arrow iH"+1(A,)
can be checked applying the faithful funct®y...

First construction o,,: let (B, € B,, b, : M,,(B,) — I) be an object oH"(B,); we
put

Z‘n(Bn’ bn) =[Il € Anv O-(an bn) : An+1 - Ln(I)L
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where(A, 11, ap+1) = 4,(H"(Go)(By,, b,)) anda (B, b,) corresponds to the arrow

j . bn : Fyi+1(An+1) = Fn+1(An+1) —-> I~ Fn+l(Ln(1)) = F;é+1(Ln(1))

of Ker G,4+1 via the equivalenceV,;+l : Apy1 — Ker G,41. Indeed, the fact that

[1, 6(By, by)]is an arrow inH"t1(A,) can be checked applying the faithful functgy, ».
2-exactness itH" (C,): let us callI" the factorization ofi" (G,) throughKer 4,,. We
are going to prove thdt is essentially surjective. Let

((Cyp € Chycn t Ny (Cp) — I, [Cn €Ay, Apt1 —> Ln(én)] :
(Aps1, any1) = An(cnv cp) —> 1)

be an object oK er 4,,. Using the notations introduced in the first constructionl pf we
construct the following object off” (B, ):

(Fo(CH @B t=( N CHOD) - (F1@) @D - ((TH*®1)
My (Fy(C)) ® By) = My(Fy(CE) ® My(By) — My(By)* @ My(By) =~ 1)

and the needed isomorphism
I'(F,(Cy) ® By, 1) = ((Cys cn). [Ci. )
is given by
U € Cuc1. 0,(CH @i : Gu(Fu(C)) ® By) = Gu(Fu(C)) ® Gu(By) — Call.

Second description af” (C,): since(F,, ¢,, G,) is an extension(, is equivalent to
the cokernel off;,,, and we get the following description &f" (C,). An object is a pair

(B, € B, [Any1 € An—&-lv any1: My(By) — Frr1(Apg))),

where[A,,11, a,11] : M,(B,) — I is an arrow inCoker F, 1, such that there exists
thy2 : Lyr1(Ay+1) — I making commutative the following diagram

M’l n
Myia(My(By)) —m2@d) g (Fuya(Ansn))

Ba(By) l li,,il(Am)

1~ Fn+2(1) «—— Fn+2(Ln+l(An+1))
Fut2(tnt2)

(note that such an arrowy,» is necessarily unique becausg, o is faithful). An arrow
(Bn, [An+1, ans1]) — (By, [A) 4, a,  1]) is a class of pairs

(Bp—1€ By_1,[An € Ay, ay : By — F(Ap) @ My_1(By—1) ® B,/l])a

where[A,, a,] : B, = M,_1(B,—1) ® B, is an arrow inCoker F,, such that there exists
an : Aps1 —> Lp(Ap) ® A;1+1 making commutative the following diagram:
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Mn(Bn)
P My (a,)
Frt1(Ant1) Mn(Fn(An) 0 Mp-1(Bn-1) O By)
e -
Fre1(Ln(An) O Ansa) Mn(Fn(An)) 0 Mn(Mn-1(Bn-1))  Mn(Br)
~ Jznl (A) O Bra(B,) 01
Frea(Ln(An) O Frea(Ane) ¢———————— Fnsa(An(An) O Mn(Bp)

10 8y

(once again the arroid, is necessarily unique becausg, 1 is faithful). Finally, two parallel
pairs(B,—_1, [An, a,]) and(B],_;[A},, a,]) are identified if there arB,_» € B,_2, A,_1 €

n’=n
Ap_1,ap-1 : Byo1 — Fr-1(An-1) ® Mp—2(Bn-2) ® Br/z—l andan—l : A;, - Ay ®
L,_1(A,—1) such that the following compositions are equal

B,
Jan
Fu(Ay) ® My—1(By-1) ® By,
J]-@Mnl(anl)@l
Fu(Ay) @ My_1(Fy—1(Ap—1) ® M,—2(B,—2) ® B, ;) ® B,
104,11 (An-1)®B,_2(By-2)®1

