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Abstract

We study a system of several one-dimensional scalar conservation laws cou-
pled through boundary feedback conditions that combine physical boundary
constraints with static feedback control laws. Our first contribution establishes
the well-posedness of the system in the space of L entropy solutions. Our
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1 Introduction

Boundary feedback stabilization of hyperbolic balance laws is a classical theme in
control theory, motivated by applications where actuation and sensing are naturally
available at the boundaries: open-channel flow, gas pipelines, traffic flow, and more
generally transport phenomena on networks. In the smooth (classical) regime, a large
body of work relates exponential stability to dissipative boundary conditions, typically
expressed through a contraction property of the boundary map in suitable norms.
Reference can be made to the pioneering work of Greenberg-Li [19], Qin [29], Zhao [32],
and Li [25] as well as to the modern synthesis and extensions in [11, 4, 20]. In parallel,
an approach through time-delay systems allows for sharp dissipativity conditions in
W2%P-norm [15].

In these works the solution of the hyperbolic balance laws is required to be classical
and the stability is usually studied in either C* or H? norm. In many applications,
however, discontinuities may occur in finite time, and the relevant notion of solution is
that of entropy solutions. For scalar conservation laws, entropy well-posedness in R goes
back to Kruzkov [23], and the initial-boundary value problem requires a careful entropy
formulation of boundary conditions. The Bardos-Le Roux-Nédélec (BLN) theory
[2] provides the canonical admissibility condition at the boundary; alternative and
complementary viewpoints include the viscosity /Riemann-problem approach of Dubois—
LeFloch [17] and subsequent developments in the general boundary-value framework
[1]. A crucial technical ingredient to study boundary feedback stabilization is the
existence of (strong) boundary traces for bounded entropy solutions: this is by now
well established in broad generality, notably through the works of Kwon—Vasseur and
Panov [24, 27] and, for bounded domains with Dirichlet-type data, through the analysis
of Coclite-Karlsen—-Kwon [9]. We also refer to standard monographs for background on
hyperbolic conservation laws, BV estimates, and front-tracking/semigroup methods;
see e.g. [8, 22].

On the control side, stability and boundary stabilization results for non-classical
solutions are comparatively more recent. For scalar laws, we can mention the asymptotic
stabilization of entropy solutions (in the case of a convex flux) in [28] and [7], and
the stabilization of a shock steady-state for the Burgers equation in [6]. For systems
of scalar conservation laws coupled by boundary interconnections, the semi-global
exponential stability in BV norm using saturated controls is obtained in [18]. For 2 x 2
systems of conservation laws, the local stabilization in BV norms is addressed in [13]
while the local stabilization of H?-solutions with a single shock is addressed in [5].

In the present paper, we consider the following system of one-dimensional scalar
conservation laws

ug + (f(u)): =0, t € (0,400), x € (0,1), (1.1)
u(t,0) = G(u(t, 1)), (1.2)

where u = (uy,...,u,)", the lux f belongs to C?(R*;R"), and the map G : R* — R"
is globally Lipschitz with G(0) = 0.

We assume that the flux is diagonal i.e. f(u) = (fi(u1), ..., fn(un))", which implies
that (1.1) represents n scalar conservation laws
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which are decoupled on the interior spatial domain = € (0, 1) but coupled through the
boundary conditions (1.2). We also assume that the characteristic velocities are strictly
positive:

Ja >0 such that f/(s)>a, VseR, Vie{l,..n} (1.4)

7

This assumption is adopted throughout our article and, in particular, in each of the
theorems even though it is not explicitly mentioned.

The coupling of the n scalar conservation laws is induced by the boundary condition
(1.2) with the function G representing a combination of physical boundary constraints
and potential static feedback control laws. Such couplings arise naturally in networked
transport models as shown for instance in [3] and [4, Section 4.2] with an example
of ramp-metering control in road traffic networks. It should also be noted that the
positivity condition (1.4) on the direction of the characteristics allows to consider
that the system (1.1)-(1.2) is a closed-loop interconnection of two causal input-output
systems as represented in Figure 1.

ur + (f(u))z =0

u(t, 0) u(tv 1)

G()

Figure 1: A closed-loop interconnection of two causal input-output systems.

Well-posedness with a nonlocal feedback. Our first contribution (Theorem 2.1)
establishes global well-posedness of the system (1.1)—(1.2), under a global Lipschitz
assumption on f: it is shown that the system has a unique entropy solution with (¢, 0)
and u(t, 1) denoting, respectively, the incoming and outgoing strong boundary traces of
the solution that are shown to exist. The main difficulty to prove the theorem is that
the boundary condition (1.2) is non-local in space. However, since scalar conservation
laws are delay-type systems, the outgoing trace u(t, 1) is independent, over sufficiently
small time intervals, of the most recent values of the incoming signal u(¢,0). This allows
to construct an iterative approach for proving the theorem where, for each successive
time slab, the outgoing signal u(t, 1) is first computed as the output of an open-loop
system which is known to be well-posed (in the BLN framework [2, 9, 1] together with
strong traces [24, 27, 9]), and then injected in the feedback loop through the function
G to initiate the next step. In particular, with this approach, the non local boundary
condition (1.2) can be enforced without any smallness or contraction argument in the
entropy setting.

Global exponential stability in L' and L>. Our second contribution is a set of
sufficient conditions on G guaranteeing global exponential stability in the L' and L*>
norms respectively. Note that global exponential stability is usually impossible when
using norms which are too regular (such as C' or H? norms). For this reason, almost all
existing results deal with local exponential stability [11, 4, 20, 29, 15]. However, note



that global exponential stability has been established for some particular semilinear
systems in [21].

For the L'-norm, we introduce a weighted entropy/Lyapunov functional inspired
by entropy-based network analyses [3] and we derive a dissipation inequality in which
the boundary term naturally involves f; (Theorem 2.4). This yields a flux-dependent
stability criterion, which is qualitatively different from the classical smooth theory
where the Jacobian G'(0) and matrix norms dominate the condition [4, 15]. We then
identify an important subclass (notably concave fluxes) for which the criterion reduces
to a flux-independent weighted contraction property of G for the |- |;-norm on R™
(Theorem 2.6).

