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Context: where this talk sits
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Context: where this talk sits

Mathematical optimization

Continuous optimization

Black-box optimization methods

Convergence proofs

Computer-assisted
analysis

Our topic today:

Performance Estimation Problem = PEP
A methodology for computer-assisted convergence analysis
of black-box optimization methods
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Black-box first-order optimization methods

Optimization problem

. Oracle
i f@) fax), V()
e f belongs to some function class 3
e dimension d may be very large T Fzr), Vf(zg)
Black-box oracle model .
Algorithm

Query z;; receive fi, = f () and g = V f () !
choose next iterate x4

General first-order method

Lh+1 :Mk(xO)f07907fl7glv'”7fk7gk) Goal

Uses only the oracle history. With R = |[|lzo — .]:
flan) = fi < o7
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Examples of function classes

e ]-smooth nonconvex functions

IVi(z) =Vl < Lz =yl v,y

e [-smooth convex functions
f) = f(@) + (Vf(x),y—=z), [IVf(@)-Vil|<Llz—yl Vzy
e ;-strongly convex functions
) = f(@) + (V@) —2) + Slly — 2|

Equivalently, z — f(z) — &| x|/ is convex.
* Unified class 7, 1.: curvature between pand L, with —oo < pp < L < +o00.

p<\e(V2f(2)) <L Vk,x2  when f € C?
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Examples of function classes

¢ Convex functions with bounded subgradients

fy) = (@) +{gary —x) Va,y, Vgu € 0f(2),

together with
gzl < B Vx, Vg, € df(x).

which is equivalent to f being B-Lipschitz

[f(@) = f)| < Bllz —yll Va,y.
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Classical examples of convergence results

(1) Smooth convex minimization

Assume f is convex with L-Lipschitz gradient.
Gradient method with stepsize 1/ L:

1
Tpt1 = Tk — ZVf(:Uk).

Then I H2
Tro — Tx
f(zn) — f« = O(1/N)
[Nesterov, 2018]
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Classical examples of convergence results

(2) Smooth nonconvex minimization

Assume f has L-Lipschitz gradient.
Gradient method with stepsize 1/L:

1
Tyl = Tp — va(iﬁk)-

Then

2L — 1y
Jmin [V < 20 )

min ||V f () |* = O(1/N)

for example [Nesterov, 2018]
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Classical examples of convergence results

(3) Accelerated gradient method

Assume f is convex with L-Lipschitz gradient.
Nesterov’s accelerated fast gradient method [Nesterov, 1983]

Y
{ Yk Lk ,1€+2 (zk — Tp-1) (with 2, = 20)
Tpe1 = Ye— 7 V.S (Ur)
Fln) — fo < 2L||wo — a]? — O(1/N?)
NI = TN )2

Lower complexity bound

The O(1/N?) rate is optimal for black-box first-order methods. [Nemirovsky-Yudin, 1983]
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Classical examples of convergence results

(4) Subgradient method

Assume f is convex and B-Lipschitz, with ||z — z.|| < R.
Subgradient method with optimal constant stepsize y = R/(Bv N + 1):

Thi1 = Tk — Yk, gk € Of (z), k=0,...,N -1
The average iterate Zy = (N + 1)1 ngfzo xy, satisfies
BR
VN+1

f@n) = fo = O(1/VN)

f@En) = fu < [Polyak, 1960s]

Lower complexity bound [Drori-Teboulle, 2016, Thm. A.1]

After N steps, any deterministic black-box first-order method has worst-case error at least
BR/+/N + 1in sufficiently large dimension.
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A typical convergence proof: Nesterov accelerated gradient

[Ang, 2023]
NAGD converges rate O (é) proof 1/6 Stage 1: make use of convexity & smoothness
> f o (Yavy){f(@) 2 f(@) +(VI@),y— =)} gives
—f) < —f(x) +(Vf(x).z - y) (5)

> f L-smooth (VaVb){f(a) — f(b) < (Vf(b),a—b)+ g”a = b||g} witha = @ — %V}'(z), b=a,

(o= 7VI@) ~ f@) < ~LIVI@)IE + 5 IV @2 = STV S@)3: ©®
» (5) + (6) will cancel — f(x) and give
(o= 7V5@) - f@) < ZIVI@)IE + (V@) - v). ™
» Putax =, y==a"in(7)
(o= 1 Vi@0) = £ < IV @B + (VS (@)@ — ). ®
> putx =k, y =y in (7)
P = L VI@0) = f@e) < ST IVS@OIE + (Vi @r),ox — wi)- ©

»  Proof overview: (8), (9) link f(yr+1), f(yr) and f*. We see V f(x)) appear in (8), (9) but not in the convergence result, so we
eliminate V f(xy) in (8), (9).
4/10
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A typical convergence proof: Nesterov accelerated gradient

[Ang, 2023]
1
Vi1 = T — va(mk) (1)
Proof 2/6 Stage 2: eliminate gradient Hon = TVs@) — 17 < FHIVI@RIR + (Vi@ ok — ) ()
Pk = £ V5@0) ~ 1w < FEITH@IF +(TT @) o v @

» Simplify notation, let 65 := f(yx) — f*, then

1) IR () (10)
T () A )
Foe - 19i@0) = f@) = f(mo- 7Vi@R) - 1= (Fa) - 1)
N e Y (12)
Vi) L Lk - m) (13)
Ivs@l3 ' Ly — 2l (14)
> Put (11,13,14) into (8)
Sei1 < 7%\\:%“ = @pll3 = L{yks1 — @p, 2 — 7). (15)
> Put (12,13,14) into (9)
Sk1 — 8 < *%Hywl —apll3 = L{yks1 — @k, ok — Yyi)- (16)
5/10
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A typical convergence proof: Nesterov accelerated gradient

[Ang, 2023]
A = %(1+ /1+4A§_1) (4)
(15)

Proof 3/6 Stage 3: form telescoping sum fipr = Elvgs - okl - Bk - ok %)
Shp1 =0k S —Hlupgpr —@pll3 — Llyggr — @, @p —wg)  (16)
» Tricky step: consider (15) 4+ (A — 1)(16).
Left-hand size of (15) + (Ax — 1)(16) = drt1 + (Ax — 1)(Or41 — 0k) = Aplpg1 — (Ax — 1)dk.

> Right-hand side of (15) + (A, — 1)(16)
L —L
-3 llyptr — zll3 — L< Yktl — Tk 5 Th — w*> + (A —1) <T llyks1 —ll3 — L< Yktl — Tk 5 Th — ’yk>>

AL
- lykr1 — =xll3 —L< Yrt1 — Tk, T — & + (A — 1) (2 _'le)>

AL
- lyhsr — xill3 — L<'yk+l — @k, Aper — (A — Dyr — m*>
AL 2 "
P By LHS = RHS Aidi — (e — Do < ==l — @ll} - L<yk+l — @k, Memk — Mg — Dk — @ >

Multiply the inequality with Aj:
2 ARL 2 *
AROkar = Ak = 1dk - < ===y —xllz — AkL<yk+1 —xp, Ak — (Ae — Dyr — @ >

L
= -3 (/\il\ykﬂ — a3 + 2)\k<yk+1 — @, Az — (A — Dyr — m'>> #)
AN} — AN +1=1+4407_; <<= A7_; = Au(Ax — 1), put this into (#) gives

> (4)gives (2A, — 1)2 =1+4X\7_, <=
Ao — N < — L2 —zpl2 + 22 - A — (Ap — Dy — ”

ROkt = A0 S = o [ Akllynes = @il + 2 (Y = @y Ae@e — A — Dy — @ @7)

6/10
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A typical convergence proof: Nesterov accelerated gradient

[Ang, 2023]
Proof 4/6 o ety (4)

L
AFopg1 — A (A = DS < -3 (*ﬁ”ykﬂ —egl+ 2*1¢<Uk+1 g Ageg — (A — Dyg — w*}) )

P Inspecting the inner product in (17) we see that it is completing squares (Thanks to Tony Silveti-Falls for figuring it out, 2023 Nov 3).
e +bl13 = A*llal3 +2Xa,b) + Bl <= A*all} +2)(a, b) = [|Aa + b3 — [|b]]3.
Nllyisr = @ill3 + 22 (uir — @y Avee — i = Dyp — @)
IMyrsr = 20) + Xezk — Ak — Dyk — 2|12 = [[Aeze — e — Dy —2*[|3

