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Motivation

Modelling and decision-making

Help to choose the best decision

Decision < vector of variables
Best < objective function p = Optimization
Constraints < feasible domain

Use

& Numerous applications in practice
o Resolution methods efficient in practice

& Modelling and solving large-scale problems

Francois Glineur, Duality and algorithms in convex optimization -2-



Introduction

Applications
¢ Planning, management and scheduling
Supply chain, timetables, crew composition, etc.

¢ Design

Dimensioning, structural optimization, networks

& Economics and finance

Portfolio optimization, computation of equilibrium

¢ Location analysis and transport

Facility location, circuit boards, vehicle routing

o And lots of others ...
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Two facets of optimization

& Modelling
Translate the problem into mathematical language

(sometimes trickier than you might think)

0

Formulation of an optimization problem

0

& Solving

Develop and implement algorithms that are efficient
in theory and in practice
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Close relationship

¢ Formulate models that you know how to solve

< Develop methods applicable to real-world problems
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Outline of Part 1

Convex optimization : models and algorithms

o Prelude: the case of linear optimization
o Motivation: convex optimization: what and why?
o Duality: from linear to conic optimization

o Algorithms: the interior-point revolution

Slides available on the web :
http://www.core.ucl.ac.be/~glineur/
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Algorithmic complexity

Difficulty of a problem depends on the efliciency of meth-
ods that can be applied to solve it
= what is a good algorithm 7

& Solves the problem (approximately)

o Until the middle of the 20™® century: in finite time
(number of elementary operations)

o Now (computers): in bounded time (depending on the
problem size)

— algorithmic complexity (worst / average case)

Crucial distinction:
polynomial <+ exponential complexity
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Linear optimization

A simple problem

Consider the linear problem(with m variables ;)

maxz b;y; such that Z a;Y; < 5 VNSNS
=1 i=1

(objective and n linear inequalities), or
max bly such that Aly < ¢

(matrix notation with b,y € R™ ¢ € R" and A € R™*")

All linear problems can be expressed in this format
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Duality for linear optimization

max bly such that Aty < ¢

The following problem, based on the same data
min ¢z such that Az = b and z > 0

is closely linked: it is called the dual

o Weak duality: Inequality b'y < c'z holds for any

z,y such that Az =b, £ > 0and ATy <c

o Strong duality: If x* is an optimal solution for the
primal, there exists an optimal solution y* for the dual
such that c'z* = bly*
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Algorithms for linear optimization

For linear optimization with continuous variables:
very efficient algorithms (n = 107)

o Simplex algorithm (Dantzig, 1947)
Exponential complexity but ...

Very efficient in practice

o Ellipsoid method (Khachiyan, 1978)
Polynomial complexity but ...
Poor practical performance

o Interior-point methods (Karmarkar, 1985)
Polynomial complexity and ...

Very efficient in practice (large-scale problems)
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Nonlinear optimization

Motivation

Linear optimization does not permit satisfactory mod-
elling of all situations — let us look again at

min f(x) such that z € X C R"

zeR"?

where X is defined most of the time by

R (2 < 0and h;(z)=0foriecl,j € J}
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Back to complexity

Discrete sets X can make the problem difficult
(with exponential complexity)
but even continuous problems can be difficult!

Consider a simple unconstrained minimization

IENR( 2y, o, . . -, Zag)

with smooth f (Lipschitz continuous with L = 2):

One can show that exists some functions where at least
10?” iterations (function evaluations) are needed to find
a solution with accuracy 1% !
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Two distinct approaches

o Tackle all problems without any efficiency guarantee

— Traditional nonlinear optimization
— (Meta)-Heuristic methods

¢ Limit the scope to some classes of problems and get
in return an efficiency guarantee

— Linear optimization
x very fast specialized algorithms
* but sometimes too limited in practice

— Convex optimization

Compromise: generality < efficiency
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Convex optimization

Introduction

min f(x) such that z € X

A feasible solution 2* is a
¢ global minimum iff f(z*) < f(x) Ve € X

& local minimum iff there exists an open neighborhood
V(x*) such that

e N (x)Vo e XNV

Global minima are (much) more difficult to find!