L

Fo(Ap) @ F(Lyp-1(An-1)) ® Mn—l(By/l_]_) & B,/l

~

v

Fu(Ay @ Ly—1(Ap-1)) ® Mnfl(B,;,]_) ® B,;

’
ay I/

Fu(Ay) ® My—1(B, ;) ® B,
Fy <@1)®1®1J

Fu(Ap @ Ly-1(Ay-1) ® Mn—l(B,;,l) ® B,;~
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Second construction of,,: using the second description &f*(C,), we can define the
functor

Ay H'(Cy) — H'THA,)
on objects by
An(By, [An+1, ant1]) = (Apt1, g2t Lup1(Apt1) = 1)
and on arrows by
An[Bu-1, [An, an]] = [Ap, @n : Ans1 — Lp(An) ® A ).
Second description df” (G,): we have to adapt the description of the functor
H"(G.): H"(B.) — H"(C,)
to the second description &f" (C,). The image of an object
(B, € B,,b,: My(By) > I)
of H"(B,) is the object
(Bn € By, [I € Apy1, by My(By) - I = Fpya(D])

(as arrowr, > one takes the canonical isomorphidm,1(/) ~ I) and the image of an
arrow

[Yic1eBuog, yn—1: B = My_1(Y—1) ® By/,]: (By, bp) — (By/p b;,)
of H"(B,) is the arrow
[Yn—l7 [1 € Ana Yn—1-: B, — Mn—l(Yn—l) ® B,; =~ Fn(l) ® Mn—l(Yn—l) & B,/l]]

Second construction &, : using the second description of the functdysand H" (G,),
the 2-cellX, is the identity 2-cell.

2-exactness itH" (C,): we are going to prove thdt: H"(B,) — Ker 4, is full. For
this, observe that an object Ker 4,, is a pair

((Bp, [Ant1, ans1)) € H'(Co), [Xn, xn]: (Apy1, thy2) = I € Hn+l(A-)>

and an arrow inKer 4, is an arrow[B,,_1, [A,, a,]] in H"(C,) (with its a,) such that
there areP,_1 € A,_1andp,_1: A, ® X, - L,_1(P,—1) ® X, making commutative a
certain diagram. Consider now two obje¢s,, b,,), (B/, b)) in H"(B,) and an arrow

n’>=n

[Bn—1, [An, axll: I'(By, by) — F(By/lv b;,)
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in Ker A4,,. We putY,,_1 = F,_1(P,_1) ® B,_1 and we definey,_1 by the following
composition:
J‘Zu

Fu(Ay) ® My—1(By-1) ® By,
I/Fn(f’nl)@’l@l
Fu(Ly—1(Py-1)) ® My—1(By-1) ® B;,
In-1(Pr-1)®181

My_1(Fp—1(Py-1)) ® My_1(By—1) ® B,

Mn—l(Fn—l(Pn—l) & Bn—l) ® B,/i
Then[Y,—1, yu—1]: (By, b,) — (B, b)) is an arrow inH"(B,). Finally, to check that
I'Y,—-1, Yn-1l=1[Bn_1, [An, ay]], we putB,_>=1, Ap_1=Py1, ap—1=1 andf_lnfl =
Pn—1.
Construction of?,,: given an object
(B, € By, [An+1 € Aps1, ang1: Mp(By) — Frp1(Ans1)])
in H"(C,), if we apply 4, and H"+1(F,) we obtain the following object of/"t1(B,):

(Fus1(Ant1) € Apsz, Aty (Ansd) - Faga(tar2) -
My 1(Fus1(Ans1)) = Fug2(Lyg1(Ans1)) = Fugo(l) = ).