= [Mswrss = Ok = Due = 27|l — [Awms — O = Dyx =275
» Using this (17) becomes

L
ApSt1 — Ap_ 0k < —5(‘|)\kyk+l = Ak = Dyi — w*l\i — [[Akmr — (Ae — Dyp — f”g) (18)
> We have Apzi — (Ar — Dyr = (1 = Ap—1)yn—1 + Ae—1Yk-
Proof: i ® ;;i’; =  Vrdki1 1 — Ag.
By (2) @rt1 = (1 — vi)Yk+1 + YeYk gives Tiip1 = Yrt1 + Ye(Yk — Yr+1), multiply with Ay gives
Akt 1Th+1 = Aot 1Yh+1 + Ao 170 (Y — Ykt1) = Aes1Yk+1 + (1 — 20 (Y — Yrt1), rearrange gives

Ae+1Z41 = Akt 1Yh41 = (L= Ak) (Y —Yk+1), add yi41 on both side gives
Aet1Zh41—(Apg1 — Dyre1 = (1 — Xg)Yr + Apyry1. Move counter k by —1 gives the result.

So (18) becomes

A

P L
Aibrt1 — An_10k < -3 (l‘)\kyk+l = (A = Dy — E*HE ==y Ak—1Yk = m*”g)
7/10
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A typical convergence proof: Nesterov accelerated gradient

[Ang, 2023]
Proof ... 5/6

We 2 2 L
e have A\ dk+1 — A0k < -3

(H/\kytcﬂ = Ok = Dyr — 2|2 = [0 = Mem)yr—1 + A1y — 2‘“;)
Rearrange the second term to make the terms in right-hand side have similar form

L " *
/\i5k+1 - Ai,l&c < -3 (H>Wcﬂk+1 — (k= Dyr —z ||§ - H)\kflyk = (Ak—1 = Dyp—1 —x Hi) (19)

Let ur = A\pyYrt1 — Ak — Dyr — &% 50 Ag—1Yr — (Ak—1 — 1)yr—1 — * = ug_1 and (19) becomes

A2bie1 — A2_ 6 < =& (llunll3 — flue-113)
A6, — 226, < = (all3 ~ lluoll3 case k=1
ABby — 235 < (el - nulnzg case k= 2
A6k =A% .0k 1 < —%\WK,mg—HuK,ﬂg) case k=K —1
A28k — Aoy < -L HUKAHg—Hung) sumk=1tok=K—1
= 5 (Il — lux—113)
< Hlluolll lux-1l3 >0

By definition, Ao = 0, yo = @o, wo = XAoy1 — (Ao — 1)yo — ™ 20 yo — ™ vo="o xg — x*, thus

Lljzo — =*|3

2X2

L
Neoab S Gllwo —a2Tll} = ox <
K—1

8/10
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A typical convergence proof: Nesterov accelerated gradient

[Ang, 2023]
Proof ... 6/6

Lemma. A\, > & ) 3
Proof (by induction) With Ap—1 > Phad

» Case k = 0 and Ao = 0. It is trivial 0 > 0/2.

> Case k = 1. By definition, Azl < 1%'
Py ST K o R PR kot
L Lz — 2|3
» Induction hypothesis: assume A, 1 > 5. Therefore 5 < 02 2 becomes
K-1

> Case k=n

. _ 2L|mo —x*|2
1+ fITae fyro) - g+ < 2z 2l

An = 5

N 144/1+4(2)? where f(yx) — f* = 6x. 0O

[Induction hypothesis]

2 Rename K as k gives
_ 1+V1I+n2 . < 2L||lzo — |3
-3 flye) = f ST =
S 14 vn?
2 complicated
_ 1+ n_ o This < highly-involved  proof is now completed.
2 non-intuitive

9/10
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Performance estimation of an optimization method

Goal of a PEP (Performance Estimation Problem) [Drori-Teboulle, 2014]:
compute the exact worst-case behavior

Example:
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Performance estimation of an optimization method

Goal of a PEP (Performance Estimation Problem) [Drori-Teboulle, 2014]:
compute the exact worst-case behavior
¢ of a given optimization black-box method
(considering a fixed number of iterations)

Example: after computing N steps of the gradient method with fixed unit step-size
Tpr1 = T — Vf(ag)
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Performance estimation of an optimization method

Goal of a PEP (Performance Estimation Problem) [Drori-Teboulle, 2014]:
compute the exact worst-case behavior
¢ of a given optimization black-box method
(considering a fixed number of iterations)
¢ applied to any function belonging to a given class

(e.g. convex functions, possibly with some additional regularity property such as
smoothness)

Example: after computing N steps of the gradient method with fixed unit step-size

Tp+1 = xp — Vf(xy) applied to a convex function f with a 1-Lipschitz gradient and
minimizer x*
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Performance estimation of an optimization method

Goal of a PEP (Performance Estimation Problem) [Drori-Teboulle, 2014]:
compute the exact worst-case behavior
¢ of a given optimization black-box method
(considering a fixed number of iterations)
¢ applied to any function belonging to a given class
(e.g. convex functions, possibly with some additional regularity property such as
smoothness)
e from any starting point
(satisfying some condition w.r.t. a minimizer)

Example: after computing N steps of the gradient method with fixed unit step-size
Tp+1 = xp — Vf(xy) applied to a convex function f with a 1-Lipschitz gradient and
minimizer z* from an initial iterate satisfying ||zo — x| < 1,
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Performance estimation of an optimization method

Goal of a PEP (Performance Estimation Problem) [Drori-Teboulle, 2014]:
compute the exact worst-case behavior
¢ of a given optimization black-box method
(considering a fixed number of iterations)
¢ applied to any function belonging to a given class
(e.g. convex functions, possibly with some additional regularity property such as
smoothness)
e from any starting point
(satisfying some condition w.r.t. a minimizer)
e for a given performance criterion
(e.g. objective accuracy, distance to solution, gradient norm)

Example: after computing N steps of the gradient method with fixed unit step-size
Tp+1 = xp — Vf(xy) applied to a convex function f with a 1-Lipschitz gradient and
minimizer x* from an initial iterate satisfying ||z¢o — x.|| < 1, what is the worst (largest)
possible objective function accuracy for the last iterate f(zn) — f(x4) ?
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Output of a performance estimation problem

For a given PEP (Performance Estimation Problem) we will
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Output of a performance estimation problem

For a given PEP (Performance Estimation Problem) we will

® compute the exact value of the performance criterion’s worst-case = optimal value of
PEP problem
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Output of a performance estimation problem

For a given PEP (Performance Estimation Problem) we will

® compute the exact value of the performance criterion’s worst-case = optimal value of
PEP problem

e identify an explicit function (and starting point) achieving this worst-case value =
primal solution of PEP problem + interpolation
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Output of a performance estimation problem

For a given PEP (Performance Estimation Problem) we will

® compute the exact value of the performance criterion’s worst-case = optimal value of
PEP problem

e identify an explicit function (and starting point) achieving this worst-case value =
primal solution of PEP problem + interpolation

® obtain an independently-checkable proof that this worst-case value is a valid (upper)
bound on the performance criterion = dual multiplier of PEP problem
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e all three steps can be done either numerically or analytically
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Output of a performance estimation problem

For a given PEP (Performance Estimation Problem) we will

® compute the exact value of the performance criterion’s worst-case = optimal value of
PEP problem

e identify an explicit function (and starting point) achieving this worst-case value =
primal solution of PEP problem + interpolation

® obtain an independently-checkable proof that this worst-case value is a valid (upper)
bound on the performance criterion = dual multiplier of PEP problem

e all three steps can be done either numerically or analytically

For a large class of first-order methods applied to convex composite optimization prob-
lems, these can be computed exactly using a semidefinite programming (SDP) problem.
[Taylor-Hendrickx-G, 2017b]
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What you obtain when you solve a PEP

1. Inall cases:
numerical value for worst-case performance
numerical description of worst-case function (interpolate primal)
numerical proof of worst-case performance (dual multipliers)
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What you obtain when you solve a PEP