Francois Glineur, Duality and algorithms in convex optimization - 14 -



Convexity definitions

o An optimization problem is convex if it deals with
the minimization of a convex function on a convex set

o A set S C R” is convex iff
M+ (l—MNyeSVz,ye S,A e [01]

o A function f : § — R is convex iff
e Gy < Af(z)+(1-)) f(y) Vo, g ANEH U

(this imposes that the domain S is convex)

¢ Equivalently, a function f : S C R" — R is convex
iff its epigraph is convex

epi f ={(z,t) ER" xR |z € S and f(x) < t}
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Examples: convex sets and convex functions

o0, R*" RY R,

o1z | |z —al <r}and {z | ||z —al <7}
Mg | bz < 8}, {z | b'r < B} andEARGRTEENEE
o In R: intervals (open/closed, possibly infinite)

ox = ¢ & — by+ Gy, z— ||z|| and z — ||z,
T — ' Qz with Q € R™" positive semidefinite

¢ In the case f : R — R, we mention z +— €e*
—logx, x — |x|” with p > 1.

AL

o f is concave iff — f is convex (i.e. reversing inequalities
in the definitions) ; there is no notion of concave set!
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Fundamental properties of convex optimization

When dealing with convex optimization problems

¢ Every local minimum is global
¢ The optimal set is convex

o Special cases: linear (continuous) optimization, quadratic
optimization (with positive semidefinite quadratic forms)

& Many other problems are convex (or admit equivalent
convex reformulations)

Main advantages:

o efficient (polynomial) interior-point methods

¢ Lagrange duality — strongly related dual problem
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Conic optimization

Objective
Generalize linear optimization
max bly such that Aty < ¢
min ¢z such that Az = b and 2 > 0

while trying to keep the nice properties
o duality & efficient algorithms

— change as little as possible

[dea: generalize the inequalities < and >

What are properties of nice inequalities 7
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Generalizing > and <

Let K C R™. Define
a0 ae K

We also have

ar-xkbesa—-b-k 0 a—-be K
as well as

a<gbsesbrasb—ar-x0&b—ae K
Let us also impose two sensible properties
a=xg 0= Xa>=g 0V >0 (K is a cone)
a>=r0and b=k 0=a+b>r0
(K is closed under addition)

Francois Glineur, Duality and algorithms in convex optimization -19 -



Properties of admissible sets K

¢ K is a convex set!
¢ In fact, if K is a cone, we have

K 1is closed under addition < K is convex

Conic optimization
We can then generalize
max bly such that Aly < ¢

to
max bly such that Aty <j ¢

= This problem is convex
The standard linear cases corresponds to ' = R}
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More requirements for K

o= 0 and x <X 0 ="zl
which means K N (—K) = {0} (the cone is pointed)

& We define the strict inequality by a > 0 < a € int K
(and @ > biff a — b € int K)
Hence we require int K # () (the cone is solid)

¢ Finally, we would like to be able to take limits:
RN ith ;=i 0 V4, then Zlgglo T; = T — ViRt

which is equivalent to saying that K is closed

Example: second-order (or Lorentz or ice-cream) cone

L? = (@0, ..., @) €R™ | 4/zi + - + 32 < o)
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Another example: semidefinite cone K = S7 (symmetric
positive semidefinite matrices)

Back to conic optimization

A convex cone K C R” that is solid, pointed and closed
will be called a proper cone

In the following, we will always consider proper cones
We obtain

max by such that Aty <k ¢
yeRM

or, equivalently,

max by such that ¢ — Aly € K
yeR™m

with problem data b € R™, c € R" and A € R™*"
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Combining several cones

Considering several conic constraints
AlTy <K €] and Agy =K, C2
which are equivalent to
c1 — AlTy € Ky and ¢g — A;Fy e K,
one introduces the product cone K = K7 X K5 to write

(c1 — Ajy,ca — Agy) € Ky x Ky

C AR C A
o (0)-() oo ()-() o

If K4 and K5 are proper, K1 X Ky is also proper
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Equivalence with convex optimization

Conic optimization is clearly a special case of convex op-
timization: what about the reverse statement ?

min f(x) such that z € X C R"

zeR™?

& The objective of a convex problem can be assumed

EREON O \De linear w.l.o.g.: f(z)=c®

o The feasible region of a convex problem can be as-
sumed w.l.o.g. to be in the conic standard format:

P = K and Axr = b}

= conic optimization equivalent to convex optimization
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A linear objective 7

min f(x) such that z € X C R"

rERM
0

min ¢ such that x € X and (z,t) € epi f
(x,t)ER?XR
)

min ¢ such that x € X and f(z) <1¢
(x,t)eR?"xR

= equivalent problem with linear objective
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Conic constraints 7

Kx =cl{(z,u) ER" xR, | % c X}

is called the (closed) conic hull of X
We have that Kx is a closed convex cone and

te€X & (z,u) € Ky andu=1

min ¢’z such that x € X C R”

reR"
0

min ¢ 'z such that (z,u) =g, 0 and u =1
(x,u)eR™ xR

= equivalent problem with a conic constraint
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Duality properties

