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1 Towards Sobolev mappings

In order to introduce Sobolev maps, which are maps from a Riemannian manifolds
into another manifold whose weak derivative satisfies an integrability condition or for
which a fractional Gagliardo energy is finite, we first review the motivation, definition
and properties of the more classical linear Sobolev spaces.

1.1 Linear Sobolev spaces

1.1.1 Motivation

Linear Sobolev spaces appear classically in the variational construction of solutions of
elliptic boundary value problems. Let us consider the Dirichlet problem for the Laplace
equation: given a set O ¢ RY and a function g : 9Q - R, we search for a function
u: () - R that solves the problem

-Au=0 in (),
(1.1)

u=g onoadQ

If u € C2(Q) and if v € C'(Q)) is any function, then

/Q|Dv|2=/Q|Du|2+2/QDu-D(u—v)+/Q|D(u—v)|2.

By integration by parts (Gaufs divergence theorem), we have
/ (u—0)dyu :/ div ((u-v)vu) =/ V(u—v)-Vu+/ (u—-0)Au,
0 Q Q Q
and therefore, if u is a solution of and if v = g on 9(), then

/Du-D(u—v):O.
o)

In particular, we have

/ Dof? = / Dup + / D(u-0)P > / Dup,
O QO (9] O

with equality if and only if u = v in Q).



1 Towards Sobolev mappings

This suggests constructing a solution u to by minimizing the Dirichlet functional
defined for each v e C1(Q) by

1,2 2 2
£12(v) /Q Do (12)

among the functions v € C1(Q) n C(Q) such that v = ¢ on 9Q. We consider a minimizing
sequence, that is a sequence of functions (u;);an in CH(Q)nC(Q)) such that

j—>oo

lim /|Duj|2 =c éinf{/ IDvf? |v e Cl(Q)nC(())} > 0. (1.3)
QO QO

We have for each k, ¢ € N, the parallelogram identity

/\Duj—Dui|2+/]Duj+Dui\2:2/]Duj]2+2/]Dui|2. (1.4)
Q Q Q Q

We observe that

/ IDu; + Duyl* = 4 / IDw, ;* > 4c, (1.5)
where w;; = "2 on (), and hence w;; = g on Q). Therefore by (T.3), (T.4) and (L.5)
lim / IDu; - Duy* = 0. (1.6)
ji=oe )0

This is a Cauchy condition for the sequence of functions (u;);ay in a certain seminorm:

1
el * D02y = (£720))* = [ IDoP)

We still have a small issue now: the quantity |-|12 is not positive definite. We
consider another norm, defined for v e C'(Q)) as

1
[oluwizqon = ( /Q o2+ Do) (1.7)

The Poincaré inequality, ensures that if the set () is bounded in one direction (or has
finite measure), then there exists a constant C > 0 such that for every v e C}(Q) nC(Q)

such that v = 0 on 9(), one has
/ P <C / Do,
0 0

/Q|uj—ui\2+/Q|Duj—Dui|2§(C+1)/Q|Duj—Dui|2,

and thus by (1.6),
hm / |1/l] - Mi|2 +/ |Du] —Dui|2 =0.
],l—)OO Q Q

It remains to see how to obtain a space that has suitable completeness properties.

In particular



1.1 Linear Sobolev spaces

1.1.2 Definitions linear Sobolev spaces

Let us now review the approaches that have been proposed and implemented to define
complete spaces of functions on which (1.7) defines a norm for smooth functions.

Absolutely continuous functions

If I c R is an interval, a function u : I - R" is absolutely continuous whenever for
every ¢ > 0, there exists § > 0 such that for every ¢ € IN, if xy,...,x;,y1,...,y; € 1, if
X1<Y1 <X <Yp < <X <Y and if

4
Z|yl - xi| <9,
i=1

then

¢
;W(yi) —u(x;)| <e.

In particular, any Lipschitz-continuous function is absolutely continuous and by tak-
ing ¢ = 1, any absolutely continuous function is uniformly continuous and hence
continuous.

If the function u : I - IR™ is absolutely continuous, then there exists a Lebesgue-
integrable function g € L(I,R™) such that for every x,y € I,

u(x)=u(y)+ /yg(t) dt. (1.8)

That is, a weak version of the fundamental theorem of calculus holds for absolutely
continuous functions. Conversely, by Lebesgue’s dominated convergence theorem, any
function u representable by for some g € L'(I,IR™) is absolutely continuous. In
such a case, we say that g is a weak derivative of u. By classical arguments in measure
theory, two weak derivatives go, g1 € L}(I,R™) of a given function u coincide almost
everywhere on the set I.

The characterization of absolutely continuous functions does not carry on to functions
on higher-dimensional domains. For () ¢ R" and u : (3 - IR", one can however consider
the restrictions of the function u to straight lines that are parallel to a given direction
axis h € R™ and define the function u to be weakly differentiable in the direction h
whenever the restriction of the function u to any straight line parallel to / is almost
everywhere equal to a weakly differentiable function whose directional derivative is
the restriction of some function d,u. It can then be proved that the directional weak
derivative dju € L}, (Q,R") depends linearly on the direction & and a weak derivative
Du e L} (Q,Lin(R",R")) ~ Lin(R™, L} _(Q,R") can be defined in such a way that
opu = Du[h] almost everywhere on Q.

The Sobolev space is defined then as the space of measurable functions u : (3 - R"
such that u € LP(Q),IR"), u has a weak derivative Du and Du € L”(Q), Lin(R"™,R")).



1 Towards Sobolev mappings

This definition is appealing because it essentially relying on merely the fundamental
theorem of calculus; its drawback is its dependence a priori on the linear structure of
the domain (2 c R™. A proof of the invariance under a smooth diffeomorphism of the
domain is quite technical. On the other hand, manipulations on the target-side are very
staightforward in the one-dimensional case, where Lipschitz functions are readily seen
to preserve the absolute continuity.

Distributional derivatives

Given a set ) c R", a function g € L] _(Q), Lin(R™,R")) is defined to be a weak derivative
of u e Lt (Q,R") whenever for every ¢ € C}(Q,R™),

loc
/8[¢]=—/udivq)
Q Q

(where for each x € Q), g[¢](x) = g(x)[¢(x)], that is, the linear map g(x) € Lin(R",R")
applied to the vector ¢(x) e R™). If g0, 41 € Llloc(Q, R"™) are both weak derivatives, then
8o = &1 almost everywhere in ().

From the definition of weak derivative, one defines the Sobolev space W' (Q) to
be the space of functions such that u € LP(Q),IR"), u has a weak derivative Du and
Du e LP(Q), Lin(R",R™)).

The distributional theory has the advantage of being independent on the dimension
and to be quite stable under changes of variables in the domain.

Completion

For a given set Q c R", the Sobolev space W7 (Q),R") can be defined as the completion
as a metric space of the set

{v e C'(Q,R") | / |Doff + |o|f < +o<>}, (1.9)
o)
under the Sobolev norm which is defined defined for each vC'(Q, R") by

ol 2 /Q Dof? + o]

In the behavior of v on the boundary 92 is not constrained by any continuity or
differentiabily assumption on the boundary but merely by the integrability condition.
Under this assumption, the space is equivalent to the distributional space [DL54al
DL54b,MS64].

Fourier analysis

Given a function u € L2(R™,IR"), its Fourier transform @ : R™ — R" is defined for each
¢ e R" by

(¢) = /Rm u(x) e 2T dx.



1.1 Linear Sobolev spaces
A function u € L2(R™,R") is in the Sobolev space W?(IR", R") whenever

/Rn,(l +27g?) ‘ﬁ(‘:)‘z dé < +oo.

This approach has the advantage of relying on the standard machinery of the Fourier
transform and generalizing straightforwardly to higher-order and fractional derivatives.
The Fourier definition is more delicate to adapt to define W7 (Q), R") when Q is not the
Euclidean space or p # 2. The case where () is a rectangular parallelepiped or a torus
can be treated through Fourier series; other domains by the analysis of the spectrum
of the Laplacian operator —A on (). The case p # 2 can be treated by Littlwood—Paley
theory which gives rise to the scale of Triebel-Lizorkin spaces F;’p (R™,R") [RS96,Tri78].

Potential theory

When p = 2, it can be proved that if the Bessel potential is defined by

_ak s

dé.

sz(x) =

5 4m
m—-u
1+ 5

1 < e
(4n)§r(g)/o b

and if f € L2(R™,R"), then

| D nPeicrn P = [ IfP

Rﬂ RH

(see [Ste70, §V.3]). This suggest then the following definition of Sobolev spaces
W2 (R™,R") = {Gy * f | f e L*(R",R")}.

The advantage of this definition is that convolutions estimates can be readily applied
to study the properties of the function u 2 G; * f. When p # 2, one can still consider the
set

{Gi#f1fe 2(R",RM)}
which is then a Newton potential space which is slightly different from the Sobolev spaces
and corresponds to the Triebel-Lizorkin space le P(R™,R™).

Metric definitions

Sobolev spaces can also be defined in a metric space setting. The starting observation is
that given u € L¥(R™), one has u e WYP(IR™,R™) if and only if there exists a constant
C > 0 such that for every h € R",

JuCx +h) = u(x)| e ey < Clh|

(see for example [Brell|, proposition 9.3]). Various approaches lead to definitions of
Sobolev functions and their energy (see [Chi07] for a synthesis of available approaches).



1 Towards Sobolev mappings

The interest of the metric space approach is that it just relies on the structure of the
target as a metric space. The drawback is that the Sobolev energy depends on the
precise definition being used and the Sobolev energy density [Du|P cannot be in general
written as powers of a given local derivative |Du|. In other words, the derivative can
depend on the exponent p.

Equivalence

Under wide and reasonable assumptions, the definitions above are equivalent up to
redefinition of the function on null sets.

In order to avoid technical issues when we restrict functions to subsets, we shall
assume everywhere in the sequel that all the measurable functions are defined every-
where and Borel-measurable. That is, we do not consider equivalence classes and we
will be calling norms functions that are strictly speaking seminorms that vanish only
on functions vanishing almost everywhere. This attitude that differs from a classical
approach to L? spaces and has been adopted by several authors, especially in the
study of nonlinear Sobolev spaces, has the advantage of woking directly with functions
without heavy circumlocutions or abuse of language and of removing the burden of
checking that low-level statement and identities do not depend on the choice of a
representative in an equivalence Clanﬂ

1.1.3 Properties

We review the properties of Sobolev spaces, with emphasis on the facts that will be the
most relevant in the nonlinear theory.

Functional analysis

For every p € [1,+c0], the Sobolev space W'?(Q),IR") is a complete normed spaces.
When p =2, W1'2(Q, R") is a Hilbert space. When 1 < p < +00, the space wlr (Q,R") is
reflexive.

The weak differentiation operator D is a bounded linear operator from W7 (Q,R™)
to the space LP(Q), Lin(R™,R")). The space W'?(Q),IR") can be identified to the closed
subspace

{(u,g) | ¢ = Du weakly in Q}

of the space LP(Q),R") @ L?(Q, Lin(R™,IR")). When 1 < p < +o0, the space WP(Q, R")
is separable (as a closed subset of the separable space L?(€),R") @ L (€}, Lin(R",IR")).

TAta logical level, it has the advantage of reducing multiple back-and-forth journey in equivalence
classes through the axiom of choice. (The axiom of choice is used to extract elements from equivalence classes
where they should never have been put in the first place. [BB85| p. 12])

10



1.1 Linear Sobolev spaces

Removable point singularities

Sobolev functions need not be smooth. The next proposition provides a criterion for
functions that are smooth except at one point in a domain to be in a Sobolev space.

Proposition 1.1. Let Qc R™, a e Qand u: Q - R™. Ifu e W'P(Q~ {a}) and if

liminf1 lu| =0,
r—-0 r B.(a)

then u e WY (Q).
In particular, if m > 1 and u € L1 (()), we have by the Holder inequality

1-1
1 m "
—/ Mﬂh/ u|
r B:(a) QnB;(a)

and thus the condition holds by Lebesgue’s dominated convergence theorem.

1

As examples of applications of we get that the function x € B" - -7 is in WP (B™,R)

if and only if a < % -1.

Proof of proposition Let (7;)jan be a sequence such that

1
lim — lu| = 0.
j—oo 1’]' BV]'(”]')

We choose a function x € C'(R™) such that xy = 1 in B1/>(0) and x = 0in R™ x B1(0). We
define x;(x) = X("r—‘]“)

Given a test function ¢ € C}(Q,R"), we have for every j € N, Xjp € CH(Q,R") and
since, u|n. (4 is weakly differentiable in Q\ {a},

/ Du[x;¢] = / Du[xj¢] = - / udiv(x;e)
Q O~{a} O~{a}

= —/ Xj”diV(q’)—/ uDx;[¢].
O~{a} O~{a}

G
[ ownlel <2 [
On{a} j QﬁB,j(a)

and we have thus by Lebesgue’s dominated convergence theorem

/QDu[q)]:—/Qudivgo,

and Du is a weak derivative of u on Q). O

We have for every j € N,

11



1 Towards Sobolev mappings
The Sobolev mappings will be bounded functions, and so we can look at a criterion
for removing singularities for bounded Sobolev functions.

Proposition 1.2. Let () c R™, F c () be a closed set and assume that there exists a sequence
(Xj)jen in CY(Q,[0,1]) such that for every j € N, Xj = 0 on a neighbourhood of F, x;j — 1
almost everywhere in () and

lim / |Dxjl = 0.

n—oo Q

Ifuel®(Q,R") and if u e W-P(QNF,R"), then u e W-P(Q,R").

Proof of proposition Given a test function ¢ € C}(Q,R"), we have for every j € N,
X9 € CH(Q,R") and since, u|q. {a} 18 weakly differentiable in O\ {a},

/ Dulx;¢] = / Dulx;¢] = - / udiv(x;p)
(@) O~{a} O~{a}

/ x;udiv(p) - / uDyi[g].
O~{a} O~{a}

By assumption, we have

C
[ ownlel <2 [
O~{a} j QmBrj(a)

and we have thus by Lebesgue’s dominated convergence theorem

/QDM[(p]z—/QudiV(p,

and Du is a weak derivative of u on Q). O

Restrictions to generic subsets
Sobolev functions can be restricted to lower dimensional linear subsets.

Proposition 1.3. Let QO ¢ R™. If u ¢ WY (Q,R"), then for almost every affine subspace
Wc IRm, M|Qmw € Wl’p(ﬂ N W,]Rn), and D(u’Qmw) = (Du)’Qmwxw.

Here QA n W is an open subset of W ~ RY, with ¢ = dim W. The restriction (Du)|anwxw
is applied to the map Du : ) x R" — R" defined for (x,h) € O x R™ by Du(x,h) =
Du(x)[h].

We will need a slightly more refined version of proposition

Proposition 1.4. If QO c R™ is convex and bounded and u € W(Q)), then for almost every
x,y € Q), the function t € [0,1] » Du((1-t)x +ty)) is summable and

1
u(y) =u(x) +/O Du((1-t)x+ty)[y—x] dt.

12



1.1 Linear Sobolev spaces

In comparison proposition [1.3|implies that for almost every x and y the function is
equal almost everywhere on almost every line segment to an absolutely continuous
function but there is no guarantee that the function behaves nicely at x and y on this
segment.

In particular, we have for almost every x,y € ()

1
u(y) —u(x)| < /0 [Du((1-#)x +ty)lly - x| dt.

The proof of proposition [1.4]relies on the next lemma.

Lemma 1.5. If QO ¢ R™ is convex and bounded and if f : () — [0, +o0) is measurable then for
every « such that o + m > 1,

/Q/Q/[O,l]f((l—t)x+ty)]y—x]"‘dydeC/Qf.

Proof. Since () is convex, by applying the substitution y = x + (z — x)/t, we obtain

[
// F((1=t)x +ty) dtly - x|* dy dx = // f(ZZJide dx dt dz,
01 I’CZ

where

L= {te[0,1]] S ¢ A-x}.

In particular we have
|z -]
I N e
o [dlam(ﬂ) Oo)'

and thus since a + m > 1

// f((1-t)x+ty) dtly — x|* dy dx
aJa i)

[
/// FEE-A 4 4 az
|Z A patm

m(Q)

<Gy diam(Q)m+"‘_1/ / _f@) dx dz
0

a lz—xm-1

< Cs diam(Q)"** / f,
(@)

which ends the proof. O

Proof of proposition Let (u;)an be a sequence of smooth functions that converges to
u in Wlfl(Q,lR”). Up to a subsequence, we can assume that there exists a set E c (2,
such that L (E) = 0 and for every x e O\ E, (1#;(x))jan converges to u(x).

13



1 Towards Sobolev mappings

Let & > 1-m. By lemma|[I1.5| we have

hm/// IDui((1- B)x + ty) — Du((1 - £)x + )| dtly - x* dy dx = 0.
a1

j—oo

Up to a subsequence, there exists a set F c Q) x Q) such that £2"(E) =0, and for every
x,ye(QxQ)NE,

lim |Duj((1-t)x+ty) - Du((1-t)x+ty)| dt = 0.
j=ee J101]

Since u; is smooth, for every (x,y) e QA x Q)

1
ui(y) = u]-(x)+/0 Du;((1-t)x +ty)[y - x] dt. (1.10)
We conclude by observing that if (x,y) e Qx Q~ (ExQuQ x EUF), then all the terms
in the identity (1.10) converge and bring us to the conclusion. O
Embeddings

The presence of a weak derivative gives improves several properties of Sobolev func-
tions.

Poincaré inequality The Poincaré inequality relates controls mean oscillations of a
function by an integral of the derivative:

Proposition 1.6. For every m e N and p € [1,+00), C >0, such that if A c QO c R™ is convex
and open, then

diam(A)P*™
+m-1

/A/A\u(y)—u(xﬂp dy dx < Cy, /A]Du(z)|p dz.

The Poincaré inequality is usually written as
p p+m
/ dy < cdam(A)™" ][ IDul?;
A

A
by Jensen’s and Minkowski’s inequalities, the latter inequality is equivalent to (1.11)),
with equivalent constants.
In particular, by proposition for some a € Q and 7 > 0 and if u € W'P(Q),R"), then

][ ][ [u(y) —u(x)|P dy dx < Cr”][ |Dul?. (1.11)
r(a) J By (a) B:(a)

u(x) - ]i u(y) dy

14



1.1 Linear Sobolev spaces

Proof of proposition By proposition [I.4] for almost every x,y € A, we have since the
set A is convex

1
u(y) - (o) < [ 1Pu((1=0x )y -l dt,

and thus by Jensen’s inequality, we deduce that

1
/A/A|u(y)—u(x)]p dydxs/o /A/A|Du((1—t)x+ty)\”]y—x]p dy dx dt.

Since A is convex, by applying the substitution y = x + (z - x)/t, we obtain
Du(z)|F|z - x|F
/ / lu(y) —u(x)|P dy dx < / / /1 [Du( )p|+r|n | dx dt dz,

z
Lz = {te[0,1]]

where

a eA—x}.

In particular we have

and thus

//!u(y) u(x)\pdydx<///:j |D”(Zt)£,|f T 4t dx dz

p+m-1 14
< d1am(A) // |Du(z)|” dx dz
A

p+m-1 |z — x|t
p+m
<C M/Du(z)ﬁ’ dz.
p+rm-1 Ju

O]

Sobolev embedding When p < m, the Sobolev embedding states that there exists a
constant C € (0, +o0) such that for every u e WP (R™,R"),

|u\m r <C [ |Dulf. (1.12)
(o) " <c

The exponent in is chosen in such a way that both sides behave similary under
scalings (homotheties) in the domain R™. When () ¢ R™ is a nice domain, then the
Sobolev inequality transports to the domain () with an additional zeroth-order
term |ul|ry -

15



1 Towards Sobolev mappings

Sobolev-Morrey embedding

Proposition 1.7. Let Q c R™, p > m and u e W-P(Q). For almost every x € Q, for every
convex set A c () such that x € A one has

/Alu(y)—u(x)l dy < Cdiam(A)"*"7) (/AIDu|p):’_

Proof. Since the set A is convex, for almost every x,y € A, we have by proposition

1
u(y) - u(x)| < /0 Du((1- )+ ty)lly - x| dt,

and thus, we deduce that for almost every x € A, we have

1
A|u(y>—u<x>|dys/0 /A|Du<<1—t>x+ty>||y—x\ dy dt.

Since A is convex, by applying the substitution y = x + (z - x)/t, we obtain

[ oty [ [ PEOE ata

where

lezz{te[0,1]|z_xeA—x}.