For the L*-norm, we prove global exponential stability under a weighted ¢*°
contraction of G (Theorem 2.7), in the spirit of dissipative boundary conditions for
hyperbolic systems [11, 4]. A notable feature is that, unlike the global well-posedness,
the L* stability does not require global Lipschitzness of f: the boundary contraction
prevents amplitude growth along successive traversals of the domain and allows global-
in-time control of the solution through a truncation argument.

Local exponential stability in L°°. The global exponential stability result requires
a somewhat strong assumption on the f; in that f/(s) > a > 0. Nevertheless, a
consequence of our result is that one can remove this constraint if we only look at the
local exponential stability (see Corollary 2.10).

Organization of the paper. Section 3 recalls the entropy formulation and strong
trace properties. Section 4 is devoted to proving the well-posedness of the closed-loop
system. The argument relies on the well-posedness and stability estimates for the
open-loop system (Theorem 4.1 and Proposition 4.2 below), which are based on [9],
as well as on the finite propagation speed of information (see Lemma 4.3 below).
This property allows us to treat the closed-loop system as a sequence of open-loop
systems, enabling the iterative application of the open-loop results. Finally, Sections 5
and 6 develop Lyapunov arguments yielding global exponential stability in L' and L
under the proposed dissipativity conditions on G. Theorems 2.4 and 2.6 are proved in
Section 5, and Theorem 2.7 is proved in Section 6.

2 Main results

Let T" > 0, our functional framework is
u € C([0,T];L1(0,1)) N L=((0,T) x (0,1)). (2.1)

In (2.1) and in what follows, we use the abbreviations L'(0,1) = L'((0,1); R") and
L>((0,1) x (0,7)) = L*((0,1) x (0,7);R™). Similarly, LP(O,l) LP((0,1); R™),
LP(0,7) = L*((0,7); R™), etc.

Our first result is:

Theorem 2.1 (Well-posedness of the closed-loop system). Let T > 0 and assume
ug € L>(0,1). If f is globally Lipschitz, then there exists a unique entropy solution u
of (1.1)~<(1.2) on (0,T) x (0,1) (in the sense of Definition 3.1) with initial condition

u(0,z) = up(x) for a.e. z € (0,1), (2.2)
such that:



« we C([0,T); LY0,1)) N L=((0,T) x (0,1));

o u admits strong traces u(-,0),u(-,1) € L>*(0,T) which satisfy the boundary condition
(1.2) a.e. on (0,7).
Moreover, ug + u is continuous from L*(0,1) N L*°(0,1) endowed with the L' norm to

C°([0,T]; L*(0,1)).

Remark 2.2. Note that the global Lipschitz assumption on f is necessary in the absence
of additional information on GG. Otherwise, even in the scalar case n = 1, blow-up may
occur. For instance, consider G(U) = 2U and f(U) = U?/2 for U > 1. Let T > 0.

Subject to the initial data
2—x
wo(z) = 222, (23)

the corresponding solution to (1.1), (1.2), and (2.2) is given by

u(t,z) = 2

7201 te (0, 7), ze€]l0,1] (2.4)

and it blows up in time 7.

The proof of Theorem 2.1 (Section 4) will use two ingredients:
o An analysis of the (open-loop) system for the initial boundary value problem (1.1)
with boundary conditions of the form

u(t,0) = w(t), (2.5)

where w € L>(0,T) is given (Theorem 4.1 and Proposition 4.2 below).

o A finite speed of propagation/delay lemma (Lemma 4.3) showing that, because
the outgoing trace u(t,1) at time ¢ is not influenced by the most recent values
of the incoming signal u(t,0), the system (1.1) of scalar conservation laws can be
considered as an open-loop system over a sufficiently short time interval.

Our next contribution is to give conditions on the map G which guarantee the global

exponential stability of systems of scalar conservation laws of the form (1.1)—(1.2) in

L' and L* norms, according to the following definition.

Definition 2.3. The system (1.1)—(1.2) is said globally exponentially stable in the
L'-norm (resp. in the L>®-norm), if there exist C' > 0 and v > 0 such that for any
up € L*>(0,1) and for any T" > 0, there exists a unique entropy solution u of (1.1)—(1.2)
with initial condition ug in the sense of Definition 3.1 with

« e C(0,T]: X0, 1) N L=((0,T) x (0,1)),

 u admits strong traces u(+,0),u(-, 1) € L>(0,T") which satisfy the boundary condition
(1.2) a.e. on (0,7,
and
u(t, M) < Ce ™ |luollrro1), VE € [0, +00), (2.6)

(resp. [lu(t, )[|z=(0,1) < Ce™ " |JuollL=(0,1), V¢ € [0, +00)). (2.7)

Our main results are the following.



Theorem 2.4 (Global exponential stability in the L'-norm). Assume that f is globally
Lipschitz and that there exist p > 0 and p; > 0 such that

S 01 (i) = O™ = 1f(Gulw)) = HO) 20, Yy = (1,oo) T €R (23)

Then the system (1.1)~(1.2) is globally exponentially stable for the L' norm (in the
sense of Definition 2.3)

Remark 2.5. The condition (2.8) for global stability depends explicitly on the functions
fi- Tt is therefore instructive to compare it with the local stability conditions previously
established in the literature. For instance in [15], the system (1.1)—(1.2) is shown to be
locally exponentially stable (for the W*P-norm) if there exists A € D" such that

IAG'(0)A™Y, < 1 (2.9)

where D" denotes the set of diagonal n x n matrices with strictly positive diagonal
entries and | - |, (p € [1,4+00]) denotes the classical matrix norm'. The same condition
is found also in [13, Theorem 1.2] and [18, Theorem 3.4] to obtain the stability in the
BV-norm. An important point to note is that the condition (2.9) is equivalent to the
existence of u > 0 and A € D" such that

IAG'(0)A™Y, < e, (2.10)
which is equivalent to
|IAG'(0)z], < e M Az|,, VzeR"\{0}. (2.11)

which, in turn, can be recovered from (2.8) locally around y = 0 for p = 1. Indeed, a
first-order expansion of (2.8) around y = 0 corresponds to

> pil OG0y < Yo pilfiOwmile™, Yy =(yi,....y.)" €R" (2.12)
1=1 i=1

For each i € {1,...,n}, we know that p; f/(0) is strictly positive by (1.4). Defining the
diagonal matrix A := diag(p1 f1(0),...,p.f.(0)) € D", we can rewrite (2.12) as

IAG'(0)y|; < e ™|Ay|y, VyeR", (2.13)

which directly implies (2.11) for p = 1 with A depending on the f/(0). Hence the
condition (2.8) for global stability in L' corresponds around y = 0 to the condition
(2.9) for the local stability in W1,

Let us now come back to the presentation of our main results. First, under a
convexity /concavity assumption on the f;, a direct global extension of (2.13) gives a
sufficient condition for the global exponential stability in the L!'-norm which does not
depend on the functions f;. This is stated in the following theorem.