1. Inall cases:
numerical value for worst-case performance
numerical description of worst-case function (interpolate primal)
numerical proof of worst-case performance (dual multipliers)

2. With extra work: explicit formulas for some/all of above
— this requires fitting/guessing algebraic expressions in NV
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What you obtain when you solve a PEP

1. Inall cases:
numerical value for worst-case performance
numerical description of worst-case function (interpolate primal)
numerical proof of worst-case performance (dual multipliers)

2. With extra work: explicit formulas for some/all of above
— this requires fitting/guessing algebraic expressions in NV

3. Inthe best case: a rigorous mathematical proof
— this requires a proof with (often tedious) reformulation of worst-case rate as
inequality involving sums-of-squares

Note: by theorem, all valid convergence bounds must be writable as sum-of-squares
inequalities based on combinations of necessary and sufficient interpolation
inequalities

(hence any use of another inequality, while also leading to an upper bound on rate,
may destroy its tightness!)
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Very brief history of performance estimation

® Concept of performance estimation introduced in 2012 [Drori-Teboulle, 2014]: a
relaxation gives bounds that are tight for some algorithms (using matching
worst-case functions)
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Very brief history of performance estimation

® Concept of performance estimation introduced in 2012 [Drori-Teboulle, 2014]: a
relaxation gives bounds that are tight for some algorithms (using matching
worst-case functions)

® Exact SDP formulation (2015 preprint) [Taylor-Hendrickx-G, 2017a], using necessary
and sufficient interpolation conditions
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Very brief history of performance estimation

® Concept of performance estimation introduced in 2012 [Drori-Teboulle, 2014]: a
relaxation gives bounds that are tight for some algorithms (using matching
worst-case functions)

® Exact SDP formulation (2015 preprint) [Taylor-Hendrickx-G, 2017a], using necessary
and sufficient interpolation conditions

® QOther approaches similar in spirit:
integral quadratic constraints [Lessard et al., 2016]; Lyapunov/potential functions
[Taylor-Bach, 2019]
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Very brief history of performance estimation

® Concept of performance estimation introduced in 2012 [Drori-Teboulle, 2014]: a
relaxation gives bounds that are tight for some algorithms (using matching
worst-case functions)

® Exact SDP formulation (2015 preprint) [Taylor-Hendrickx-G, 2017a], using necessary
and sufficient interpolation conditions

® QOther approaches similar in spirit:
integral quadratic constraints [Lessard et al., 2016]; Lyapunov/potential functions
[Taylor-Bach, 2019]

® Agrowing subfield of algorithmic optimization (above three seminal papers total
1900+ citations)
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Very brief history of performance estimation

® Concept of performance estimation introduced in 2012 [Drori-Teboulle, 2014]: a
relaxation gives bounds that are tight for some algorithms (using matching
worst-case functions)

® Exact SDP formulation (2015 preprint) [Taylor-Hendrickx-G, 2017a], using necessary
and sufficient interpolation conditions

® QOther approaches similar in spirit:
integral quadratic constraints [Lessard et al., 2016]; Lyapunov/potential functions
[Taylor-Bach, 2019]

® Agrowing subfield of algorithmic optimization (above three seminal papers total
1900+ citations)

® This talk mostly focuses on results obtained in UCLouvain, but there are many other
recent exciting results
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Obtaining an SDP formulation: a worked example

Exact SDP formulation for gradient descent with stepsize 1/ L. [Drori-Teboulle, 2014]
[Taylor-Hendrickx-G, 2017a]

What is the worst possible objective function accuracy after applying V steps of the gra-
dient method with fixed step-size % to a convex function f with L-Lipschitz gradient and
minimizer x, from an initial iterate satisfying ||xg — z«|| < R?
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Obtaining an SDP formulation: a worked example

Exact SDP formulation for gradient descent with stepsize 1/ L. [Drori-Teboulle, 2014]
[Taylor-Hendrickx-G, 2017a]

What is the worst possible objective function accuracy after applying V steps of the gra-
dient method with fixed step-size % to a convex function f with L-Lipschitz gradient and
minimizer x, from an initial iterate satisfying ||xg — z«|| < R?

Formally, this is an infinite-dimensional problem over functions f:

f is proper and convex

fhas an L-Lipschitz gradient
T, is a minimizer of f
franix L fEn) —i@)st g <R

Tiy1 = z; — +g;iforevery0 <i < N
(where g; = V f(x;) is the gradient)
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Step 1: use the black-box property

Performance estimation problem is infinite dimensional but the gradient method is
black-box

(i.e. next iterate only depends on previously obtained oracle information, consisting of the
function value and an (arbitrary) subgradient for each of the previous iterates)

In general, starting from initial x, a black-box method computes

z1 = M; (20, Of(0)) ,
T2 = M (.1‘0, Of(l’()), Of(f[)l)) )

N = MN ($0,0f(x0), .. .,Of(x]\/_l)) .

Only depends on o and the finite list of outputs from the oracle

(O (zi) = {f(z:), Vf(z:)})
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Step 1: finite-dimensional reformulation using black-box

Hence infinite-dimensional variable f can be replaced by the list of oracle outputs, each
defining a variable

fi=f(x;)and g; = Vf(x;) foralli =0,1,... N aswellasi = x

and performance estimation problem becomes
there exists proper and convex f with

an L-Lipschitz gradient such that
fai) = fiand g; = V f ()

max fn — fest. ¢ foralli € {+,0,1,...N}
Ly LOy L1y -+ TN —
g+ =10
f*af07f1>"'7fN Hx()_x*HSR

9%,90,91,---,dN

Tiy1 = z; — 1g; forevery0 <i < N

which is finite-dimensional (minimizer condition became g, = 0).
Remaining issue: imposing existence of suitable f compatible with f; and g; requires
necessary and sufficient interpolating conditions
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Step 2: introduce interpolating conditions

We need to express in our problem the fact that

There exists proper and convex f with an L-Lipschitz gradient such that
f(x;) = fiand g; = Vf(x;) foralli € I = {+,0,1,... N}

i.e. given values of z;, f; and g; we must guarantee existence of f

— we need necessary and sufficient conditions for interpolation
We use the following equivalence [Taylor-Hendrickx-G, 2017a]

there exists a convex f with L-Lipschitz gradient satisfying
f(z;) = fiand g; = Vf(x;) foreveryi € I
&
fi > fi+ gl (xj — 2;) + 5-lgi — g;|? forevery pairi € I,j € I

(can be extended to deal with the smooth strongly convex case, and the smooth
nonconvex/weakly convex cases)
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Necessary and sufficient conditions for convex interpolation

Claude demo!
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Necessary and sufficient conditions for convex interpolation

Example with a simpler class: convex functions [Taylor-Hendrickx-G, 2017a]
When is set {(;, gi, fi) },c 5 interpolable by a convex function?

f
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Necessary and sufficient conditions for convex interpolation

Example with a simpler class: convex functions [Taylor-Hendrickx-G, 2017a]
When is set {(;, gi, fi) },c 5 interpolable by a convex function?

f

Performance estimation of optimization methods: an overview Contents Dutch Day of Optimization 2026 - Groningen

23/81



Necessary and sufficient conditions for convex interpolation

Example with a simpler class: convex functions [Taylor-Hendrickx-G, 2017a]
When is set {(;, gi, fi) },c 5 interpolable by a convex function?

f
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Necessary and sufficient conditions for convex interpolation

Example with a simpler class: convex functions [Taylor-Hendrickx-G, 2017a]
When is set {(;, gi, fi) },c 5 interpolable by a convex function?

f

Subgradientinequalities f; > f; + g]T(:ci — ;) Vi,j € S are necessary
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Necessary and sufficient conditions for convex interpolation

Example with a simpler class: convex functions [Taylor-Hendrickx-G, 2017a]
When is set {(;, gi, fi) },c 5 interpolable by a convex function?

f

Subgradientinequalities f; > f; + g]T(:ci — ;) Vi,j € S are necessary

Function f(z) = max; {fj + ng(x — :cj)} is then a (piecewise linear) interpolating function
(not unique!)
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Necessary and sufficient conditions for convex interpolation

Example with a simpler class: convex functions [Taylor-Hendrickx-G, 2017a]

When is set {(;, gi, fi) },c 5 interpolable by a convex function?

f

Subgradientinequalities f; > f; + g]T(:ci — ;) Vi,j € S are necessary

Function f(z) = max; {fj + ng(x — :cj)} is then a (piecewise linear) interpolating function
(not unique!)