In particular we have

Lz € [d|zamxz|4 +oo)'

and thus

[ wcoras [ [ PR aras

dlam A)m/ |Du(z)|
A

m |z — x|m-1

By Holder’s inequality, we have, since p > m,

/A|u(y)—u(x)|dy£C6diam(A)m(/A|Du|”);(/ %dz) '

Ix z|

g@diam(A)“m“*%)( / Dul?) '
A

which is the conclusion. O

16



1.1 Linear Sobolev spaces

In particular when p > m, proposition (1.7| implies the Sobolev-Morrey embedding
states that there exists a constant such that for almost every x,y € B,(a) ¢ R" and
u e WY(B,(a),R"), then

lu(y) - u(x)| gc(/B( )|Du|”)p ly - (1.13)

The right hand side is a sublinear function of the distance between y and x; the inequal-
ity implies that the function u is in the space C**(B,(a), R™) of Holder-continuous
functions with exponent a £ 1 - 2. Again the exponent in the Sobolev—Morrey inequal-
ity is chosen in such a way that both sides scale similarly. In contrast with the
Sobolev inequality , the Morrey-Sobolev inequality is local in nature on both
sides of the inequality.

As a consequence we have the following

Proposition 1.8. If u ¢ W'?(B,(a),R") with p > m and if x € B,(a),

1
esssup|u(x)| Sessinf|u|+Crl_P(/ |Du|p)”.
B(a) B:(a) B (a)

Proof. We observe that by proposition [1.7| for almost every x,y € B,(a), we have by the
triangle inequality

0(x)| < ()| + [ (x) - 1) < ()| + Cs rl‘?’( /

B (a)

|Du|7’);. O

The critical case Sobolev inequality (1.12) and (1.13) have left open the critical case
p =m. When I c R is an interval, one has for almost every x,y € I, the inequality

u(y) -u(x)|<C [Dul,
[y.x]

which relates the modulus of continuity of u to the modulus of integrability of Du.
When m > 2, it can be observed that if 7 ¢ C'(R™) and 7 = 0 in R" \ By/>(0)) and if
the function u,, : R™ - IR is defined for x e R \ {0} by

() = () (in )

then u, ¢ W(R™,R) if and only if 7 < 1- 1. In particular, when m > 2, u,, can be
chosen to be discontinuous. (When m = 1, the same example shows that can fail to be
Holder continuous.)

Compactness properties

If (1;);ian is a bounded sequence in W¥(Q,R"), then there exists u € W'P(Q,R") is a
subsequence (ui/.) jen such that every compact set K c R™,

1im/|uj—u|p=0.
] JK
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1 Towards Sobolev mappings

Chain rule

If f e C'(R",RY) and if Df is bounded, then for every u ¢ W'7(R™,R") we have
foueW'(R™ R’ and D(f o u) = Df(u)[Du] almost everywhere on R"™.

Fine properties

A measurable function u : () - R" is approximately continuous at almost every point
of its domain [EG92, theorem 1.7.3]: for every a € () and for every € > 0,

fim L"(Bs(a)  f1(Be(f(a)))

50 £(By(a)) =0.

If moreover, u € LP(),IR"), then for almost every a € () [EG92, corollary 1.7.1],
lim][ If - f(a)P =0. (1.14)
0=0JBs(a)

Sobolev functions have a better behavior: if u ¢ WY"?(R",R"), then (I.14) holds
outside a Borel-measurable set of vanishing p—capacity and is equal almost everywhere
to a p—quasicontinuous function u* : R" - R" [EG92, theorem 4.8.1].

Trace theory

In view of the solution of the Dirichlet problem for the Laplacian (1.1)), it is natural to
ask which boundary values g : 90 - R extend to some Sobolev function u : W'?(Q,R).
This question is treated in trace theory.

For the half-space Q) = R” = R""! x [0, +o0), there exists a linear, continuous and

1
bijective trace operator tr : W7 (R""!, R") — W' (R™,R"™) that coincides with the
restriction operator on R” ~ R™ x {0} for smooth Sobolev functions. The codomain of
the trace operator is a fractional Sobolev space, defined for by

WP (RY) = {u € LP(RY,R") | £9P(u) < +oo},

where the Gagliardo fractional Sobolev energy is defined by

[u(y) —u(x)l
SP( dy dx. 1.1
&S /]R/ /]R[ 1y — x| y dx (1.15)

By the construction, there exist constants c, C > 0 such that

_1 . 1 1_1
EvP(u) <inf{EYP(U) | trU=u} <CE 7P (u).

When ) c R"” is a domain with a reasonably smooth boundary, the same theory
holds with additional L¥ norms appearing in the estimates.
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1.1 Linear Sobolev spaces

Fractional Gagliardo-Nirenberg interpolation inequality

Proposition 1.9. If the set () ¢ R™ is open and convex, then for every s € (0,1) and p €
(1,+00) such that sp > 1, there exists a constant C > 0 such that for every u € W5 (Q,R") n
L*=(Q), R"), one has

/ |u(y) u(+x)| dy dx<C||u(L£°—S)p/‘Du|sp'
ala ly-—xmr 0

Proof of proposition For every x,y € R™, we have by the triangle inequality and by
the discrete Holder inequality
p)

p
+

u(y) —]ﬁ o u(z)dz

y-r12(3)

Iu(y)—u(x)lpszf"l( ][ u(z) dz —u(x)
Bly—v/2(5%)

and thus by integrating over R" x R and by symmetry
p
[ [ e,
m m |y x|m+sp
1
SZP/ / —][ u(z) dz - u(x)
ST S
1 14
ng/ / — ][ lu(z) —u(x)|dz| dydx
m m |y_ x| P B|y—x\(x)
+ 00 1 p
= S - dr dx.
ClO/]n/O rltsp ]é,(x)|u(2) M(X)| rax

Next, we have for every x e R” and r € (0, +o0),

p
dy dx

1 1
72( u(z) - u(x)|dz<C11/( |Du(z)|(|z = rm_l)dz

= Clz/ / |Dul
Bp(x)

<Cpprsup — / |Du| dp
>0 P By (x)

= C1prM|Du|(x),

where 2|Du|(x) denotes the maximal function of |Du|. It follows thus that for every
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1 Towards Sobolev mappings

A >0 and x € R™, we have

/Owr%(]@ - u<x>r)

< Cu/o ‘931|Du|(x)‘pr(1_s)p_1 dr+2p/A

*° Jull}

- = dr
pltsp

—op , Iulf=
< Clg((Dﬁ|Du|(x))pA(1 R /\—S; .

If we set A = ||u| L /9| Du|(x), we obtain

rl+sp

| = (7@ @ —u<x>|) dr < Crau] (597 (D (x))°".
We have thus proved that

p
[ [ O ay ave costulf [ ompup

|y x|m+sp

By the maximal function theorem (see for example [Ste70, Theorem I.1;[Duo01, Theorem
2.16]), we conclude since sp > 1 that

|”(]/) M(X)| d]/ dx < C16 Hu”(l s)p |DM|SP. ]
m m |y x|m+sp R™
The proof can be adapted to a ball B;(a) so that one obtains the estimate:
u u(x)? -
/ / luly) ~wCOF 3 4y < Cpul wor [ puf. (1.16)
B0 JBi (o) [y =" " b @)

Problem 1.1 (**). Prove (1.16).

Fractional Sobolev-Morrey embedding
The next proposition states that W17 (R™, R") n L*(R™,R") c W5 (R™,R").

Proposition 1.10. Let s€ (0,1) and p € [1,+00). If sp > m, then there exists a constant C > 0
such that for every open set R™ ¢ R™, every u € W*P(IR™) there exists a set E c R"™ such that
L™(E) =0 and for every convex set A c R" and every x € A\ E, one has

) diam(4)" he() ~ P |\
Fiut) - u(o) dy < cFRMALL ] / [ e dy )
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1.2 Sobolev mappings

Lemma 1.11. If O c R" and u € W*?(Q)), then there exists E c Q) such that L™ (E) =0 and
foreach x e QN E,

fum-u@laysyf ) -u) dydz,
A jeN Y x+27 (A-x) Jx+2771(A-x)

Proof. By a classical result in measure theory, since u € Lll0 C(Q), there exists a measurable

set E c () such that for every x e O\ E,

limi/ [u(y) —u(x)| dy = 0.
QnB,(x

r—0 y™m

The results comes then by letting k — oo in the inequality

k
fluw-u@ldy<y £ ) -uE)dyd:
A ]:1x+2*/'(A—x) x+27171(A-x)

+ ][ ju(y) - u(x)| dy. O

x+27k-1(A-x)

Proof of proposition We have by lemma and by the Holder inequality,
[ )=t dy

C17 i / /
< 7 u(y) —u(z)| dy dz
Lm(A) j%\l x+277(A-x) x+2*j—1(A_x)| (y) ()] Yy

n_s 1

P 1-1
-j+5 »

-3 )

1
(Z/ / |u(y)_”(z)|p dydz)p
jeN J x+271(A-x) Jx+2771 (A-x) 27j(msp)

m 1

diam(A)*" u(y) —u(z)|P v

1 lam( 271 (/ | (y) m553| dy dZ) .
Lr(A)? ala ly-z|

< &21( 2
LAY\

<C

1.2 Sobolev mappings

1.2.1 Motivation and definition

Sobolev spaces from a manifold M into a manifold N appear in the counterpart
of the Dirichlet problem (1.1). Whereas the Laplacian does not make sense as a
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1 Towards Sobolev mappings

linear operator acting on mappings, the minimization of the Dirichlet functional
£1? defined by still makes sense. Minimizers of this energy harmonic maps in
Riemannian geometry and have been studied in geometric analysis (see for example
[HL87,SU82,Jos11, HW08, ES64,Bre03]]). When M = [0,1] harmonic maps are geodesics
with constant velocity parametrization.

Such problems appear in the mathematical analysis of ordered media in condensed
matter physics: superconductors (see for example [HT01,[Mer79]), superfluids (see for
example [Mer79]), ferromagnetism (see for example [HS98,Mer79|]) and liquid crystals
(see for example [Mer79,BZ11|[Bre91,Mucl2,CGH91]]), of Cosserat materials in elasticity
(N =R® x SO(3), see for example [Nef04]), of gauge theories in physics (see for example
[Lie93])

First-order Sobolev spaces

For given p € [1,+00) and Riemannian manifolds M and N, we define the Sobolev
space

WYP(M,N) = {ue WP (M,R") | u e N almost everywhere in M}. (1.17)

The Sobolev space W (M,R") is defined by local charts and we have assumed that
the manifold N was isometrically embedded into R". (In view of Nash’s isometric
embedding theorem [Nas56], this is always possible.)

Proposition 1.12. Let N and L be Riemmanian manifolds. If N is compact and f € C1(N, L)
then the mapping
ue WP(M,N) » foueW’(M,L)

is well-defined and continuous.

In particular if f € C1(N, £) is a Riemannian isometry, then proposition implies
that the map u € WYP(M,N) = fou € W'P(M,L) is a homeomorphism. This
means in particular that the definition does not depend on the embedding. This
comes ultimately from the fact that Riemannian isometries relate tangent directions
of embedded submanifolds and that the first-order chain rule formula only depends
on such derivatives. This is not anymore the case for higher-order Sobolev spaces
WiP (M, N) [CVS].

Proof of proposition We assume that the manifold N is embedded isometrically in
RY and that £ is embedded is embedded isometrically in R*. Since A is compact, there
exists map f e C}(RY,R") such that f|y = f.

By the chain rule for Sobolev functions, for every u € whr (M,R"),onehas foue
WP (M, R"). Assume now that the sequence (i, )qan converges to u in W (M, RY).
Then (1, )nen converges to u and (Duy,),en converges to Du in measure. Moreover,

ID(f o un) =D(f o u)| = [Df (un)[Dun] - Df () [Du]| < |Df (t4)|Drt| + [Df (4)[[Due].
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1.2 Sobolev mappings

By (a variant of) Lebesgue’s dominated convergence theorem, the sequence (D(f o
Uy ))neN converges to D(f o u) in LP(N), and it follows then that the sequence (f o
Un)neN converges to f o u in WWP(M, L). O

The proof of proposition relies on Lebesgue’s dominated convergence theorem
and thus does not relate the rate of convergences. If fact the map f is not uniformly
continuous in general [CVS16, proposition 4.15].

Problem 1.2 (**). Construct two M and £ that are isometrically embedded into
Euclidean spaces and a global Riemannian isometry i : N' - £ such that the map
ue WP (M,N) = ioueW"(M,N) is not uniformly continuous.

Problem 1.3 (****). Construct two N and £ that are isometrically emedded
respectively in the Euclidean spaces R and R and a global Riemannian isome-
try i : NN > £ and a global Riemannian isometry i : N' - £ such that the map
ue WP(M,N) = ioueWWP(M,N) is not continous for the topologies induced
respectively on W (M, N') and WP(M, L) by the weak topologies on W* (M, R")
and W47 (M, R").

This property of continuity relies on the continuity of the derivative. It is known that
the composition with Lipschitz-continuous mapping is not continuous [Haj07, theorem
1.2].

Fractional spaces

The fractional spaces can be defined intrinsically. Indeed, the Riemannian manifolds M
and N are naturally endowed with their geodesic distances d s and d . We define for
s€(0,1) and p € [1,+0), for every measurable map u : M — N, the fractional energy

£ () - / / ORI

dp(y, x)"sp

We define a sequence (u, )N to be strongly converging to u whenever (u;);en
converges locally in measure to u and

lim E%P (u;) = E5F (u).
1—>00
By Fatou’s lemma, this is equivalent to require

limsup £ (u;) = E¥P(u).

i—)OO

This is still equivalent to require that

inf [ i ww),13)) =) D

d./\/l (y x)m+sp
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1 Towards Sobolev mappings

If we assume now that the manifold NV is isometrically embedded into some Euclidean
space R" and if the sequence (u;);qn converges strongly in W37 (M, N') to u, then since
for every x,y e M,

|(ui(y) —u(y)) - (i(x) ~u())P o |uiCy) —wiC)P +uly) - u(x))”
dM (y/ x)m+sp - dM (y’ x)m+sp
< or-1 AN (i(y), ui(x))P +dy (u(y), u(x))?
) dpm(y, x)"er

7

so that (u;);en converges strongly to u in W7 (M, RY).
Conversely, if (u;);an converges strongly to u in W¥7(M,IR"), then since

dp (ui(y), wi(x))P_ Jui(y) — ()P
dN(y/x)anp = dN(y,x)rrHsp 4

and thus by Lebesgue’s dominated convergence theorem, we have that (1;);qn converges
strongly to u in W37 (M, N).

We could also have defined the strong convergence by embedding. It follows from
[BPVS14, lemma 2.5; BBM04, claim (5.43)], that changes of the embedding induce
uniformly continuous maps for the induced distances on W** (M, N).

Localizing the target

One of the basic facts in differential topology, is that smooth maps are continuous and
thus when restricted to sets that are small enough in the domain result have an image
which is in a single local chart domain. By the Morrey-Sobolev embedding (I.13), this
remains the case when sp > m; this is not anymore the case when sp < m.

Indeed, if sp < 1 and one does not have s = p = m = 1, then for every € > 0, there
exists a map u € W¥P(IR™,R) such that u € C*(R" \ {0}), limy_ou(x) = +o0. If M is
connected, then there exist a function g € Cl(]R, M) be a function such that for every
T € R, the set g([T,+0)) is dense in M. The image of the function g o u is then dense
in M in every neighbourhood of 0.

Problem 1.4 (%). If M is connected, a function 7 € C® (R, M) such that for every T >0,
the set ([T, +0)) is dense in M.

Problem 1.5 (**). If \V is connected and sp < m = dim M, construct a function in
u € W*F such that for every open set G c M, the set u(G) is dense in M.

1.2.2 Questions

In order to study problems in calculus of variations and partial differential equations
involving mappings, it is useful to understand the structure of Sobolev mappings.

By nature, Sobolev spaces into manifolds do not have any linear structure. This means
that classical linear functional analysis theorems (Hahn-Banach theorem, uniform
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1.3 Comments

boundedness theorem) do not apply anymore and also that classical linear tools such
as the regularization by convolution do not work.

Several questions arise arise naturally for Sobolev mappings.

The question of approximation asks whether and how a Sobolev mapping can be
approximated by a class of smoother maps. If it is possible, then this means that the
theory of Sobolev maps is the study of the properties of this class of smoother maps
that are invariant under the notion of approximation. When this is not possible, this
indicates that the Sobolev space is much larger than the class of smoother maps. Hence,
the function space becomes part of the problem (or of the model in physical settings),
one can expect Lavrentiev phenomena (gap between infima of energies defined on
different spaces) and associated loss of regularity (one should expect in general that
maps having the regularity of minimizers in calculus of variations should be dense in
the domain; however the regularity can be worse than that).

The question of traces asks about the possible boundary values of Sobolev mappings.
This question is fundamental to understand admissible boundary data for problems in
calculus of variations.

Another question is about connected components of the Sobolev spaces of mappings.
One expects the multiplicity of connected components to be related to multiplicity of
minimizers (although it is known in general that each connected component carries
a minimizer). The probably simplest setting is the study of maps from W*F(5™,5™)
when sp > m; maps in this space are connected to each other if and only if their Brouwer
topological degree coincide.

A last question is the question of lifting. Given a fibration 7 : £ - N, one asks
whether for u € W7 (M, N) there exists a mapping ¢ : M — & such that u = 7 o ¢.
The goal is to have space £ which has a simpler structure than A so that studying
the lifting simplifies the analysis of the problem. An important class of fibrations are
coverings, where 7t is a local homeomorphism that covers evenly N and in particular
universal coverings (when £ is moreover simply connected). For example the map
t € R+ (cost,sint) is the universal covering of the circle S! by R. Another example is
the Hopf fibration from S° to S2.

1.3 Comments

Proposition appears in [Run86, lemma 2.1; BMO01, corollary 3.2]. The proof of
proposition [1.9)is inspired by [MS02].
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2 Supercritical and critical Sobolev
mappings

In this lecture, we consider problems for supercritical and critical Sobolev spaces. The
common feature of these spaces is that the integrability of the gradient guarantees that
these maps are continuous or close enough to continous and thus they inherit their
properties from Sobolev and continuous maps.

2.1 Approximation

We first consider the question of strong approximation in supercritical Sobolev spaces.

Theorem 2.1. If u € WYP(M,N) and if sp > m, then there exists a sequence (u;)jaN in
C*® (M, N) that converges to u in W (M, N).

A first tool is the existence of a retraction from a neighbourhood of the embedded
manifold A c RY.

Lemma 2.2. If N is a smooth compact submanifold of RY, then there exists dnr > 0, and a map
ITe C*(N +By,,, ') such that TI| s = id.

Proof. We observe that if 6, is small enough, then for each y € N + B;,, we can define
I1(y) € NV to be the nearest point projection of y on AV. By the implicit function theorem,
the map II is smooth. ]

Problem 2.1 (). Show the existence of - and the smoothness of IT by the implicit
function theorem.

We first prove theorem [2.1/in the supercritical case sp > m.

Proof of theorem [2.1)when sp > m. Since u e W?(M,R"), there exists a sequence (v;) N
that converges to u in W*?(M,R"). By proposition [1.8, we have for almost every x ¢ M

dist(vj(x),./\f) <oj(x) —v(x)[ < Cy (esi/itnﬂv]- — |+ (/ ID(v; - U)‘p)”)'
M

Thus when j € IN is large enough, we have by continuity of v; for every x ¢ M,
dist(v;(x),N') < dp and we can set for such j € N, u; = IT o v;. Since the map II is
smooth, the sequence (u;);an converges to u =11 o u. O
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2 Supercritical and critical Sobolev mappings

The proof of theorem [2.1|in the critical case sp = m is more subtle since the Morrey
embbedding proposition [1.8 does not hold in the limiting case sp = m.
The main tool is the following estimate on the distance to the target.

Lemma 2.3. If g € (L' nL®)(M,R), if ¢ > 0 and if [, ¢ =1, then for every u € L'(M,R"),
one has

it | woma|< [ ] ww-uwiowoto ayax
zeu(M)|J M MIM
Proof. For every y € M, we have u(y) € u(M) and thus

<

Z;,?L)‘ [ gu-z|<| [ utwoe dx—u(y)‘

_ ‘ [ ) - ue) da
M

< /Mruw) —u(0)lp(x) dx.