YM|, == max{|Mz|,; z € R" such that |z|, < 1}, V p € [1,+00], with, for z = (z1,...,2,) " € R",
|zlp = i,y |zi\P)1/p if pe[l,+00) and |z|eo := max{|z]; i € {1,...,n}}.



Theorem 2.6. Assume that [ is globally Lipschitz, that the f; are convex on (—oo, 0]
and concave on [0, +00), and that there exist ;1 > 0 and A € D™ such that

IAG(2)|; < e #|Az];, VzeR™ (2.14)

Then the system (1.1)—~(1.2) is globally exponentially stable for the L' norm (in the
sense of Definition 2.53).

Then, interestingly, this result also holds in the L* norm without any convex-
ity /concavity assumption on the f;.

Theorem 2.7 (Global exponential stability in the L>-norm). Assume that there exist
w>0 and A € D" such that

IAG(2)|oo < €#Az|oe, VzeR"™ (2.15)

Then the system (1.1)—(1.2) is globally exponentially stable for the L™ norm (in the
sense of Definition 2.3).

Remark 2.8 (Linear feedback). If the feedback law is linear, i.e. if G(2) = Kz for some
matrix K € R™" then (2.15) is equivalent to

poo(K) <1, (2.16)

where
Poo(K) = inf{|AKA™|; A € D"}. (2.17)

Note that it is proved in [19], [29], [32], [25, Theorem 1.3], [11], and [4, Section 4.1] that
Poo(G'(0)) < 1 is a sufficient condition for the local exponential stability of the system
(1.1)—(1.2) in the C*-norm with k& > 1. It is also proved in [18] that the condition
(2.16) ensures a semi-global exponential stability in the BV norm.

Remark 2.9. Note that, in contrast with the well-posedness result of Theorem 2.1,
the global Lipschitzness of f is not needed for the exponential stability results of
Theorem 2.7. This is allowed thanks to the assumption (2.15) on G, which implies that
the system (1.1)—(1.2) is well-posed for all time T > 0.

In many physical cases, the positivity condition (1.4) is too strong (one can think of
Burgers, LWR or Buckley-Leverett equations, for instance). Let us however remark that
this assumption can be removed if we look at the local exponential stability. Indeed a
direct consequence of Theorem 2.7 is the following Corollary.

Corollary 2.10 (Local stability in L>). Assume that f satisfies
fi(0) >0, Vi e {1,...,n}, (2.18)

instead of (1.4) and that
Po(G'(0)) <1, (2.19)

then the system (1.1)—~(1.2) is (locally) exponentially stable for the L> norm. Moreover,
the exponential estimate holds for any decay rate u satisfying

< min }fi/(0> [— In(pee (G'(0)))] - (2.20)

€{1,..,n



3 Entropy solutions and boundary traces

We recall the definition of an entropy solution.

Definition 3.1 (Kruzkov entropy inequalities in the interior [23]). A function u €
L*>((0,7) x (0,1)) is an entropy solution of (1.1) in the interior if for every k € R and
every nonnegative p € C1([0,T) x (0,1)),

/OT /01(|Ui — k|py + sgn(u; — k)(fl(uz) — fz(k))gpx> dx dt
+ /01 lug,i(x) — klp(0,2)dx >0, Vie{l,..,n} (3.1)

Remark 3.2. If u € L*((0,T) x (0,1)) is an entropy solution of (1.1) in the interior,
then one has for any convex 7 (see [23]) of class C*,

T 1
/0 /0 <17(u,-)<pt + qi(ui)goz) dx dt +/0 n(uoi)p(0,z)de >0, Yie{l,..,n}, (3.2)
for every function ¢ € C}([0,T) x (0,1);[0,+00)) provided that

:(2) =1'(2)fi(2), VzeR. (3-3)

The function g; is called the entropy flux associated to the entropy 7.

The boundary traces of an entropy solution are defined in the following proposition.

Proposition 3.3 (Strong traces). Let u € L>((0,T) x (0,1)) be an entropy solution in
the sense of Definition 3.1. Then there exist (strong) boundary traces u(-,0),u(-,1) €
L>(0,T) such that (up to redefining u on a null set),

T T
8%1(1]7r151>0 ; lu(t,e) —u(t,0)| dt =0, 5J62>o ; lu(t,1 —e) —u(t,1)|dt = 0. (3.4)
By virtue of (1.4), Proposition 3.3 follows from [24, Theorem 1] (where n(u) :=u
and H(u) := f;j(u)) or [27, Theorem 1.4] (where k is chosen large enough so that
Ur(u) = fi(k)— fi(u)). For both approaches, the natural open set is 2 := (0, +00)x (0, 1).
However, 2 does not satisfy the boundary regularity conditions required by these
theorems, namely C? for [24] and C! for [27]. To resolve this, it suffices to smooth the
corners to obtain a sequence of regularized domains €2; that appropriately converge to
Q. Applying the theorems to €2; yields Proposition 3.3. We omit the explicit details
of this approximation. Finally, because the problem is spatially one-dimensional, an
alternative approach is to exchange the variables ¢ and z, allowing for the application
of a trace theorem at ¢ = 0, such as [26, Theorem 1.2].