Hence subgradient inequalities are necessary and sufficient for interpolation

Performance estimation of optimization methods: an overview Contents Dutch Day of Optimization 2026 - Groningen 23/81



Step 2 (cont.): introduce interpolating conditions

Performance estimation problem becomes
(with 7 = {%,0,1,...,N})
fi = fit+ gl (@ — i) + 5l — gilPVi# j el

= 0,f.=0,g.=0
max  fy — f« st o Jx I
{zi,fi,9iYier |lxo —z«|| < R
Tiy1 =x; — 7g;forevery0 <i < N

(note that constraints f, = 0 and 2, = 0 can be added w.l.0.g.)

Worst-case is computed exactly with a finite explicit formulation ; idea first introduced in
[Drori-Teboulle, 2014]

Unfortunately, problem is nonconvex (inner products g7 z;)
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Step 3: convexify using a Gram matrix

fi>fitogl(xj—a)+ 55 llgi—gilPVi#jel

max  fy — fx St e =0,/ = 0,9, =0
{zs,fi.9i}ier |zo — 2« < R?
|wis1 — @ + %gi||2 =0forevery0 <i< N
All terms are quadraticin z; and g;, and linear in f;
Alternatively, you can (linearly) substitute out z; fori > 1.
— introduce a Gram matrix for variables x; and g; !
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Step 3: convexify using a Gram matrix

fi > fi+ gl (mp—m) + 5 llgi—gilPvVi£jel
== 07 * — 0, * — 0
max  fy — f« St o f ) g2
{zs,fi.9i}ier |lzo — 24| < R
|wis1 — @ + %gi||2 =0forevery0 <i< N
All terms are quadraticin z; and g;, and linear in f;

Alternatively, you can (linearly) substitute out z; fori > 1.
— introduce a Gram matrix for variables x; and g; !

Example N =1 : P=(x0|z1|g90]91)

T T T T
ToTo Topxl Togdo Tpgi
T T T T
T3To T1x1 Tyg90 T191
T T T T
doTo YGopT1 YGp9go Yo 91

gey glz glge oFg

G=P'p=
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Step 3: convexify using a Gram matrix

For N = 1,use P = (xg|x1|go|g1)and G = PT P € §* withz, = g, = 0and f,. = 0.

max
jax,
st. G >0, G < R2
G
G+ Gaz — 2Gia + — (G23 —Gi3) + L323 =0,
G33 G33
i _ 093
o, SJo=Gu—5
G Gaa
< _ a4

op Sh=Gu—5p

G33 + Gys — 2G3y
2L ’

G33 + Gaa — 2G3y
2L '

fi—fo>Gazs— Gz +

fo—fi > G —Ga+

Linearin fy, f1 and G: a semidefinite optimization problem.

Performance estimation of optimization methods: an overview Contents Dutch Day of Optimization 2026 - Groningen 26/81



Step 4: recovering outputs

® Value: the SDP gives a worst-case upper bound, exact in sufficiently large dimension.
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Step 4: recovering outputs

® Value: the SDP gives a worst-case upper bound, exact in sufficiently large dimension.

® Proof: dual multipliers combine interpolation inequalities into a certificate for the
bound.
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Step 4: recovering outputs

® Value: the SDP gives a worst-case upper bound, exact in sufficiently large dimension.

® Proof: dual multipliers combine interpolation inequalities into a certificate for the
bound.

® Worst-case instance: factor an optimal Gram matrix
G=P'P, P=(zo| - lzn|go| -+ |gn)

The columns of P give the iterates and gradients; interpolate the data (z;, g;, f;i) to
obtain a worst-case function.

e |frank G = r, the bound is attained in every dimension d > r. Rank one gives
tightness in every dimension. [Taylor-Hendrickx-G, 2017a]
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Additional step: use homogeneity

Our performance estimation problem is parameterized by
® Lipschitz constant L for gradient
® Maximum distance R between starting point and a minimizer
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Additional step: use homogeneity

Our performance estimation problem is parameterized by

® Lipschitz constant L for gradient

® Maximum distance R between starting point and a minimizer
To avoid having to solve for every value of L and R use homogeneity properties

e if L — AL with A > 0, worst-case is also multiplied by A (proof: scale f — Af)

e if R — AR with A\ > 0, worst-case is also multiplied by A\? (proof: f — A2f(-/)\))
hence worst-case w*(L, R, N) is proportional to L and R?
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Additional step: use homogeneity

Our performance estimation problem is parameterized by

® Lipschitz constant L for gradient

® Maximum distance R between starting point and a minimizer
To avoid having to solve for every value of L and R use homogeneity properties

e if L — AL with A > 0, worst-case is also multiplied by A (proof: scale f — Af)

e if R — AR with A\ > 0, worst-case is also multiplied by A\? (proof: f — A2f(-/)\))
hence worst-case w*(L, R, N) is proportional to L and R?
— solve problem for L = R = 1, find worst-case value w*(1, 1, N) so that for general L
and R we will have

f(zn) — flzy) <w*(L,R,N) = LR>w*(1,1,N)

Only remaining parameter is NV, number of steps
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Example: Worst-case gradient method with constant % stepsize

Apply PEP to N steps of gradient method with % stepsize:
1. Notice numerical values of worst-case match formula
1

(L,LI,N)= ———

(easy to see for small NV, then verified for large N)

2. Guess from (factor of) Gram matrix the values of gradients g;
Matrix is rank one, interpolating values leads to univariate piecewise linear-quadratic
function f, (Huber) with p = 5 :

%2 when |z| < p

2
plz| = & when [z] = p
fp(ff) = { 2
Easy to check performance of method on f, (starts with z9 = 1, thenz; = 1 —ip),
which establishes w* > m
[Drori-Teboulle, 2014]
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Example: Worst-case gradient method with constant % stepsize

3. To prove upper bound on w*, it is sufficient to exhibit a dual feasible solution with
same value
To describe a dual solution it is actually sufficient to give multipliers \; ; for each
interpolation inequality i, j € I
Again guess from numerical values ; e.g. for N = 1:

1
Aox =AM =A10 = 3 and all other multipliers zero

4. Finally one needs to prove (analytically) that the above set of multipliers is feasible
(hardest part is proving the slack matrix is positive semidefinite), leading finally to

* 1
WS 3ENTD
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Example: Interpretation of proof with dual multipliers

One gradient step: 1 = x¢g — go/L, with g; = V f(z;) and rg = xp — 2.

Interpolation inequalities slacks [Taylor-Hendrickx-G, 2017a]

1
Qij = fi— fi—gj (wi —x;) — Eng’ —gil*>o0.

Since g, = 0, the following identity holds:

L
fi—fe= g||7“0||2 - %(Qm + Qw0+ Qu1)

L= 2o+ an)| = g0 -l
6 7o 97 go T g1 3L go — 41| -
Every subtracted term is nonnegative. Hence, if ||ro|| < R,
LR?
fl - f* S T
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Software: from a PEP to code



PEPit: Performance Estimation in Python

[Goujaud, Moucer, G, Hendrickx, Taylor, Dieuleveut, 2024]
pepit.readthedocs.io Source code

Write the function class, algorithm and performance metric in Python. PEPit builds and
solves the SDP, returning a bound and its certificate.

96 examples in 13 categories

® smooth, nonsmooth and composite optimization;
e stochastic, coordinate and adaptive methods;
® splitting, fixed points and monotone operators.

LLMs love Performance Estimation Problems! They can also code the SDP directly if you
ask them nicely.
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https://pepit.readthedocs.io/
https://pepit.readthedocs.io/
https://github.com/PerformanceEstimation/PEPit
https://pepit.readthedocs.io/en/latest/examples.html

PEPit: Performance Estimation in Python

pepit.readthedocs.io Source code

Five gradient steps, L. = R = 1.

from PEPit import PEP, functions

p = PEPQ)

f = p.declare_function(functions.SmoothConvexFunction, L=1)
xs, x = f.stationary_point(), p.set_initial_point()
p.set_initial_condition((x - xs)**2 <= 1)

for _ in range(5): x = x - f.gradient(x)
p.set_performance_metric(f(x) - f(xs))

tau = p.solve(verbose=0)

>>> print(£f"{tau:.5f}")
0.04545
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Example: gradient method on smooth convex functions

[PEPit documentation]

1.1 Gradient descent

PEPit.examples.unconstrained_convex_minimization.wc_gradient_descent(L, gamma,n,
wrapper="cvxpy’, solver=None, verbose=1) [source]

Consider the convex minimization problem
£ 2 min f(2),

where f is L-smooth and convex.