We reach the conclusion by multiplying by ¢(y) and by integrating with respect to y
over the domain M. O

In fact in the statement of lemma 2.3, we could neglect the values taken on a Lebesgue
null set of M. This can be stated and proved through the notion of essential range of a
mapping [BN95].

Problem 2.2 (%K), State and prove lemma [2.3|where 1 (M) is replaced by the essential
range of u.

Lemma 2.4. If sp = m and u e WP (M, R"), then

lim][ ][ lu(y) —u(x)| dy dx = 0.
r=0.JB,(a) B, (a)

Lemma states that functions in the space W*”(M,IR") have vanishing mean
oscillation.

Proof of lemma If s =1 we have by the Poincaré inequality (1.11)) for every a ¢ M if
r > 0 is small enough (because we are working on a manifold M)

][r(u) ]{Sr(a)lu(y) —u(x)| dy dx < (]é,,(a) ][r(a)w(y) —u(x)" dy dx)

1
scz(/ |Du|m) .
B:(a)

/ |Du|™ < +o0,
M

2.1)

Since
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2.1 Approximation
by Lebesgue’s dominated convergence theorem, we have

lim sup |Du|™ =
=0 germ J B, (a)

and thus the conclusion holds.
When s € (0,1), we have by Holder’s inequality, if a € M and if > 0 is small enough

fof ) -uldydr
By (a) r(a)
1
m p p
S(][ ][ |y—x|% dydx) (][ ][ u(y) - uZ(;c)] dydx)
B,(a) J B.(a) By(a)JB.(a) |y =]

< Cssup (/ / luly) ~u() dydx).
aeR™ +(a) J By(a) |y x|

We conclude again by Lebesgue’s dominated convergence theorem that

1
» 1
lim su (/ / lu(y) - uz(nf” dy dx)p =0. O
-0 ae]R"’ +(a) J Br(a) ‘y x‘

Remark 2.5. Whereas the proof of lemma [2.4| seems to cover the range p € [1,+00) with
sp = m, it turns out that when s > 1 the Gagliardo seminorm defined in (1.15) is finite
only on mappings that are almost everywhere equal to a constant on each connected
component of M.

Proof of theorem [2.1|when M = R™ and sp = m. We define for each ¢ > 0, the function
ue € C*(R™,RY) by setting for each x ¢ R™,

W= [ pwutr-en ay,

where ¢ € C°(R™), ¢ > 0 and supp ¢ c B1(0). By classical properties of Sobolev spaces,
ue »> uin WP(R™,R") as ¢ > 0 to u.
By lemma 2.3] we have for every ¢ >0

dist(ue, N) < Cy sup ][ f [u(y) - u(x)| dy dx, (2.2)
= () =(a)

aeR™

and thus by lemma [2.4] we deduce that

hm ess sup dist(ue(x),N') = 0. (2.3)
20 xeRrm
We conclude by lemma [2.3]as in the proof of theorem O
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2 Supercritical and critical Sobolev mappings

Problem 2.3 (%K), Prove theorem when sp =m on M = R" by taking ¢ to be the
Poisson kernel.

Problem 2.4. Give an example of map u € W™ (M, N), which cannot be strongly
approximated by smooth maps.

Problem 2.5. Give an example of map u € W**(M,N') with sp = m, which cannot be
strongly approximated by smooth maps.

2.2 Homotopy

In the classical setting of continuous map, to maps u,v € C(M,N) are homotopic if
there exists a map H € C([0,1] x M,N) such that H(0,:) = u and H(1,:) = v. The
homotopy is an equivalence relation. Equivalently when M is compact, there exists a
continuous map H € C([0,1],C(M,N)) (where C(M,N)) is endowed with the norm
of the uniform convergence) such that H(0) = u and H(1) = v. If N is compact, there
exists 6 > 0 such that if u,v € C(M,N) and if dp(u,v) <6, then u and v are homotopic.

We consider the question about homotopy in Sobolev spaces, that is whether two
given maps u,v € W (M, N') can be connected by a continuous path in W (M, N).

The first result states that any supercritical or critical Sobolev map can be connected
to a continuous map. That is there are not more Sobolev connected than there were
continuous connected components.

Proposition 2.6. If sp > m, then every u € W**(M,N), is connected continuously in
WP (M, N) to a map in (C* nWP)(M,N).

Proof. The proof goes as the proof of theorem by letting £ > 0 be the homotopy
parameter. ]

A second fact is that any supercritical or critical Sobolev map is surrounded by a
neighbourhood of Sobolev maps belonging to the same connected component.

Proposition 2.7. Every path-connected connected component of W (M, N') is open.

In contrast with continuous maps between compact manifolds, we have no uniform
quantitative information on the size of the neighbourhood when sp = m.

Proof of proposition We follow the proof of theorem 2.1} Given u € W¥ (M, N'), we
observe that there exists ¢ > 0 and a neighbourhood U of u such that any v € U/ satisfies

esssup dist(ve(x),N) < 5—N
xeM 2

We have then for every x € M,

1

lo(x —ey) —u(x—ey)|dy < Cs (/ |v—u|P)P.
x) M

Sm(l—%)

06 () — ()] < Cz][

Be
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2.3 Extension from the boundary

Thus for fixed € > 0, if we assume that u and v are close enough in L¥ (M, N), then we
have everywhere on M,

)
|ve — 1g| < TN
We conclude by combining a homotopy from u to u,, a homotopy from u, to v, and a
homotopy from v, to v. O

Proposition 2.8. If sp > m, then u,v € (CnWP)(M,N), are connected to each other in
WP (M, N) if and only if they are connected to each other in C(M,N).

Proof. This is done by applying the construction of theorem to smoothen the
continuous homotopy. ]

2.3 Extension from the boundary

2.3.1 Local extension

The application of the classical trace theory shows that traces of mappings in W# (M x
1
[0,1], V') on M x {0} lie in the fractional space W' »* (M, \).

1
Proposition 2.9. If p > m = dim M + 1, then for every u € W' (M, N), there exists a map
U e C®(Mx(0,1], N)n WP (M, N), such that tr g0y U = 1t on M x {0} ~ M. Moreover,
there exists a constant C > 0 such that

EVP(U) < CETVP (u)(1+E 77 (u)7 7).

Proof. By the classical linear theory of extensions, there exists a function V € C*°(M x
(0,1], RY) n W' (M, R") such that tryg oy V = u on M x {0} ~ M. Moreover

EVP(V) < CLEVH ().

By the Sobolev—Morrey embedding, we have for almost every (x,t) € M x [0,1]

dist(V(t,x), M) V(1) - u(x)| < Gt 7 (E9(V))7 <3177 (€757 ().

p
Tz min(l, (%)l ln)
Cs& vP(u)r

then V([0,7]) € N + Bs,,. We conclude by defining U : M x [0,1] - N for almost every
(x,t) e M x[0,1] by

If we define

U(x,t) = TI(V(x,Tt))
and by observing that

< C451_%’p(u) max(l,é‘l_%"’(u)ﬁ). 0

Lp
gy < 2V
TP
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2 Supercritical and critical Sobolev mappings

Problem 2.6 (X X). Prove proposition 2.9/ on a compact manifold.

Proposition 2.10. Assume that dim M = m —1. For every u € Wl‘%’m(/\/l,/\/'), there exists
amap UeC®(Mx(0,1],N)n WY (M, N), such that traguqoy U = uon M x {0} ~ M.

Proof. We assume that M = IR". By the classical linear theory of extensions we can
define an extension

V= [ ute-me dy,

where ¢ € C(R™), supp¢ c B1(0), ¢ > 0 on R” and [. ¢ = 1. By the classical
linear trace theory, we have V € C*(M x (0,1],R") n W'?(M,R") and trapoy U = u
on M x {0} ~ M. By lemma and by lemma there exists T € [0,1] such that
V([0,7]) € N + B;,,. We conclude by taking

U(x,t) = TI(V(x,Tt)). O

Problem 2.7 (%K), Prove proposition 2.9/on a compact manifold.

In contrast with proposition proposition does not come with any estimate.
This comes from the fact that 7 is defined in the proof through lemma 2.4 which is based
on Lebesgue’s dominated convergence theorem. The control given by this proof would
be in terms of the modulus of integrability of the Sobolev energy density; this would
imply uniform control on compact subsets of W7 (M, N'). We will see later on that there
is no quantitative control when the homotopy groups 711 (N), 2 (N), ..., 1, (N) are not
all finite. One way to bypass this lack of control would be to lower the requirement on
the integrability of the gradient to a Marcinkiewicz weak L™*! condition [PR14,PVS17].

2.3.2 Global extension

We now consider the extension problem from the boundary of a manifold.

Proposition 2.11. If p > m = dim M, then for every u e Wlf%’p(aM,N), the following are
equivalent

(i) there exists a map U € (C*° n WY™) (M, N), such that tryp, U = u on OM,

-1
(ii) u is homotopic in W' (0M, N) to the restriction of a smooth map.

In the continuous case, this corresponds to the homotopy extension property: if
u € C(oM,N) is homotopic to V| for some V € C(dM,N), then u = U|yp for some
U € C(M,N') which is homotopic to V on the manifold M.

Proof of proposition We first apply proposition 2.9 or proposition to extend u
to a neighbourhood of d M. Since this extension is smooth far from the boundary, we

apply classical differential topology techniques to extend this map inside M.
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2.4 Lifting

Conversely, if u = tryy; U, then there exists a sequence of maps (Uy) e in C* (M, N)
converging to U in W"(M,N). By the continuity of the traces, the sequence

1
(troa Up)en converges to u in WP (oM, N') and thus by proposition u is con-
1
nected in W' 77 (9 M, N) to the restriction of a smooth map Uy € C*(M,N). O

Problem 2.8 (X k%), Prove proposition 2.9 on a compact manifold.

When p > m, it is possible to prove by a compactness argument that the extension of
proposition can be taken to be bounded on bounded sets [PVS17]. More explicit
estimates should be connected to quantitative homotopy theory [?Gromov_1996}FW13].

2.4 lifting

Definition 2.12. Let A/ and A be Riemannian manifolds. The map 7: N — A is a
Riemannian covering whenever 7 is a local isometry.

In particular, if p = inj(N') denotes the injectivity radius of the manifold /, then for
every iy € N is an isometry on the geodesic ball B, (/). This means that for every y € NV,

n'(By(y)= U Bo(®,

yen ' (y)

that is 777 (B,(y)) can be written as a union of open sets on which 7 is a homeomor-
phism.

It is a classical fact from homotopy theory that if the manifold M is simply connected
then for every mapping u € C(M,N') there exists a mapping # ¢ C(M, ') such that
u = 7t o i [Hat02, proposition 1.33].

Proposition 2.13. Let 7t : N' - N be a covering map. If N is either compact or a Euclidean
space, if sp > m and M is compact, if M simply connected and either M is compact or s =1,
then for every u e WP (M, N'), there exists i € W¥ (M, N') such that u = 77 o 1.

The role of the assumption that A is either compact or a Euclidean space is to have
simply defined Sobolev spaces.

Proof of proposition when s =1 and p > m. By the Morrey-Sobolev embedding, we
can assume that u is continuous. By the classical lifting theorem, there exists a map
il e C(M,N) such that 7t o i = u. Since 7 is continuous and since by definition 7 is
local isometry, it follows that locally we have that i is weakly differentiable and

EVP () = EVP (u). O

Proof of proposition when s =1 and sp > m. By the fractional Morrey-Sobolev embed-
ding, we can assume that the map u is continuous. Since M is simply-connected, by
the classical lifting theorem, there exists a map # € C(M, N') such that 77 o i = u.
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2 Supercritical and critical Sobolev mappings

By the Morrey-Sobolev embedding, there exists a constant C; > 0 such that if
rPTMESP (1) < C,

then diam(u(B,(a))) < inj(N) for every a € M. Hence, diam(#(B,(a))) < inj(N') for
every a € M and for every x,y € M such that da(y, x) < r, we have d g (u(y),u(x)) =
da(u(y), u(x)). We have thus

[ AEDII L sy,
y dx.
dp(y, x)"sp dp(y, x)"sr
(x,y)eM? (xy)eM?
dp(yx)<r dpm(xy)<r
It follows then that u € W*? (M, N). O

Proof of proposition when s =1 and p = m. By theorem there exists a sequence
(uj)jen that approximates u in WL (M, N). Since u; is smooth, there exists if; such

that 7t o ; = u;. If N is a Euclidean space, then 7 is the universal covering of the
compact manifold A/, and we can choose the ujin such a way that

0
]
//\/l

As in the proof of the case s =1 and p > m, we have

gl,M(ﬁ'j) _ gl,M(u]').

<G,.

Since M is compact, the sequence # converges then in measure to some ii. O

Proof of proposition when s € (0,1) and sp = m. Since u € W¥? (M, N), there exists a
map V € C*(M x (0,1),R") such that

DV (¢, x)[” ,
// gy dtdv< &),
Mx[0,1]

trapwqoy V = u and U(t, x) is obtained by integration of u on Bf(x) [MR15; Maz11}
theorem 10.1.1.1]. It follows from lemma [2.3] and lemma 2.4 that when T > 0 is
small enough we have V(M x [0,7]) c N + B(sN(O). We defme then U: Mx[0,7] by
V 271 0 V| px[0,]- We have

|DU(t x)|P |DV(t x)|P
// (o dtdx < C3 A(op dt dx
Mx[0,7] Mx[0,7]

Since U is smooth on M x (0,1) and M x (0,1) is simply connected by the simple-
connectedness of M, there exists U € C=°(M x (0,1),N) such that 77 o U = U and we

have
\DU(t x)|P [DU(t, x)|P
// (-9 dt dx = // Gp S) dt dx.

Mx[0,7] Mx[0,7]
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2.4 Lifting

Moreover, by the Holder inequality, we have for every compact subset K c M,

1 _1
p 4 P
DU ) 4, 1 dtdy| <o
+1- (1 s)p 1-SP
t r1
x[O,T]

Hence for almost every x € M, we set ii(x) = lim;o U(x,t). By classical weighted trace
theorems, we have il = tr v, oy U € WP (M, N). O

Proposition 2.14. Under the assumptions of proposition there exists a countable family
of liftings (ﬁﬂ)ﬁen—l(b) in WP (M, N') such that for almost every x € Q, 7™ ({u(x)}) is the

disjoint union Uy, __, ®) {ti(x)}

Proof. Let U € C*(Mx (0,1),N) be given as in the proof of proposition Since M
is connected and simply-connected, there exists a family (Uy);, 7-1(b) of smooth liftings
such that for every (x,t) e M x (0,7), 7 }(U(x,t)) is the disjoint union {ljlg(x,t) |De

71 ({b})}. We then set i 5(x) =lim; o LI O

Proposition 2.15. Assume that sp > m and that M is connected. If ,7 € WP (M, N'), then
either 1 = U almost everywhere or il + U almost everywhere.

Proposition is a particular case of proposition 3.9 below, that covers the case
sp > 1. We give a direct proof in the spirit of the present section.

Proof of proposition Since the covering map 7t is a local isometry and since the
manifold N is compact, there exists 6 > 0 such that if 77(y) = 71(z) and dp(y,z) <6
implies y = z. We choose a function 6 € C*°([0,+0c0)) such that (0) = 0 and 6 = 1
on [J,+00). We define f = 0(dar(u,v)). By the chain rule, f ¢ W¥"(M,{0,1}). By
theorem [2.1{applied to the O—dimensional Riemannian manifold {0,1}, f is the limit of
constant functions. Since M is connected, we either have f = 0 almost everywhere on
M or f =1 almost everywhere on M. O

Proposition 2.16. Assume that T ¢ M is a connected submanifold and dimTI" = £. If u €

WY (M,N) and 7 € Wi w"(T,N), and trru = 71 o T, then there exists il € WY"(M,N)
such that u =1 o and trr i =7 on I.

Proof. We consider the liftings given by proposition We claim that there exists i
such that trr iy, = .

Indeed, assume that K ¢ V is compact and that 77 is a homeomorphism on every
connected component of 777(K). Then there exists an open set G such that K c G c A/
such that 77 is a homeomorphism on every connected component of 777!(K). Let ¢ € C!
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2 Supercritical and critical Sobolev mappings

be such that ¢ >0 on G and ¢ =0 on M \ G. There exists a family @5 in C] (N) such
that 3 1(1y) X7 = X © . We have then for every den '({b}),

2. Xgelg=xou
Ben (b))

This convergence holds in W37 (M, N'). Indeed, if s = 1, we have for every subset
Fcrn'({b}) Dff| < C4|Diiz} almost everywhere, where fr = 7 x50 il7; if 0 <s <1,
we have for every x,y e M, |fr(y) - fr(x)| <d g (ii:(y), i5(y))-
Thus we have
E Xa“otrrﬁ'5=xotrru,
berr~1({b})

from which it follows that for almost every x ¢ (trr )™ (G), 777 (trr u(x)) = {trr il | b €

T ({b1)}- N

Problem 2.9. XX For M = B" and 7 : R — S' defined by 7(t) = (cost,sint), show
that when sp = 0 there exists a sequence of smooth maps (i;);an in C*(5",R), such
that
£ (i) > oo
and
| £°7 (i)
limsup ——————= >0.
j—oo 554’(7'[ o L’\[’])E

2.5 Comments

Approximation

The fact that when sp = m, the observation that approximations by convolution are
close to the target manifold goes back to the seminal work of Schoen and Uhlenbeck
[SU82, §3;SU83, §4].

For the approximation problem, when the target manifold /V is not assumed to be
compact, then additional restrictions on the target manifold appear in theorem [2.1/in
the critical case sp = m [HS14, BPVS17].

Homotopy

The homotopy classes of Sobolev mappings have been well studied for W*?(5",5™),
where they are related to the topological Brouwer degree. The degree of maps in
W'2(8?,5?) was studied by Brezis and Coron [BC83] (see also [Bre85]) in the context

of harmonic maps. The degree was defined for maps in W%'Z(Sl, S!) in the context of
Ginzburg-Landau equations [BAMBGP91] (see also [BBH94]). The general theory of
Brezis and Nirenberg treats all the critical and supercritical Sobolev maps as maps of
vanishing mean oscillation (VMO), for which a degree can be defined [BN95|BN96].
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2.5 Comments

Extension

The extensions in the supercritical case where obtained by Bethuel and Demengel
[BD95, theorems 1 and 2].

Lifting

Bethuel and Zheng have proved the existence and uniqueness of liftings for maps
W12(B?,R) [BZ88, lemma 4]. When sp > m, liftings have been constructed for maps
in WP (B™,S%) [BBMOO, §2] by relying on iterated extensions in Sobolev spaces; the
same method was used to construct liftings for maps in W*?(BB", N') when sp > m by
Bethuel and Chiron [BC07, theorem 3 ii)]. We present here the method developped
by Petru Mironescu, Emmanuel Russ and Yannick Sire to cover the Besov spaces for
subcritical dimensions [MRS].
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3 Topological obstructions

3.1 Density of smooth maps

We consider the question of the density of the set C*° (M, N') of smooth maps in the
Sobolev space W (M, N).

Proposition 3.1. If p < m and if the set C*° (M, N') is dense in the space WP (M, N'), then
the restriction operator F € C(BP*U, N) > Flg,y € C(SIP), N) is surjective.

Here and in the sequel |p| denotes the integer part of the real number p € R:

|pl=sup{keZ|k<p};

it is characterized by the conditions that [p| e Z and |p| <p < |p+1].

In the language of algebraic topology, the necessary condition for the density of
smooth maps is that the | p|-th homotopy group 71, (N) of the target manifold N is
trivial: 7|,|(N') ~ {0}. This way of expressing the condition is a handy shortcut, but
might suggest the interaction with the group structure which does not appear in the
long run and obfuscate the more fundamental role of obstruction theory.

The necessary condition for density of proposition only involves the target
manifold N. It will appear later that in general the condition does involve extensions
from general | p|-dimensional skeletons contained in the domain manifold M (see ??
below); when the topology domain manifold M is simple enough, it turns out that
there is no additional obstruction to the density of smooth maps.

Lemma 3.2. Let me N, p € [1,+00) and u : B™ — S™! be defined for each x e B" « {0} by

u(x) = %

Then u € WYP(B™,8"1) if and only if p < m.

Proof. Since when m =1, the map u is discontinuous and cannot be weakly differen-
tiable, we assume henceforth that m > 2.