Such an object is naturally isomorphic 6 € B, 11, M,,1(I) >~ I), which is the unit
object inH"*1(B,), via the morphism

VY0 (By, [An+1, ant1]) = [Bn € By, an_—&l: Frt11(Ant1) = My (By)]. 0

Remark 4.3. At this point, the reader probably wonders why we define the cohomology
categorical groups of a complex using the relative kernels and relative cokernels, instead of
the usual kernels and cokernels. The reason is the construction of the fupdtmolved

in the previous theorem: such a functor does not exist if we define cohomology using the
usual kernel and cokernel. To make clear the problem, imagine to défite,) using the

usual kernel and cokernel, so that an objec#if(C,) is just an object oK er N,. Now,

given an object

(Ch e Cycn: Nu(Cp) = 1)
in Ker N,, we look for an object

Ay (Cpycn) = (Apyt, anya: Lyy1(Any1)
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in Ker L, 1. SinceG,,: B, — C, is essentially surjective, there are an objBgte B,
and an arrow,, : G, (B,) — C,, so that
(Mn(Bn)a ,un(Bn) : Nn(bn) *Cp : Gn+l(Mn(Bn)) - I)

is an objectinKer G,1. Since(F, 11, ¢, 1. Gu11) iS 2-exact, there are an objett 1 €
A, 41 and an arrow

Xn+1: (Fn+l(An+l)v (/)n+1(An+1)) — (M, (By), ﬂn(Bn) - Ny (by) - cn)

in Ker G,41. It remains to find an arrow

ant1’ Lnv1(Apt1) — 1

in A,y 2. Since(Fyi2, ¢, 2, Gny2) is 2-exact, it is enough to find an arrow

T (Fpp2(Ln+1(An+1), @pi2(Ln+1(Ant1))) = (Fag2(D), ¢40(1))
in Ker G,2. We could take as the following composition
In+1(Ang1) - Myya(Xpq1) - ,Bn(Bn) D Fy2(Lnta(Apya)
— Myp1(Fyy1(Ant1)) = Myqp1(My(By)) — 1 > Fppo(1).

Now, to check that is an arrow inKer G,4+2 amounts to check the commutativity of the
following diagram

Nn+ (Cn)
Nn+1(Nn(Cp)) ! Np+1(l)

which precisely means thét',,, ¢,,) is indeed an object of the relative kerrd@ér (N,, 7,).

5. Examples and applications
5.1. Complexes of abelian groups

First of all, let us point out that, when the complex of symmetric categorical groups is
in fact a complex of abelian groups, then we get the usual cohomology groups applying
mp andn1 to the cohomology categorical groups. More precisely, consider a complex of
abelian groups

Iy I L
Av=Ag Ar B ap 2 I g, D g

with cohomology group$”(A,) = Ker(l,)/Im(l,—1). We can construct two complexes

of symmetric categorical groups:

AL0] = Ag[0] 2 41101 2 A0y ..

A1) = Aof1] B A1 Y Al



300 A. del Rio et al. / Journal of Pure and Applied Algebra 196 (2005) 279-312

Proposition 5.1. With the previous notationsve have

1. mo(H"(AL[0]) = H"(As) = m(H"T1(A.[0])),
2. mo(H"(A[1]) = H" 1 (A) = mi(H" 1 (AL[1])).

Proof. We check only part 1 because the proof of part 2 is similar. If we specialize the
description ofH" (A,) given in Section 3 to the case &f, = A,[0], we have that the objects
are the elements df er (I,,), and a pre-morphism, — a), is an element,_1 € A,_1 such
thata, = 1,-1(x,—1) + a;,. It is now clear thattg(H" (A.[0])) = H" (A,). O

5.2. Takeuchi-Ulbrich cohomology

Consider a complex of symmetric categorical groups

Lo L

Ae = AO Al
7
0
0

Ay ..

Eachobjeck, 1€ A, _1givesrisetoanobject.,,_1(X,-1), o, 1(X,—1)) € Ker(L,, o).
The isomorphism classes of these objects constitute a subgroup of the group of connected
components(K er (L, o,)). From[15,16], we recall the following definition.

Definition 5.2. With the previous notations, thth Takeuchi—Ulbrich cohomology group
of the complex;\, is the quotient group

H[r}(Ao) =no(Ker(Ly, o)) /{[Ln-1(Xn-1), an—l(Xn—l)DX,,_leA,,_l-
Proposition 5.3. With the previous notationsve have group isomorphisms

mo(H"(A)) =~ H (A) =~ my(H"H(AL)).