Since we generalized

max by such that Aly < ¢

to
max bly such that Aly <k ¢

it is tempting to generalize
min ¢z such that Az = b and z > 0

to
min ¢’z such that Az = b and z = 0

But this is not the right primal-dual pair !
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The dual cone

K* = {2z € R" such that z'2 > 0 Vz € K}
o For any € K and z € K*, we have z'z > 0
o K* is a convex cone, called the dual cone of K
o K* is always closed, and if K is closed, (K*)* = K
o K is pointed (resp. solid) = K™ issolid (resp. pointed)
o Cartesian products: (K7 x K9)* = K x K3
o (R)* = RY, (L) =L, (81)* =} :
these cones are self-dual

o But there exists (many) cones that are not self-dual
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Primal-dual pair

We can write the primal conic problem
min ¢’z such that Az = b and z = 0
and the dual conic problem
max bly such that Aty <« ¢

(for historical reasons, the min problem is called the pri-
mal ; anyway (K*)* = K* holds)

¢ Very symmetrical formulation

& Computing the dual essentially amounts to finding K

o All nonlinearities are confined to the cones K and K*
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Duality properties

o Weak duality: any feasible solution for the primal
(resp. dual) provides an upper (resp. lower) bound
for the dual (resp. primal)

(immediate consequence of the dualizing procedure)

o Inequality b'y < c'z holds for any z,y such that
Az = b,z =k 0 and AYy <g+ ¢ (corollary)

o If the primal (resp. dual) is unbounded, the dual (resp.
primal) must be infeasible

(but the converse is not true!)

Completely similar to the situation for linear optimization
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Duality properties (continued)

What about strong duality 7
If y* is an optimal solution for the dual, does there exist an

optimal solution z* for the primal such that ¢'z* = b'y*
(in other words: p* = d*) 7

Consider K = .2 with

—1 1 T
A:<O A 0),b:(0—1) and ¢ =\(URERD}

We can easily check that
¢ the primal is infeasible

¢ the dual is bounded and solvable
= strong duality does not hold for conic optimization ...
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Other troublesome situations

Let A € R, : consider

LI T3+ 1
min Axrs—2x, s.t. Ty Ty T iSi 0, ( \ 4) . (0)

X9
Iy Tg X3

In this case, p* = A but d* = 2: duality gap!

min z; such that 3 = 1 and (xl x3> g2 0
X3 I9

In this case, p* = 0 but the problem is unsolvable!

In all cases, one can identify the cause for our troubles:
the affine subspace defined by the linear constraints is
tangent to the cone (it does not intersect its interior)

Francois Glineur, Duality and algorithms in convex optimization -32 -



Rescuing strong duality

A feasible solution to a conic (primal or dual) problem is
strictly feasible iff it belongs to the interior of the cone
In other words, we must have Ax = b and x =x 0 for
the primal and/or Aty <+ c for the dual

Strong duality: If the dual problem admits a strictly fea-
sible solution, we have either

¢ an unbounded dual, in which case d* = 400 = p*
and the primal is infeasible

¢ a bounded dual, in which case the primal is solvable
with p* = d* (hence there exists at least one feasible
primal solution z* such that c'z* = p* = d*)
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Strong duality (continued)

¢ If the primal problem admits a strictly feasible solu-
tion, we have either

— an unbounded primal, in which case p* = —oc0 =
d* and the dual is infeasible

— a bounded primal, in which case the dual is solv-
able with d* = p* (hence there exists at least one
feasible dual solution y* such that bly* = d* = p*)

& The first case is a mere consequence of weak duality

¢ Finally, when both problems admit a strictly feasible
solution, both problems are solvable and we have

CTCI}'* A p* _ bTy*
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Interior-point methods

Back to convex optimization

Let f : R" — R be a convex function, C C R" be a
convex set : optimize a vector x € R"

inf f(z) st ZNENE (P)

zeRM?