4 Well-posedness via a step-by-step method

This section is devoted to the proof of Theorem 2.1. This proof relies on the following:

1. The analysis of the open-loop system (Theorem 4.1 and Proposition 4.2 below).



2. Assumption (1.4), which guarantees that information propagates to the right at
a finite speed (Lemma 4.3 below). This allows us to treat the closed-loop system
as a sequence of open-loop systems, to which the above analysis can be applied
iteratively.

Let us start with the analysis of the open-loop system with a prescribed boundary
datum w:

u+ (f(u)), =0 in (0,7) x (0,1)
u(0,2) = ug(x)  for a.e. x € (0,

1;, (4.1)
u(t,0) = w(t) for a.e. t € (0,7)

Note that imposing the boundary condition u(t,0) = w(t) a priori makes sense under
the positivity condition (1.4) on the direction of the characteristics. See Bardos—Le
Roux—Nédélec (BLN) [2] and modern treatments such as [9, 1] in more general cases.

Theorem 4.1 (Open-loop well-posedness). Assume ug € L*(0,1), w € L>(0,T)
and f € CY(R™). Then there exists a unique entropy solution u to (4.1) such that
we C([0,T); L(0,1))NL>((0,T) x (0,1)) and u admits strong boundary traces u(t,0) =
w(t) and u(t,1). Moreover, for two data (ug, w) and (vo, z) with corresponding solutions
u,v one has the L' stability estimate

ui(t, ) — vilt, Moy < llwoi — voill i) + /Ot |f(wi(s)) — f(zi(s))| ds,
Vte[0,T], Vie{l,..,n}. (42)

This theorem is essentially a consequence of [9, Theorem 1.1-1.2] and its proof is given
in Appendix B.

Proposition 4.2 (Maximum principle). Under the assumptions of Theorem 4.1,

= oiryxony < max{ ol oy <o) - (43)

This proposition is shown in Appendix B.
Our next lemma, proved in Appendix C, addresses the finite rightward propagation
of information. For the statement of the lemma, we introduce the following notations:
a(w) = max{f{(v) | i € {1,....n}, [v| < [[uollz(o1) + lw][L=o,1)} (4.4)

1
a(w)’

d(w) =

(4.5)

Lemma 4.3 (Output independent of input for short times). Let u™, u® be the open-loop
entropy solutions of (4.1) with the same initial datum uy € L*>°(0,1) and two (possibly
different) input boundary data w,z € L>(0,T). Then their outgoing traces coincide on
(0,0) with § = min(6(w), §(2)):

u’(t, 1) = u*(t, 1) for a.e. t € (0,0). (4.6)

More generally, if w =z a.e. on (0,%) for some ¢ € (0,T), then u*(t,1) = u*(t,1) for
a.e. tin (0,£+6)N(0,7).



Let us now explain how this lemma can be used to reduce the closed-loop system
as a sequence of open-loop systems. First note that when f is globally Lipschitz, then,
for any w € L™

Fz(w) < Cf, (47)

where C} is the Lipschitz constant of f. As a consequence, denoting 7 = CJil,

0<7<d(w), Ywe L. (4.8)
Let T"> 0 and N € N such that N7 > T" and denote

t, = min(n7,T). (4.9)

We inductively construct an input function w € L*°(0,7") and the corresponding
open-loop solution u of (4.1) such that w(t) = G(u(t,1)) a.e. in (0,7).
Step n = 1. Choose an arbitrary “dummy” input @) € L>(0,T) and let %" be the
open-loop solution of (4.1) with input @"). Define

w(t) = GaM(t,1))  forae. t e (0,t). (4.10)

By Proposition 3.3 and the Lipschitz continuity of G, we have w € L*(0,t;).

Now let ") be the open-loop solution on (0, ;) with input w (which is unique from
Theorem 4.1). By Lemma 4.3 (with ¢y = 0), the corresponding outgoing traces a™" (¢, 1)
and uM (¢, 1) coincide a.e. on (0,¢,), hence

w(t) = GuM(t,1)) for a.e. t € (0,t1), (4.11)

so the boundary feedback condition (1.2) is satisfied on (0,%;).

Induction step. Assume that we have defined w on (0,t,) and constructed u(™,
the open-loop solution on (0,t,) with input w, such that w(t) = G(u™(t,1)) for a.e.
t € (0,t,). Choose any extension @1 € L>(0,T) such that w™*Y = w a.e. on
(0,t,).

Let @™V solve (4.1) (on (0,7)) with input @™+, Define for a.e. t € (tn, tny1):

w(t) = GE" (¢, 1)). (4.12)

Let @™ be the open-loop solution on (0,#,4;) with this input w. By Lemma 4.3
(applied with 7 = t,), a™*Y(¢,1) and u"*V(¢,1) coincide on (¢,,t,41) since w and
@™ coincide on (0,t,) by definition. Hence,

w(t) = Gu™(t, 1)) (4.13)

holds a.e. on (t,,t,41)-

After at most N steps we obtain w on (0,7") and an entropy solution u on (0,7") x
(0,1) of the system (4.1) which satisfies the boundary feedback relation (1.2). It
is therefore an entropy solution of the system (1.1)—(1.2) since, from Theorem 4.1,
u € C([0,T]; L*(0,1)) N L*>((0,T) x (0,1)).

Let us now prove the uniqueness of the solution to the closed-loop system. Let u,v
be two entropy solutions of the closed-loop problem (1.1)—(1.2) with initial condition

10



ug € L*(0,1). Set w,(t) = G(u(t,1)) and w,(t) = G(v(t,1)). On (0,t;), Lemma 4.3
(with £ = 0) implies that u(-,1) = v(-, 1) a.e. hence w, = w, a.e. on (0,%;). By open-loop
uniqueness (Theorem 4.1), we infer v = v on (0,¢;) x (0,1).

Assume inductively that « = v on (0,¢,) x (0,1). Then w, = w, a.e. on (0,t,), and
Lemma 4.3 (with ¢ = t,,) yields u(-,1) = v(-,1) a.e. on (t,,t,41). Thus w, = w, a.e.
on (tn,tny1), and open-loop uniqueness gives u = v on (0,%,,1) X (0,1). This ends the
proof of the induction and, after finitely many steps, u = v on (0,7) x (0, 1).

This completes the proof of Theorem 2.1.