Since the map u is smooth in B™ \ {0}, u is weakly differentiable on B \ {0} and
for every x e B" \ {0} and h ¢ R",

Du()[h] = 7 - .
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3 Topological obstructions

In particular, we have for every x € B \ {0},

IDu(x)| = \/tr(Du(x)* o Du(x)) = —’|’;|‘1

(we are using the canonical Euclidean norm on linear mappings, also known as Frobe-
nius norm or as Hilbert-Schmidt norm). We then have

14
/ |Du|p :/ M dx/
B~ {0} m |x’p

which is finite if and only p < m. This condition is then necessary and sufficient to
have u|gn. oy € W'/ (B ~ {0},5™"). By proposition this is equivalent to have
ue Whr(B™,8m 1), O

Proof of proposition 31| when M =B™ and m-1<p <m. Let f ¢ C(§8"',N). By stan-
dard approximation of continuous maps by smooth maps, the map f is homotopic to
some smooth map f € C*(S"1, \).

We define the map u : B" - N for each x ¢ B" \ {0} by

u(x) :f(i) (3.1)

[«

By lemma the smoothness of f and by the chain rule for Sobolev mappings, we
have u e WP (B"™,N) for every p € [1,m).

We assume now that the sequence (u;)jon of maps in C*°(B™, V) converges strongly
to the map u in the Sobolev space W?(IB™, ). By integration in spherical coordinates
and Fubini’s theorem (or by the coarea formula), we have for every j e N

1
/ |Duj —DulP + |uj - ulP dL™ = / / [Du; —Dul” + |uj - ul’ dH™ 1 dr.
B™ o Jen-1
In particular, up to a subsequence, for almost every r € (0,1), we have

lim [ [Duj~Dulf +[u; - u” dH" ™ = 0.

j— 00 m-1
Iind S

If p > m -1, this implies by propositions 2.7 and [2.8| that when j € N is large enough
the maps u|g1 and ujlgu-1 are homotopic as continous maps from sm-lto N. By

assumption, the map u|g.-1 has an extension to B~1. By construction, this means that

f is homotopic to the restriction of a continous map from B™ to V. By transitivity of
homotopies, the map f is also homotopic to this restriction. In view of the homotopy
extension property, the map f is the restriction of a continuous map from B” to N. [

Remark 3.3. When M = B" and m -1 < p < m, the topological obstruction already arises
for the approximation of maps in C**(B"™ \ {0}, N') n WL (B™, \).
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3.2 Extension from the boundary

The proof of proposition [3.1] gives a formula to construct a Sobolev map that
cannot be approximated by smooth maps.

Proof of proposition 3.1 when M = 8™ and m -1 < p < m. We proceed as in the case M =
§" and m -1 < p < m, except that we define the map u : 5" - N for each (y,z) € S" c
R" xR by

uw.2) = ()

The proof continues as previously. O

Remark 3.4. When M =B" and m -1 < p < m, the topological obstruction already arises
for the approximation of maps in C*°(S" \ {ey+1, —€m+1},N), where ;.1 = (0,...,0,1) €
S™" c R™*! is the (m + 1)-th vector in the canonical basis of R"*!. Equivalently, the map
is smooth except at the south and north poles; such a map is called a dipole.

Proof of proposition [3.1)in the general case. We choose a point b ¢ Slr+1l and let # be the
function constructed in the proof on the sphere SLP*. We consider a mapping ¥ : M —
Slp+1l 5 gm-lp+1] such that ¥ is a diffeomorphism on ¥~ ((SIP*1 < {b}) x §"-1P+1]). We
then define u = 1 o P o ¥, where P : SlP+1 x §m-lp+1] _, glp+1] is the canonical projection
defined for each (y,z) €SPl x "Ll by P(y,z) = y. Since the map # is smooth in a
neighbourhood of b, it follows that u € WLP(M,N). By Fubini’s theorem, if u can be
approximated by smooth maps, then . O

Remark 3.5. The proof shows that the map is constant outside a solid torus BLP*1) x
§"-1P+1); the map constructed when the topological condition is not satisfied is smooth
outside two sets diffeomorphic to two spheres S~ 1P*1l. When |p+1] = m, the two
corresponding points form a dipole.

Problem 3.1 (% ). Write a detailed proof of proposition 3.1 when M is a general
manifold.

Problem 3.2 (X). Explain where it is used in the proof of proposition 3.1{that p < m.
Problem 3.3 (X&), State and write proposition |3.1{ for W*? (M, N') when s € (0,1),

pe[l,+o0) and sp < m.

3.2 Extension from the boundary

We consider now the question of the extension of Sobolev mappings, for which we
have a similar restriction.

Theorem 3.6. Let 1 < p < m. If every map u € W=YPP(QM,N) is the trace of some map
U e WYPP(M,N), then the restriction operator F € C(BPI, ) Flgip1) € c(slr-1, N).
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3 Topological obstructions

Equivalently, if the trace operator is onto then the homotopy group 7|,_1(N) is
trivial. When p € [1,2), the necessary condition is that the target manifold N should be
connected.

We will see later that other obstructions appear on lower-dimensional spheres as well
(see chapters [f|and [7]below); this other obstructions are appear for quantitative reasons
rather than qualitative reasons presented here.

The proof of theorem (3.6 relies on the fractional counterpart of lemma

Lemma 3.7. Let m € N, s € (0,1), p € [1,+00) and u : B" — gm-1 pe defined for each
x e B" ~ {0} by
u(x) = X
x|
Then u € WS (B™,S™1Y if and only if sp < m.

In view of the fractional Gagliardo-Nirenberg interpolation inequality proposition
lemma 3.2 implies the sufficiency part of lemma 3.7l when sp € (1,m) and hence, since
the domain B" is bounded, for sp € (0,m). We give a direct proof of lemma

Proof of lemma 3.2 We have
EP(u) = // [u(y) - ltlnsfp)'p dxdy=2 // u(y) ~u()P dy dx. (3.2)

’y x|m+sp
xB™ (x, y)E]BmX]Bm
|x|<[y]

For every x,y € B" \ {0}, we have by the triangle inequality
u(y) —u(x)] < u(y)] +[u(x)] = 2; (3.3)

if moreover |x| < |y|, then we have

| ( )_ ( )| __1 ‘y|x|_x|y|‘
yl 1] [yllx] (3.4)
bl x| —al] - x|
[yl [yllx] x| 1yl x|
We estimate then by (3.3]
[u(y) —u(x)|”
// m+sp d dx < // | |m+sp dx
i YT G
x,)eB" x x,y)eB" x
y\x|S|y| y|x\<\y|
ly—x|>|x] ly—x[x|
dy dx (3.5
|Z|m+sp
(x,z)eB™xR™
|z[>[x|

1
< C1/ dx < +o0,
B |xX[*P
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3.2 Extension from the boundary

since we have assumed sp < m. On the other hand, we have by

() - w0l zP
|| e avars [ ey v

(x,y)eB"xB™ (x,y)eB™"xB™
|x1<[y] ly—x]<[x|
ly—x|<[x|
// 2 dz dx (3.6)
|x|P|z|m—(1—S)P
(x,z)eB"xR™
|z[<lx]

1
< Cz/ dx < +oo,
B | X[°P

since s <1 and sp < m. By (3.2), (3.5) and (3.6) we conclude that u € W*?(B",IR™).
For the other direction, we have for every r € (0,1), since u is homogeneous of degree
0 and since u(x) # u(y) for almost every x,y € B" x B",

Iu(y) u(x)” Iu(y) u(x)”

IBW[XIBHI
- u(ry) - u(rx)|”
_ pmsp // ] dx dy (3.7)
]BWIXIBVH
m sp |1/l(y) M(X)|p dx dy/
y x’m+sp
This implies that 1 > "~ for every r € (0,1) and thus sp < m. O

Proofoftheorem.when M=B"1x[0,1)and m-1<p<m. Let f e C(S"2,N). By
classical approximation, f is homotopic to some map f € C*®(S"2,N). We define
the map u : B""! — A\ for x e B"1 \ {0} by

u(x) =f(%|)- (3.8)
Since p < m, by lemma [3.7|and the composition of fractional Sobolev maps by Lipschitz
continuous maps, we have u € Wl_%’p (B™1,N).

We assume now that u = trgu-1,0y U on B! x {0}. By density of smooth maps in
WLP(B™1x[0,1),IR"), there exists a sequence of smooth maps (V)jen in C*™ (B™1 x
[0,1],RY) such that

/ DV, -DUJ +|V; - U|f <277
Bm-1x[0,1)
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3 Topological obstructions

By spherical integration and by Fubini’s theorem, we have for every j € N,

1
/ / IDV; - DUJP +|V; - UJP dH" ™
0 JS1nR"

s/ DV, -DUP +|V; - U|P <27/
]Bm_1><[0,1)

By Lebesgue’s monotone convergence theorem, it follows thus that for almost every
re(0,1),

lim / / IDV; - DU +|V; - U|f dH" " = 0.

]—)

[01] 8y 1nRY
Since by assumption trgm-1,0y U = u, we have by the classical trace theory that
(Vilprn-14{0y)jeN converges to u in LP(B™1,R") and thus for almost every r € (0,1),
trszrn—l x0 u|5:jln]RT = u|szn—1xo.
By proposition it follows then that u[g2, (0} is homotopic in wi-1/pp (S;”‘v2 X

{0}, ) to the restriction of a smooth map. By proposition this implies that f is
homotopic in C(5"2,N) to the restriction of a smooth function from B"! to A" and

thus by transitivity of homotopies and by the homotopy extension property the map
f e C(S"™2,N) can be written as F|gu— for some F € C(B"~!, \). O

3.3 Lifting

We now describe local obstructions to lifting.

Proposition 3.8. Let 71 : M — M be a Riemannian covering. If 1 < sp < m = dim M and
every map u € WP (M, N') has a lifting, then every map f € C(S',N) has a lifting.

In many cases, is known that there exists maps f € C(S!, ) that have no lifting:
m:R' - S, m:RP" - S", r: U(2) - SO(3).

In order to establish an obstruction it is useful to know that the lifting is essentially
unique.

Proposition 3.9. Assume that M is connected, that s € (0,1], p € [1,+00) and that sp > 1.
For every 1,7 € WP (M, N), if T o il = 7T o T almost everywhere in M, then either = T
almost everywhere in M or © + U almost everywhere in M.

Proof of proposition 3.9 for s = 1. Since 7 is a local isometry and A is compact, there
exists 0 > 0 such that if 77(y) = 71(z) and dar(y,z) < 6 implies y = z.

We define the function f: M — R for x e M by f(x) = dp(u(x),v(x)). By compo-
sition of Lipschitz maps with Sobolev mappings, f € W'"*(M). We observe that for
every x € M, f(x) € {0} n[J,+o0). We choose a function 6 € C*([0,+o0)) such that
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3.3 Lifting

6(0) =0 on [0,6/3] and 6 =1 on [26/3,+0). By the chain rule for Sobolev functions,
0o fe W'P(M,{0,1}) and for almost every x € M,

ID(6 o ) (x)] = |6"(f (x))IDf (x)] = 0.

Since the manifold M is connected, the function 6 o f is almost everywhere equal
to a constant, and thus either 0 o f = 0 almost everywhere on M and then & = ¥
almost everywhere on M, or 6 o f =1 almost everywhere on M and then u # 7 almost
everywhere on M. O

The proof of proposition [3.9in the fractional case relies on the following property:
Lemma 3.10. Let () c R™ be convex and A c Q) be measurable. If

1
———— dy dx < +o0,
/QﬁhAW—xw” s

then either L™ (A) =0o0r L"(QNA) =0.

Proof. We have by addidivity of the integral and by the change of variables z = <.

1
W dy dx
(xy)eAxONA
1 1
= ——dyd ——dyd
A=A =T
(x,y)eAx(ONA) (x,1)eQx(ONA)
XTWEQ\A XTWEA
1 1 1 1
= 5 // —|z T dz dx + 5 // —Iy e dy dz
(x,2)eAx(ONA) (zy)eQx(ONA)
2z—-xeONA 2z-yeA
1 1 1 1
- — ~ _dydx+- —~_dydx,
2 // |]/_ x|m+1 ydx+ 2 [/ |]/ — x|m+1 yax
(xy)eAxONA (x,y)eAx(ONA)
2y—-xe(NA 2x-yeA

Since the integrals are finite, this implies that for almost every (x,y) € AxQ\ A, we
have 2y —x e O\ A and 2x -y € A. Assume now that L"(A) > 0. Then, one has for
almost every y e QN A, 2y —x € O\ A and hence L"(Q~ A~ (%((Q N A)+x))), which
implies that

LTMAONA) <27 LN A)

and thus L"(Q\ A) =0. O

Remark 3.11. If we assume for some « € (0, +o0) that

/ / _ dy dx < +o0 (3.9)
AJasa ly— x|
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3 Topological obstructions

and if & > 1 we reach the same conclusion. When « > 1, this can be proved by noting
that by boundedness of the set O, |y — x|"** < diam(Q)*!|y - x| or by noting that the
same change of variables, results in the inequality

// ]/ x|m+1 // ]/ x|m+1 dy dx
(x,y)eAxONA (xy)eAxQ\A

which implies immediately that the integral should be 0. When a < 1, holds for
any set A c () that has a smooth boundary.

Proof of proposition |3.9|for s € (0,1). We define the set
Az{xeM]|i(x)=7(x)}.
We observe that for every x,y € M, we have by the triangle inequality,
A (T(), T)) < dgp (W), T(x)) + dg (7(x), 5(x) + A (3(x), 7))
and thus, if if x € A and y e M \ A then d & (i(y),o(y)) 2 p and #(x) = 9(x) and thus
pF < 2P dge((y), 1(x)) + d g (3(x), 5(y))")-
If s € (0,1), we have then by definition of the Gagliardo energy

1
— dydx
/A/M\A dpm(y, x)"m*sp Y

2 // dg (@), 7)Y // 1@, 7)) |
A (y, %)™ d(y, e
< +00.
Therefore by lemma since sp > 1, for every B,(a) c M, either & = ¥ almost
everywhere in B,(a) or i # U almost everywhere in B,(a). O

When sp < 1, the uniqueness of the lifting fails.

Proposition 3.12. If sp < 1 and M is connected and 7w : N' — N is not injective, there exists a
map U € WP (M, N') which is not constant and such that 7t o U is not constant.

Proof of proposition when M = B™. By assumption, there exist @,b ¢ A/ such that
rt(a) = t(b). We define
ax) =2 i |x| <2
b if 3 <x| <1
We have
d p
mxpm |y — x|’”+SP n Jmapr, |y —x["P

1/2 1/2
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3.4 What abouth the homotopy problem?

We estimate

1
d dx</ / dy dx
/m /m\]Bm |]/ x|m+5p Yy " "'\Bl/z 4@ |y x|msp Y

1/2 1/2
<C —d
’ /113'1"/2 (T-2fr 5

since 0 <sp < 1. O

Lemma 3.13. If i e W5 (M, ) and if 7T o u € C(M,N'), then il is almost everywhere equal
to a continuous function i’ € C(M,N').

Proof of lemma Since continuity is local, it is sufficient to prove that # is almost
everywhere equal to a continuous map at a neighbourhood of any point.

Let a € M. Since 7t o U is continuous, there exists v > 0 such that 7t(u(B;(a))) c
By (7t(ii(a))). Since B;(a) is connected, there exists a countable family of continuous
maps ()5, .1y Such that 7t o 7 = 7 o if and for every x € By(a), = (r(i(x)) =
{15 (x) | b e 1({b})}. Since 7 is a local isometry, 5B, (a) € W*?(B,(a), N) for every
be 1 ({b}). Hence by proposition there exists b € 171({b}) such that i = i; almost
everywhere in the ball B,(a) and the conclusion follows. O

Proof of proposition when M =B2 Let f € C(S!,N). By standard approximation, f is
homotopic to some f € C*°(S!, N'). We define for each x € B>\ {0},

u(x) = f(x/1x).

Since sp < 2, we have u € W¥*(B?, ) (lemma if s=1and lemma3.7/if 0 < s < 1). If
u = 77 o i, then by lemma we have i € C(B*~ {0}, V) and hence the map f has
a continuous lifting and thus by the homotopy lifting property, the map f also has a
continuous lifting. O

3.4 What abouth the homotopy problem?

We end this chapter, with a brief explanation about why we do not consider the
homotopy problem.

Proposition 3.14. For every s € (0,1], p € [1,+00) and N, every map u € W (B, N) is
homotopic in W3 (B, N') to a constant map.

Proof. Let a e B™ be a Lebesgue point of the map 1. We define then for every t € [0,1]
and x € B",
H(t)(x) =u((1-t)x +ta).

We have for every x ¢ B, H(0)(x) = u(x) and H(1)(x) = u(a). Moreover, H «
C([0,1], WsP(BB™,N'). O
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3 Topological obstructions

3.5 Comments

3.5.1 Approximation

The necessary condition of proposition 3.1 was observed by Schoen and Uhlenbeck on
a ball [SU83| §4] (see also [BZ88, Theorem 2]) and extended by Bethuel to a general
domain [Bet91], Theorem A.0].

The fractional counterpart of proposition 3.1y was proved by Escobedo when M =B™
[Esc88|, Theorem 3].

3.5.2 Extension

Theorem [3.6|is due to Robert Hardt and Lin Fanghua [HL87, §6.3] with a proof relying
on singularities of p~harmonic extensions (see also [BD95, theorem 4] for a proof using
the density of maps that are smooth outside a small-dimensional set).

3.5.3 Lifting

Proposition 3.8 when 7 : R - S! is due to Jean Bourgain, Haim Brezis and Petru
Mironescu [BBMO1, (4.2)]. The case where 7 : N - A is a universal covering or
7 :S; ~ Sl is k—tuple covering of the circle due to Fabrice Bethuel and David Chiron
[BCO7, lemma 1, theorem 3 i) and proposition 3 i)]. In the case of liquid crystals
t : RP" - §", proposition has been proved by John Ball and Argir Zarnescu
[BZ11, theorem 2].

The uniqueness of the lifting when 77 : R — S! is due to Jean Bourgain, Haim Brezis
and Petru Mironescu [BBMO01, Appendix B]. For the projective space, in connection
with liquid crystals, proposition [3.8| has been proved when s = 1 by Ball and Zarnescu
[BZ11, proposition 2] and by Mucci [Mucl2, theorem 2.5].

When «a € (0,1), the double integral in eq. defines an a—fractional perimeter (see
for example [PS17;|CSV15; FMM11; FS08, (4.2)]).

Lemma is originally due to Jean Bourgain, Haim Brezis and Petru Mironescu
[Bre02; BBM01, Appendix B]. Other proofs have been given since [DMMS08|]. We
present a proof inspired from Alireza Ranjbar-Motlagh.
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4 Singular retractions methods

4.1 Homotopic preliminaries

4.1.1 /-connected sefs
We will assume that the target manifold N is /-connected.

Definition 4.1. The manifold N is H—connected whenever for every j € {0,...,¢}, the
restriction operator F € C(B/*1, N) = F|g; € C(S/, ) is surjective.

A practical consequence is that if A c [0,1]**! is a union of lower-dimensional spaces,
the restriction operator F € C([0,1]!, V) = F|4 € C(A,N) is surjective.

For example, the sphere 5" is /—connected if and only if ¢ < n.

In the language of homotopy groups, a manifold N is /-connected if and only if
o(N) =~ - ~ my(N) ~ {0}. In particular, N is O—connected if and only if it is path-
connected; N is 1-connected if and only if it is path-connected and simply-connected.

By the Hurewicz theorem, if ¢ > 1, the manifold N is f—connected if and only if
N is connected and simply connected and for every j € {2,..., ¢}, the j—~th homology
group with integer coefficients is trivial H;(N,Z) ~ {0} [Hu59, corollary 11.9.2]. A
compact manifold N of dimension # is not n—connected: If the manifold A is connected
and orientiable, and if n = dim N, then H,(N,Z) = Z and N is not n—connected
[Spa66, Exercise 4.E]; in general if AV is connected, then H,(N,Z/2) ~ H,(N,Z)® Z ]2 ~
Z)2.

4.1.2 Euclidean space as a cubical complex

In order to exploit the /—connectedness of the target manifold N, we will endow the
space R into which N is embedded with a cubical complex structure.
We consider a decomposition of the Euclidean space R” into cubes of edge-length
7€ (0,+00)
cy e {nk+ 4,51 ke 2"}

and we consider the set IC% of /—dimensional faces of cubes of QW' The realization of

the complex is
Ui, U e
QelCé

We have immediately the inclusions

n(z+31) =UKS cUK) - c UKy e UKy =R
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4 Singular retractions methods

We also consider the dual decomposition
Ly ={Q+n(,...,3) | Qek}.
We observe that for every £ € {0,...,v -1}, Ule; N Uﬁg‘f‘l = @ and that the set U ICf; is
a homotopy retract of R" \ U EZ‘X‘l. We will use a quantitative version of this fact.