Properties

o All local optima are global, optimal set is convex
¢ Lagrange duality — strongly related dual problem

& Objective can be taken linear w.lo.g. (f(z) = clz)
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Principle

Approximate a constrained problem by

a family of unconstrained problems

Use a barrier function F' to replace the inclusion x € C
¢ F'is smooth
& F' is strictly convex on int C

o F(x) — 400 when x — 0C

— C=cldomF =cl{z e R"| F(x) < +00}
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Central path

Let p € R, | be a parameter and consider

CTQE

xlen]1£" NN + F(z) (P,)

s when p N\ O

where

o 7, is the (unique) solution of (P,) (— central path)
o * 18 a solution of the original problem (P)
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Ingredients

¢ A method for unconstrained optimization
o A barrier function

Interior-point methods rely on

*
0

o When C'is defined with convex constraints g;(x) < 0,
one can introduce the logarithmic barrier function

B D log(—gi(@))

Question: What is a good barrier, i.e. a barrier for
which Newton’s method is efficient ?

¢ Newton’s method to compute x

Answer: A self-concordant barrier
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Self-concordant barriers

Definition [Nesterov € Nemairovski, 1988]
F :int C — R is called (k, v)-self-concordant on C' iff

o F'1s convex
o [ is three times differentiable
o F(x) — 400 when x — 0C

o the following two conditions hold

V3E(z)[h, h, h] < 2k (V2F(z)[h, h])
VE(z) (V2F(z)) 'VF(z) <v
for all z € int C' and h € R"

(V]
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A (simple?) example

For linear optimization, C' = R%: take F((z) = — Y I, log z;
When n = 1, we can choose (k,v) = (1, 1)

o VF(z) = —1 and VF(z)"h = —
OW2E(x) = L and V2F(z)h, h] = &
o V3F(z) = —21% and V3F(z)[h, h, h] = —2&
When n > 1, we have
B ) and VF(z)Th = - Rkt
B diae (20 °) and V2F(z)[h, ] = > hlay -
o V°F(z) = diags(—2z;°), VF(z)[h, h, h] = =23 hjz;”

and one can show that ( k,v) = (1,n) is valid
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Barrier calculus
Two elementary results:
¢ Scaling:
F'is a (K, v)-s.-c. barrier for C CR" and A € R,
=2 E) is a (%, Av)-s.-c. barrier for C
& Sum:
F'is a (K1, v1)-s.-c. barrier for C; C R”
G is a (kg, 19)-s.-c. barrier for C; C R”
= (F'+ G) is a (max{k1, Ko}, V1 + 1)-s.-c. barrier
for the set C; N Cy (if nonempty)
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Complexity result

Summary

Self-concordant barrier = polynomial number of
iterations to solve (P) within a given accuracy

Short-step method: follow the central path

o Measure distance to the central path with §(z, u)
o Choose a starting iterate with a small §(zg, ug) < 7
& While accuracy is not attained

a. Decrease p geometrically (& increases above )

b. Take a Newton step to minimize barrier
(0 decreases below 7)
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Geometric interpretation

Two self-concordancy conditions: each has its role

o Second condition bounds the size of the Newton step
= controls the increase of the distance to the central
path when p is updated

& First condition bounds the variation of the Hessian
= guarantees that the Newton step restores the initial
distance to the central path

Summarized complexity result
1
O Cﬁ:ﬁ log —)
€

iterations lead a solution with € accuracy on the objective
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Complexity result

o Let F' be a (k,v)-self-concordant barrier for C' and
let g € int C be a starting point,

a short-step interior-point algorithm can solve prob-
lem (P) up to € accuracy within

T
O (/{ﬁ log

ctx
such that at each iteration the self-concordant barrier
and its first and second derivatives have to be evalu-
ated and a linear system has to be solved in R"

*
0—P . .
1terations,
€

o Complexity invariant w.r.t. to scaling of F

o Universal bound on complexity parameter: x+/v > 1
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Corollary

Assume F', VF and V2F are polynomially computable
= problem (P) can be solved in polynomial time

Existence
There exists a universal SC barrier with parameters
& —1 and v — @@

(but not necessarily efficiently computable)

Examples

o linear optimization: (k,v) = (1,n) = O (\/ﬁlog %)
& entropy optimization: kK = landv =2n = O (\/ﬁ log %)
(inf c'z + >, z;log z; such that Az = b and = > 0)
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References for Part 1

Convex optimization
¢ Convex Analysis, ROCKAFELLAR,
Princeton University Press, 1980

¢ Convex optimization, BOYD and VANDENBERGHE,
Cambridge University Press, 2004 (on the web)

Convex modelling

¢ Lectures on Modern Convex Optimization, Analysis,
Algorithms, and Engineering Applications, BEN-TAL
and NEMIROVSKI,

MPS/SIAM Series on Optimization, 2001
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Interior-point methods (linear)

¢ Primal-Dual Interior-Point Methods, WRIGHT
SIAM, 1997

¢ Theory and Algorithms for Linear Optimization, ROOS,
TERLAKY, VIAL, John Wiley & Sons, 1997

