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Introduction

Convex optimization

Let fo: R" — R a convex function and C' C R" a convex set
inf fo(x) st. ze€l

xeR™
Properties

o Local optima = global, form a convex optimal set
o Lagrange duality = related (asymmetric) dual problem

o Efficient interior-point methods (self-concordant barriers)

Conic optimization
Let C C R" a solid, pointed, closed convex cone :

inlg 'z st. Ar=bandz €C = Equivalent setting
reRM
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Primal-dual pair

Dual cone is also a solid pointed closed convex cone
C*={z*eR"|z'z*>0forall z € C}
= pair of primal-dual problems

inf ¢!z st. Ar=bandz e€C
zeRM

sup bly st. Aly+s=candseC*

(y,s)€ERM+7
Examples
C = R’} = C* = linear optimization,
C =S = C* = semidefinite optimization (self-duality)
Advantages over classical formulation
¢ Remarkable primal-dual symmetry

o Special handling of (easy) linear equality constraints
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Duality for convex optimization

Weak duality.

Every feasible primal (resp. dual) solution is an upper (resp. lower)
bound on all feasible dual (resp. primal) solutions.

(Conic case : by < cl'x for all feasible z, y)

= p* — d* > 0 is called the duality gap (always nonnegative).
This is valid even when no convexity is present.

Strong duality (Slater condition)

The duality gap is guaranteed to be zero (p* = d*) if

< Both problems are convex and

& 3 a Slater point, i.e. a strictly feasible (interior) solution

(Conic case : x is strictly feasible < x is feasible and x € int C)
But sometimes strong duality holds without Slater condition
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More on strong duality

Strong duality can fail if there is no Slater point: using the second-
order cone L = {(z1,...,Zpt1) ER* X R, | D0 2f <22}

infzy st. (x1,T0,73) € L2 and 2; — 23 =0

1 95 0
TP st (o), oh, 2t e L2 and | 0 g NN
S T3 0

We have p* = 0 and d* = —oo = infinite duality gap
Linear optimization always features a zero duality gap (no need for
a Slater condition) except when both problems are infeasible:

min —zy sS.t. 21 =—1and 21,29 >0

max — S.t ; +x1‘_0
) Y el Al

We have here p* = +00 and d* = —oo => infinite duality gap
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Separable convex optimization

Definition

Consider a set of n scalar closed proper convex functions f; : R — R,
=N 7| and a partition {Ij |, - - OfSNENSESGN

sup b'y st. Z filci—aly) <d,—giy VKER
i€l
¢ Linear, quadratic, geometric, entropy, {,-norm optimization
o Mix different types of constraints
o Linear objective without loss of generality

& Links with Young optimization

Goal: find the dual problem and study duality properties
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Strategy: use conic formulation

The separable cone [GI. 00/

Kt :CIICOf:cl{(a;,Q,K;) ceR"xR,, xR| QZfz(%) < /@}
i=1

o K/ is a closed convex cone and K/ C R” x R xR
¢ The dual can be computed: very symmetric formulation
w *
95 <
(Y = cl{(az*,@*, e REXR R, [ #f 30 f (e 9*}
i=1 s
using the conjugate functions (also closed, proper and convex)

ff:R—R:z*— sup {zz* — fi(z)}

z€R™
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Additional properties and examples

o int K/ can be identified (= Slater condition): int K/ = int K =

{(a:@%)GR”XR++xR\ EmtdlomfZ,GE:fZ xz </<;}

o If we require in addition that int dom f; # () and int dom f;* 2 (),
we have that K/ and (K/)* are solid and pointed

¢ Points with @ = 0 can be identiﬁed

ICf\/Cof—{xO/ﬁ; ]2:111119]"Z </£}.

6—0

o l,-norm optimization: f; : x +— ]% lz|"" and fF: 2" — % e
7 7

¢ Geometric optimization: f; :  — e ® and f : R, — R :
z* — z*(1 —log(—x*)) for * < 0, 0 for z* = 0, 400 for * > 0.
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Formulation with X/ cone

Primal

sup b'y s.t. Z filci—aly) <dp—giy VkER

iG]k
Introducing variables = ¢; — aly and 2} = dj, — gi y we get

sup by st. z*=c—Aly, 2*=d—Gly, Z filz}) < ziVk e R

1€1},
)
AT 1 c
sup b'y st ENN R | = | d ], (2], 05, 20) € K/ vk e R
0 ok €

(e is the all-one vector and v;’s are fictitious variables)
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= standard dual conic problem based on data (A, b, ¢) and cone C*

PR ANG 0), b=b , C* = KIn XS

QO 0

= we can mechanically derive the dual !

e\ [z 75
inf | d 2 st. (A G 0)|z| =0band (1, v 2) € ()
e v

0

:C.
infcf z+df z4elv st. Ar+Gz = b,z > 0 and v > z E fz'*(__l)
: 2k
ZE]k

:;C.
& infelz+dt ) st Ax+Gz = band e
inf ¢* x+ z+k€ZRzk€ZIfZ( zk) S r+Gz and z >
el

(taking the limit if necessary when zj = 0)
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Some other types of constraints

o Model circle/ellipses in R?