Lerz;x;lat4.2. For every £ € {0,...,v -1}, there exists a map ©} ¢ C(UKF' ULy, UK))
such tha

(i) for every Qe IC%”, one has ®£(Q N Uﬁz—é—l) cQ,

(i) for every y € UK, one has @f} )=y,
(iii) for every y e U ICf}*l U L‘Z‘/*‘l, one has [y, @5 (y)] c LJIC$+1 U 55‘6‘1,
(iv) the map @f] is locally Lipschitz-continuous, and for every y € U ICéJrl N E;_f_l,

Cry

DO’ (y)| < ,
DG, ) disteo (y,U £ 0T)

(v) foreveryje{v—4,...,v—1} and every y € UIC%” \ UEZ_K_l,

. ‘ A U : i
dlStOO (G)U (y), U [‘1’/ ) 2 dlstoo (y/ U ﬁ;;_é_l) dIStoo (y, U Er/ ) ‘

In particular for every Q € IC$+1 and for every je{v—-¢,...,v-1}

@f;(Q N Uﬁ%) c O~ L_Jﬁ{7
We have defined here for every y € R and A c R,
diste (y, A) =inf{|y - z|o | z€ A},
where for every v = (v1,...,0,) € RY, [0]o = max {|v1],...,[vy|}.
Proof of lemma We need to define @5 on Q~ E;‘F"l forQe IC,‘;”. We assume without
loss of generality that # =1 and that Q = [—%, %]“1 x {0}V~¢~1. We have then
QnLy = {0},
We define for every y ¢ Q\ U Ef]‘g‘l

! (y) £ =1—y.
(V) e

We conclude by observing that for every y € Q,

dlst(y, U EZ_E_l) = |y|o<>/
and that, more generally, for every je {v-¢-1,...,v-1} and every y € Q,

dist(y, Kj = i | OJ
ist(y, U '7) Ic{gl},rflJrl}nilee}X'yll
#l=v—j
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4.2 Extension for | p — 1|-connected manifolds

4.2 Extension for |p - 1|-connected manifolds

As a first result for /—connected manifolds, we have the existence of an extension from
the trace space for | p — 1|-connected manifolds.

Theorem 4.3. If p < m = dim M and if the manifold N is | p — 1|-connected, then for each
1
map u e Wl_ﬁ’p(aM,N), there exists a map U € WYP (M, N') such that tryp = u. Moreover,

EVP(U) < CEV P (u),
for some constant C depending on p, M and N.

In view of theorem the condition is necessary and sufficient when A is con-
nected and p < 3. For p > 3, the weaker condition 7,,_1)(N) =~ {0}1 is necessary
(theorem [3.6); we will see further that it is also necessary that the homotopy groups
(N, ..., T p—p)(N) are all finite (see theorem .

In the supercritical and critical cases p > m (proposition 2.9), lemma [2.2] provided a
smooth retraction on a tubular neighbourhood of the manifold A in the ambient space
RY. In the subcritical case p < m, there is no reason for which an approximation by
convolution, a homotopy or an extension should stay in this neighbourhood. One way
to overcome this difficulty is to define a retraction on the whole on IR™. This can still
be done when the manifold N is /-connected if one is ready to treat singularities of
codimension ¢ + 2 in the retraction map.

Proposition 4.4. Let { € {0,...,v—2}. If the manifold N is {—connected, then for every
p € (0,0n/2) and every y € (0,+00) small enough, there exists a compact set . c Uﬁz‘é‘z N
(N +Bj, )~ (N +Byp) and a map & € C(R" Z,./\/'+lBgN/2) such that

(i) for every y € N+ BY, one has ®(y) =y,

(ii) the map ® is locally Lipschitz-continuous and for almost every y € R" \ X, one has

C
D2 < gy

for some constant C > 0 depending on N,
(iii) the map ® is constant outside a compact subset of R".

Here d) is given by lemma 2.2]so that there exists a smooth retraction IT: N+ By ~—
N.

When N = 81 ¢ R*2, a mapping ® satisfying the conclusions of proposition
(except the constancy outside a compact set) is given for each y € R“*? \ X with X = {0}
by

1- .
ny if |]/| <1- O,
P(y) =1y ifl-p<|yl<1+p,

ﬁy if ly|>1+p.
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4 Singular retractions methods

Proof of proposition We define U = {Q € K},
if 77 is small enough, then

QcN+ B . /2(0)} and we observe that

/\wa]BZCUZ/{é U Q.

QeU

We define @ for each y € U by ®(y) = y.
We set

v={QeQlQnJU=g},

we choose b € N and we define ® for y e UV by ®(y) =b.
We set now for every j e {0,...,v},

W ={Qeky | Q¢ UUuvJV}.

We define for each y e UW°, ¥(y) = b.
We assume now that ¥ has been defined on UW for some jeA{0,...,v-1}. By

definition of ¢/ and V, the map Y is already defined on U ICZY. If j < ¢, we observe that
since the manifold N is a deformation retract of its tubular neighbourhood N + ]BgN,
the set N+ Bj ~is also {—connected. Thus by definition of {-connectedness and
classical regularization arguments, for every Q € Wi*!, we define ¥ to be a Lipschitz-
continuous extension of the boundary values. If j > £ + 1, we define for every Q e W/*!,

Yo oyt = Yo ®{1|Q\U cyt where @), was defined in lemma
The conclusion holds with X = U £""2\ (UU LU V). O

Problem 4.1 (X X). Show that one can take @ ¢ C>®(R"\X,N) such that for every
k € N, there exists a constant Cy such that for every y e R" \ %,

k Cy
D W< Gisrw,

Proof of theorem Let V e W' (M, RY) be an extension given by the classical linear
trace theory. Let IT: N +B; — N be the retraction given by lemma Let ¥ :

RV~ ULy s B, be given by propositionwith C=|p-1].
Since the function V is smooth in the interior of M, by Sard’s theorem and by the
implicit function theorem, for almost every & € R, the set V‘l(K - h) is a countable

union of (m - |p +1])—dimensional submanifolds of M and V is transversal to these
manifolds and thus the map ® o (V +h) is weakly differentiable.
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4.3 Approximation for | p |-connected manifolds

We set p = dpr/2 and we compute now the quantity

//|D(<I>0(V+h)—h)|’”g/ |DV|P/ IDII(V (x) + h)[P dh dx
5 Jm M BY

1
<c [ pvp dhd
: 1/M| | py dist(V(x) +h,Z)p &

Lylpl
gcz/ |DV|P/ ™ 4
M o 1P
<Cs / DVP,
M

since the set X c U TZ 11 45 4 union of convex sets of codimension |p +1]. There exists
thus a vector / € B}, such that ® o (V +h) -h e W' (M,RY).

Moreover, since h € ]BgN/Z, then ® o (V+h)-he /\/+]BgN in M and trypP o (V +
h) —h =u on oM. We conclude by setting U 21T o (® o (V +h) -h). O

Remark 4.5. As a consequence, of the proof, there exists a set T ¢ M which is a countable
union of (m —|p +1|)-dimensional manifolds such that U € C*°(M \ T). Moreover, for
every x € T, limsup, _, disty (y,x)|DU(y)| < +o0.

Problem 4.2 (X). Prove that when the manifold " is m — 1-connected, then every map
1

u e W=n™(M,N) can be extended to a map U € C*°(M, N) and such that
EVM(U) < CEw " ().

Compare the result with proposition

4.3 Approximation for | p|-connected manifolds

We prove the following approximation result.

Theorem 4.6. If p < m = dim M and if the manifold N is | p|-connected, then every map
u e WYP (N, M) can be approximated by maps in C* (M, N).

The proof is based on the following constrution.

Proposition 4.7. If N is {—connected and if p, > 0 are small enough, then for every e > 0
small enough, there exists a map ®, e C*°(R", N + ]BgN/Z) such that

(i) for every y e (N +By) ~ (ULy " +1BY), Pe(y) =y,
(ii) |D®;|L~ < C/e, where the constant can be taken independently of €,

(iii) the map P, is constant outside a compact set which can be taken uniformly with respect to
€.
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4 Singular retractions methods

Proof. Let IT: N +Bj = — N be the retraction of lemma We consider U,f ={Qc¢e

IC,‘; |Qc N + ]BgN/Z(O)}. If 17 is small enough, then (N +Bj) n UIC,‘; c Uu,f. We set

va{QeK,|QnUU, =2},
we choose b € A/ and we define T1(y) for each y € U V, by I1(y) = b. Since the manifold
N is f—connected and IT is a deformation retraction, the set N/ + IB;N 2 is /—connected.

Hence the map muuﬁ /> is homotopic to a constant map on Uu,f uUYVy. Hence there
exists a Lipschitz-continuous map IT: R - A + BY , such that IT=TIon UZ/l,f and such
that IT=b on UV;.
We define for each (y,t) e R x {1} URY ~ (UL 1) x[0,1],
Y(y,t) = (1-1) (0] 0 - 0 O )(y) +1y

and we define for every ¢ > 0, the function d, : R - N by setting for each y € R"
-1 ifde(y) < -1,

de(y) =de(y) if -1 <de(y) <-1,
1 if de(y) > 1.

where .
5 6 dist(y, KVt . )
i =minfo, ST gy 0D e
We then set
_ Y (v de(v) if do(y) > 0,
De(y) =1 ~ ‘
H(Y(yr _ds(y))) if de(y) <0.

By construction of I1, if d.(y) < 0, then IT.(y) = T1(Y(y, ~de(y))) e N + By. If de(y) >0,
then we have dist(y, ) < p+ A, and thus if p+ A + 17V < 65/2, hence Y(y,d:(y)) €
N+]Bp+)\+11ﬁ and thus @.(y) = Y(y,d:(v)) 6N+]B;+A+17\/1_/.

If moreover d.(y) = 0, then ®.(y) = T1(Y(y,0)) =T1(Y(y,0)), since Y(y,0) ¢ UIC% and
by construction of I, so that Y, is continuous.

We observe that if y € N+ B~ (U K;‘e‘l + ]BZ/2), then dist(y,UlC‘,;‘f‘l) > ¢/2 and
dist(y, V') < p, and thus d.(y) =1, so that ®.(y) = Y(y,1) =TI,(y) = y.

If d¢(y) = -1, then we clearly have

IDD:(x) |1 < Cy.
If d.(y) € (-1,1), we have
. -1\ €
dlst(y,Uﬁz )> o
and thus by the chain rule

C
IDP(y) 1= < =
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4.3 Approximation for | p |-connected manifolds

In order to have smooth map, we convolve with a radial mollifying kernel at a scale
¢/2 and by using the fact that p + A + 17\/v < dpr/2. By radiality of the kernel, it preserves
the fact that the map is the identity and by uniform convergence, it does not move the
points too far away from the target set. O

Problem 4.3 (%K), Prove that @, can be chosen to satisfy for every k € IN,
IDF®,| < C—,f
€

for some constant Cy independent of e.

Proof of theorem We choose p = dy/4. We first show that there exists a family 7, in
B, such that
181_1’)161“ (@g(u - hg) + hg) - unl,p(M) = O.

Indeed, we have for every vector h € B},

/ ID(®; o (1~ h)+h) - Dul’ :/ ID(®; o (u-h)) - Dul.
M u (U LY 4By (1))

Thus by integrating with respect to 1 we get, if N c B}

/ / ID((®e(tt— ) + ) - Dul?
B, J M
<Ce / Dul? / D®,(z) —id[? dz dx
M B;wm(uz;;*“”ﬂ]sg)

< Cyelpl+1-p / IDulP.
M

We take now h; € ]BZ such that

/ ID((®, 0 (11— 1)+ 1)) - Dul? < cgelPJ”P/ Dul?.
M M
By continuous differentiability of IT and since IT o u = 1, we have
g_{rol ITT o (@¢(u = he) + he) = ag) =0
We consider (v;)an to a be a sequence in C* (M, R") converging to u in WLP(M,RY).
By continuity, we have

limsupHH o (Pe(vj —he) +he) —u|prppgy < [TT 0 (Pe( —he) +he) —ufprpcag

j—oo

and thus
lirr(}limsupHH o (Pe(vj—he) +he) —uwrp gy =0 O
£~ .

]—)OO
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4.4 Comments

The notion of /—connectedness is classical in homotopy theory (see [Hu59, §I1.9; [Hat02,
§4.1]).

Theorem 4.3|and its proof are due to Robert Hardt and Lin Fanghua [HL87, theorem
6.2]. Proposition is essentially due to Hardt and Lin [HL87, lemma 6.1] (see also
[BPVS14, lemma 2.2; Hop16, lemma 4.5]). A difference from the classical treatment
is that the singular retraction ¥ is a retraction on a neighbourhood of the target
manifold, so that it is not needed to triangulate the manifold and its neighbourhood
and conjugation with a small translation still leaves a neighbourhood of the manifold
invariant.

Theorem 4.6/ are due to Piotr Hajtasz [Haj94, theorem 1]. The idea and the analytical
part of the proof are due to Fabrice Béthuel and Zheng Xiaomin for N/ = S" [BZ88,
theorem 1]. The present proof of theorem [4.6| differs by the fact that ®; is supposed to
be the identity in a neighbourhood of the manifold N except a neibourhood of a dual
skeleton. Again, our approach avoids triangulating the manifold and its neighbourhood
and conjugation of ®, with a small translation preserves its properties. Proposition [4.7]
is a modification of corresponding result of Piotr Hajtasz [Haj94|] (see also [BPVS13)|
proposition 2.1] in the higher-order case). The construction of I1, in proposition
corresponds to [Haj94, lemma 1], where a cone construction is performed.
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5 Analytical obstruction and lack of
linear estimates

5.1 Quantitative obstruction for the extension of traces

The next theorem shows that there is a quantitative obstruction to the extension
problem.

Theorem 5.1. If 2 < p < m and if for every map u ¢ W="Y/PP(QM,N') there exists a map
U e WYPP (M, N) such that tryp, U = u, then for every je {1,...,|p—1|}, the homotopy
group 1;(N) is finite.

The combination of theorem 3.6/ and theorem [5.1| gives as a necessary condition that
the groups 71 (N), . .., 71—z (N) are finite and that the group 77|,_1)(N) is trivial. On
the other hand by theorem when all the homotopy groups are trivial 711 (N) =~

w2 7 (M) = {0}. It is also known that when the group m;(N) is finite and
m(N) = - = ,_1)(N) = {0}, then any map has an extension [MVS].
If w e WYP(BY, V) and w = b € N/, we define the topological Sobolev energy

Eb(w) inf{ / IDo|? | | v e WYP(BL,N), trogg = b
B¢
and v is homotopic to w relatively to OB’ in WY (B, N )} (5.1)

If p > ¢, by the fractional Sobolev-Morrey embedding, we have v = v’ and w = w’ almost

_t
everywhere on B’ for some v/, w’ € ¥y (B, ') and the homotopy in (5.1) can be
understood in the classical sense (see section [2.2).

Lemma 5.2. If £ < p -1, then there exists a constant C > 0 such that if N is a compact
manifold, if U e WP (B! n R{M, N) and if trge, oy U = b on (Bf ]Bf/z) x {0} for some
constant b e N, then

1,
Eiop(trprcqoy U) < C DU.

IB“lﬂ]Rﬁ*l
Proof of lemma 5.2} By Fubini’s theorem, for almost every r ¢ (%,1), we have U, 2
Ulppranre = topeanre U, U € WP (@B nREN) =~ WYWP(BY,N) and by proposi-
tion 2.11} U, and trg, (o, U are homotopic relatively to 0B’. We then have for every

re(5,1), by lemma

1,p ) 14
Eiop(trpesoy U) <Gy /aleﬂn]I{f'Dw ,
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5 Analytical obstruction and lack of linear estimates

where i € [0, +00) denote the infimum in the conclusion. By integration with respect to
r over the interval (%, 1), we reach the conclusion. O

Lemma 5.3. Let N be a Riemannian manifold. If £ < p and if the set 7t,(N') is infinite, then
for every b e N,

sup {Etl(;}’j(w) |we WYP(BY, ) and trygew = b} = +oo.
Proof. Since p > ¢, for every M € R, the set
Su = {v e C(B', N) n WY (B™,N) | v|yge = b and £ (v) < M}

is precompact in C(BY, \) by the Morrey-Sobolev embedding and by the Ascoli-Arzela
compactness criterion. Therefore, there exists a finite set of maps in C(Bf, V') to which
each map in the set Sy is homotopic relatively to dB’. Since by assumption the
group 71y(N) is infinite, there are infinitely many such homotopy classes and thus the
conclusion holds. ]

Proposition 5.4. Let N be a compact manifold, let ¢ ¢ N and p € [1,+00). If there exists
Ce{l,...,min{|p-1|,m—1}} such that ty(N') is infinite, then for every m > { +1, there
exists a constant C > 0 such that for every M > 0, there exists a mapping u € WP (B"!, )

such that
(i) u=bon B™ 1\ ]BT/?,

(i) |Du|f > M,
Bm-1

(iii) for every map U e WY (B™ nIR™, ) such that trgmi, oy U = u, one has

/' pups>c [ |Duf.
B AR B
Proof. When m = £ +1, by lemma [5.3]and by eq. (5.1), there exists a map such that
A4SQ£W)§/‘|DMVSZQ$W)
Bm-1
By lemma if Ue WYP(B™AR™,N) and if trgn-1,0y U = 1, one has
/ ]DUW2de$W)zgz/ IDul?
]Bmm]RT 2 Bm-1
Ifm>/¢+1, welet u, : B! - N be the map given by the first part of the proof. Let

¥ : G - B! x 8" be a diffeomorphism for some G c B" such that G ¢ B" and
define

u(x) = (e o Ppo¥)(x) ifuxe G,.
b otherwise,

where P; : B! x 8”1 - B! is the canonical projection on the first component. The
conclusion follows from the application of Fubini’s theorem. O
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5.1 Quantitative obstruction for the extension of traces

Proposition 5.5. If 1 < q < p < m and if every map u e W“1(d M, N') is the trace of some map
U e WYPP(M,N), then for every je {1,...,|p— 1]}, the group Ti(N) is finite.

Proof. Assume by contradiction that there exists ¢ € {1,...,min{|p—-1|,m -1}} such
that 77, () is infinite We fix b € N and we construct by theorem [5.6|a sequence of maps
(uj)jen in WHP(B™1, N) such that

(@) uj=bon Byt ]B’ln/al,

(b) / [Duj|P > 2/(m=)
Bm-1

(c) there exists a constant C3 > 0 for every U € WP (B" nIR™, ) such that trp-1, oy U=

uj, we have
/ DU > Cs / D
B"AR™ Bm-1

We choose a sequence of radii (p;);an in such a way that

P / IDuyl? = 1. (5.2)
] B

By (b) in our construction, we have for every j € N, p; < 277, and thus pj € (0,1) and
the sequence (p;)jan converges to 0. If we set R = 3\/m/2, there exists a sequence
of points (4;);en converging to 0 such that the balls By, (a;) are pairwise disjoint and
Ujen Bpj(aj) c Br. We define the map u : Bg - N for each x € Bg by

u(x) = u](x;_]u]) if x e Bp/-(aj) for some j €N,
b otherwise.

We have by construction, by the Holder inequality and by

> [ pupex [ pup

jeN /B, (a7) jeN

<Cy Z p;."_q(/]Bm|Du]-|p)Z

jeN
m(1-1) , .~ i
-Gy (e "/ Dujl?’)’
jeN B™
1

< C4jez]I:\IW < +00,

and thus u e WY (BE-1 N).
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5 Analytical obstruction and lack of linear estimates

Next we observe that if U ¢ WP (B% nIR”, ), then we have for every j ¢ N, by
and by

DU > Cs 0" / Dujl? = Cs,
By (a))nRY I Jpm

and thus since the balls in the sequence (B, (4;))jan are disjoint,
/ DUP > 3 DUP = 3 Cs = +oo,
B AR jeN By (a))nR; jeN
which is a contradiction. O
Proof of the main proposition. If p > 2, let g = p-1. If u ¢ WAP(M,N), then by the
fractional Gagliardo-Nirenberg inequality (proposition

51_%’p(u) < CsEVP7 (1) < +oo.

and thus u € Wlf%’p(/\/l,./\f ) and we get the conclusion by proposition |5.5with g = p—1.