Interior-point methods (convex)

¢ Interior-point polynomial algorithms in convex pro-
oramming, NESTEROV & NEMIROVSKI, SIAM, 1994

o A Mathematical View of Interior-Point Methods in
Convex Optimization, RENEGAR,

MPS/SIAM Series on Optimization, 2001
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Duality and algorithms
in convex optimization

Part 11
The case of second-order cone programming

with a single cone




Second-order cone optimization with a single second-order cone

Outline of Part 11

INTRODUCTION

¢ Reminder: Convex, conic and second-order cone optimization
¢ Two easy subproblems

SECOND-ORDER CONE FEASIBILITY PROBLEM

¢ Main ideas: homogenization and minimum-norm solution
¢ Our algorithm: a three-case discussion

SECOND-ORDER CONE OPTIMIZATION PROBLEM

¢ Using the feasibility problem as a subproblem
¢ What about the dual problem?

CONCLUDING REMARKS

¢ Summary, complexity and generalizations

N /
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Second-order cone optimization with a single second-order cone

Introduction

CONVEX OPTIMIZATION

Let fo : R" — R a convex function and C' C R" a convex set

inf fo(zx) st. xeC

reR™

Properties
¢ Local optima = global, form a convex optimal set
o Lagrange duality = related (asymmetric) dual problem

o Efficient interior-point methods (self-concordant barriers)

CONIC OPTIMIZATION

Let C C R™ a solid, pointed, closed convex cone :

ian ¢tz st. Azr=band x € C = Equivalent setting
TrelR™

N /
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Second-order cone optimization with a single second-order cone

4 N

PRIMAL-DUAL PAIR

Dual cone is also a solid pointed closed convex cone
C*={z*eR" |z 2" >0foralzeC}
= pair of primal-dual problems

inf ¢c'z st. Ar=bandz cC
rER™

sup bly st. Aly+s=candseC*
(y,s)eR™m+n

Several cones: zt € Ct,...,2" € C" & (2,...,2") e Cl x ... x C"
Advantages over classical formulation

¢ Remarkable primal-dual symmetry

o Special handling of (easy) linear equality constraints

N /
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Second-order cone optimization with a single second-order cone

4 N

EXAMPLES

C = R = (C* = linear optimization
C =S = C* = semidefinite optimization
Both cones are self-dual.

A single R /ST cone can be considered w.l.o.g.

SECOND-ORDER CONE OPTIMIZATION
L" = {(z0, %1, ..., Tpn) € R X R™ | |(z1,...,2n)|| <xo} C R

Second-order or Lorentz cone L™ is self-dual

But a set of several constraints 2 € L™ ,i = 1,...,r cannot be

concatenated into a single second-order cone constraint

Goal of this talk: Study the problem with a single second-order cone

N /
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Second-order cone optimization with a single second-order cone

4 N

Single-constraint second-order cone problem

inf coro +cltax s.t. agxp+ Axr = b and (xg,x) € L"
ro€ER, xeR™

with co ER, c € R™ ; a9 € R™, A € R™*™ and b € R™

KNOWN RESULTS
It is well-known that this problem can be solved analytically
[Alizadeh and Goldfarb 2003]: solve primal-dual optimality conditions
apro + Agr =b and (zg,z) € L"
agy+z0=co, Aly+2z=c and (z,2)€L"

(xg,x) 0 (20,2) =0 (< coxp + clo = bTy)

where (xg, ) o (20,2) = (zoyo + 21y, Toy + yox)

But only works when strong duality holds !

N /
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Second-order cone optimization with a single second-order cone

ANALYTICAL SOLUTION OF OPTIMALITY CONDITIONS
Define A = (ag A), ¢ = (co,c), Q = P,yi1=1— ATA.

Assuming xg > 0 and zg > 0, one obtains after some linear algebra

v = 1—2a3(AAY) tag
N - A —velt Qe+ 2(etQc)?
x|\ WT(AAT)"1b 4 2(af (AAT)~1p)2

Qe+ a?bt(AAT)"1b

d = —
eTQc + aal (AAT)-1b
y = (AAY)71(Ae+ ab — dag)
(20,2) = ¢— ATy=Qéc— AT(ab— day)

(v0, ) = (20/, —2/a)

Technical derivation but why is this possible? Special cases?

