BOUND STATE SOLUTIONS FOR A CLASS OF
NONLINEAR SCHRODINGER EQUATIONS

DENIS BONHEURE* AND JEAN VAN SCHAFTINGEN™**

ABSTRACT. We deal with the existence of positive bound state solutions
for a class of stationary nonlinear Schrédinger equations of the form
—?Au+V(z)u= K(z)u", zeRY,

where V, K are positive continuous functions and p > 1 is subcritical, in
a framework which may exclude the existence of ground states. Namely,
the potential V' is allowed to vanish at infinity and the competing func-
tion K does not have to be bounded. In the semi-classical limit, i.e.
for ¢ ~ 0, we prove the existence of bound state solutions localized

around local minimum points of the auxiliary function A = VGKfﬁ,
where 6 = (p+1)/(p— 1) — N/2. A special attention is devoted to the
qualitative properties of these solutions as € goes to zero.

1. INTRODUCTION

The nonlinear Schrodinger equation appears in many fields of physics as

nonlinear optics or plasma physics. It typically reads

L -1 N

zha+%A¢—W(x)¢+|w|p =0, (t,x) e RxRY, (1)
where A denotes the Plank constant and ¢ is the imaginary unit. This equa-
tion models the non-relativistic evolution of a quantum particle. It is ex-
pected that classical mechanics can be recovered by letting & — 0 in () and
the limiting behaviour as A — 0 is then called semi-classical. The study of
the dynamics of ([l) leads naturally to standing wave solutions, i.e. solutions
of the form

Yt z) = e (),

where FE is the energy of the wave. For small &, these solutions are referred
to as semi-classical states. The function ¢ is a standing wave solution of ([II)
if and only if u solves the semilinear elliptic equation

—2Au+V(z)u= |[uftu, zeRY, (2)

where €2 = h?/2m and V(z) = (W (z) — E).
The study of ([{) goes back at least to Floer and Weinstein [I8] who
investigated the special case where N =1 and p = 3. Assuming that V is a
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globally bounded potential having a nondegenerate critical point, say = = 0,
and infpny V' > 0, they constructed a positive solution u. of () for small
€ > 0 via a Lyapunov-Schmidt reduction. Moreover, they proved that the
solution concentrates around the critical point of V, i.e. most of the mass
of u. is contained in a neighbourhood of 0 that shrinks to a single point as
¢ — 0. This result was then extended to higher dimensions by Oh [27, 29]
who also considered the possibility of simultaneous concentration around
multiple critical points leading to so-called multi-bump standing waves. Oh
[28] also investigated the stability of these solutions.

Since then, equation (2] has attracted the interest of many mathemati-
cians and the existence of positive solutions under various assumptions has
been proved using different methods. As the problem has generated an im-
pressive amount of publications, it is impossible to give a comprehensive
list of references here. Basically, two main routes have been pursued. The
Lyapunov-Schmidt reduction scheme proposed by Floer and Weinstein has
been further extended and combined with variational arguments by Am-
brosetti et al. [IL [7, B ], see also for example [26, B0] for multibump so-
lutions. On the other hand, Rabinowitz [33] initiated a purely variational
approach, then mainly relayed by del Pino and Felmer [T4} [T5], [T6] [T7]. We
also refer to P.L. Lions [24], Y. Li [25], Bahri and P.L. Lions [9] as well as to
their bibliographies for other works involving variational methods to treat
the existence of standing waves for nonlinear Schrodinger equations.

The Lyapunov-Schmidt reduction method introduced by Floer and Wein-
stein uses in an essential way the nondegeneracy of the critical point of V
so that one can address the natural question whether alternative arguments
may be used to extend their result to a degenerate setting, that is whether
solutions concentrating around possibly degenerate critical points of the po-
tential can be obtained. Using a local variational approach, Del Pino and
Felmer [T5] [T7] constructed positive solutions concentrating around any topo-
logically montrivial critical point of the potential V' whereas an affirmative
answer to the above question has also been given using finite dimensional
reduction arguments by Ambrosetti, Badiale and Cingolani [I]| for isolated
critical points of V' with polynomial degeneracy and by Y.Y. Li [26] in the
case where V has stable critical points. Basically, the approach of Y.Y. Li
requires that small C! perturbations of the potential still have a critical
point while that of del Pino and Felmer works fine with any critical point
having a minimax characterisation, the easiest situation being that of a local
minimum. Assume for instance that A ¢ R is a bounded open set such
that

Vo := ;relf\ V(z) < a:le%fAV(x)' (3)
Then, if infgy V' > 0, there exists a positive solution concentrating in A.
More precisely, we have the following result which is by now classical.