This code computes a worst-case guarantee for gradient descent with fixed step-size . That is,
it computes the smallest possible 7(n, L, ) such that the guarantee

F(@n) — fo < 7(n, L,7)|z0 — 2]

i valid, where ., is the output of gradient descent with fixed step-size 7, and where z is a
minimizer of f.

In short, for given values of n, L, and , 7(n, L, ) is computed as the worst-case value of
Fl@n) = fuwhen [zo — 2] < 1.

Algorithm: Gradient descent is described by
T4 = T =V f(z0),
where 7 i a step-size.
Theoretical guarantee: When y < L, the tight theoretical guarantee can be found in [1,

Theorem 3.4

L
S — Az — 2.2
O T L

which is tight on some Huber loss functions.
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Code: gradient method on smooth convex functions

# Instantiate PEP
problem = PEP()

# Declare a smooth convex function
func = problem.declare_function(SmoothConvexFunction, [=L)

# Start by defining its unique optimal point xs = x_% and corresponding function value fs = f_j
xs = func.stationary_point()

fs = func(xs)

# Then define the starting point x@ of the algorithm
X0 = problem.set_initial_point()

# Set the initial constraint that is the distance between x@ and x™k
problem.set_initial_condition((x@ - xs) *x 2 <= 1)

# Run n steps of the GD method
X = x0
for _ in range(n):
X = x — gamma * func.gradient(x)

# Set the performance metric to the function values accuracy
problem.set_performance_metric(func(x) - fs)

# Solve the PEP
pepit_verbose = max(verbose, )
pepit_tau = problem.solve(wrapper=wrapper, solver=solver, verbose=pepit_verbose)

# Compute theoretical guarantee (for comparison)
theoretical_tau = L / (2 % (2 % n % L * gamma + 1))

# Print conclusion if required

if verbose != -1:
print('skk Example file: worst-case performance of gradient descent with fixed step-sizes skx')
print{'\tPEPit guarantee:\t f(x_n)-f_x <= {:.6} [|x_® - x_x||~2'.format(pepit_tau))
print{'\tTheoretical guarantee:\t f(x_n)-f_x <= {:.6} ||x_0 - x_x||~2'.format(theoretical_tau))

# Return the worst-case guarantee of the evaluated method (and the reference theoretical value)
return pepit_tau, theoretical_tau

[PEPit documentation]
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Output: gradient method on smooth convex functions

>>> L =3
>>> pepit_tau, theoretical_tau = wc_gradient_descent(L=L, gamma=1 / L, n=4, wrapper="cvxpy", solver=None, verbose=1)
(PEPit) Setting up the problem: size of the Gram matrix: 7x7
(PEPit) Setting up the problem: performance measure is the minimum of 1 element(s)
(PEPit) Setting up the problem: Adding initial conditions and general constraints ...
(PEPit) Setting up the problem: initial conditions and general constraints (1 constraint(s) added)
(PEPit) Setting up the problem: interpolation conditions for 1 function(s)
Function 1 : Adding 30 scalar constraint(s) ...
Function 1 : 30 scalar constraint(s) added
(PEPit) Setting up the problem: additional constraints for @ function(s)
(PEPit) Compiling SDP
(PEPit) Calling SDP solver
(PEPit) Solver status: optimal (wrapper:cvxpy, solver: MOSEK); optimal value: 0.1666666649793714
(PEPit) Primal feasibility check:
The solver found a Gram matrix that is positive semi-definite up to an error of 6.325029629397552e-10
All the primal scalar constraints are verified up to an error of 6.63361402267193e-09
(PEPit) Dual feasibility check:
The solver found a residual matrix that is positive semi-definite
All the dual scalar values associated with inequality constraints are nonnegative up to an error of
7.0696174975682125e-09
(PEPit) The worst-case guarantee proof is perfectly reconstituted up to an error of 7.547097551421911e-08
(PEPit) Final upper bound (dual): 0.1666666733194192 and lower bound (primal example): 0.1666666649793714
(PEPit) Duality gap: absolute: 8.340047791266514e-09 and relative: 5.004028725419552e-08
wx Example file: worst-case performance of gradient descent with fixed step-sizes xx
PEPit guarantee: f(x_n)-f_x <= 0.166667 ||x_0 — x_*||"2
Theoretical guarantee: f(x_n)-f_x <= 0.166667 ||x_0 — x_x||~2

[PEPit documentation]
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Many other frameworks

Tool [ workflow Main role

PESTO Worst-case PEPs in MATLAB/YALMIP.

PEPit.jl Worst-case PEPs in native Julia/JuMP.

PEPFlow Interactive primal/dual and symbolic proof work.
AutoLyap / AutoLyap.jl SDP search for Lyapunov proofs (Python/Julia).
BnB-PEP Global optimization of method coefficients.
Peppy LLM-assisted analytic proofs, checked by SymPy.
AutoOPT Method design with BnB-PEP, LLMs and Lean.
OSPEP Operator splitting and parameter selection.
PEPStructuredSets PEPs for smooth and strongly convex sets.

GPEP (experimental) Nonlinear models, heuristic search (uncertified).
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https://github.com/PerformanceEstimation/Performance-Estimation-Toolbox
https://github.com/PerformanceEstimation/PEPit.jl
https://github.com/pepflow-lib/PEPFlow
https://arxiv.org/abs/2506.24076
https://github.com/Shuvomoy/BnB-PEP-code
https://github.com/pepflow-lib/PEPFlow/tree/peppy-v1
https://github.com/Shuvomoy/AutoOPT
https://github.com/AdrienTaylor/OperatorSplittingPerformanceEstimation
https://github.com/alanluner/PEPStructuredSets
https://github.com/gaetanserre/GPEP

Many other frameworks

Claude demo!
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Gradient method for smooth convex functions

Constant step h/L, h € [0, 2]: exact final function-gap bound

We actually know
e analytical expression for worst-case performance
® analytical expression of worst-case function (Huber/quadratic)
® analytical expression of dual multipliers

Even then a rigorous sum-of-squares proof can be hard to obtain!
® [Drori-Teboulle, 2014] for h < 1 (6 pages of tedious algebra)
® [Teboulle-Vaisbourd, 2023] for h < 1.5
® [Rotaru-G-Patrinos, 2026] [J.Kim, 2024] forh < 2
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Dealing with smooth strongly convex functions

0 < u < L.Theclass F,, 1. has lower curvature ;s and upper curvature L.
Necessary and sufficient interpolation conditions
The data {(x;, gi, fi) }ics are F, r-interpolable if and only if

fi—fi— g (@i —x))

1

1 2 2 2[[1/ T
ZW(LH%—%H t pillzi =51 = (g = 9) (@i — xj)

foralli,j € S.

At ;n = 0, this becomes the smooth convex interpolation condition.
The same conditions also hold for iz < 0.

[Taylor-Hendrickx-G, 2017a]
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Gradient method for smooth strongly convex functions

h
Tiy1 = T — sz({L'Z), O0<h<?2
Linear convergence for all performance criteria, with same rate
p = max{(1 — h)?, (1 — £h)?} [Taylor-Hendrickx-G, 2018]
lzk = z* < pFllzo — al?
IV < AV S (o)
flag) = flze) < p"(f(a0) = flx))

e All results with fully rigorous PEP-type mathematical proofs
(pure linear rates — sufficient to prove them for one step)
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Gradient method for smooth strongly convex functions

h
Tiy1 = T — sz({L'Z), O0<h<?2
Linear convergence for all performance criteria, with same rate
p = max{(1 — h)?, (1 — £h)?} [Taylor-Hendrickx-G, 2018]

ek — PPllwo — z.]”