If p = 2, we observe that if u € W2 (M, N), then y the Gagliardo-Nirenberg inequality
(proposition and by the boundedness of M, we get

£22(u) < £12(u) < EV2 (1) < +oo. O
The conclusion follows then by proposition with g =3

Problem 5.1. (X&) Prove that if the group 77| (N) is infinite for some £ € {1,...,|p - 1]}
and if p < m, then there exists a sequence of smooth maps (u;)jen in C*(B™,S™) con-
verging to a map u € Wlf%’p(aM,N) which is not the trace of any map U € WP (M, N).
Theorem 5.6. If p € [1,+00), if sq < p and if there exists { € {1,...,m -1} such that 7ty(N')

1
is infinite, then there exists a sequence of maps (u;)jeN in Wl_?’p(M,/\/’ ) such that

gl (u )
lim £ (u;) = d liminf =2 Eout (1) 5.3
]1m eX,[(u]) +00 an 1]r£1>ion £a(u) (5.3)

where

Eext —mf{é’l”(LI) | U e WP (M,N) and tryp, U = u}

Theorem [5.6| shows that the extension of proposition [2.9 cannot be bounded linearly
when some lower-dimensional homotopy group is infinite in contrast with the linear

1
case where for each u ¢ W' 7P (M,R") there exists an extension U ¢ W7 (M,R") that
satisfies the estimate

/M|DU|7” < 51_%47(”)-
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5.2 Quantitative obstruction for the lifting problem

Proof of theorem This follows from theorem 5.6/ Theorem [5.6) means that there is a
sequence of maps (u;);an in WLP(B™1 x {0}, ) such that for every sequence (Uj)jen
in WP (B" n R, N) such that trgu-1, 0, U; = 1j,

/ DU

m m

lim [Duj|? = +00 and inf i S

j—= oo JIgm-1 ]EN / |Du]|FJ
Bm-1

By the Holder inequality this implies that for every r € [1, p),

> 0.

q

I3
( / \Dujyr’)
B R
liminf
j—oo / ‘DM]V
]Bm—l

If 1 < sq < p we set g = sp, by the fractional Gagliardo—-Nirenberg interpolation inequality
(proposition [1.9) we obtain

> 0.

5q
(/mmm|Duf|p) ;

lim = +o00,
jreo E¥(uj)

the case sq < 1 is similar. O

5.2 Quantitative obstruction for the lifting problem

We also have the following necessary condition for the existence of a lifting.

Theorem 5.7. If N is compact, s € (0,1), p € [1,+00), 1 < sp < m and if 7 : N > Nisa
Riemannian covering and if for every u € W (M, N') there exists a map il € WP (M, N)
such that 7t o U = u, then N is compact.

The main step will be to construct a map with prescribed regularity properties.

Proposition 5.8. If 1 < sp < m. If m: N - N is a Riemannian covering map and if the
manifold N is not compact, then for every b € N, there exists a map i € C(B" ~ {0}) such that

(i) for every q € [1,+o00) such that % > 1+ 15 one has it e WY (B™, N),

1
p
(ii) i ¢ WP (B",N),

(iii) =D in B" \ B,

Proposition in turn will follow from the iteration of the following elementary
construction.
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5 Analytical obstruction and lack of linear estimates

Lemma 5.9. Let m € N, s € (0,1) and p € [1,+00). There exists a constant C > 0. If

n:N->Nisa Riemannian covering map, then for every &b e N and every M € R, there
exists a map i € C(B™, N') such that

(a) uw="0bin By~ IBT/Z,
(b) for every x e B", N
DiE(x)| < 4d(B,2),
(c) foreveryse (0,1)and p e[1,+00),
E¥P (i) > Cd (b, o).

Proof. Let f:[0,1] - A be a constant velocity geodesic from ¢ to b. That is, f(0) =,
f(1)=band |f'| = dg(b,T) on [0,1]. We define the map il € C(B™,N) for each x ¢ B"
by

T if x| <3,
i(x)=1f(2-4x) ifl<lx/<],
b if I <lx| <1
We have 1
sp (b, S
¢ (ﬁ) § dN(b,F) /{"\]BT/Z /]BT/AL |y - x|m+sp a dy,
where the last integral is positive. O

Proof of proposition[5.8] Since N is connected and not compact, for every b ¢ NV and
every j € N, there exists a point ¢; ¢ N such that d N(E,’cvj) =267 We let ij be given
by lemma We define for each j € IN, pj = 271, If we set R = 3\/m/2, there exists
a sequence of points (4;)jen converging to 0 such that the balls B, (4;) are pairwise
disjoint and Ujen Bp].(a]-) c Bgr. We define the map u : Bg — N for every x € Bg by
() = {f](x;—]a’) if x € By, (a;) for some j e N,
b otherwise.

We have by lemma 5.9 and by the definition of ¢; and of p;
IOEDY p;.”‘s”ss'r’(ﬁj) >Co ), p;.”‘s”dN(Z,Ej)P >Co ), 1= +oo.
jeN jeIN jeIN
and on the other hand

puf <y [ pars ¥ ol [ i

By neN /By (a) jeN
m— T o~
<Cy 2 P; qu(b, C],)q
jeN
Cs

< - T 1 < +o0,
jeN 2]’1("1(;*;)*(1*5))
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5.2 Quantitative obstruction for the lifting problem

since by assumption q(m(% - %) -(1-9)) = qm(%l - % - %) > 0. O

Proof of theorem[5.7} Let b € N. The set ! ({b}) c N is countable and can thus be
written as 77 ({b}) = {b; | j e N}. Wesetg=spif sp>1and q=pifsp=1.

For every j € IN, let if; be the map given by proposition |5.8{ with b= Ej. We consider a
sequence of balls (By,;(4;));en such that the balls (By,(4;));en are disjoint, and for every

j € N, we have
_ 1
m=sp T < —
0; /]Bm|Du]| < Tk

and (a;)jen converges to 0. We define the map u : B" - N by

o TN (XY ' ,
u(x) = (7 o i;)( o ) if x € B, (a;) for some j € N,
b otherwise.

We immediately have u ¢ WY(B™,\). It follows from the Gagliardo—Nirenberg

fractional interpolation inequality that u € W%’p (B™,N). If sp > 1, then since g = sp, we
have u e W (B",N); if sp =1, then g = HTP and u € W%'F’(IB’”,N) c W¥P(B™,N).

In order to conclude, assume that there exists i € WP (IB™, ') such that 7t o &I =. Since
ueC(B"~{0,a9,a1,...},N), we have by proposition e C(B"~{0,a9,a1,...},N).
By construction of u, the map u = b on B" ~ {0} \ Ujen B,, 2(aj). Since the latter set

is connected, there exists thus j € IN such that u = E] on that set. Hence, we have
u(x) = uj( xp‘j_”) for every x € By (a;), in contradiction with the fact that if; ¢ W*# (B™, M)
in view of proposition O

Problem 5.2 (**). Show that a counterexample to theorem |5.7| can be constructed in
such a way that u € C*°(Bg ~ {0}, V).

Problem 5.3 (%K), Show that a counterexample to theorem 5.7 can be constructed in
such a way that 7 is a limit in W*? (M, N') of smooth maps.

Lemma 5.9

Theorem 5.10. If N is compact, s € (0,1), p € [1,+00), if 71 : N = N is a covering map and
if N is not compact, then there exists a sequence u; € W (M, N') such that

. . L ()
lim £¥F(i1) = +o0 and liminf -————— > 0.
j—o0 joo ESP(TT o 1))

In particular, if the covering 7t : N - A/, then the lifting is unique up to a deck
transformation, which preserves the energy of the lifting. Hence there is no linear
estimate on the lifting. Theorem extends the phenomenon of the nonexistence of
lifting for subcritical dimensions m > sp to the absence of linear estimates to (sub)critical
dimensions m < sp.
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5 Analytical obstruction and lack of linear estimates

Proof of theorem Let b ¢ NV. Since the manifold N is not compact, there exists a
sequence (Cj)jan such that lim;_ ., d ﬁ(ﬁj,g) = +oo. Let ii; be given by lemma We
estimate then

EF (1 o i) < Cod (T}, b)F

and _
A5 (@, 5)" <€ (o ).

The conclusion then follows. O

5.3 Comments

Theorem is due to Bethuel [Bet14], with a statement of a necessary condition that
m1(N) is finite and 7o (N) = -+ = 71,1 | (N) are trivial. A particular case of theorem
corresponding to A = S! was obtained by Fabrice Béthuel and Frangoise Demengel
[BD95, theorem 6]. The passage from theorem [5.6|to proposition 5.5/ and theorem [5.1}is
in fact a particular instance of nonlinear uniform boundedness principles for Sobolev
mappings [MVS19].

Theorem was proved for N = S! by Jean Bourgain, Haim Brezis and Petru
Mironescu [BBMOO, theorem 2 (b)], with an example of the form (cos|x|™®,sin|x|™)
treated through the fractional Gagliardo—-Nirenberg interpolation inequality. This
counterexample was transfered to noncompact universal coverings by Fabrice Béthuel
and David Chiron [BC07, proposition 2]; the proof is based on the existence of a ray
(unbounded minimizing geodesic) and goes through any noncompact Riemannian
covering. The proof of theorem presented here highlights the connection of the
analytical obstruction with the failure of linear bounds, which can also be connected
through a general uniform boundedness principle.

The same approach of bundling together maps satisfying worsening bounds has
been used by Fabrice Béthuel and David Chiron to prove the existence of maps in
WLP(M,S?) that can be lifting by the Hopf fibration 77 : §> — S? [BC07, theorem 4 d)].

Theorem is due for 71 : R — S! when m = 1 to Benoit Merlet [Mer06, theorem 1.1]
and when m > 2 to Petru Mironescu and Ioana Molnar [MM15, proposition 5.7].
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6 Liftings

6.1 Construction of a lifting

We first construct a lifting for maps in W?(M, ') when the domain manifold M is
simply-connected.

Theorem 6.1. Assume that the manifold M is compact and simply-connected and 7t N - N
is a covering map. For every u € WYP (M, N'), there exists a map & e WP (M, N') such that
T o il = 1.

Since the Riemannian covering map 7 : M — N is by definition a local isometry, if
i e WP (M, N), then for almost every x € M,

ID(7t o if)(x)] = [Di(x)],
and thus for every g € [1,+00), f € WP (M, N) if and only if 7 o & e WP (M, N).

Lemma 6.2. If £ > 2, if u e W'2(Q%, N), if § e WY(Q, N) and if tryqe u = 70 o g almost
everywhere on 0QY, then there exists a map U € WY2(Qf, N) such that 7w o T = u on Q' and
tran u= gon BQE

The proof of lemma |6.2| rests on two lemmas describing the behaviour of a Sobolev
functions on almost every one-dimensional line and on almost every two-dimensional
plane.

Lemma 6.3. For every u € W'?(Q’,RY), then there exists a negligible sets E ¢ Q' and
F c Q7 such that

(i) if y € QNN F, then ulgu gy, € WP (Q! x {y}, RY) and D(ulgi,(yy) = (D)lgiiyy/
(ii) ify e Q"' \ F, then traqix(yy Uiy = (trage- #)lagix(y}r

(iii) if (x,y) € Q"N (EUQ! x F), then tr{(x,y; tlgieqy) = 4(x,y).

Proof. Let (u)jen be a sequence of functions in C! (QY,RY) such that for every j e N,

1

Du; —Dul? + [u; —ulf < =. (6.1)
) ]

Q 2!
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6 Liftings

By elementary trace theory, we have

—ulf < —. 6.2
AleQél|u] u‘ T2 ( )

We define the sets

E={(x) Q@ xQ =Q" | Ty(x,y) - u(x, )l = +o0}

jelN

and

F= {y cQ | > / |Duj — DulP + |uj — ulP = +o0 or 0Q! x {y} ¢ E}
Q'x{y}

jelN
In view of and (6.2), both sets E and F are negligible.
Moreover, for every y € Q"' \ F, the sequence (4l[0,1)x{y})jen converges to the

function ul[g 1)« and for every (x,y) € Q' \ E, the sequence of vectors (ui(x,¥))jen

converges to the vector u(x,y). Moreover, 9Q' x (Q“' \ F) ¢ Q’ \ E. The conclusion
follows from continuity of weak derivatives and of the trace in Sobolev spaces. O

We also use the two-dimensional version of this lemma.

Lemma 6.4. For every u ¢ W'?(Q,IRY), then there exists a negligible sets E c Q*' and
F ¢ Q2 such that

(i) if z€ Q2N G, then ulgp, (y € WP (Q? x {z},R") and D(ulgz, (,}) = (Du)|gzc (2,
(ii) if z € Q"2 G, then trage, () Ule. 2y = (trage 1)]agzx (2}
(i) if (y,z) e Q"' N (EuQ! x F), then Qe (y,2)) Wz} = Ulaix{(y,2)1-
The proof of lemma [6.4]is similar to the proof of lemma
Problem 6.1 (*). Prove lemma

Proof of lemmal6.2] In view lemma and of the lifting of continuous maps on an
interval, for almost every (¢ - 1)-dimensional face Q c 9Q’, we define the map g :
Q' - N almost everywhere on Q by requiring it to be continuous on almost every
segment perpendicular to Q and coinciding with § on Q". Moreover, il is measurable
and weakly differentiable in the direction normal to Q.

For every x € Q' on which iig,(x) and i, (x) are defined, let X be a rectangle
consisting of the two segments that have been used to define this values (which are
colinear if Q; and Q, are opposite sides) and the other sides are taken in oQ’. By
applying lemma and lemma [6.4| for almost every x € Q°, we have u e W'2(X, N
and trys uly = ulys € W (9X) and we have Slznagt € Whi(zn BQZ). By proposition
ulpy is almost everywhere equal to the restriction of a continuous function (and is equal
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6.2 Fractional construction of a lifting

at the vertices), and hence by classical properties of lifting of continuous mappings, one
should have i, (x) and g, (x).

We define the map # to be the common value of these liftings on a full measure
set. By construction # is weakly differentiable in all the directions of axis and has the
required trace on each face. O

Problem 6.2 (****). Prove that ug is measurable.

Proof of theorem Since M is a compact manifold, it can be embedded isometrically
in some Euclidean space R¥. Let Iy : M+ ]BEM — M denote the nearest point
retraction. We define the map U = u o I1. We check that U € WP (M + IBZM,N )-

Let Z/I,? ={Q € ﬁz | Q c M +IBZM/2. When 7 > 0 is small enough, UZ/{,;’Q is a
deformation retract of M + ]BgM L We denote by L{,f the set of /-dimensional faces of
the cubes in Z/{,? .

By lemma for almost every h € ]BgM/z, u|uu,}+h € WLP(UL{,} +h), that is the

function is in the Sobolev space on every segment and the traces and the vertices
coincide. Moreover, we can ensure by lemma that U\ng € wlr (UZ/{,} +h) and

that g U|ng =ty U. By proposition the map u|uu,} ., is almost
everywhere equal to the restriction of a continuous map F € C(U L{,? +h,N). Since M
is simply connected, the set UZ/{,? +h is simply connected and the set UZ/I,? +h is also
simply connected. By classical results on the lifting, there exists F ¢ C(U Ll,? +1,N)
such that 7t o F = F. In particular, we have ﬁ|uu;+h e WhP(U L{,} +h,N). Weset I =F
on Uu,} +h. We apply now lemma to define successively the map U on the sets
Uy +h,...,UUy +h.

Finally, we observe that since UeWlr (U L{,’; +h), there exists i € Wl"’(M,Jv such
thatl,l:ifoHMonMHBgMM. O
Problem 6.3 (*). Prove theorem |6.1| when M =R".

Problem 6.4 (***). Prove theorem when M c RY is an open set, with a smooth
boundary.

6.2 Fractional construction of a lifting

When 0 < sp <1, Sobolev maps are not regular enough to guarantee for example some
uniqueness property for the lifting; this leaves much room for the construction of a
lifting, which is possible without any restriction.

Theorem 6.5. Let s € (0,1) and p € [1,+00). If sp < 1 and if 7t : M — N is a Riemannian
covering map, then for every u € W (M, N), there exists i € WP (M, N') such that 7t o i =
u.
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6 Liftings

Proof of theorem [6.5|when M = Q™ =[0,1]™. We define for each j € N, the set of cubes
Q= {[ &, St ) oo [B Bt L ey, ke € {0, 2 - 1)}

and we define the function v;: [0,1)" - R" by defining if Q € Q; and x € Q;,

vj(x) = ]{gu.

By classical properties of measurable functions, the sequence (v;);an converges almost
everywhere to u.
Let IT: N + B} v N be the nearest-point retraction given by lemma[2.2]and let b € V.

We define
s (x) - {H(uj(x)) if uj(x) e N+ By,

b otherwise.

By definition of u;, there exists a € N such that uy = a in [0,1)". We choose @ ¢ N/
such that 77(@) = a. We assume now that i; has been defined. Since the manifold N
is connected, and thus path-connected, for every x € [0,1)", there exists a minimizing
geodesic v € C!([0,1],N) such that v(0) = uj(x) and (1) = uj1(x). By the classical
lifting theory, there exists 7 € C!([0,1], N) such that 7t o § = 4 and 7(0) = ij(x). We
define ;1 (x) = 7(1) and we observe that 7 o ;1 = uj,1 and that

d g7 (41 (), 1 (x)) = dp (w1 (x), uj(x)) (6.3)
We claim that for every x € [0,1)",
dpr (s (%), (%)) < Co(dnr(vja (%), u(x)) +dur (0j(x), u(x))) (6.4)

If dist(vj(x), V) < o and dist(vj,1(x),N') < d, then by the Lipschitz-continuity of IT
and by the triangle inequality, we have

dn (uj1(x),uj(x)) < Cadnr(ujr(x), ui(x))

(6.5)
< Cg(dN(ij(x), u(x)) +dy(vj(x), u(x))).

Otherwise, we have

(), 15(x)) € TN (40 (0, u(x)) + Ay (0,0, u(x))). (66)

The inequality follows then from and (6.6).
From we deduce that

| a0,y dx
[O,l)m

< C4(/[0,1)m dpn (Vi1 (x),u(x))” dx+/[0,1)m dn(vj(x),u(x))? dx). (6.7)
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6.2 Fractional construction of a lifting

We compute for every j € N,

/[0,1)m Ap(v(x),u(x))P dx = 5, zjm/Q/QdN(“(y)/u(x))p dy dx.

QeQ;

We observe now that if x,y € Q for some Q ¢ Qj, then by Pythagoras’ theorem,

ly — x| < /m277, and thus

Sy i G
jeN  x,yeQ |y_x|m+5p
{ry3eQ
QeQ;

and

> jsp /[0,1)'" dn(vj(x),u(x))P dx < Ce // Ay (u(y), u(x))" dy dx.