Theorem (del Pino-Felmer [I4]). Assume that V is a locally Hélder con-
tinuous potential bounded away from zero and A is a bounded open set sat-
isfying Bl). Then, there exist e9 > 0 and a family of positive solutions
{ue € HYRY) | 0 < e < g9} of @) with the particularity that each u. pos-
sesses a single maximum point x. such that V(x.) — Vi ase — 0. Moreover,
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there exist C, X > 0 such that for every x € RY,
ua(x) < Cef)\|zf:vg|/€

and the limiting profile is given by

T—z
ue(x) = v( . 6) + we(z),
where v is the unique positive radial solution of
—Av+ Vv = [Pt

and we — 0 in C (RY) and in L=(R"Y) as e — 0.

Formally, equation (B) is the Euler-Lagrange equation associated to the

action functional )

I(u) == Jo(u) — /. ! (4)

)

where .
Jo(u) = 5/ (E2IVal? + V(@)lu?) .
RN
Assuming that 1 < p < (N +2)/(N —2) if N > 3 and V(z) — 400
as |r| — oo, it is easily seen that for any € > 0, J. achieves a minimum
constrained to the manifold

M = {ue HY(RM) ‘ /]RN V(x)ul* < oo and /

uPTt = 1}.
RN
When infpy V' > 0, this allows to obtain a positive ground-state, i.e. a least
energy mountain pass solution, of (). In [33], still assuming that infpy V' >
0, Rabinowitz proved the existence of a positive ground state for any £ > 0
under the condition
0<a<V(x)< l‘ir‘ninf V(x), forall z € RY and some a > 0,
Tr|—0o0
with strict inequality on a set of positive measure, while he observed that
for small e, existence holds under the weaker assumption
inf V(z) <liminfV(z). (5)
z€RN |z|—o00

In the meantime, Wang [37] proved under this last hypothesis that any posi-
tive ground state does concentrate at a global minimum point of V ase — 0.
These last results concern the case where V' achieves a global minimum, i.e.
the case where we can choose any sufficiently large bounded set A in the del
Pino-Felmer Theorem. When V only achieves local minima, one requires,
from a variational point of view, local arguments to catch local mountain
passes. This is the spirit of the approach of del Pino and Felmer [T4] which
relies on the study of a penalized functional. For instance, the modification
in the functional which basically corresponds to a penalization outside A,
permits to recover enough compactness to secure the existence of a moun-
tain pass critical point. This critical point is then shown to be a critical
point of the original functional when ¢ is small.

For various reasons, the penalization scheme developed by del Pino and
Felmer crucially depends on the assumption

infV > 0.
RN
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The case where infgy V' = 0 (this happens if the frequency E of the wave
is equal to infpx W which is referred to as the critical frequency [IT]) has
been treated recently by Byeon and Wang in [IT] concerning the existence of
ground states and in [I2] concerning localized solutions. The results contrast
strikingly with the non-critical frequency case since the amplitude of the
solutions goes to 0 as € — 0 and the limiting profiles depend on the shape
of the potential around the minimum points of V. It is worth pointing out
that even if the results of Byeon and Wang allow V to vanish in RY, they
do require V' to be bounded away from zero outside a compact set of RY.

The starting point of our work is a recent result of Ambrosetti, Felli and
Malchiodi [2] where the authors consider the model equation

—?Au+V(z)u = K(z)|[ulftu, zeRY, (6)

where K > 0 is an additional competing function, assumed to be positive.
Such an equation has been previously treated by Wang and Zeng [38] as-
suming that infrx V' > 0 and K is bounded away from zero and bounded.
The novelty in [2] is the case where the potential V' vanishes at infinity. This
situation differs drastically from that considered by Byeon and Wang [IT]
since the fact that V achieves its infimum at infinity can clearly produce a
lack of compactness. Indeed, one easily observes for example that I, defined
by (@), cannot have a least energy mountain pass critical point in this case.
In order to recover the existence of a ground state, Ambrosetti, Felli and
Malchiodi consider (@) with K(z) — 0 as |z| — oo with a rate related to
that of V. More precisely, they assume that there exist A, a, @« > 0 and
B, 3 > 0 such that
a B
Assuming further that NV > 3, 0 < a < 2, § > 0 and defining
N +2 43
cg=¢{ N—-2 «a(N-2)

1 if a <,

(7)

if < a,

they prove the existence of a positive ground state in H'(R™) provided
N +2

: (8)
N -2
This condition is sharp in the sense that for this range of p, the ground state
realizes the supremum

o<p<

sup Jev K (@) ulP+
HAO} [y (22 + V(@)|uf2) s
where H, is the weighted Sobolev space defined by