<
IVf@)l* < IV (o)l
flag) = fl@a) < p"(fxo) = f(=))
e All results with fully rigorous PEP-type mathematical proofs

(pure linear rates — sufficient to prove them for one step)

2
e Optimal normalized stepsize is h* = L+u with p* = (f—jﬁ’j)
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Gradient method for smooth strongly convex functions

h
Tiy1 = T — sz({L'Z), O0<h<?2
Linear convergence for all performance criteria, with same rate
p = max{(1 — h)?, (1 — £h)?} [Taylor-Hendrickx-G, 2018]

I PPllwo — z.]”

<
IVF @l < p*IV (o)l
flag) = flae) < p(f(wo) = flav))

[k — @+

e All results with fully rigorous PEP-type mathematical proofs
(pure linear rates — sufficient to prove them for one step)

2
® Optimal normalized stepsizeis h* = L+u with p* = (ﬂ)

L+p
® Worst-case functions are 1D quadratics § g2 and
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Gradient method for smooth strongly convex functions

h
Tiy1 = T — sz({L'Z), O0<h<?2
Linear convergence for all performance criteria, with same rate
p = max{(1 — h)?, (1 — £h)?} [Taylor-Hendrickx-G, 2018]

ek — Plleo — x|

<
IVF @l < p*IV (o)l
flag) = flae) < p(f(wo) = flav))

All results with fully rigorous PEP-type mathematical proofs
(pure linear rates — sufficient to prove them for one step)

2
Optimal normalized stepsize is h* = L+u with p* = (f—;g)

Worst-case functions are 1D quadratics 5 g2 and

Projected/proximal gradient: same rates for the composite gap, distance and
optimality residual
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Exact line-search does not improve the worst case

Gradient descent with exact line search
Let f be L-smooth and p-strongly convex; write g, = V f(zy).

Thi1 = Tk — ViJk, Tk € arg gl;gf(xk — YGk)-

Worst-case convergence

Same worst-case rate as the best constant step v* = Liw

2N
Flax) = e < (F52) (rleo) - 1(22).

Trick to handle line-search: relax using optimality, (gx+1, 9x) = O.
Exact PEP relaxation; attained by a 2D quadratic. [de Klerk-G-Taylor, 2017]
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Dealing with smooth nonconvex functions

Smooth nonconvex actually quite similar to smooth convex:

smooth nonconvex functions < curvature must belong to [—L, ]

To tackle smooth nonconvex functions (class F_, 1,) we only need one new ingredient:
suitable interpolation conditions

It turns out that interpolation conditions for smooth strongly convex functions in class
Fu,1, also work, with exactly the same expressions, when /. is negative !

Hence smooth nonconvex interpolations conditions are obtained simply by taking
w = — L [Taylor-Hendrickx-G, 2017b]

This is used in [Abbaszadehpeivasti et al., 2022] to derive tight rates for gradient method on
smooth nonconvex objectives with stepsize v < ?
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Gradient method for smooth functions

The following rates, with k = /L, are all

® exact, with explicit analytical expressions,

e established using mathematical proofs (PEP-inspired),

® cover all constant stepsize schedules in the standard stepsize range [0, %],

® cover convex, strongly convex, nonconvex and hypoconvex objective functionsin a
unified way

® now measure gradient norm from an initial function gap: |V f||?
(for last iterate, or smallest among all iterates)

[Rotaru-G-Patrinos, 2026]
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Exact rates for gradient method in (strongly) convex case

Constantstepy, N > 1,t =~vL € [0,2],and k = p/L.

Theorem (Convex: f € Fy 1)

T
W < (f(wo) — fl=4)) maX{l;ZNt’ (1 _t)2N}'

Theorem (Strongly convex: f € 7, 1,0 < xk < 1)

IV/f(zn) K1 — kt)*N

2L

As k — 0, the first term tends to (1 + 2N¢) L.

Worst of two simple functions (quadratic/Huber), but the proof is not simple.
[Rotaru-G-Patrinos, 2026]
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Exact rates for gradient method in nonconvex case

Constantstepy, N > 1,t =~vL € [0,2],and xk = /L < 0.

Theorem (Weakly convex (hypoconvex): f € F, 1)

1
s i V)P < (Fan) = o)) max { s (-0
where
(24 725) ™
) L

Py (t, kt) = N

(2—1)(2 = kt) Kt

T2 t—kt <N+ 1_,{;[Tk(t,ﬁ)]+> L l<t<2.

Ast — 1, [Ty(t,k)]+ — 0;hence Py(1,k) = N(2 — k)/(1 — k).
Att = 0ort = 2, therate factoris 1. [Rotaru-G-Patrinos, 2026]
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Comments on exact rates for gradient method

e First proof of a tight convergence rate for the gradient method covering the full range
of constant stepsizes (i.e. y € [0, 2])

® In (strongly) convex case: simple expression for rate
(worst among two simple functions)
but proof is unexpectedly difficult
(reason: hidden distinct regimes behind a single rate)

® |n nonconvex/hypoconvex case: very complicated rates
(interpolate continuously between convex and nonconvex)

® To cover full range need N distinct proofs/regimes
® Key element for tightness: use of distance-two inequalities

[Rotaru-G-Patrinos, 2026]
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Optimized first-order methods



Optimized Gradient Method (OGM)

Convex L-smooth f, R = ||zg — x|/, and N > 1 iterations.
Parameters: 0y = 1, with

1+ /14462
0, = o<k < N),

2

1+ /1+860%_,

2

Oy =
Initialize yg = x¢. Fork =0,..., N — 1,
1
Yk+1 = Tk — va(ka)a

Hk —1 ek
Th1 = Yhp1 + 5 Wht1 — Yk) + 77— (Y1 — Zp)-
Or+1 Or+1

One gradient evaluation per iteration; only a few vectors to store.

[Kim-Fessler, 2016, OGM1]
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Optimized Gradient Method (OGM)

Convex L-smooth f, R = ||zg — z«||,and N > 1 iterations.

Exact worst-case rate

_ LR? _ LR?
- 20% T (N+1)%

flzn) — fs

Exact minimax optimum. Same 1/N? order as FGM; half the leading constant.
[Kim-Fessler,2016] [Drori, 2017]

Strongly convex analogue: ITEM

The Information-Theoretic Exact Method: optimal distance-to-distance convergence.
[Taylor-Drori, 2023]
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OGM-G: optimize the gradient norm

Convex L-smooth f, Ag = f(z¢) — fx,and N > 1 iterations.
Reverse the OGM parameters: t;, = On_p, 50ty = 1.
Initialize yo = x¢. Fork =0,...,N — 1,

1
Ykl = Tf — ZVf(l‘k),
Tha1 = Yrt1 + BeWrr1 — Yk) + (W1 — Tk,
where
2t —1) P71

The horizon N is fixed in advance.

Br =

[Kim-Fessler, 2021]
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OGM-G: optimize the gradient norm

Convex L-smooth f, Ag = f(xg) — f«,and N > 1 iterations.

Tight worst-case gradient bound

IV5@0I? _ B0 _ Ao

2L T £ 6%
Optimal 1/N? order. First log-free bound from an initial function gap. [Kim-Fessler, 2021]

Recent optimized methods
Lemniscate acceleration: ||V f(zy)||? = O(L?R?/N*).

ITEM-f: strongly convex function-gap-to-function-gap convergence.
[Kim et al., 2026]
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Proximal, projected
and coordinate methods



Projected gradient and proximal methods

We can actually handle with little extra effort

e first-order methods for smooth constrained convex optimization i.e. express
projection steps in our formulation

rri1 = Po [xk - %Vf(wk)}

® proximal algorithms i.e. express proximal steps

. L
Tpt1 = prox,p(vg) = arg min <f(u) + EHu - xk||2>

® composite minimization: min f(x) 4+ h(z) where f is smooth and h is proximable,
using proximal gradient method
g1 = proxy, (e — V£ (1))

[Taylor-Hendrickx-G, 2017b]
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Projected and proximal gradient: formulation and rate

A proximal step is a linear oracle relation
Ty =prox,,(y) = T4 +yS4 =y, s+ € Oh(z4).

Proximal gradient combines two steps:
y=x—7Vf(x),  z4=prox,(y).
Add interpolation conditions for f and h.