4 — x|m+sp
JeN [0,1)7x[0,1)" ==
and finally by
. 14
> 215”/ dp(uj(x),uj(x))’ dx < Cy An (uy), () dy dx.
jeN [0,1)m |y — x|"*sp
[0,1)"x[0,1)™
By and (6.9), we have
: . . dn (u(y), u(x))?
275’”/ Apn (i1 (x),1:(x))P dx < C dy dx.
B [y acse, [ S9N,

[0,1)mx[0,1)m

In particular, for almost every x € [0,1)™,

3 2y (iTj1 (x), ()P < +o0,
jeN

and thus if k < £, one has by Holder’s inequality

-1
dn (e (x), T (x)) < 3 dn (41 (x), T (x))

j=k
1 1-1
-1 _ _ pfL-1 1 14
< (Z 2]sr)d/\/'(u]#l (x)f”f(x))p) (Z jsp )
ik j=k 2p-1

==

< ;378( > zfspdmmﬂ(x),m(x))p) :

jelN

(6.8)

(6.9)

(6.10)

The sequence (ij(x))jen thus a Cauchy sequence in N that converges to some 7(x) € NV
and for almost every x € [0,1)", 7t o #i(x) = limj_ o 7T 0 #j(x) = lim;_, 0 u;j(x) = u(x).
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6 Liftings
It remains to prove that u € W¥?([0,1)", N'). We define for each j € N the set

Aj = J OxQc[0,1)"x[0,1)".
QeQ;

For every x,y € [0,1)" x[0,1)"™, if (x,y) € Ax and ¢ > k, we have by the triangle inequality
~ ~ é ~ ~ ~ ~ ~ ~
A (i (y), We(x)) < Y d i (i (y), W(y)) + d g (F1 (x), (x)) + d g (e (y), i ()
j=k
¢
= 2 dg (@ (y), #(y) +d g (@ (x), T(x)),
j=k

since by construction #;(y) = x(x) if (x,y) € Ay. By definition of i we have for every
X,y €,

dgr(i(y), u(x)) < idﬁ(ifm(y)zﬁj(y)) +d g (1,1 (x), 15(x)).
i

If p =1, this implies that for every k € N,

// AT, 1) - [ ETWED)

|]/ x|m+s |y_x|m+s
JAVAVAVEE] Ak\ 1

and thus by summing over k € IN, we obtain

// d (i(y), u(x)) 4y dxﬁii // d g (it (x), 15(x)) dy dx

|y — x|+ i=0k=0 ly — x|+
oo Aien 6.11)
= d g (it (x), 15(x)) '
_ ASAS J
= Z // -] dy dx.
j=0 Yy

[0,1)"1 X [0,1)m \A]'+1

If p > 1, have for every x € [0,1)",
oo _ _ 14
(Zdﬁ/(”jﬂ(x)/”j(x)))
j=k

p p
Szp_l(( Z}; dﬁ(ﬁm(x),ﬁj(x))) +( Z;; dﬁ(ﬁju(x)rﬁj(x))) ) (6.12)
2j|y]:x|21 2f|}/]:x\<1

By the discrete Holder inequality, we bound the first term in the right-hand side of
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6.2 Fractional construction of a lifting

(6.12) for every 6 > 0 by

14
( > dg/(%(x),ﬁj(x)))
2f|y]:x\21

. ~o p-1
< Y Pag@aeaer( T 2

jzk j=k
2|y-x|>1 2|y-x[>1
<Co . 20y - xPd g (1 (%), (%))
j2k

Similarly, we have for the second term in (6.12) for every J > 0 by Holder’s inequality

p
( > dﬁ(ﬁju(x)ﬂj(x)))

2k
2ly—x|<1 . 5\
> z—fffd,v@l(x),ﬁj(x))”( > 2 )
jZk ]>k
2|y-x|<1 2ly-xl<1
d',{'/'(ﬁjﬂ(x)lﬁj(x))p

<Cio),

j=k

210y — x|

Therefore, by integration and by symmetry we have for every k € IN,

[ DTV

‘y_x‘m-ksp
ApNAgyg
d (1 (x), 1 (x))”
i NP+ ]
<Cp 22] // - dy dx
ANDp
d (41 (x), 145 (x) )P
) NPT+ ]
+C1222 j // ey
ApNDpyg
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6 Liftings

By summing over k € N, we get

4 (), W)
="

© J dp (e (x), i (x))P
is At j
< Cll;)kz:gz // y x|m+sp -0 dy dx

JAVAVAVIE]

E D oye gy (u 1(%), 4(x))”
N

i=0k=0

dy dx

[0,1)"x[0,1)™

ApNApia
d g (41 (x), 1(x))P
|y_ x|m+sp—5

= C11 227‘5 dy dx

=0 o101y,
add .

+ C12 Z 27]5
j=0

d (i1 (x), T ()P
|]/ _ x|m+sp+§

dy dx.

[0,1)m><[0,1)m\A]'+1

We observe that for if Q « Qj;1, since by construction, the maps uj and i, are
constant on Q, we have for every x € Q,
1 - o~
dy@a T = 37 [ AT, T

hence for every ¢ (0,1)

dy@a (T
ly - x|™P
Qx[0,1)"~QxQ
ij/dN(u]+1,u]) // - x|’”+l3 dy dx (6.14)

Qx(R"~Q)
= Clazjﬁ/Qd/v(ﬁm/ﬁj)p,

since B € (0,1), the constant depending on . By summing over Q € Q;,; the estimate
(6.14), we deduce that

diz (41 (x), 1j(x))P ; L
dydx<C 2fﬁ/ d (i, 7P, 6.15
// |y_x’m+/3 Y 14 01y N( j+1 ]) ( )

[0,1)7x[01)"\Aju

Thus in view of (6.11) if p = 1, or (6.13) if p > 1 and if we choose J > 0 such that
0<sp-dandsp+6 <1, we deduce that

d(u(y),u(x))r , L
N’(y Ey33|m+(sp)) dy dx < Cy5 ZH:\IQJSP /[0 o d (i, 1) (6.16)
J€

[0,1)mx[0,1)™
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6.3 Remarks and comments

By (6.10), we conclude that

// @I (e // @) i)V 4 a0 (617)
[

=] =]

[0,1)"x[0,1)™ 0,1)mx[0,1)™

Problem 6.5 (%K), Show that for every measurable u : M — N there exists a bounded
and measurable map i : M — N such that 77 o #f = u on M.

6.3 Remarks and comments

Theorem for M = B" and NV = S! due to Fabrice Béthuel and Zheng Xiaomin
[BZ88| lemma 1 (i)] and to Fabrice Béthuel and David Chiron when M is simply
connected and 71 : N - N is the universal covering of N’ [BC07, theorem 1]. John
Ball and Argir Zarnescu, and Domenico Mucci have proved theorem |6.1| when 7 :
RP? - S? is the (universal) double covering of the projective plane RP" by the sphere
S" [BZ11, theorem 2;|Muc12| theorem 1.1]).

Our proof of theorem |6.1| follows the strategy of Fabrice Béthuel and Zheng Xiaomin
[BZ88| lemma 1 (i)] and its adaptation to the universal covering by Fabrice Béthuel and
David Chiron [BC07, theorem 1] and provides the detail on the adaptation to the case
where M is not homeomorphic to a ball. An alternative would be to follow Mucci’s
approach [Mucl2, theorem 3.5] and to prove that maps that are continuous outside
singularities of codimension 3 are strongly dense in W' (M, \) (see [Bet91, theorem
2;HLO3a, theorem 6.1]), that such maps have a lifting with the same Sobolev energy
and thus the sequence of liftings of the approximations converges (Ball and Zarnescu
[BZ11} theorem 2] follow the same strategy but use the more delicate property of weak
density of smooth maps [PRO3] whose full power does seem to be required). When
7 : R - 8!, Carbou has constructed the lifting i by first computing its derivative
in terms of the derivative of u and showing that this equation admits a solution
[Car92, proposition 1] (see also [Mir07a, proof of theorem 3.1 (ii)]).

Theorem is due for N =5! to Jean Bourgain, Haim Brezis and Petru Mironescu
[BBMO00] and was extended to the case where 77 : N’ = A is a universal covering by
Fabrice Béthuel and David Chiron [BCO7]. The construction of the lifting as a limit of
liftings on approximations on dyadic cubes that are as close as possible comes from
Bourgain, Brezis and Mironescu [BBMO00], who deduce convergence and boundedness
estimates and that can be obtained from Bourdaud’s [Bou95||; they prove
also these estimates with a particular attention to the behaviour of the constants in
the equivalences. Bethuel and Chiron [BC07] follow the same strategy and propose a
simplified argument for the estimate (it was not clear to us how the insertion
in [BCO7] of (A.13) and (A.14) gives (A.12) is performed when p > 1). Our proof still
follows the same strategy and relies on the same estimates, that we have written out at
an elementary level and in a nonlinear formulation.

The constant appearing in the construction of theorem [6.5|is not sharp when in the
limit sp - 1. When p=2,s< % and 77: R - 8!, Jean Bourgain, Haim Brezis and Petru
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6 Liftings

Mironescu have given a construction with sharp constant [BBMOO, theorem 4]. These
bounds on lifting yield in turn sharp estimates on Ginzburg-Landau functionals in
terms of norms of the boundary data in the trace space W'/22(aM,S') [BBMOO, theorem
5]; this bound on the Ginzburg-Landau was obtained by Tristan Riviére with a proof
in the spirit of the proof of the extension for 0—-connected manifolds theorem
[Riv00, proposition 2.1]. Petru Mironescu and Ioana Molnar have constructed liftings
satisfying the sharp bound when p € [1,+00) [MM15, theorem 1.3].

The only property used in theorem [6.5|is the fact that for every path v € C'([0,1],N),
there exists a path 7 € C'([0,1], NV such that 77 o 7 = 4 on [0,1] and 7| < |7'|nv- This
property is still satisfied when and thus theorem [6.5/still holds under the condition that
m: N - N is a Riemannian submersion (or isometric submersion), that is the differential of
7T is at every point an isometry on the orthogonal to its kernel [Kli82, definition 1.11.9].

Theorem 6.6. Let s € (0,1) and p e [1,+00). If sp <1 and if v : /\A/l’~—> N is a Riemannian
submersion, then for every u € W (M, N'), there exists il e WP (M, N') such that 7t o il = .
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7 Approximation of Sobolev mappings

7.1 The approximation theorem in slightly supercritical
dimension

We will prove the following approximation theorem in slightly supercritical dimension.

Theorem 7.1. Let p € [1,+00). If m = dim(M), if m -1 < p < m and if ,1(N) ~ {0},
then C*°(M,N) is dense in WP (M, N).

In view of proposition 3.1} the condition 71,,_1 (') ~ {0} is necessary for the density
of smooth maps in WP (M, N).

The first construction in the proof of theorem [7.1| consists in modifying a function
inside a ball on which it has small energy in such a way that its image is small.

Lemma 7.2. Let 6 € (0,85 ). There exists x > 0, such that for every u € WY (B, N') that
satisfies the estimate

|Dul? < xp™ PP,
By

then there exists o € (g,p), amapve WV (B",N) and a set A c By’ such that
(i) U:uonlBZRIB(T,
(ii) osc(v,B}}) <6,

_lP
i) [ Du-pop+ =2 (¢ / IDu?,
By oF A

p
(i) £™(A) <P / IDul?.
5;’ ]BZI
A first tool to prove lemma |7.2]is the following construction of restrictions.

Lemma 7.3. Ifu € wlr (]BZ1,R"), then

(i) for almost every r € (0,p), one has u|gn-1 € WLr(sm1 RY) and D(ulgp1) = (Du)lgn
almost everywhere on S,

(ii) for almost every r € (0,p), one has trgu-1 1 = ulgy-1,
e p
(iii) / / |Du|gu1|P | dr < / |Dul?.
0 S;n—l r Bm
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7 Approximation of Sobolev mappings

The proof of lemma [7.3]is similar to the proof of lemma

Lemma 7.4. There exists a constant C such that if § > 0 is small enough and y € N, there
exists a smooth map Hg : N = BE (y) NN such that

(i) if z e BS(y) N N, then Hi(z) =z,
(ii) | DITy| 1~ < C.

Proof. We take a function 0 : [0, +o0) — (0,+0), such that # =1 on [0,1/2] and 6 = 0 and
[1,+00). We set then for every z € N,

@ - {55 (1-0(%52) o)

We have then, since IT is smooth,

(=)

6

|DIT) (2)] < C1(1 + 5

|Z_y|)SC2,

since 6’ =0 on [1,+00). O

Proof of lemma[7.2] By lemma there is some ¢ € (0/2,p) such that tre,1 1 = u|gn1 €
WP (81, IRY), D(ulgp-1) = (Du)|gp-1 and

2
/ ID trgy ul? < —/ |Dul?. (7.1)
ng—l p ]BL"

Since p > m -1, by Morrey’s embedding on SZH, we have for almost every y,z € S;’H,

in view of (7.1)),

1
[ _m=1 1
lu(y) —u(x)| < C3(/ ]Du\"’) ]y—x!l ro< C4(—/ ]Du\”)
831—1 p ]B;?n—l

1 1
< Cs(xp™ P16P)rp " 7 < Csk?o.

= =

1-m=1
[0 P

In particular if x > 0 is small enough, there exists a point y. € N/, such that for almost
every x € 5”71,
u(x) € By, (y.). (7.2)

We now define the map v : Bf' -~ A for each x € B} by

(x) = u(x) if |x| > o,
T, () iflx <o,

where Hj : N > N is given by lemma In view of (7.2), we have almost everywhere
on §"1, trgy-1 1 = trgn-1 1Ly, o u =TIy, o trgy1u and thus v e WLP(B”,N).
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7.1 The approximation theorem in slightly supercritical dimension

Finally, we observe that, since u = v on B, we have

yDu—DmP:/}Du—Dmpgzp1/}Dmp+mmwgzp1u+”Dnyww)/}Dmﬂ
B A A A

where the set A is defined as
A= {xeB! [u(x) ¢ Bl,(y.)).
We define the function f : By’ — [0, +00) for each x € By by
f(x) = (Ju(x) -y.|-5/4),.

By the chain rule for Sobolev functions, f o u € Wé’p (BY) and f(x) > g on the set A.
Hence, by the Chebyshev and Poincaré inequalities,

p C
eraysCs [ 1= S [ o< S [ pur < S / IDup.

Finally, by the Poincaré inequality, we have, since u = v on B’ \ By,

[ lu=or= [ u-or <Cioo? [ Dlu-o)f <Cop’ [ P-o)r.  C
By Bl B By

The second construction in theorem is a controlled modification of the map
u inside a ball, with a quality of the approximation controlled by the energy of the
original map on the ball.

Lemma 7.5. If 7, 1(N) =~ {0} and if u € WYP(B™,N'), then there exists o € (£,p) and
v e WYP(B™, N) such that

(i) u:vonlB;’f\IB?,

(if) v is continuous on B!,

(iii) [Du - Do|f + ———— ju—off <C [ |Dulf.
]Bm p ]Bm

The core construction in the proof of lemma [7.5|is the possibility to extend a map on
a sphere of subcritical dimension with a controlled on the energy of the extension. The
homotopy assumption plays a role in this precise lemma.

Lemma 7.6. If m~1<p <m, if wy,_1(N) =~ {0} and if w e WP (S, N), then there exists
amap ve (W 0 C)(BY,N) such that trgu- v = w and

|de£Ca/‘|DwW
]Bgl Sgl—l
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7 Approximation of Sobolev mappings

Proof. By scaling, we can assume that o = 1. We first observe that if [,,[Dw|? =0, then
there exists a point b € A such that w = b almost everywhere on $”~1. The conclusion
follows then by taking v = w on B™.

We assume now that [,,[Dw[? > 0. Since w e W'#(§""!) and p > m -1, w = @ almost
everywhere, with @ e (W' n C)(S"1, N'). Without loss of generality, we assume tha
W = w. By classical approximation of continuous maps by smooth maps, there exists
amap f € C1(S"!,N') such that |f - | < §. Since by assumption 7, 1(N) =~ {0},
there exists a map F € C}(B™, ) such that Flgu-1 = f on S"~1. We define then for every
A €(0,1], the map v, : B" - N for each x € B" by

w( ) if x| > A,
0a(0) = T ( (B - 1)w() +2(0- B)F()) if 3 <l <A,
F(Z) if x| < 2.

We have v, € (W'? nC)(B™,N'). Moreover, since p < n, we have

1
|DvA|p§/ (/ |Dw|p)rm_1_p dr+/\’”””/ |Doq |P
Bm A Ggm-1 Bm

1
< l/' Dw + A" [ [Doylr.
m — p gm-1 B™

By taking A € (0,1) in such a way that

AP [ Doy P <

1
[ pur
Bm m—p gm—1

[Dw|?P. O

we conclude that

Do, [P <
B™ m — p gm-1

Proof of lemma By lemma [7.3] there exists o € (0/2,p) such that if trgn-1 1 = ulgy1 €
Wllp(sg-/l_l, RV), thel’l D(u|s‘r;lfl) = (Du)|sg1—l and

2
/ |Dtr5‘r7n u|p£—/ |DM|p.
st P By

We apply lemma [7.6| to the map w 2 trew-1 4, to obtain a map v : B” — R™. Since
pply P sy p o

trgn-10 = trgm-1 4, we can extend v by u to ]Bpm to obtain a map v € wlr (B, N).
By construction, we have

|Du —Dolf = / |Du —Dol? < 2’”_1/ [Du|? + |Do|P
B! Bl B!
(7.3)

1
< Cll( |Du|p + —/ |Dt1'¢5m71 M|p) < Clz/ |Du|p.
By o Jopr By
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7.1 The approximation theorem in slightly supercritical dimension

Finally, we note that since u = v on By’ \ By, by the Poincaré inequality with vanishing
trace on the ball B, we have

lu—olf :/ lu-olf < C13(7”’/ ID(u-0)F < C13p’7/ ID(u -0)?
B! B! B! B!
and we conclude by (7.3). O

We can summarize the constructions lemma and lemma in the following
statement.

Lemma 7.7. If 71, .1(N) ~ {0}. Then there exists a constant C > O such that if if u €
WP (B, N'), then there exists o € (§,0), v e WP (B, N') and a set A c By such that

(i) u:vonlBZZ\]B,T,
(ii) limsup, sup{|v(y) —v(x)| | x,y e Bl and |y — x| < 8} <9,

4
(iii) [Du — Dol + Ju—of" <C [ |Dul,
]B;J” pP ]BZI

p
(i0) E’”(A)gcg—p/ Dul”.
By

Proof. 1f
/ |Dul? < xp™ PP,
By

we apply lemma Otherwise we have

/ |Dulf > xp™ PP, (7.4)

Bp

we apply lemma we set A = B} and we and we note that in view of (7.4)
" mo e P
L"(A) =Cap™ < Ci5 / [Dul?,
(Sp 1B:,"

and thus the conclusion holds. O

Lemma 7.8. Let M be a compact manifold. There exists an integer k, such that if p > 0 is small

enough, then there exists finite sets a; with1<i< kj, such that

k ki Mo
M = U Bp/Z(a;‘)
i=1j=1

1

]=

and for every i€ {1,...,k} and j, € € {1,...,k;}, if i # j then Bg\"/z(a;ﬁ) n Bé\"/z(%) = @.
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7 Approximation of Sobolev mappings

Proof. Since M is compact it suffices to perform the construction locally.

In order to do this, we observe that in R, B"(p/2) covers a cube of edge-length
2p/\/m. If we arrange the cubes on an array \/piZ’" with g > \/m, then we find k = g™
families of nonintersecting balls covering R". O

Problem 7.1 (% X). Perform the construction of lemma [7.8| for M = ™.

Proof of theorem[7.1] For every p >0, let (a )1<i<k 1<j<k; De the points given by lemma
Let d £ dp/k.

We set ”0 =u and given up _, we construct up by applying lemma|7.7|on Bp(a ) which
yields also a set A] c Bp(a ) We define Ap Uk i A‘

We claim that we have the following properties
(a) if Hf = Uj_, U}, Bypa(a] ), then

lirr&sup{|uf(y) —uf (x)| | x,y € H and d(y,x) < €} <idy;,
£—

(b) there exists a set Fip c M such that

/|Dup Du\"’+

<C16/ ]Du|p

and

H"(F?) < Cirp? / Dul?.
M

The property [a] follows from lemma [7.7)and by induction. Next, we have

o _
/|Du -Dul? +  —ul?

P, |P r

u. u;_ u u

gzp—l(/ |Duf—Duf_l|”+u+/ Duf_ Du|p+!)
M PP M oF
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7.1 The approximation theorem in slightly supercritical dimension

By lemma and by our induction assumption,

O
|u1‘ B ulp

e _p ki
ul —u i
IDuf = Duf_ ||V + i —ul <> |Duf - Duf_ [P +
Mot o Gy o7
- 1

ki
< Cqg Z ,|Duf_1|p
=174

SC19/ IDuf_, [P
A7

sczo(/ \Du|p+/ |Duf_l—Du|p)
A? M

< C7_1/ |Du|”.
AfUFL,

The set Af satisfies, in view of our induction assumption,

H™(AL) < Coop? /M|D”f-1|p

gczgpr’( / Duf, ~Dul? + / yDuv’)
M M
§C24pp/ |Du]p.

M

If we set Pl.p = Af U Fifil, we have
H"(FP) < H™(AP) + H"(FF ) < Casp” /M|Du|”.

We set now uf = ui and Ff = F,f and we observe that by Lebesgue’s dominated
convergence theorem,

0

|u1‘ _”|p

lim sup ]Duip - Duf_l|” + < Cyelimsup [ |Dulf =0,
0—0 M p—0 Fe

since
H"(F) < Corp” / IDul?.
M

It remains to remark that in view of (a)), we have

limsup sup{|u(y) —u(x)|| x,y e M and d(y,x) < e} <. O

e—0

Problem 7.2 (X). Approximate ui by smooth mappings.
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7 Approximation of Sobolev mappings

7.2 Other approximation results

Theorem 7.9. Let p € [1,+00). If m = dim(M), if 1 < p < m and if 7|, |(N) = {0}, then
C>®(B™,N) is dense in WP (B™, N).