N /
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Second-order cone optimization with a single second-order cone

4 N

CLASSIFICATION OF CONIC CONVEX PROBLEMS

Feasibility status of conic problem: define £ = {x € R™ | Ax = b}

me ¢’y st. Azx=bandzecC < zec/lnNC
TERM

o Feasible iff LN C # (). Moreover, in this case,
— Strictly feasible (s.f.) if LNintC # ()
— Weakly feasible (w.f.) otherwise

¢ Infeasible iff LN C = (). Moreover, in this case,
— Strictly infeasible (s.i.) if dist(£,C) > 0
— Weakly infeasible (w.i.) otherwise, i.e. dist(£,C) =0
& {2k} | 2% € £ and limy_ o dist(z*,C) =0
(which implies then that {z*} is unbounded)

All these cases already arise when C = L? !

N /
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Second-order cone optimization with a single second-order cone
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Two easy subproblems

SMALLEST-NORM POINT ON A LINE
Let a, 6 € R™ and 8 # 0

min ¢(t) = [l — /3|

teR

o(t)2 = 28| — 2t 8 + ||a” is easily minimized — ¢, = i T”B

Minimum distance is ¢(¢,)2 = ||a||” — 2 ||8]|° = ||| — )

INTERSECTING A BALL WITH AN AFFINE SUBSPACE
Decide the feasibility of the following convex problem

Find z € R" st. Arxr=band ||z| <1

with A € R™*™ and b € R™.
Assume that A has full row rank (= AAT = 0 and Az = b is feasible)

N /
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Idea: compute minimum-norm solution & of Az =b

& =AY (AAY) D
(AT = AT(AA")~1 is the Moore-Penrose generalized inverse of A)
Discuss according to ||2]|* = HATbH2 = b1 (AAT) "1
o 127 >1 = problem is strictly infeasible
2

o ||z||” = 1 = problem is weakly feasible, 2 is unique solution

o 2P <1 = problem is strictly feasible, & is among the solutions

(obviously problem cannot be weakly infeasible)

Forming AAT € R™*™ — O (an) operations
Factorizing AAT = LLT, L € R™*™ triangular — O (m?) operations
= Computing z* (AA") 1y for any z,y € R™ is O (m*n) operations.

N /
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Second-order cone feasibility problem

OUR PROBLEM

Determine feasibility status of the following problem
Find (zg,z) € R x R" s.t. agxg+ Ax = b and (zg,z) € L"

with ag € R™, A € R™*" and b € R™. Assume w.l.o.g. that
agro + Ax = b is feasible and (ag A) full row rank (agai + AAT = 0)

Main idea

Use the fact that I.” and B" are strongly related:

(xg,x) e L < (x/xg) € B" and 29 >0 or (xg,x) = (0,0)

— use homogenization to get rid of xy variable

N /
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OUR PROCEDURE: OUTLINE

Let t > 0 be a homogenizing variable. Problem
Find (zg,z) € R x R" s.t. agxrg+ Az = b and (xg,z) € L"
becomes equivalent to the problem of finding
(o, z,t) e R xR" xR, s.t. aorg+ Az = bt and (z9,z) € L"

Each point (xg,x) becomes a ray (txg,tz,t), t > 0, except for (0,0)
Problem is completely homogeneous — arbitrarily fix xg =1

= constraint (xg,x) € L™ becomes equivalent to r € B" —
Find (z,t) e R" xR, st. Azx =0bt—ap and x € B"

which is the second easy problem with a parameter ¢t € R, |

Soln (x,t) to this problem — soln (1/t,x/t) € L™ to original problem

N /
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SPECIAL CASE

Do the linear constraints agxrg + Ax = b imply that zg is constant?

& Jy| Aty =0 (A is rank deficient)

= T = yTb/ ag = C' for all feasible solutions

Not a true second-order cone problem
¢ (' < 0 — problem strictly infeasible

o C =0 — (0,0) unique potential solution
— b =0 — problem weakly feasible
— b # 0 — problem strictly infeasible

o C > 0 problem becomes A(x/xg) = b/xg — ag with (x/xg) € B”
which is easy (look at ||AT(b/zg — ao)|| — si., w.L. or s.f.)

N /
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MAIN CASE
Assume A has full row rank. Problem is equivalent to

Find (z,t) e R" xR, , st. Azx =0bt—ap and x € B"

This suggests to look at ||AT(bt — aO)H2 — || — tB]]* with

o= Alag = AT(AATY lag and B = ATb = AT (AAT) "1
(lol” = ag (AAT) "o, |BI° = bT(AAT) b, @73 = ag (AAT) D)
However the possibility g = 0 was left out!
In this case, we have (xg,x) = (0,0) which implies b =0 and § =0

We therefore have to distinguish two cases: b =0 and b # 0
and add soln (0,0) to homogenized solutions (1/¢,x/t) when b = 0

N /
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Find (z,t) e R" xR, , st. Az =0bt—apand x € B"

CASE A: b=0
In this case, ||a — 8] = ||a|| does not depend from ¢
o |laf| > 1 — no solution except (0,0) — problem w.f.

o ||laf| =1 — ray (¢, ta),t € R, is solution — problem w.f.