Projected gradient is the case h = I¢. [Taylor-Hendrickx-G, 2017b]
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Projected and proximal gradient: formulation and rate

F = f+ h: fis L-smooth and p-strongly convex, h is closed convex,and 0 < pu < L.

2

Th+1 = PIOXyp (xk - ’va(ﬂflc))v Y= m

Exact worst-case rate, N > 1

2N
Flay) - F, < (ﬂ) (F(xo) — ).

Includes projected gradient. Tight already for a quadratic with A = 0.

[Taylor-Hendrickx-G, 2018, Thm. 2.1]
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Coordinate methods: useful bounds, not yet exact PEPs

For convex block coordinate smooth f, update block b, cyclically:

1
—Up, Vo, f ().

Th+1 = Tk — Ly
k

Here U, embeds block b into the full space.
A two-block result after K > 1 cycles

Z Hvbf(ﬁcz)ﬂ2 2(f(wo) — f(xQK))‘

1Si<2K—1 4~ Ly - 2K —1

PEP also gives improved numerical upper bounds for cyclic coordinate descent,
alternating minimization, and cyclic accelerated coordinate descent.

Tightness is not guaranteed: the available finite interpolation conditions are necessary
but not sufficient.

[Kamri et al., 2025, Thm. 3.3]
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Nonsmooth optimization



Nonsmooth optimization: subgradient method

First-order methods can deal with nonsmooth convex functions
using the concept of subgradient

gedf(x) & [fly)=[f(z)+g" (y—=)forally
Subgradient method starts from xg and performs foralli > 0

riy1 = x; — h;g; forsome g; € 0f(x;)

for some stepsize schedule {%; }i>0

Worst-case rates on objective accuracy require
e Distance R from initial iterate zo to minimizer «*
¢ Bound B on maximum norm of any subgradient g € 0f ()
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Results: average function value

Worst-case for fixed-step subgradient method
Tip1 =z — W(E)gi
applied to convex function with B-bounded subgradients

e Foraverage value of iterates fy = L0/ (@)+..+/(zn)

, tight worst-case is

N+1
fy o) < BR(3h+ 2(]\,1“)%) when h > ﬁ
~ | BR(1-4n) when h < ﬁ
By convexity, f(Zy) < f.
e Optimal constant step-size is then h* = ———— (belongs to "large step" case) leadin
VN+I g & g
to tight worst-case [Zamani-G, 2025]
. BR
fN - f(m*) <

VN +1
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Results: last iterate

e Define sequence {sy}n>0 = {1,2,3,22,.. .} with

1 .
so=1,8i41 :si+;forallzzo
i

No closed form, sy grows like \/Q(N +1) + 5 log(V), also appears in [Nesterov, 2009]
for primal-dual subgradient

® Forvalue of last iterate f(xzy), tight worst-case is
BR|(3s% — N)h+ g i| whenn > &
flan) = flas) < N
BR(1— Nh) whenh < =&
N
® First sharp last-iterate rate for constant stepsizes [Zamani-G, 2025]
® [Harveyetal.,2019] prove a ;;gjjvv lower bound when B = 1 with stepsize h; = \[, and
prove a high probability O(log]f[v) upper bound in stochastic case
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Results: optimal stepsize and variants

e To perform N subgradient iterations, optimal stepsize is then

h* = !
S?V(S%V —2N)

and corresponding worst-case value satisfies

2N 1+ Llog(N)
flon) - fa )<BRVG—SN<<BR L+ dlosV)

e Using suboptimal hf = \/7 gives a slower asymptotic rate

+ 1 log(N)
_ < 4 4 oV
fan) ~ fw) < BR- (1 —)
® Allresults also hold for normalized update z; 1 = x; — hR”g’”
[Zamani-G, 2025]
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Proof technique: PEP no longer needed!

A weighted-distance argument and Jensen’s inequality give the key lemma.

Lemma ([Zamani-G, 2025])

Suppose that & € X, hx+1 > 0and weights v, satisfy 0 < vg < v; < -+ <oy < oy
Then iterates of the subgradient methods with starting point x* € X generating {(z*, g*)}
satisfy

N+1 ) N+l
Z (hkwi — (Vg — vg—1) Z hz"b'i> (f(xk) - f(@)
i=k

k=1
N+1
2 2
v 1 ~ 112 1 2 20| .k
§7Hx - +§thvk ‘g H
— k=1 N~
R B

Still credit for the inspiration of the proof goes to PEP!
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Optimal last-iterate subgradient method

® Using the following new linearly decreasing stepsize schedule
xk-‘rl:xk_%ﬁgka kZO,...,N—l
leads to the optimal rate for the last iterate [Zamani-G, 2025]

flan) = f(ze) < \/%

(improves \1/5% [Jain et al., 2021] for diameter D)

® Same proof technique, using key lemma with other weights vy,

® Schedule dependence on NN is forced for optimal method
(already impossible to find fixed stepsizes hi and hy that are optimal for both N =1
and N = 2)

® Existence of a last-iterate optimal method with momentum?
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Inexact gradients
and linear mappings



Methods using inexact gradient
Instead of computing z.1 = ) — %Vf(zk) with exact gradient
assume gradient is computed inexactly with bounded error

gr = V f(zx) suchthat ||gr — V f(zr)| < A
Key technique: rewrite step with inexact gradient

Tht1 = Tk — — Gk
as .

k— V()

1
Tyl = Tp — *Vf(xk

h\Hh\H

and then observe it is equivalent to
Lz — zp41) — Vf(zr) = gu — V(@)
which can be written using the assumption on the error as
I L(zk — zky1) = V(zp)| < A
Leads to a convex SDP formulation (after squaring both sides) [de Klerk-G-Taylor, 2020]
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Gradient method with relative inexactness

Instead of constant maximum error define gradient step with relative inexactness

Th+1 = Tk —

with

h
—d
7,

lde = V (@)l < AV ()]

We can prove again linear convergence for all performance criteria,

@ — s

IV £ ()|
far) = fla)

with same rate depending on A [de Klerk-G-Taylor, 2020]
p=(1—(1-2)¢h)?

<

<
<

pF o — . ?
PPV £ (o) |12
p*(f(xo) — f(x4))

(smooth strongly convex f, for h small enoughand 0 < A < f—fr‘u)
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Methods involving linear mappings

[Bousselmi-Hendrickx-G, 2024]

We want to minimize g(Mx) (alone/in composite objective)
where M is a linear mapping with some characteristics

® ) symmetric and constraints on minimum/maximum eigenvalues [y, L]
® M non-symmetric (possibly rectangular) with maximum singular value S
A gradient step on F'(z) = g(Mx) requires gradient
VF(z) = MTVg(Mz)
which can be decomposed as three successive operations:

y=Mzx
U= Vg(?/)?
v=M"u=VF(z).
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Gradient of function composed with linear mapping

In order to compute worst-case for methods involving

y=Mzx
u=Vg(y),
v=M"u=VF(z).

we need to interpolate the following

Yi = Mx’iv
u; = Vg(yi),
vV = MTui == VF(xl)

New expressions: y; = Mx; and v; = MTu;

Requires interpolability of two sequences {x;, y; } and {u;, v; }
by a linear mapping M and its transpose M’
[Bousselmi-Hendrickx-G, 2024]
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Interpolation theorem for linear mappings

Collect the sampled vectors as columns of X, Y, U, V.

Let X € RN Y e RN 7 ¢ R™N2 and V € R™* V2,

There exists M € R™ ™ with |[M|| < S, MX =Y and MTU = V ifand only if
XTy =yTy,
YTy < 82X7X,
vy < S2UTu.

(where < denotes the Lowner = positive semidefinite order)

Moreover, if U = X andV =Y (resp. V = —Y), the interpolant matrix can be chosen
symmetric (resp. skew-symmetric).

[Bousselmi-Hendrickx-G, 2024]
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Gradient method: exploiting the linear map

ming(Mz) vs. min f(x)

g is strongly convex; f = g o M need not be. [Bousselmi-Hendrickx-G, 2024]

w(C,p,0;h) (from PEP)
¥ Cw(Fy, a5 h) for M € [0, 1]
QT . —1}71(/'59(’ h) ) :
1L — 21 (Kgs ho 4
/g 10 —Pha(h)
B w(Fo; h)
g
>
2 102" E
—
=}
()
[P)
<
10-3 hl I 1 1 . H
0 0 0.5 1 1.5 h*(11g,0) 2
h
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Result: Chambolle-Pock method

Minimize f(z) + g(Mz), with convex f, g and || M|| < L.
Choose 7,0 > 0 with TO'L?V[ <1.