5 Exponential stability in the L'-norm

We now prove Theorem 2.4. Let 7" > 0 and u be an entropy solution of (1.1)—(1.2).
We define

1 n
V() = [ 3 pe it @)lda, (5.1)
0 =1
which from Theorem 2.1 belongs to C'([0, T]; R, ). Let ¢ € C}((0,T);R,),
T n_oT 1
/ V(t)pudt = / / s, ) |pie"® by dix dt. (5.2)
0 ~Jo Jo
Let us denote _—
m:/ / |ui(t, z)|pie " ¢y da dt, (5.3)
0 Jo
and define
Wi. = / / i (£, ) [xe (@) pre "y da it (5.4)

where y. is defined by

x/e for x € (0, €]
Xe(x) =41 forx e (g,1—¢] (5.5)
(1—xz)/e forz e (1—e,1].

Using Definition 3.1 with k& = 0, this gives?

> [ [ st (i) = £0)) () = ) pie0(0) e i
== [1 (2 [ sentu (w) = Fi))pie ™ ) o0yt
TG st (ftw) = £10))pe = d) ot
+ /0 /0 sgn(u) (fi(us) — £(0)) e (2)pie ™ 6(t) da dt.

2 Strictly speaking the definition of entropy solutions requires ¢ : (t,2) = xe(z)pie " é(t)
to belong to C1((0,T) x (0,1);R;) and therefore x. € C}((0,1);R;). However the function x.
can be approximated by functions (xecx)ren in C2((0,1);Ry) such that [x.;|r~,1) < 2/¢ and
limy— 400 XL 4 (2) = X (2), for every z € (0,1) \ {¢,1 —€}. Then (5.6) holds with x. replaced by xc x
and letting k& — +o0 in these (5.6) with x. i, one gets the desired (5.6).
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Letting € — 0 in the above inequality and in (5.4), together with (3.4) we obtain

W; > ,u/OT /01 sgn(uz)(fz(uz) — fz'(O))pie’“mqﬁ(t) dz dt
+ [ ' (a1, 1)) (£t 1) = £(0))e ™
— sgn(u;(t, 0)) (fi(wi(t,0)) — fi(O))} pid(t)dt. (5.7)

Using the fact that u satisfies (1.2) and (1.4)

T
> ek
W; > au/o /0 |ui|pie * o (t) dx dt
T
[ (It 1) = £Oe™ = A(Gult, 1) = £O) )pott)d, (5.9
where G;(u) is the i-th component of G(u) and where we used the fact that, from (1.4),

fi is strictly increasing and therefore sgn(f;(u) — f;(0)) = sgn(u). Finally, summing
and using (5.1) we obtain

/O " Vie)dt > ap /O Vet
30 (1A0t0. 1) = FO) = 1A4G w0, 1) = FO) oot (59)
Using (2.8) we obtain

/ V()b > ap / Ve, (5.10)

which holds for any ¢ € C}((0,T);R,) and implies that
V(t) <V (0)e ™"Vt € [0,T). (5.11)
From (5.1) we obtain directly that there exists C' depending only on p; and p such that
Jut, Mz o) < Cellugll 10y, € [0, T (5.12)

This completes the proof of Theorem 2.4.

We now prove Theorem 2.6. We observe that, instead of considering the Lyapunov
function candidate (5.1), we could also consider the more general function

V(t) = /0 1 f}pie‘“xm(uxt, z))dz, (5.13)

where 7; is a convex function which satisfies
alU| <ni(U) < BlU|, VYU €R, (5.14)

where o and [ are two positive constants. We choose

v
/oﬁ(s)ds

12

ni(U) = : (5.15)




From (1.4) and the convexity /concavity assumption on the f;, it follows that the 7; are
convex. Moreover, by (1.4) and since f is globally Lipschitz, the 7; satisfy also (5.14).
Proceeding as previously, applying (3.2) with entropy 7; and associated entropy flux
q;(U) = |U], for any ¢ € C1([0,T);R,) we have

/OT V{t)p(t)dt > au/OTV(t dt+/ Z fwilt, Dle™ — Giult, 1)) pio(t)dt

(5.16)
Selecting now p; = A;, under the assumption (2.14), we have
> (Jualt, Dle™ = |Gilu(t, 1))]) pi > 0, (5.17)
i=1
hence
T T
| Vet = an [ Ve, (5.18)
0 0

and similarly as previously the exponential stability in the L' norm holds. This
completes the proof of Theorem 2.6.

Remark 5.1. The weight e #* appearing in (5.1) (see also (6.2) below) is now a standard
choice for equations where the transport component is significant. For instance, we
refer to the definition of the Lyapunov function V' given in [10] for the Euler equations
of incompressible fluids. In the context of smooth solutions to 1d hyperbolic systems
(or non-smooth solutions to linear hyperbolic systems), one may consult [31, 12, 4].
Furthermore, for entropy solutions of 1d hyperbolic systems or conservation laws, we
refer the reader to [14, 16].

6 Exponential stability in the L>-norm

We now prove Theorem 2.7. Our proof is partly inspired by [11] (see also [4, Section
4.1]). Let T' > 0 and let
v e (0,p). (6.1)

Let us first assume that f is globally Lipschitz. Then, according to Theorem 2.1,
(1.1)-(1.2) has a unique entropy solution u. Given A; > 0 for ¢ € {1,...,n}, and
letting A = diag(Aq,...,A,), we define V' : [0,7] — [0, +00) by (compare with (5.1))

.
V() = || (A ua(t,2)], - Ane ™ fun(t,2)]) |z, (6.2)

which from Theorem 2.1 belongs to L>((0,7); R;). In contrast with the V' of section 5,
this new V may be discontinuous. However, since u € C([0,T]; L'(0,1)), V(t) is well
defined for every t € [0,7] and not only for almost every ¢t € [0,7]. In (6.2), R" is
equipped with the | - |-norm. Hence

V(t) = max{A;||le " u;(t, z)|| (01); T € {1,...,n}}. (6.3)

