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Non-Markovian Models of Networked 
Systems



Diffusion on networked systems, a question of time or structure, J-C Delvenne, Luis Rocha and R. lambiotte

Non-Markovian Models of Networked 
Systems: Time



Non-Markovian Models of Networked 
Systems: Pathways
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I. Introduction



Network science in a nutshell

Construction of a network from empirical data, e.g. airline 
transportation network

Pathways of diffusion, typically generated by a 
random walk process

Impact on dynamics
Definition of a model for epidemic 
spreading,  e.g. meta-population model

Algorithms
Modularity, clustering, ranking, etc.



Network science in a nutshell

Construction of a network from empirical data, e.g. airline 
transportation network

Pathways of diffusion, typically generated by a 
memoryless random walk process

Impact on dynamics
Definition of a model for epidemic 
spreading,  e.g. meta-population model

What if real-world pathways are available?

Algorithms
Modularity, clustering, ranking, etc.



Networks with memory
Where you go to depends on where you come from
Mathematics of pathways instead of edges
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II. Data Extraction









Networks with memory
Where information goes to depends on where it comes from
Mathematics of pathways instead of edges
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III. Significance



Memory affects pathways
In a broad range of social and information systems, pathways differ from those 
produced on (memoryless) networks
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III. Algorithms



Algorithms for memory networks: community detection

Partition the system in order to optimise the compression of pathways of a random 
walker



Algorithms for memory networks: community detection

More realistic pathways -> more realistic modules.
Second-order Markov dynamics allow for better compression, because random 
dynamics on networks obscure essential structural information.
The method reveals smaller, more overlapping networks.
Connections with link partitioning and clique-percolation.

Evans, T. & Lambiotte, R. Line graphs, link partitions, and overlapping communities. Phys. Rev. E 80, 016105 (2009). 
Ahn, Y., Bagrow, J. & Lehmann, S. Link communities reveal multiscale complexity in networks. Nature 466, 761–764 (2010). 



Transit

Origin Destination

Atlanta

Las Vegas

Algorithms for memory networks: role detection

Detection of roles based on the location of nodes in the pathways



Algorithms for memory networks: ranking

Pagerank based on empirical flows instead of random ones



IV. Models



Model for memory networks

We model/categorize transitions into 3 classes



Model for memory networks

Fitting by minimizing the Kullback−Leibler divergence



V. Dynamics



Memory affects mixing time

Second-order Markov: transitions from directed edges to directed edge 
(memory node)
Memory may induce biases in the transition between memory nodes 

Effect of Memory on the Dynamics of Random Walks on Networks, R Lambiotte, V Salnikov, M Rosvall, Journal of 
Complex Networks 2014



Memory affects mixing time

Random walk on the memory network

If the dynamics is memoryless, uniform 
transition:

(Left and right) eigenvectors of the 
spectral gap associated to the best bi-
partition of the network (Fiedler)

Small deviation to the Markovian case
and perturbation analysis:



Memory affects mixing time

Interplay between memory and the (dominant) bi-modular structures:

- if memory enhances flows inside communities => slowing down of diffusion

- if memory enhances flows across communities => acceleration of diffusion



Memory affects mixing time

Random process driven by the 
tunable transition matrix 

First-order Markov process with 
probability (1-p), and second-order 
Markov process with probability p. 

This hybrid process models the 
diffusion of an item, e.g. a virus or a 
bank note, which travels with 
passengers and changes owner 
inside cities with probability p. 

The effective size of the system is multiplied by 10 =>  the network 
is topologically small but dynamically large.



Diffusion in Multiplex Networks

Overlapping community structure of 
social networks

Information spreads differently in 
different circles



Correlations between edge activations lead to non-random pathways, 
modelled by higher-order Markov processes

Slow-Down vs. Speed-Up of Information Diffusion in Non-Markovian Temporal Networks, I Scholtes, N Wider, R 
Pfitzner, A Garas, C Juan Tessone and F Schweitzer, arXiv:1307.4030

Diffusion on temporal networks with correlations



Toolbox for pathways

Memory networks are networks, but

- they are much, much larger => computational complexity

- they have a very different structure => require new tools

First insight on community detection, ranking, spreading, but their is a need for 
appropriate visualisation, statistical and algorithmic tools.

In several empirical systems: memory constraints on flow are statistically significant 
and temporal correlations strongly modify flows of probability.
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