Proof. Explicitly, mo(Ker(Ly, %))/ {[Ln-1(Xn-1), fxnfl(anl)DXn_leA”_l is the group
of equivalence classes of pa{ts, € A, a,: L,(A,) — I)suchthat,1(a,) =0, (Ap).
Two pairs(A,, a,) and(A),, a;,) are equivalent if there i¥,,_1 € A,_1 such thai(A,, a,)
and(L,—1(Xn-1), t—1(X,-1)) ® (A}, a;,) are isomorphic irK er (L,, o,,). This amounts
to ask that there is,—1: A, — L,—1(X,—1) ® A}, making commutative the following
diagram

L (o
Ln(An) (1) Ly(Ly-1(Xn_1) ® AL)

I ~1Q®] «—- Ly(Ly-1(X,-1) ® Ly(A))
—1(Xp-1)®a,

If we look now at the description @i (A,) given in Section 3, it is clear that the previous
description corresponds ig(H" (A,)). [
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Since the functor
7o SCG— Abelian Groups

sends 2-exact sequences into exact sequencest{aado, sed19]), from Theorem 4.2
and Proposition 5.3 we get the following corollary.

Corollary 5.4. Let

A ————C
\ 5 /
F. G.
B.

be an extension of complexes of symmetric categorical grdtese is along exact sequence
of abelian groups

- — H} (A — H (B, — HE(C,) — HEPHA) — -
5.3. Ulbrich exact sequence

If B is a symmetric categorical group, we can construct a canonical extension

m(B)[1]———— m,(B)[0]
\ /

wheren1(B)[1] — B is just the inclusion, and® — 7no(B)[0] sends an object on its
isomorphism class (sd#]). Starting from a comple®, of symmetric categorical groups
and repeating the previous construction at each degree, we obtain an extension of complexes

11(Be)[1] — Be — mo(B4)[O]

and we can apply Theorem 4.2. Using Proposition 5.1 and Proposition 5.3 to cafgulate
of the 2-exact sequence of cohomology categorical groups, we get the following corollary,
which is the main general result containedi].

Corollary 5.5. LetB, be a complex of symmetric categorical groLipisere is a long exact
sequence of abelian groups

. H" ™ (m1(B,)) — Hyj(Bey) — H"(n0(Bs)) — H""2(n1(By)) . ..
5.4. Hattori-Villamayor—Zelinsky exact sequence
If Cis any (symmetric) monoidal category, the Picard categorical giaupC) is the

(symmetric) categorical group of invertible objects and isomorphisns iim particular,
if Ris a commutative ring with unit®ic(R) is by definitionPic(R-mod). It follows that
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no(Pic(R)) is the usual Picard group &, andni(Pic(R)) is the group of units oR
Moreover, each ring homomorphisyh: R — S induces a monoidal functaR-mod —
S-mod and then a morphism of symmetric categorical groups (denoted with the same name)
f: Pic(R) — Pic(S).

Starting from the ring homomorphisyh: R — S, we can construct theth tensor power

S®" = SQRS®R - - - DRS.
Moreover, for eaclm, we haven + 1 face homomorphisms
ft : S®n — S®n+l

determined byf; (s1®- - - ®5,) =51+ - ®s5; ®LR®s5;11®- - -®s,. The induced morphisms
of symmetric categorical groups

fi: Pic(S®") — Pic(S®"+1)
can be pasted together to obtain a comiex(S®°):

Ly-1

. Pic(s® Y Pic(s®") L5 Pic(s®+y . .

whereL,, is a kind of alternating tensor product:
Ly(X) = fa(X)* ® f2(X) ® f3(X)" ®--- .