For a (strictly) positive integer m, let us define V,,, : [0,7] — [0, 400) by

1

1n 2m
— </ > APt x) dx) : (6.4)
0 =1

13



LY(0,1)) N L=((0,T) x (0,1)) from

From Theorem 2.1 we know that v € C([0,T]; L
, 1)) and therefore V;,, now belongs to

which we gain directly that u € C([0, T]; L*™(0
C(0, TR, ).
Let us prove that

lim V,(t) = V(t), Vte(0,T). (6.5)

m—+00
For a fixed ¢ € [0, T}, let M : [0,1] — [0,400) be defined by
M (x) := max{A;e "*|u;(t,z)]; 1 <i<n}. (6.6)

One has

M*™(z) = max{A;"e ™ ™ (t,x); 1 < i <n} <Y AP I (tx).  (6.7)

=1

Integrating (6.7) on [0, 1], one gets

1M]] z2m0,1) = (/01 M () dfcyn < Vin(2). (6.8)

For the upper-bound of V,,, one has
Zn: AZme2mrrg2m (¢ p) < nmax{AZ"e "2 (¢, x); 1 < i <n} =nM"(z). (6.9)
i=1
Integrating this inequality on [0, 1] and taking the (2m)-th root, we get
Vin < 02 | M| 2m(0.1)- (6.10)
Finally (6.5) follows from (6.8), (6.10) and the following classical result

lim |[[M[[p2m(0,1) = [|M||£e(0,1)- (6.11)

m——+o0

Let ¢ € C}((0,T);R,). One has

T
/ V2 () dydt = ZWW (6.12)
0
with _—
Wini ::/ / AZMeT 2R () by dir it (6.13)
o Jo
Let us define, for € € (0,1/2],
T 1
Wini e ::/ / uF™(t, )X (1) AZ" e g, da dt, (6.14)
o Jo

where x. is again defined by (5.5). Let ¢,,; : R — R be such that

dqm.i
dz

(2) =2m2>""1fl(2), Vz€R, and ¢,,(0) = 0. (6.15)

)
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Recalling that u is an entropy solution and applying (3.2) with n(z) = 2*" and

o(t,r) = ¢(t)x.(x)e"?™* one has

T
Winie > — / / Qi (ui(t, ) (XL(x) — 2mux.(x)) A2me=2mrT (1) d di
o Jo
T 1 €
__ /0 (6 /O G s (1, 7)) A2 dx) S(0)dt
T /1 g1
[ C ) amituteopazmeme ar) sl
T
+2ml//0 /0 Qi (ui(t, 7)) AZ"e 2™y (2)d(t) dx dt.

Letting ¢ — 0 in (6.16) and in (6.14) and using (3.4), we obtain,

T 1 T
Wiy > 2mw / / G (03 (£, 2)) A2 =22 8(1) d it + / Boa(t)o(t) dt
0 0 0

with
B i(t) := AT (qma(ui(t, 1)e ™™ = g i(ui(t, 0)))
Using the fact that u satisfies (1.2), we have

Bni(t) = A7 (i (w8, 1)e ™™ = 4 (Gilult, 1))

where, again, G;(u) is the i-th component of G(u). Let f’ > 0 be such that

fi(z) < f’> Vz € [—Huz‘HLw((O,T)x(o,1)), HuiHLoo((o,T)x(o,l))], Vie{l,...,n}.

From (1.4), (6.15), and (6.20), one has
al¢[™ < gmi(§) < FIEF", VEER, ¥m € N\{0}, Vi € {1,....n}.
From (6.19) and (6.21), one has
Bn(t) > (a (Z A2mq 2 (¢, 1)6_2m”> —f (Z A (ult, 1))2’”)) ,
i=1 =1
with i
B (t) := Y Bn(t).
i=1
Let us prove the existence of mg € N\ {0} such that
Bn(t) >0, Vte|0,T], Vm > my.

Let

1

anlt) = (o (S azmin e )",

=1

i=1
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(6.19)
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(6.21)

(6.22)

(6.23)

(6.24)

(6.25)

(6.26)



Note that

1

n om 1
0< (Z 23m> —2]oe £ (0?7 — 1)|2]0s, V2= (21,...2,)" €R™ (6.27)

=1
From (6.25), (6.26), and (6.27), one has
am(t) > azie max {Aiui(t, 1)]; i € {1,...,n}}, (6.28)
Brn(t) < 0267 max {AdGu(t, 1)) i € {1,...,n}}. (6.29)
From (2.15) and (6.29)

Bm(t) < namf?m e max {A;|u;(t,1))];i € {1,...,n}. (6.30)
Note that )
lim a? =1, lim £ (t)=1, and lim n2w = 1. (6.31)
m——+00 m—-+00 m—-+00

From (6.1), (6.28), (6.30), and (6.31), we get the existence of my € N\ {0} such that
A (t) > Bn(t), YVt € [0,T], Ym > mg (6.32)

a property which, thanks to (6.22), (6.25) and (6.26), implies (6.24).
From now on we assume that m > my. From (6.12), (6.17), (6.21) , (6.23), and
(6.24), we get

T n T 1
/ V2R () gpdt > 2mvay / / AZme=2mve,2m 68y drdt. (6.33)
0 —Jo Jo

Now from (6.33), for every ¢ € C}((0,T); R) and for every 0 < t; <ty < T, it can be
checked that

t
V(1) — VIR () < —2mwa [ VIR dt. (6.34)

t1
Indeed, one can proceed as for the proof of (5.7) (see in particular the footnote of page

11): with a standard approximation procedure, one gets that, for every ¢ € (0, (to—t1)/2],
(6.33) holds for

0 fort e (0,t],

(t —t1)/e fort e (ti,t; + €],

d(t) = ¢(t) =41 fort € (t; +&,t9 — &), (6.35)
(to —t)/e fort € [ty —¢,ts],

0 fort € (t2, T,

and, letting e — 01 in (6.33) with this ¢, one gets (6.34) if t5 > ¢;, while (6.34) is
trivial if ¢; = 5. Let us point out that (6.34) implies that

Vin is a non-increasing function on [0, 7. (6.36)
Note that, by the convexity of £ € R — £2™,

V2 (ty) — V2™ (1) > 2mV2" (1) (Vi (te) — Vi(t1)) . (6.37)
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From (6.34), (6.37), and (6.36), one gets
t
V) (Vin(ta) = Vin(th)) < —va 2 V() dt < —va (t —t1) V' (ta).  (6.38)
t1

One has the following lemma, whose proof is given in Appendix A.