¢ ||la|| < 1 — interior solutions — problem s.f.

CAsSE B: b#0
We can here safely ignore solutions with zo = 0
In theory, minimum value of ||a — ¢8]|° is attained for ¢, = o f

16]1*
But t is required to be positive

— distinguish whether ¢, is positive or not = discuss the sign of a3

N /
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Geometrically: study intersection of open half-line with ball

{a —R_ B} NB"

CASE Bj: OéTﬁ > 0
Minimum ¢, is achieved. The smallest-norm solution is then
(a'B)?
2 0
18]

. 2 2 2 2
tf — o with [[£.8 —all” = [lol” =2 18]7 = lla]” -

¢ 0 > 1 — no solution — problem s.i.
¢ 0 < 1 — there are interior solutions — problem s.f.

¢ 0 =1 — only one solution (1/t.,a/t, — ) — problem w.f.

Note this solution is easy to compute (in O (m?n) operations)

(zo,z) = (1/t, AY(AAT) " (b — ap/t.)) with ¢, = Z%Ejj”f)):lz

N /
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CASE Bsy: T35 <0
Minimum ¢, cannot be reached

— actual minimum attained for t — 0T

This means we have to look at ||a|”
¢ |la||l > 1 — no solution — problem s.i.
o |la|| <1 — 3t > 0 such that ||a — t8]|* < 1 — problem s.f.

¢ |la|| =1 — no solution since ¢ = 0 is forbidden
But dist(8t — a,B") — 0. Let 2* = (1/t,6 — a/t).
What about dist(z*, L") as t — 07
One has dist(z?, L") ~ (1/t) dist(6t — o, B™) and thus
— alf =0 — dist(2!, L") — 0 — w.i.
— alf <0 — dist(2f, L") > € — s.i.

N /
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SUMMARIZING TABLE

o A not full row rank — xg = C
— O <0 — s
— C=0and b=0—-w.f ;C=0and b# 0 — s.i.
— C>0— s.tf, wf orsi when ||AT(b/zo — a0)|| <,=,>1

¢ A has full row rank, define o, 8 and § = H@HZ _ (e’ By’

18117
loff <1 floff=1  Jof >1
alB <0 s.f. S.1. S.1.
b#£0, atf =0 s.f. w.i. S.i.
b=0,alB=0 s.t. w.f. w.f.
atB>0 s.f. s.f. s.f,wf, si. (6 <,=,>1)

Notes: "Loose” dependence from ag and b ; ||3]| in single case

N /
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SIMPLIFYING NOTATIONS

Find (zg,z) € R x R" s.t. agxg+ Ax = b and (zg,z) € L"

— Findz e RxR" st. Az=bandze€L"”
Let
p = AT(AAT) 1A
(orthogonal projection on range A1)

(do,d) =d =AY (AA") ") € range A*
(minimum-norm solution of AZ = b)

— PFindzeRxR" st. Pr=dandzecl”

N /
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SUMMARIZING TABLE
Let w=(10---0) € R* and \ = | Pw|’

We have

A
L—M\

lef|® = sign(a8) = signdy and sign(6—1) = sign(X ||d||*—d2)

Main case (not considering rank-deficient A nor b = 0)

A<0 A=0 A>0
do < 0 s.f. S.1. S.1.
do =0 s.f. w.1. S.1.
do>0| sf st sf,owf, si A" <,=>d?)

N /
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Second-order cone optimization problem

PROBLEM DEFINITION

inf coro+cix st. agxp+ Axr = b and (xg,z) € L"
ro€ER, xER"™

with cg e R, c € R™" ; qp € R™, A € R™*™ and b € R™. Assume
w.l.o.g. that agxrg + Ax = b is feasible and (ag A) full row rank

USING FEASIBILITY PROBLEM AS SUBPROBLEM

Idea: add cozg + ct'z = v as a constraint with v € R as a parameter

— test whether v is a feasible objective value

C c
Find (zg,z) € RxR" s.t. V) 2ot r= |7 and (xp,x) € L"

ao A b

which is a feasibility second-order cone problem with new data

N /
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DATA OF THE SUBPROBLEM

We have
T
c - c .
ag = ° , A= b= K
ao A b
What are the new quantities v and 57
—1