If we apply Corollary 5.5 to the compleRic(S®*®), we obtain the Hattori-Villamayor—
Zelinsky sequencg9,18], that is the%-Pic-exact sequence associated with the ring
homomorphismf: R — S (notations of Theorem 4.14 if18], but oursH"(S/R, %)
andH"(S/R, Pic) are theirH" 1)

. H"TY(S/R,U) — HJ(S/R) — H"(S/R, Pic) — H"*2(S/R,U)...
(see also Theorem 6.1.3[8]).

5.5. Takeuchi exact sequence

If C is a symmetric monoidal category with stable coequalizers, a new symmetric
monoidal categoryBim(C) can be obtained by taking as objeéismonoids and as ar-
rows isomorphism classes of bimodules. The Brauer categorical grdusddy definition

Br(C) = Pic(Bim(C))

(se€[19)). If Ris a commutative ring with unit, we plr (R) = Br(R-mod). One has that
mo(Br(R)) is the usual Brauer group & andz1(Br(R)) is the Picard group oR. Once
again, a ring homomorphisrfi: R — S induces a morphism of symmetric categorical
groupsBr(R) — Br(S). Working in the same way as in the previous subsection, we get a
complex of symmetric categorical grous (S®*):

Lp-1

. Br(s®" Y Br(S®") L5 Br(s®+Yy ..
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If we apply Corollary 5.5 to the compleir (S©*), we obtain the Takeuchi sequer{8],
that is thePicard—Brauerexact sequence associated with the ring homomorplfisiR —
S (notations of Theorem 6.4.2 [2])

...H"X(S/R, Pic) — H}}(S/R. A) > H"(S/R. Br) - H"*2(S/R, Pic) ... .

5.6. Simplicial cohomology, |
Given a simplicial sek, with degeneracies
0i: Xpnt1—> Xn, =0,...,n+1

and a symmetric categorical grodp, following [11,4] we can construct a cosimplicial
complexA¥+ of symmetric categorical groups and strict homomorphisms:

o A*nisthe symmetric categorical group of functors from the discrete grouppto A,
under pointwise tensor product;
e the codegeneracies are given by composition with the degeneracies

di=—-0; : A% > AXnt1. 1 =0,... . n+1

Now, by taking alternating tensor product we get a complex of symmetric categorical groups
G (AXe):

CAXe b A X B n X

with L,(H) =do(H) @ di(H)* @ d2(H) ® . .. .

The cohomology categorical groups of this complex are denotddtjX,, A).

Since a discrete groupoKlis “projective” with respect to essentially surjective functors,
any extension

o

A

N

in SCG gives rise to a new extension

AX 0 (I:X
-0
BX

By Theorem 4.2, we get the following corollary.
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Corollary 5.6. Let
A—,—C
R - %
B

be an extension of symmetric categorical growsl fix a simplicial seX,. There is along
2-exact sequence of symmetric categorical groups

.. — H"(Xe, A) > H" (X, B) > H"(X., C) > H" TN (X., A) — ...

Applying the functorrg : SCG— Abelian Groups to the previous 2-exact sequence, we
get the long exact sequence of abelian groups obtaingd,iProposition 2.4.

5.7. Simplicial cohomology, Il
Let D be a category. As simplicial sét,, we can take the nern€er (D) of D.

Proposition 5.7. Let D be a category and\ a symmetric categorical groufghere is an
equivalence of symmetric categorical groups

Homeg (D, A) ~ HY(Ner(D), A).

Proof. Indeed, an object of°(Ner (D), A) is a pair(Ao, ag), whereAg is a map from
the objects ofD to those ofA, andagp associates to any arroW: X — Y in D an
arrowag(f): Ao(X) ® Ag(Y)* — I. To such an arrow canonically corresponds an arrow
ao(f): Ag(X) — Ap(Y), and the conditiorl.1(ag) = %g(Ao) gives that the paitAo, do)

is a functor fromD to A. (In fact, the conditiorl.;(ag) = ao(Ag) means thaiy preserves
the composition. This implies that it preserves also the identity arrows, bedaisa
groupoid.) O

If D isacategory and a categorical group, the groupdi@drs (DD, A) of D-torsors under
A has been studied ii5]. A D-torsor underA is a Grothendieck cofibratiop: E — D
such that, for anyX € D, the fibre categonfy is equivalent toA via a given action of
A on E. The arrows ifTors(D, A) are theA-equivariantD-functors. This groupoid is a
2-groupoid adding as 2-cells tie-equivariantD-homotopies. IfA is symmetric, the next
proposition provides the classifying groupoiditdrs (D, A) with a structure of symmetric
categorical group.