+00 it | N

—va?—x? if |z| <a
f1:x|—>{ 2l = fi:z" —avl+4 z*?

o CES functions (consumer theory), 0 < p < 1,q < 0, ]19 + % =

5o —]l?:rjp il () o —%(_x*)q ifz* <0
+o00 ifx<0 < +00 if z =S

o Logarithms (with property that f*(x*) = f(—x*))

A —1—logz ifz*<0 2o —1 — log(—z%)
+00 D= () N +00
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Duality in separable optimization

Weak duality

If y is feasible for the primal and (z, 2) is feasible for the dual, we have
o
bly<clo+dz+ (=
y < R Z 7h Zk;)
keR i€l
Proof. Use weak duality theorem on conic primal-dual pair and ex-
tend objective values to the separable optimization problems (easy).

Strong duality

Assume f; is finite and co-finite for all 7, i.e. dom f; = dom f* =R
(e.g. in the case of quadratic optimization, /,-norm optimization).

Theorem. If the primal and the dual are feasible, their optimum
objective values are equal (but not necessarily attained) = zero du-
ality gap without Slater condition.
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This strong duality property is not valid for all convex problems but
depends on the specific scalar structure of separable optimization.

Proof

Proceed by proving the existence of a strictly feasible point for the
dual conic program < vy > 25 ) icp fz*(—j—;) and z > 0.

But the linear constraints Ax + Gz = b may force z; = 0 for some

k for every feasible solution !
= detect these zero z; components and form a restricted primal-dual
pair without these variables = strong duality holds

Detection

Use the following linear problem

min 0 st. Az+Gz=b and 2>0

Define AN/ = set of indices k such that z; is identically zero on the
feasible region and B the set of the other indices: (B,N) is the
optimal partition of this linear problem (Goldman-Tucker theorem)
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Strategy diagram

Weak duality

(P) = (Conic P) — (Conic D) = (D)
1 !
(Relaxed P) e (Restricted D)

T
(Slater condition)
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Strategy

Remove variables z; for all # € N from the dual

= restricted dual problem (less variables)

= relaxed primal (less constraints)

= restricted dual has a strictly feasible solution = zero duality gap.

We now have to prove that

o Optimal objective values are equal for restricted and original
dual problems (easy)

o Optimal objective values are equal for relaxed and original pri-
mal. But the optimal solution of the relaxed primal (with zero
duality gap) is not necessarily feasible for the original primal.
Solution: perturb the relaxed primal optimal solution with a
well-chosen vector (existence of a perturbation vector with the
correct properties guaranteed by the Goldman-Tucker theorem)
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Self-concordant barriers

According to [Nesterov €& Nemirovsky/, a convex problem in conic
format is solvable by a primal short-step interior-point algorithm in
polynomial time if C admits a computable self-concordant barrier.
A solution of accuracy € can be reached in O (ﬁ log %) iterations.

Definition
A function F' : intC — R is called a self-concordant barrier with

parameter v on C iff

o F'is convex and three times differentiable
o F(z) — 400 when z — 9C
& the following two conditions hold for all € int C and h € R”

V3F(z)[h, by B] < 2 (V2F(2)[h, H])?
VF(z)'(V?F(z))"'VF(z) <v
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Application to separable optimization

Given a self-concordant barrier F; with parameter v; for each two-
dimensional epigraph epi f;, 1 < ¢ < n, there exists a self-concordant
barrier F for K/ with parameter O (3__, v;)

Outline of the proof

a. Form the Cartesian product X =epi f; X --- X epi f,
X = {(z,y) € R™ | fi(z;) < y; Vi}
SR =D iz, ;) s s.c. for X with v =N
b. Extend X with a linear variable to
B e R | fi(e) <y Viand s =) i)
i=1

This additional variable k links the epigraphs, F(z,y, k) =
F(z,y) is still s.c. for X' with vy = > ;v
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c. Consider the closed conic hull of X’ (introducing a homogenizing
variable 0)

Y =c{(z,y,%,0) € R | (2/6,y/0,x/6) € X'}
There exists a s.c. barrier Fy for Y with vy = O (vx)

d. The projection of Y on the space (z, &, 8) is exactly equal to K/
= we have a s.c.b. for K/ with parameter O (>_7 | v;)

Indeed, we have
(/0,y/0,k/0) € X' & fz( ) & Vz and < Zyl

which clearly shows that
(z,5,0) e K & Ty e R" | (2,9,5,0) €Y
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Concluding remarks

o A very wide class of separable convex problems can be formulated
(including linear, quadratic, entropy, [,-norm and geometric op-
timization)

o Using this setting, interesting duality properties can be obtained
in a seamless way (weak and strong duality without Slater con-
dition)

o Finding a computable self-concordant barrier for the X/ cone
(which can be done using self-concordant barriers on 2-dimensional
epigraphs of scalar functions f;) provides a primal algorithm with
polynomial complexity (short-step path-following interior-point
method, [Nesterov € Nemirovsky 83])

¢ Primal-dual formulation = first step towards true primal-dual
algorithms (self-reqular barriers, [Peng et al. 00])
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