- cle TAT
We need to evaluate (AAT)™! =
Ac  AAT

Possible to compute this as a function of (AA1)~! and ¢ but tedious
Better approach

We can actually suppose without loss of generality that ¢ € null A

N /
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NEW PROBLEM DEFINITION

inf coro+ctx st. apxp+ Ar = b and (xg,x) € L"
aﬁoéR, rER™

— inf ez st. Ptr=dandzclL"
TeER XR"™

with d € range AT and ¢ € null A

Testing whether v is a feasible objective value:

Findz e R xR" st. Pr=d, éiz=~andzelL"

Data of the original feasibility problem becomes

__T 2

— P+ C_C2v A— A+ f02

| Irall
B B 2
o = do+7—5, ||d]” = |ld]|” + L5
Ie| ]l

N /
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SPECIAL CASE: ¢cg =0

In this case, one can simply read the values from the feasibility table

A<0 A=0 A >0
do < 0 s.f. S.1. S.1.
do =0 s.f. w.1. S.1.
do >0 | st s.f. s.f., w.f., s.i. HdH E ) <,=,>d3)
Observations

s.i. — s.i, s.f. and w.f. — problem unbounded from above and below
w.i. — problem asymptotically unbounded from above and below
Fxception: Case (dg > 0, A > 0): feasible v satisfy
o+ 2z < @
2 —
el = A
= ~2 = |lg||* (d2 — A Hd” )/ A defines min and max

N /
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-

(GENERAL CASE: ¢ # 0
Feasibility table becomes

Condition (*) is

2 2
Co 7112 Y _ Co 9
O+ﬂaﬁWﬂ\+mﬁﬂ<,,>wwkv >)

Observations
First column: unbounded problems

Second column: problem is not attained

N

AT oz =0 Mgz >0
do + Hgﬁg <0 s.f. S.1. s.1.
do + 722 T ||2 =0 s.f. w.i. S.i.
do —|—’YH iz > 0 s.f. s.t. s.f., w.f., s.i.
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GENERAL CASE: ¢g # 0 (CONT.)

S =0 A+ >0
do + vy ||(C_:(|)|2 <0 s.f. s.1. s.1.
do + T || =0 s.f. w.i. S.i.
dy —I—WH i 0 s.f. s.f. s.f, wf., s.i. (%)

Observations (cont.)

Second column: infimum and supremum for problem are not attained

o co > 0: infimum at — , unbounded from above

do le]”
C
do | e||?
o ¢o < 0: supremum at ——=—, unbounded from below

Third column: need to look at condition (*):

equality case < w.f. < attaimed min and max

N /
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-

(GENERAL CASE: ¢y # 0 (CONT.)

2
When A + Hg# > (), one has to solve

2 ,72

0
12 —112
el ]

A+ ) ([l + Lg) = (do +

Quadratic equation whose solutions are given by

Co

—112
le]

)2

codo = /(@2 — A | d][*) (3 + A Jell?)

A

Generalizes correctly previous special cases

Direction of vectors ¢ and d is rrelevant!

N

which define min and max for the problem.

/
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Duality

PRIMAL PROBLEM

p*= inf ¢é'Z st. Pt=dand zelL"
TER XR"

with d € range AT and ¢ € null A

DUAL PROBLEM

d*= inf d'z st. Qz=cand z € L"
ZERXR™

with Q = I — P (orthogonal projection on null A)

PROPERTIES
p* +d* > 0 (weak duality)

p* + d* = 0 (strong duality) under Slater condition

Primal and dual share the same format

N /
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SOLVING THE DUAL PROBLEM
Reuse table for the primal while exchanging

c—d, PeQand )< —)\

In particular, formula for min and max simply changes its sign

codo 1/ (dZ — M| d])*)(c3 + Ael]?)
A

doco = /(3 + Allel®) (@3 — Al|d]|*)
— Y= )

= duality gap is equal to zero

N /
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Conclusions

SUMMARY AND PERSPECTIVES

¢ Conic problems with a single second-order cone constraint can be

solved analytically

Bad cases (when strong duality fails) are detected and handled

¢ Interior-point method complexity for this problem is O (n3 log %)

this procedure is O (m2n) — dependence on accuracy removed
o Application of the same technique to dual problem (study of gap)

¢ Possible generalizations
— Allow additional free variables — still possible
— Allow linear inequality constraints — quadratic programming
— Use of this result for several second-order cones (subproblem?)

N /
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