Theorem 7.10. Let p € [1,+00). If m = dim(M) and if 1 < p < m, then maps that are smooth
outside a set of dimension m - |p + 1| are dense in WP (B™, \').

Proof of theorem when m -1 < p <m. The proof follows the proof of theorem
with a homogeneous extension replacing the extension in lemma
Ul

7.3 Remarks and comments

Theorem theorem [7.9)and theorem [7.10]is due to Fabrice Bethuel [Bet91].

We present here a proof of theorem due to Augusto Ponce with the author
[PVS09]; this proof has been adapted to higher-order Sobolev spaces W*? (M, ') when
m—1<kp <m [GN11; BPVS08, §3]. This approach can be adapted to the case m = p +1,
but does not seem to work any more when m > p + 1.

The original proofs of theorem [7.9|of Fabrice Bethuel [Bet91, §1] and of Lin Fanghua
and Hang Fengbo [HLO03a] is based on a two-scale decomposition into cubes of the
domain. It is possible to work with a single decomposition into cubes provided the
cubes are not aligned with each other by relying on an opening construction [BPVS15].

Lemma|7.4]is due to Fabrice Béthuel [Bet91, lemma A.5].
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8 Perspectives

8.1 The trace problem
The trace problem is not currently completely solved:

Open problem 8.1. For 4 < p < m, determine whether every map in Wl_%’p(]Bm’l,N)
is the trace of a map in W' (IB""! x (0,1),NV), when 711 () is finite, 71,,_1 (V) = {0},
and the groups 72(N), ..., 7| p_2) () are finite but not all trivial.

8.2 Relaxed questions

8.2.1 Approximation by smooth maps outside a singular set

If 7, (V) # {0}, maps in WP (M, N') cannot be in general approximated strongly by
smooth maps in C* (M, N) (see proposition [3.1). This leads to the question about what
are the smoothest maps that can be used to approximate maps in W?(M, ). The
general answer is that they can be approximated by smooth maps outside a singular
set of codimension |p +1].

More precisely, one defines

RP(M,N) 2 {ueC®(M\K,N)|KcM is compact and
is contained in a union of /-dimensional submanifolds of M, and
for every k € N, there exists Cy such that for each x e M \ K

ID*u(x)| < Cy/ dist(x, K)*}.
One has then the following density result:

Theorem 8.1. If M and N are compact Riemannian manifolds, then R o) (M, N) is dense
in WYP (M, N).

Theorem is due to Fabrice Béthuel and Zheng Xiaomin when p < m < p+1
[BZ88, theorem 4]) and to Fabrice Béthuel in the general case [Bet91, theorem 2] (see
also [HLO03a), theorem 5.1]).

8.2.2 Singular extensions

If 77),-1](N) ¢ {0}, then maps in WI=1/PP(9M,N) are not necessarily the traces of
maps in W'P(M,N') (theorem .
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8 Perspectives

This obstruction can be bypassed by relaxed by considering for U € W' (M, ), an
energy of the form

j;(U):/ |DU|P+1/ dist(1, M)?.
M eF Jm

When p =2 and A = S!, we have for every y € R? with dist(y, M)? = (1-y|)?, and
thus if |y| < 1, %(1 - yP?)? < dist(y, M) < (1-1|y[*)?, and J.(U) is equivalent to the
Ginzburg-Landau energy.

There exists a constant C such that for & > 0 small enough, for every u e W'/22(M,S!)
one has [BBMO00, theorem 5] (see also [Riv00, proposition 2.1])

inf{GeP(U) | U e WY(M,S") and tryn U = u} < CEYV*?(u) ln%

The proof of the estimates shows that in general if 771 (N) = -+ = 71, 2(N) ~ {0} and if
p €N, then

inf{G\" (U) | U e W"(M,N) and trop U = u} < CEYPP (1) In %

In the critical case m = p, where estimates for extensions fail, it has been proved

that any map in Wl_%'m(Sm’l,N ) has an extension whose gradient in the weak
Marcinkiewicz space is controlled [PVS17] (see also [PR14]).

Open problem 8.2. If m > p e N and 7y(N) =~ - ~ 7m,2(N) =~ {0}, is it possible for

every u € Wl_%’p(M,N) to construct U € WY1(M, N) such that try, U = u and for
every A € (0, +00),

APH™({x € M ||DU(x)| 2 A}) < CE 7 (u)?

8.2.3 Relaxed lifting

If s € (0,1) and sp < 2 < m, the analytical obstruction to the lifting problem (theorem [.7)
tells somehow that the space in which we are searching a lifting might not be the right
space.

When NV =S! and 77 : R - S is the universal covering, then any map can be lifted in
(WSP + WLSP) (M, R).

Theorem 8.2. If0 < s < 1 and 2 < sp < m, then for every map u € WP (IB™,S1), there exists a
map il € (WP + WHP)(B™,R) such that (cosil,sinil) = u.

Theorem is due to Petru Mironescu [Mir08]. When s = %, p=2,m>2and u is
the strong limit of smooth maps, theorem [8.2|is due to Jean Bourgain and Haim Brezis
[BB03, theorem 4] and when m =1 and s = » to Nguyen Hoai-Minh [Ngu08, theorem 2].

As a sort of converse to theorem if i e (WSP + WP)(B™,R) and if p > 1 then
by the chain rule and by the fractional Gagliardo-Nirenberg interpolation inequality
(cosii,sinii) €e W (M, N).
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8.3 Global obstructions

Open problem 8.3. For every s € (0,1) and p € [1, +o0) define a space WP (M, N) such
that T(W*P (M, N') c W¥P(M,N') and equality holds if sp > 2 and if the domain M is
simply connected.

When N, one can take W3 (M, N') = W3 (M, N') [MVS].

8.3 Global obstructions

8.3.1 Global obstruction to the approximation problem
Besides the local obstruction of proposition there is a local obstruction.

Theorem 8.3. If M\l is the |p|-dimensional skeleton of a triangulation of M. Then
C®(M,N) is dense in WP (M, N) if and only if the restriction operator f € C(M,N) v
Flqe € C(MIPL,N) is suriective.

Theorem [8.3|is due to Hang Fengbo and Lin Fanghua [HLO03a, theorem 1.3].

The assumption is stronger than 77, (N) = {0}, this assumption is not satisfied when
when M =RP" and N =R",and1<p<n+1<m,or M=CP"and N =C", m >n
and 2 < p <2n+1 <2m [HLO3a, Corrolary 1.5], whereas .

Particular cases where the assumption of theorem [8.3|is satisfied are when 771 (M) =
w2 (M) 2 71 (N) 2 o 2 71, (N) for some j e {1,...,[p - 1]} (leading to theorem
when j = 0), and when 7,|(N) = -+ = 7, 1(N) =~ {0} (leading to theorem when
m<p+1).

8.3.2 Global obstruction for the lifting problem

We have stated our lifting results under the condition that the domain 77(M) should be
simply connected. In fact it is possible to relax this assumption.

Theorem 8.4. If p > 2and 7t : N' - N be a covering map. Then W' (M, N) = t(W'P (M, N))
if and only if C((M?,N') = T(C(M?,N)).

Theorem does not seem to have been written in the literature.

The condition can be weaker than 711(M) simply connected. Indeed, it will be
satisfied if for example any homomorphism of 7r1 (M) into 711 (N) is trivial; this would
be the case if for example 711 (M) = Z; and m1(N) = Z; and i and j have no nontrivial
common divisor.

8.3.3 Global obstruction for the extension problem

For the extension problem, the local obstruction has a corresponding global obstruction.

Theorem 8.5. If p > 2 and if the trace operator U € WP (M, N') = trya U is surjective, then
the restriction operator F € C(MIPL,N) v F, 11y € C(QMIP=U, N) is surjective.

Theorem is essentially due Isobe Takeshi [Iso03, theorems 1.2 and 1.3].
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8.3.4 Global obstruction for the homotopy problem

Theorem 8.6. The set WP (M, N) is path-connected if and only if the image of the restriction
operator F e C(MIPL ) Fl 1) € C(MIPY, N) is path-connected in C(MP=1, N).

Theorem [8.6]is due to Hang Fengbo and Lin Fanghua [HLO03a, theorem 5.1]. When
1 < p < 2, theorem gives immediately the path-connectedness of W7 (M, N)
without any restriction on the domain, which is due to Haim Brezis and Li Yanyan
[BLO1, theorem 0.2].

In particular, if there exists j € {1,...,[p~-1]} such that m(M) =~ -+ =~ 71;(M) =~
i1 (N) = - = 71,9 )(N), then WLP(M,N) is path-connected [HLO3a, theorem 5.1]
(the result was due to Haim Brezis and Yanyan Li when j = 0, [BLO1, theorem 0.3],
when M =S" [BLO1, proposition 0.1]).

Theorem 8.7. Every map in WY (M, N) is connected to a smooth map if and only if the
restriction opemtors F e CIMN) & Flyp € CIMPUN) and f e CIMIPLN)
Flaqio-1) € C(MIP=Y, ') have the same image.

Theorem [8.7|is due to Hang Fengbo and Lin Fanghua [HLO3a, corollary 5.4].

8.4 Properties of individual mappings

8.4.1 Cohomological tools

If fe WA (M,N), weC®(N,A'N) and € C®° (M, \N"*"1 M), we define the distri-
bution Hur,(f)[w],

(Hur,(f)[w / fwndg.

By construction, Hury[w] depends linearly on w. If moreover w = dy, for some

7€ C®(N, AT N), then

(ur (Pldnl dg) = [ wanndg= [ dwn)ndg=cn)' [ fyadg-o
M M M
In particular, (Hur,(f)[w], ) is well-defined on the /-th order de Rham cohomology
group Hiz(N'), and thus by duality (Hury(f),{) € Hy(N,R) ~ H/(N,Q) ~ Hy(N,Z) ®

Q.
Moreover, we observe that if f ¢ W*1(M,N),

(Hur,(f)[d], dg) = /M w*dy A dg = /M d(u™n) A d = (—7)! /M w'y AT =0,

This implies the following proposition:

Theorem 8.8. If u ¢ WY (M, N) is the strong limit of smooth mappings, then Hur|,|(f) =0.
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8.5 Weak-bounded approximation by smooth maps

Theorem [8.8 has a converse under the assumption that the | p|-th homotopy group
describes the homology.

Theorem 8.9. If the Hurewicz homomorphism 7t,,|(N') - H|,|(N,Q) is an isomorphism
and if every the restriction operators F € C(M,N) — F| -1y € CMIPU N and F «
C(MIPLNY = F g1y € CMUPY, NY) have the same image, then if u e WP (M, N') and
Hur,(u) = 0, then u has a strong approximation by smooth maps.

Theorem is due to Fabrice Béthuel, Jean-Michel Coron, Frangoise Demengel and
Frédéric Hélein [BCDH91, theorem 1].

When N = S", then any w € C* (5", A" S") such that dw = 0 is a constant multiple
of the volume form on S§", and Hur,, is the distributional Jacobian introduced by John
Ball in elasticity [Bal76, (6.10)], for continuous Sobolev mappings with finitely many
singularities by Haim Brezis, Jean-Michel Coron and Eliot H. Lieb [BCL86, appendix
B] and by Fabrice Béthuel, Haim Brezis and Jean-Michel Coron for Sobolev mappings
[BBC90]. In particular, theorem [8.9| was obtained for M = B3, V' = §? and p = 2 by
Fabrice Béthuel [Bet90] and for M = B", N = §! and p = 1 by Frangoise Demengel
[Dem90].

The drawback of the homological approach is that it seems that sharp answers in the
theory of Sobolev maps are formulated in homotopy theory and that homological tools
cannot capture the full picture of homotopies.

8.4.2 Parametrized families of skeletons

Sobolev mappings in W? (M, ) that can be approximated smoothly can be charac-
terized by the behaviour on a parametrized family of | p|-dimensional components of a
triangulation for a set of parameters with positive measure [HLO3a, remark 6.1] (see
also [Iso05]).

The existence of a path between two maps of W? (M, N) can similarly be deter-
mined by examining whether they are homotopic on a parametrized family of [p - 1]-
dimensional triangulations for a set of positive measure of the parameter [HLO03a, theo-
rem 1.1].

8.5 Weak-bounded approximation by smooth maps

The question of the approximation treated up to now can be weakened as the question
of the weak-bounded approximation. That is, given u € whp (M, N), does there exists a
sequence (u;)jen in C*(M,N) such that (u;);an converges almost everywhere to u
and (u;)jen is bounded in W' (M, N).

When p > 1, a weak-bounded approximating sequence is an approximating sequence
in the weak topology; when p = 1 this is not anymore the case (the existence of
approximating sequences in the weak topology turns then to be equivalent to the
existence of norm approximating sequences [Han02]).

The first result concerns the case where p ¢ IN.
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Theorem 8.10. Let p € [1,00). If p ¢ N. Every map in WP (M, N') has a weak-bounded
approximation if and only if the restriction operator F € C(M,N') = F| 1, is sutjective.

In view of theorem the strong approximation problem and the weak-bounded
approximation problem are equivalent. It suffices thus to show the necessity in the-
orem This was done locally by Fabrice Béthuel [Bet91, theorem 3]; the global
obstruction can be proved by following Hang Fengbo and Lin Fanghua [HLO3a].

In general, Hang Fengbo and Lin Fanghua have proved the following condition.

Theorem 8.11. Let p € [1, 00). If every map in WP (M, N) has a weak-bounded approxima-
tion, then the restriction operators F € C(M,N') = F| -1y and F € C(MPL,N) & F| 1)
have the same image.

If p is an integer, then the condition of theorem is sufficient for the closure of
C(M,N) to be WP(M,N) [HLO3a, §7; Bet91, theorem 5]. Since the weak topology
is not metrisable, this does not imply the existence of weak-boundedly approximating
sequences.

When M =B? and AV = $2. For every u e W12(1B?,5?), Fabrice Béthuel, Haim Brezis
and Jean-Michel Coron have prove that there exists a sequence of smooth maps (u;);an
such that uj > u, and

limsup/ \Du]-\z s/ |Du]~|2+21nf{/ wwnadl|7eCe (B3N IR3)},
jooo /B B3 B?

where w € C*(S%, A?S?) is a normalized volume form on S?, that is dw = 0 and fsz w=1
[BBC90, theorem 2].

For p =1 and p =2 and if the necessary condition of Hang and Lin holds, Mohammad
Reza Pakzad and Tristan Riviére have proved that any map has a weak-bounded
approximation [Pak03} theorem 1; PR03, theorems I and IV]. The situation is similar
but more delicate for W'?(M,S?) when dim M > 4 [Pak02, GMS98a, GMS98b), TF05| (see
also [GMO06, GMMO08, GM07a,|GM07b,GMO06|]). The same approach has also been used
when p =1 and N = S! [DH92,1gn05].

It is also known that if p e N and 7y (N) ~ -+ ~ 1,1 (N) ~ {0}, then every map in
WLP(M,N) has a weak-bounded approximation [Hajo4].

The weak-bounded approximation problem satisfies a uniform boundedness principle
[HLO3b, theorem 9.6] (see also [MVS19]).

For W'3(IB%,5?%), Fabrice Béthuel has given in a recent preprint [Bet14] a quantitative
obstruction to the weak-bounded approximation.

Open problem 8.4. When p € N and p > 2 determine whether every W? (M, ') has
weak-bounded approximation by smooth maps.

8.6 Quantitative estimates

When M = N = 5", the connected components of C(5",5") are classified by the
Brouwer topological degree. The degree of smooth map f € C}(S!,S!) can be computed
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8.6 Quantitative estimates

through the Kronecker formula

degf=[ f'w,
SWI
where w € C* (5", A" S™) is the standard volume form.
In view of the classical inequality between the geometric and quadratic means, we
have

IDf"
’fﬂ(USm’ = ’det Df’ (,(]Sn < ;:/2

everywhere on the sphere 5. An integral estimate on the degree (see [BBM05, Remark
0.7]) then follows

1 m _ 1 1,m
deg(f)] < s f DI = a0, 1

This formula extends to fractional Sobolev maps: for every p € (m,+o0), there exists
a constant Cy, ;, such that for every map f € W™/PP(S™,8™M), one has [BBMO5, theorem
0.6] (see also [BAMBGP91, theorem A.3; Mir07b| theorem 2.3])

deg ()] < Cup € (). (82)
The inequality follows from gap potential estimates obtained by Jean Bourgain,
Haim Brezis, Petru Mironescu and Nguyén Hoai-Minh [BBNO5, theorem 1.1; BBMO05,

open problem 2; Ngu07] (see also [Ngul4]): for every € € (0,1/2(1+ —
a constant Cg,, such that for every map f ¢ C(S™,5™), one has

o +1 )), there exists

[deg(f)I < Cem // —— dx dy. (8.3)

(x,y)eS™x S’”
Lf(y)-f(x)>e

If m > 2, the constant C,, can be taken to satisty C,,;, < Cyue™ [Ngul7].
Open problem 8.5. What is the optimal scaling of the constant in for m=1?

In the general case, one can wonder whether a bound on the Sobolev energies implies
that the number of connected components to which maps can belong remains bounded.
In general the answer is negative and is related to the fact that thanks the action of
11 (N) on 71, (N) can produce maps in infinitely many connected components and
such that the Sobolev energy remains bounded, an explicit counterexample is provided
by gluing S! x %" to ™ x §"*1 through a trivial sphere $*” [VS]. It has been proved
that sets satisfying a bound on a critical Sobolev energy are generated by finitely many
maps and the action of 7r1(N) on 7, (N) whenm =1, s = % and p = 2 by Ernst Kuwert
[Kuw98[], when m > 1, s =1 by Frank Duzaar and Ernst Kuwert [DK98| theorem 4],
whenm>1lands=1--— by Thomas Miiller [M1il00, theorem 5.1], when m = 2 and

s =1 by Richard Schoen and Jon Wolfson [SWO01, lemma 5.2]. The general result for
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bounded sets in critical fractional Sobolev spaces follows from a decomposition result
under a bound of a quantity of the form of the right-hand side of [VS].

In the case when M =82""1 and A/ = S", one can define the Hopf invariant, which
classifies homotopy classes when n = 2. When n is odd it is always trivial, whereas when
n is even, it is nontrivial and only finitely many connected components of C(52*~!,5")
share the same Hopf invariant. Tristan Riviere has proved that [Riv98, lemma III.1] (see
also [Gro99a; |Gro99b, Lemma 7.12])

1
2n-1

deg,, ()] <C (/52“'Df|2”‘1)1+

(the proof is written when n = 2 but goes to higher dimension) and that the power is
optimal. In comparison with the corresponding estimate of the topological degree (8.1),
the estimate saws the appearance of a power 1 + ﬁ applied to the integral coming
from the Whitehead formula for the Hopf invariant [Whi47].

In the fractional case, Armin Schikorra and the author Jean Van Schaftingen have

proved that

2n-1

|deg (f)l<CE™s

(u)" 71, (8.4)
1

when s >1- 5. [SVS].

Open problem 8.6. Prove (8.4) when 0 <s<1- %

8.7 Higher-order Sobolev mappings

The higher order Sobolev spaces W57 (M, ') are motivated by problems such as the
biharmonic maps.

In contrast with first-order Sobolev spaces, the space and the convergence depend in
general on the embedding and are not equivalent with an intrinsic deinition [CVS].

By the Gagliardo—Nirenberg interpolation inequality, one has the embedding of
the spaces WP (M, N') ¢ WP (M, N'), and one expects both spaces to have similar
properties.

For the lifting problem, once one has a lifting i in Wlkp (M, N), one can write

Dii = (Drrit) " [Du]

and then study the higher differentiability properties of the lifting by the chain rule.
For the approximation problem, any map in W*?(IB™, \') has a strong approximation
by maps in C**(B™, ) if and only if 775, (N') ~ {0} [BPVS15].
The extension problem is delicate because one would then like to prescribe a value
of the function and of the normal derivative.

Open problem 8.7. Let m > 2p. Given u € W>P (B, N), does there exist v € W27 (BY, \)
such that v|p» = u on B"?

Equivalently, open problem [8.7|asks whether the space of traces of u and its derivative
that is independent on the side of the boundary on which one takes the trace.
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