Proposition 5.8. Let D be a category and\ a symmetric categorical groufhere is an
equivalence of groupoids

cl(Tors(D, A)) ~ HY(Ner(D), A).
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Proof. We limit our proof to the construction of the morphism
HY(Ner(D), A) — cl(Tors(D, A)).

The objects td}(Ner (D), A) are the system& 7, t, ) consisting of

o for any morphismf: X — Y of D, an objectA s € A, and

o for any pair of composable morphism’si> Y% 2ZinD,a morphisny, . A ®
Ag —> Afg in A,

which satisfy a cocycle condition. So, an objectEf(Ner (D), A) can be identified with
a 2-cocycle ifD with coefficients inA (se€5]). Thus any objectA, 1) of H1(Ner(D), A)
defines a pseudo-functor and, following the Grothendieck construction, has canonically
associated a cofibratiah: E4 ) — D. In Theorem 4.9 i5] it is proved thatt 4 ;) is in
fact aD-torsor undeA.

Apre-arrowg: (A, 1) — (A’,t))in HY(Ner(D), A) is a systemp = (px, @) consist-
ing of

e for any objectX € D, an objecipy € A, and
e for any morphismf: X — Y in D, amorphismp: Ay ® ¢y — ¢x ® A/f in A
which makes certain diagrams commutative. A pre-argowA, t) — (A’, 1’) defines
an A-equivariantD-functor £, : E4,s) — [Ear,-) Which sends an obje¢B € A, X €
D) € Ea,nto (B® ¢y, X).
Two pre-arrowsp, ¢’ : (A,t) — (A, 1) of HY(Ner(D), A) are identified if there is a
collection of morphisms = {vx : ¢x — ¢’x | X € D} making a certain diagram commu-
tative. It is easy to get an homotofay: £, — [E, from such a collection. [

Corollary 5.9. Let
A—2—C
?
N e
B

be an extension of symmetric categorical grqugred fix a categoryD. There is a2-exact
sequence of symmetric categorical groups

Home 4 (D,A) —— Hom 4 (D,B) —— Home 4 (D,C)

cl(TorgD,A)) —— cl(TorgD,B)) —— cl(TorgD,C))

If D=D[1]forDagroupand=A[1]for Aanabeliangroup, thety(cl/(Tors(D, A)))=
Extcen(D, A), the group of equivalence classes of central extension® dby A
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(Example 3.9 ir5]). So, applying the functarg to the previous 2-exact sequence, we get
an exact sequence of abelian groups involving the groups of central extensions.

5.8. Simplicial cohomology, IlI

In [3], the nerveNer,(D) of a categorical grouf® has been introduced. Let us recall
that Nero(D) is the 3-coskeleton of the following truncated simplicial set:

Nerz(D)g = {0},

Nerz(D)1 = 0bj(D),

Nera(D), = {(x, Do, D1, D2) € Mor(D) x 0bj(D)%|x: Dg® D2 — D1},
Ner(D)s is the set of commutative diagramslihof the form

1
Doo® Do3® Dz ——2% . Do® D13

X0®1|/ val

Do2 ® D23 — D1y

Proposition 5.10. Let D be a categorical group and\ a symmetric categorical group
There is an equivalence of symmetric categorical groups

Homcg(D, A) ~ HYX(Nera(D), A).