Lemma 6.1. Let 6 : [0,T] — [0,4+00) be a continuous non-increasing function such
that, for some positive integer m > 1 and for some constant ¢ > 0,

0> (1) (O(ts) — 0(t1)) < —c(ty — 11)0*™(ty), VO<t, <ty <T. (6.39)

Then,
0(t) < e 6(0), Vte[0,T]. (6.40)
By (6.36) and (6.38), the assumptions of this lemma are satisfied for 0 :=V,,, and
¢ := va. Hence, by this lemma,

Vi (t) < e 7V, (0), Vte[0,T], Ym >my. (6.41)
Letting m — +o0 in (6.41) and using (6.5), we get
V(t) <e "™V (0), Vtelo,T], (6.42)

which concludes the proof of Theorem 2.7 if f is globally Lipschitz since, by (6.3), there
exists C' > 1 independent of u, ¢, and T such that

1
5”“(757 e,y < V(E) < Cllult, )|z ©.)- (6.43)

If f is not globally Lipschitz, one can no longer get the existence of the solution u of
(1.1)—(1.2) as a direct application of Theorem 2.1. To show, without this assumption
of global Lipschitzness, the existence and uniqueness of the solution u (and that it
satisfies the exponential stability estimate) on [0, 400), one can proceed as follows. For
up given and T > 0 arbitrary, let F' > 0 to be chosen and define f; that coincides with
fion {y € R" | |y| < F} and is extended on R" in a globally Lipschitz way such that
its Lipschitz constant is

Cy, <2 sup {|0.fi(y)]}- (6.44)

ly|<F

The system (1.1), (1.2) with f; instead of f; satisfies the assumption of Theorem 2.1
and there exists a unique entropy solution u € L>°((0,7") x (0,1)) which satisfies, from
(2.7),

lullz=(0.1yx 01y = Clluol| 2=, (6.45)
where C only depends on the A;. Thus if we choose F' > Cljug||z (note that u might
depend on F' but uy does not), then u is also a solution of (1.1), (1.2) with f; (indeed,

filu(t,z)) = fi(u(t,x)) for a.e. (t,x) € (0,7) x (0,1)). This shows that (1.1), (1.2)
admits an entropy solution in L*°((0,7") x (0,1)) with strong boundary traces and
satisfies (2.7) on [0,7") instead of [0, +00) where C does not depend on 7. Extending
the solution on [0, +00) can be done classically as in [11, 20].

Remark 6.2. Since (6.42) holds for every v € (0, ), letting v — = leads to
V(t) < e MV (0), Vtel0,T], (6.46)
for V defined by

V)= | (St a)l, . Bt )

. (6.47)
L>°(0,1)
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7 Conclusion

In this paper, we have established the well-posedness and the global exponential stability
of 1D systems of scalar conservation laws closed by a nonlocal boundary feedback.
While the existing literature on the boundary stabilization of hyperbolic systems mostly
focuses on local stability for classical solutions in regular functional spaces (such as C*!
or H?), our work addresses the natural framework of weak entropy solutions, where
shocks can form in finite time. A key novelty of our approach are the resulting explicit
dissipativity conditions on the feedback map to guarantee global exponential stability
in both L' and L* norms. Notably, we do not require the solutions to have bounded
variation (BV functions) and our L* stability framework succeeds in guaranteeing
exponential decay without requiring the flux to be globally Lipschitz. We also provide
a local exponential stability result in L* norm under weaker assumptions. This work
paves the way for several subsequent open problems. Among others, future research
directions include: Investigating the existence and characterization of forward invariant
sets for the closed-loop system under boundary feedback; Removing the diagonal
assumption on the fluxes to address general systems of conservation laws that are fully
coupled in the interior domain; Relaxing the strict wave speed assumption (1.4) in
the global exponential stability to encompass systems where characteristic velocities
may vanish or change sign; Extending these well-posedness and boundary stabilization
strategies to scalar conservation laws in multi-dimensional spatial domains.

A Proof of Lemma 6.1

Since 6 is non-negative and non-increasing, if there exists some ty € [0, 7] such that
O(to) = 0, then 0(t) = 0 for all t € [to,T]. In this case, the inequality () < 6(0)e
holds trivially for every t € [to,T]. Thus, we may assume 6(t) > 0 for every ¢ € [0, 7).
Fix t € [0,T) and let h > 0 such that t + h < T. Setting t; =t and t; =t + h in
(6.39), we have:
0> () (O(t + h) — 0(t)) < —chd>™(t + h). (A1)
Dividing both sides by h6*™~1(t) (which is positive), we obtain:

O(t+h) —6(t) - 6*™(t + h)

. A2
h =TTy (4.2)
We consider the upper right Dini derivative, defined as
O(t+h) —0(t
D*0(t) = lim sup (t+h) =6 ) (A.3)

h—0t+ h

Taking the limit as h — 0" on the right hand side and using the continuity of 8 as well
as (A.2), we get

62 (t + h) 62m(t)
+ < i PG SOV N SR S A
DTo(t) < ,}Hﬁh ( c FEni(1) 602m*1(t) ch(t). (A.4)

Let us now define the auxiliary function g(t) = 6(t)e“*. We compute the upper right
Dini derivative of g(t):

0 t h C(t+h) o 9 t ct
D*g(t) := limsup (t+ h)e (t)e .
h—0+ h

(A.5)
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Using the expansion e = 1 + ch + o(h), we have

D+g(t) = e lim sup Ot +h) - 0(t)

h—0t

+ebt+h)], (A.6)

which, with (A.4), leads to
Dtg(t) <e[—c(t) + ch(t)] = 0. (A7)

Since ¢(t) is continuous and its upper right Dini derivative is non-positive, g(t) is
non-increasing on [0, 7| (see, for example, [30, Chaper 5, Section 1, Proposition p. 99]).
Therefore, we have g(t) < g(0), which gives

O(t)et < 0(0)e® = 6(0). (A.8)