T
Tt1 = prox,p(vp — TM" up),

Uk+1 = PrOX g (uk + oM (2zpq — xk))
Here g* is the convex conjugate of g. [Chambolle-Pock, 2011]

Average output after V > 1 updates

1Y 1 Y
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Result: Chambolle-Pock method

Minimize f(z) + g(Mz), with convex f, g and || M|| < Ly;.
The Lagrangianis £(z,u) = f(x) +u’ Mz — g*(u).

Exact primal-dual gap bound
For any test pair (z, u),

_ _ 2l = @ol* + Zllu — uol* = 2(u — u)" M(x — )
ﬁ(xNvu)_E(x7uN)§ = = 2(N—|—1) .

Tight, with an analytical proof. Improves the earlier denominator 2N to 2(N + 1).

[Bousselmi-Hendrickx-G, 2024, Thm. 21]
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Other algorithms analyzed with PEP

Gradient and momentum methods
Heavy-ball; Nesterov/FGM; OGM/OGM-G;
ITEM; triple/robust momentum; exact line
search; nonlinear conjugate gradient.

Proximal and constrained methods
Projected/proximal gradient; FISTA,
(accelerated) proximal point; Frank-Wolfe;
Bregman gradient and NoLips.

Randomized and block methods
Stochastic gradient; SAGA/Point-SAGA,;
random/cyclic coordinate descent;
alternating minimization.

Splitting and primal-dual methods
ADMM; Douglas-Rachford;
Peaceman-Rachford; Davis-Yin
three-operator splitting;
Chambolle-Pock/PDHG.

Fixed points and monotone operators
Krasnosel’skii-Mann; Halpern; proximal
point; extragradient/past extragradient;
optimistic gradient.

Nonconvex and further extensions
DCA; weakly convex subgradient; inexact
gradient/proximal methods; Newton and
cubic regularization (univariate).

Results depend on the function/operator class, metric and variant; some use relaxations.
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Conclusions References
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Reflections

e Automated procedure to compute worst-case rates
But: is a PEP proof the final goal?

® More than once, these steps actually happened

1. Numerical rate computed, analytical expression guessed/identified/confirmed

2. Usinginsight provided by worst-case/proof, a closer look at rate/proof provides further
intuition and new ideas

3. Result can now be derived in standard way
(and its “PEP” origin becomes unnoticeable!)

e Even when such simplifications are not found, shouldn’t the goal of mathematical
optimization theory first and foremost be to increase our understanding?
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Open questions: new function classes

Exact PEPs require necessary and sufficient interpolation conditions. Necessary
conditions alone give valid upper bounds, which may be loose.

Example: convex block coordinate smooth functions

Each partial gradient V;, f is L;-Lipschitz when only block b varies. The interpolation
problem is open already for two blocks.

Known necessary conditions, for all data pairs (7, j) and blocks b:

gt — g\")12

fi — fj - <9ja$i —$j> > 2—Lb
® These conditions are sufficient for two data points.

® They are not sufficient for three or more points: pairwise consistency does not
ensure one global interpolant.

[Kamri et al., 2025, Thms. 2.3-2.4]
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Open questions: Hessian-Lipschitz functions

For second-order methods, consider C? functions satisfying

IV2f(z) = V2f@)llop < M|z =y,
optionally with convexity: V2 f(z) = 0.

What must be interpolated?
Finite second-order data {(z;, fi, i, H;) }, with

flx:) = fi, Vf(zi) = gi V2 f(x;) = H;.

Known in dimension one: necessary and sufficient conditions, with and without
convexity; tight analyses of Newton and cubic-regularized Newton variants.

[Rubbens et al., 2025]

Open: sharp, computationally usable interpolation conditions in several dimensions.
Exact interpolation need not yield a convex SDP.

Performance estimation of optimization methods: an overview Contents Dutch Day of Optimization 2026 - Groningen 74/81



Open questions: can method design be convex?

Goal: a general exact convex formulation of miny Wi (H), where W (H) is the
worst-case performance of method H.

Natural approach: optimize the dual PEP jointly over the method and its proof. Write
z; =20 — L7, i Hik G-

For smooth convex functions, interpolation gives

- lgi — g5l

> 0.
2L -

Lij = fi — fj — (95, % — x;
Its dual weight \;; > 0 creates terms of the form
1
ij(9j @i — xj) = —F > N(Hiye— Hix) (g5, 98),
—
k bilinear in proof and method

with H;;, = 0for k > 4.

Fixed method: an SDP. Joint design: a nonconvex matrix inequality.
[Drori-Teboulle, 2014] [Kamri-Hendrickx-G, 2025]
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Convergence of N = 2 steps of gradient method

[Daccache, 2019] Stepsizes (h1, hs), convex objective, L = 1-smooth,
initial distance ||xo — z.|| < 1; contour plot of 2(f(x2) — fi)
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Numerical design already produces useful methods

BnB-PEP Local design methods

[Das Gupta et al., 2024] [Kamri-Hendrickx-G, 2025]

Reformulate design as a nonconvex QCQP; Alternating minimization, first-order
combine local search with search, and successive linearization of the
branch-and-bound. matrix inequality.

Global bounds can certify optimality when Memoryless and full methods; coordinate,
the search closes the gap. inexact and cyclic gradient variants.

Main limitation: computational cost as the Efficient tuning, with no general
horizon grows. global-optimality guarantee.

Each candidate can be analyzed by a fixed-method PEP. Proving optimal design also
requires a matching lower bound across methods.

Performance estimation of optimization methods: an overview Contents Dutch Day of Optimization 2026 - Groningen 77/81



Convex design: important special cases

Distance-one inequalities

Using only adjacent-iterate inequalities

In some setttings gives a convex SDP and recursive recovery of the method
May give non tight bounds (i.e. already for the gradient method)

But allowed intial derivation of optimized methods!

[Drori-Teboulle, 2014]  [Taylor-Drori, 2023]

Chronological inequalities / causal multipliers

Use only on half of interpolation inequalities, in the same direction (lower triangular
multiplier matrix) leads to a convex SDP design problem
[Drori-Teboulle, 2014] [Abdelsamed et al., 2026]

Open: remove certificate restrictions while retaining convexity
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Open question: why such low-dimensional worst cases?

Many PEPs admit worst cases that are one-dimensional or use only a few directions:
quadratics, Huber-type functions, and piecewise quadratic examples.

Gram-matrix viewpoint

If G = P P, the vectors in P can be realized in dimension
d =rank G.

Alow-rank optimal Gram matrix gives a low-dimensional worst-case instance.

However subgradient worst-case constructions use dimension N + 1, growing with the
number of iterations. [Zamani-G, 2025]

e Which classes, methods and criteria force a uniformly small rank?
® Can the needed dimension be predicted before solving the PEP?
® Can low-dimensional examples explain the structure of optimal proofs?
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Open question: adaptive algorithms

To keep a PEP semidefinite, algorithm constraints must be linear (allowing substitution) or
admit an SDP representation. Fixed coefficients give linear iterate updates.

Barzilai-Borwein stepsizes Methods with “if”’ decisions

Backtracking: if the decrease test fails,
shrink the step and retry.

s Sk = Tk ~ Tp—1, : : _—
= (snrun) o Adaptive restart: if the objective
ko Ik Ye = Gk = Gk-1- increases, reset momentum.
Substitutionin z41 =z — Vkgk Branching gives a union of feasible sets,
introduces products of unknown Gram generally nonconvex.

entries.
[Barzilai-Borwein, 1988]

Open: tractable PEPs that can encode adaptive rules.
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Thank you!

PEP turns convergence analysis
into optimization

PEPit
https://pepit.readthedocs.io/

Tutorial and notebooks
https://github.com/PerformanceEstimation/Tutorial-SIAM-0P26

Slides and Claude demos will be available on
https://perso.uclouvain.be/francois.glineur/

Happy to discuss this with all of you!
Sessions organized at the 2027 EUROPT and ISMP conferences
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