Proof. Letus restrict ourselves to the description of objects. An objet'aiV er»(D), A)
is a system(Ap, a,) consisting of

e for any objectD € D, an objectdp € A, and
e for any morphisnx : Do ® D, — D1 in D, amorphismi, : Ap, ® Ap, = Ap, in A
such that, for allxo, x1, x2, x3) € Ner2(D)3, the following diagram commutes

1®a,\‘
ADoo ® Apgs ® Apyg & ADoo ® Apy,

axO®1|/ J{axl

Apg, ® ADyg I — Apyy
X2

Thus, we have a monoidal functdr: D — A defined byA(D) = Ap, with canonical
morphisms given by1,, .1 Apy ® Ap, = Apggp,. U

Finally, if the categorical grouf® is symmetric, it is possible to refine again its nerve to
take into account the symmetric structure. We refgBidor a detailed description of the
nerveNer3(D) of a symmetric categorical group.
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Proposition 5.11. LetD and A be symmetric categorical groupBhere is an equivalence
of symmetric categorical groups

Homsca(D, A) ~ H?(Nerz(D), A).

6. The kernel-cokernel lemma
In this section, we obtain the kernel-cokernel (or “snake”) lemma for symmetric categor-
ical groups as a particular case of the long cohomology sequence of Theorem 4.2. We will

then apply the lemma to get a low-dimensional cohomology sequence involving derivations
of categorical groups.

6.1. The kernel-cokernel lemma for symmetric categorical groups
We start with two general lemmas on symmetric categorical groups.

Lemma 6.1. Consider the following diagram iBCG

KerF A B
Ll Y Ml 2 JN
KerG es D S D
oG
O
0

where L andy are induced by the universal property &fer G (so thaty, ¢, e andeg
are compatiblg

1. If N is full and faithful then the left-hand square is a bi-pullback
2. If, moreoverMis full (faithful) (essentially surjectiyethen L is full(faithful) (essentially
surjective.

Proof. 1.From[10], Proposition 5.2, recall thétis full and faithful iff forall G € SCG, the
functor Homscg(G, N) is full and faithful. Using this fact, the proof is a (long) argument
on bi-limits which holds in any 2-category.

2. It follows from the first part, using the stability under bi-pullback of the involved
classes of morphisms (see Proposition 5.Qj). [
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Lemma 6.2. Consider the following diagram i8CG

A B F . CokerF
N
C G D Pa CokerG
el
0
0

where N andp are induced by the universal property@bker F (so thaty, ¢, np andng
are compatiblg

1. If L is full and essentially surjectiyéhen the right-hand square is a bipushput
2. If, moreovey M is full (faithful) (essentially surjectiyethen N is full(faithful) (essen-
tially surjective.

Proof. Dual of the previous one: by Proposition 5.3[10], L is full and essentially sur-

jective iff for all G € SCG, the functoHomsce(N, G) is full and faithful; the stability
under bi-pushout is established[ij, Proposition 5.1. [J

Fix now the following diagram in SCG

-n
(WS o
(@]

,_
— >
O>
<
—&
=
O—o
=z

>
-
oS &
)

o

(5)

where (F, ¢, G) and (F’, ¢/, G') are 2-exact sequences,is essentially surjective and
F’ is faithful. We assume also that, ¢’, 2 andu are compatible (as at the beginning of
Section 4).

Proposition 6.3 (The kernel-cokernel lemmaThere are a morphism and twicells in
SCG

A:Ker N — CokerL X:G-A=0 ¥:A-F =0
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making the following sequen@eexact in each point

Ker 0 Coker L 0 CokerN
F 2 @
/ E') \ - / Dl// R - G
Ker L o Ker N 5 CokerM

Proof. Considerthe factorization &fas a fulland essentially surjective functarfollowed
by a faithful functorF, (Proposition 2.1 if10]). Consider also the factorization 6f as
an essentially surjective functér; followed by a full and faithful functoG, (Proposition
2.3in[10])

A >0 B C
= ' B K
Ll H O\(il IM B N
K L 0 !
A = B G, [ en C

SinceF1 is orthogonal taF’ (Proposition 4.3 if10]) andG is orthogonal taz, (Proposition
4.6in[10]), we get the fill-inH, o, «” andK, ', f” as in the previous diagram. Moreover,
sinceF; is full and essentially surjective, there is a unique 2-gellF, - G = 0 such that
F1 -y = ¢; sinceGy is full and faithful, there is a unique 2-cefl : F'- Gy = 0 such that
' - G2 = ¢'. Inthis way, we have constructed a new diagram in SCG