This concludes the proof of Lemma 6.1. O]

B Proof of Theorem 4.1 and Proposition 4.2

We start with the proof of Theorem 4.1. Since the conservation laws of (4.1) are
decoupled in open-loop, one only needs to establish the result for a single scalar
equation. Therefore, in the following, index ¢ is dropped to simplify the notations. For
a scalar equation, the existence of a unique entropy solution in the sense of Definition
3.1 which has strong boundary traces is given in [9, Theorem 1.1-1.2]. Deriving the
estimate is relatively classical: using a doubling of variable [23, Proof of Theorem 1;
(3.2)] and from the definition of entropy solutions one obtains the following, for any

¢ € CH([0,T);R,) and x € {C*((0,1);Ry) | x(0) = x(1) = 0},

L7 () = o 01 @xt) + sgntutt 2) = o, )
F(ult 2) ~ F(olt )X @60 )+ [ o~ eol()6(0)de 2 0. (B.1)
Note that equation (B.1) also holds when x is replaced by x., defined in (5.5) (see

(5.6)). We then obtain by taking ¢ — 0 and using the existence of strong traces of the
solution together with (4.1) (see also (5.6)—(5.7))

/OT /01 u(t, z) — v(t, )|¢ (t) da dt + /O1 o — vo|(0)da
— [ sem(ate, 1) = ol D) (Fl(t1))  Flolt 1)l (B2)
+ [Csant() - =) (Fw(0) - SE@)s0d 0

Since f is non-decreasing, we get

/OT /01 lu(t, x)—v(t,x)|¢' (t) dx dt_|_/01 ‘uO—vo!¢(O)dx+/0T |f(w(t))—=f(z(t))]p(t)dt > 0.
(B.3)
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For t given, choosing ¢ as an approximation of 1y, the indicator function of [0,¢] and
letting it converge to 1y, we have exactly (4.2). This ends the proof of Theorem 4.1.

For Proposition 4.2, one only needs to note that, thanks to Remark 3.2, one can
choose the entropy 7 : z — (z — k)4 := max(z — k,0) for any k € R. The associated
entropy flux is ¢ : z — (f(2) — f(k))s+ because f is increasing. Then, proceeding as
above, we obtain, for any k € R and for any ¢ € C}([0,T); R, ),

/ / (t, ) — k) ¢'(t )d:z:dt+/ ug(x) — k)+¢(0)dx
+/ — f(k))+o(t)dt > 0. (B.4)

Thus, for any ¢t € (0,7), choosing ¢ as an approximation of the characteristic function
of [0,t), we obtain

/ Nty ) — k) de < | (o) — k) yda + / CF(R).dt. (B5)

Now, assume that (4.3) does not hold, then one can choose?

ke <maX{HUOHL°°(O,1)7 HwHLOO(O,T)}v ||UHL°°((0,T)X(071)))

and get that
1
/ (u(t,z) — k)ydz <0, (B.6)
0

which implies that u(t,z) < k a.e. on (0,7) x (0,1). The same can be done with
(—k —u(t,x))+ to deduce that —u(t,z) < k and this contradicts the fact that k <

[[wll oo 0.7y % (0,1)) -

C Proof of Lemma 4.3

Proof. Lemma 4.3 is a finite speed of propagation statement: data at the input boundary
z = 0 cannot influence a neighborhood of z = 1 before the travel time §. Let us deal
with the scalar case, and since (4.1) is diagonal the non-scalar case follows directly. Let
I(t) := (67*(t — 1),1) defined for ¢ € [0,), we want to study

E(t) = /I i 120 ) = () (C.1)

Note that E is continuous since u®” and u® belong to C([0,T]; L*(R)). Using the same
doubling of variables as in Appendix B (see also [23, Theorem 1, (3.2)]) but with
Xe(t, ) defined by

0 for x €[0,0 (t — )],
(o= 5 — 1)) e for o € [F1(t—D)e, 52t — 1), +el
1 forz e [0 (t—1)y +¢e,1—¢),

(1 — x)/e otherwise,

Xs(ta$> = (02)

3Again, this entropy is not C!, however (3.2) still hold for continuous, convex and piecewise C'*
functions by approaching them weakly by convex C! functions.
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one has

/ /5 o, )= ()| (6) /()T\uw(t,gl(t—f)+)—uz(t,51(t—f)+)]¢(t)dt
- /0 sgn(u(1,1) = v* (£, D) (F((1, 1)) = Fl (1, 1) (e)de
+/ sen(u® (4,81t — 1)) — w(t, 61t — 1))
(fu”(t, 071t = 1)4)) = F(u (1,07 (¢ = D)4)))e(t)dt = 0. (C.3)

where we used that 0;x.(t,z) = _(55)711(5*1(t—f)+,5*1(t—5)++s) (2)1gm)(t) (here 1py

refers to the indicator function of [a, b]) and

§L(t—8) 4 +e

li_r)%——lbt/ /5 o, ) =) () drdt =
=5 [ 5~ B w657 6 - loldr. (CA)
Using now that 6=' > | f'(s)| for any s € [~M, M] with
M = max{][|u”|| L= 0,1y 0,1, 147 oo 0,7y x 0,000}

(see Proposition 4.2 and the definition of & given by (4.5)), we have

/ET [sgn(u®(t, 071 (¢ — £)4) — w*(t, 07" (t = 1))

(6,67 (= 1)) = Fl (07 (¢ = D))
—0 u (8,07t — 1)) — i, 07 (t —1),)]| @(t)dt <0, (C.5)

and, since w = z a.e. on (0,%) by assumption, and using (4.1)

[ sen(u,0) — w6, 0) (W (,0)) — F (OB =0. (C)

As a consequence from (C.5), (C.6), choosing ¢ as an approximation of 1y in (C.3),
we have

/ll(t Iu(t,0) — (1)l da
< — ["sen(u(1,1) = v (0 D) 1) — £ D)k <0, (C)

Hence, u® = u* a.e. on (6 '(t —1),1) as long as t < £ 4+ § and since both solutions
admit strong traces at x = 1 we deduce that u"(t,1) = u*(¢, 1) and this holds for a.e.
te (0,1+9). O
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