I 2 .p—S ¢
HJ o MJ s JK
AN ———B— 1

(6)

Composing withF1 andG,, we can check the compatibility of the 2-cells in (6) using that
ofthe 2-cellsin (5). MoreovetF», /, G) is 2-exact (and then itis an extension) because, by
Lemma 6.2, the cokernel &% is equivalent to the cokernel 6f Analogously(F’, /', G1)
is 2-exact because, by Lemma 6.1, the kerne&l fs equivalent to the kernel @3.

Now, adding zero-morphisms and canonical 2-cells, we can turn the morphism of ex-
tensions (6) into an extension of complexes. The only non trivial cohomology categorical
groups of these complexes are the (usual) kernels and cokerr¢ld/bandK. Therefore,



310 A. del Rio et al. / Journal of Pure and Applied Algebra 196 (2005) 279-312
Theorem 4.2 gives us the following 2-exact sequence

KerH——— KerM —— KerK

Coker H—— Coker M—— CokerK

Observe now that, by Lemma 6.K¢r K andKer N are equivalent, and, by Lemma 6.2,
Coker H and Coker L are equivalent. Moreover, by Lemma 6.1 again, the comparison
Ker L — Ker H is full and essentially surjective, so that the 2-exactness of H —

Ker M — Ker K implies the 2-exactness &fer L — Ker M — Ker K. In the same
way, by Lemma 6.2 the comparis@vker K — Coker N is full and faithful, so that
Coker H — Coker M — Coker N is 2-exact. Finally, we have proved the 2-exactness of

KerL—— KerM —— KerN

Coker L—— Coker M—— CokerN 0

6.2. Derivations of categorical groups

To end, we explain how the low-dimensional cohomology sequence obtain&d, in
Theorem 6.2, is a special case of the 2-exact sequence of Proposition 6.3. For detailed
definitions about derivations of categorical groups, we ref¢r &j.

Fix a categorical groufs and a symmetriés-moduleB with action

- GxB— B.

A derivationis a functorD: G — B together with a natural and coherent family of
isomorphisms

oxy:DX)®X-D(Y) —» D(X®Y).

Derivations and their morphisms give rise to a groupid (G, B), which is a symmetric
categorical group under pointwise tensor product. (Observe that, in generalzHitialule

B is only braided, the categorical groljer (G, B) is no longer braided.) This construction
plainly extends to a 2-functor from the 2-category of symmétrimodules and equivariant
morphisms to SCG. Moreover, for any symmettienodules and equivariant morphisms to
SCG. Moreover, for any symmetrig-moduleB, there is an “inner derivation” morphism

J:B— Der(G,B) #(B):G—-B #(B)(X)=X-B®B*
whose kernel and cokernel are denoted%Q(G, B) and #(G, B) and called the low-

dimensional cohomology categorical groupgoWwith coefficients inB. Now, if F: A —
B is an equivariant morphism of symmetfic-modules, its equivariant structure induces
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a 2-cell in SCG
A __F B

Der(G, A) — Der(G, B)

Finally, if

B
V5N
O
C

A 0

is an extension of symmetrie-modules, by Proposition 3.4 [8] we get a diagram in SCG

Der(G, A) —F Der(G, B)T Der(G, C)
-0

O
0

with (— - F, — - ¢, — - G) 2-exact and- - F faithful. Since it is straightforward to check

the compatibility ofA, i, ¢ and— - ¢, as a corollary of Proposition 6.3 we get the 2-exact
cohomology sequence

#°G, A) > #°G, B) > #°G, C)
— #YG, A) > #1G, B) > #G, O). (7)

If Gis a discrete categorical group, afid B andC are discretés-modules, then applying

7o to the previous sequence we recover the familiar exact sequence of low-dimensional
cohomology groups. Several other particular cases of interest are discufged re non
symmetric analogue of the 2-exact sequence (7) is studigd.in
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