He = {u e HE (RY) ‘ /]RN (& |Vul? + V(@) u?) < c>o}7

while the supremum is 400 if p < o or p > (N + 2)/(N — 2). Notice that
in case V and K are radial, the range of admissible p’s given by (Bl) can be
enlarged when looking for radial ground states as shown recently by Su et

al. [B9].
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In fact, under assumption (§), the Sobolev space H. is compactly imbed-
ded in LPYY (RN, K(z)dx) so that a positive ground state in H. can be
obtained via a classical minimax procedure. At this point, it is worth men-
tioning that (B) implies that the function

A() = [V(@)]5 12 [K(2)] 71 (9)

tends to +oo as |xz| — oo whereas one can check this last condition actually
implies the compact imbedding of H. into LPH1(RY, K (z) dz) for any £ > 0.
The existence condition obtained in [2] can therefore be replaced by just
imposing the coercivity of A without any special decay condition on V and
K. However, one of the main issues of [2] is in fact to show that this ground
state is indeed in H'(RY). To this respect, the assumption o < 2 in ()
seems essential.

When V is bounded from below by a positive constant and K is bounded,
the auxiliary function .4 was shown by Wang and Zeng [38] to play in some
sense the role of the potential in Rabinowitz’s result, i.e. their extension of
Rabinowitz’s sufficient condition for the existence of a positive ground state
solution of () reads

liminfj, o V(z)s 1 2

iminf |, . V(z)?-

inf A(z) < ——2 - (10)
z€R lim supy,| o0 K ()77

Under the same conditions, Wang and Zeng also proved that A4 contains
the information about concentration, namely concentration occurs around
critical points of A. Therefore A is referred to as the concentration function
associated to (). In particular, if V' is bounded from below by a positive
constant and K is bounded, any positive ground state solution of () con-
centrates at a global minimum point of A. In fact, one could also rewrite
del Pino-Felmer Theorem within the framework of equation (), using the
function A instead of V to locate the peak of the solution. Therefore, the
result of [2] can be seen as a partial extension of that theorem in the case of
equation () with both V' and K decaying to 0 at infinity and A having a
global minimum.

In this paper, we consider (@) in situations where

llirln inf A(x) =0
and
A(z) >0 for all 2 € RY.

This means we consider either a critical frequency case infpy V' = 0, assum-
ing further V(z) > 0 for all # € RY, or an unbounded competing function K.
Since in general ground states do not exist in such cases, we search for bound
state solutions localized around local minima of A. Our approach relies on a
suitable adaptation of the above discussed penalization method of del Pino
and Felmer. Our results also concern positive solutions for equations like (@)
in bounded or exterior domains with Dirichlet boundary condition. In the
latter we assume that the domain has a bounded boundary, V' > 0 in the
interior of the domain while we allow V to vanish or K to explode on the
boundary.
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From now on, Q C R denotes a regular domain with bounded boundary.
Of course, this includes the case Q = RY. Let V, K € C(Q,R") satisfy, if
o0 # 0,

: 1 K(2)

and one of the three following growth conditions at infinity if {2 is unbounded:
(GL) there exist a € [0,2[ and A > 0 such that

K
liminf V(z)|z|* >0 and limsupy x(x) (z)

|| —o00 |z|—o00 VX )

< 00,
where 91 ) := exp(—A|z[}7%/2) ;

(G2.) there exists A > 0 such that

K
liminf V(z)|z|> >0 and limsup s (z) (z)

|z|—o00 |x|—o00 V% ) 7

where 1 \(2) = [z] ;

(G3) N >2and

limsup |z| ™" ——
|z|—o0 V%x)

where v = (p — 1)(N — 2).
Theorem 1. Suppose Q C RY is a regular domain with bounded boundary
and p €]1,(N +2)/(N = 2)[ if N > 3 or p €]|1,00[ otherwise. Let V, K €
C(Q,R1) satisfy (Gaq) if O # 0 and one set (G-.) of growth conditions if
Q is unbounded. Let A C RN be open and bounded and assume

inf A(z) < inf A(x),

rEA x€OA
where A is defined by (@l). Then there exists g > 0 such that for every
0 < € < €q, the Dirichlet problem

—e?Au+ V(x)u = K(z)uP~lu, x€Q, (11)
u(z) =0, €I

has at least one positive solution u..

We emphasize that the solution wu. also satisfies
| @190l + V@) = o),

but since V' does not have a positive lower bound, HuEH%Q(Q) does not need
to satisfy the same estimate, and might even not be finite. However, the
solution displays the following features.

Theorem 2. Under the assumptions of Theorem [, let u. be the solution of
() obtained in that theorem and x. € Q0 be such that

ue(ze) = 81618 ue ().
X
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Then, we have
A(ze) — in/f\A(x), as e — 0,
BAS
for every r > 0 and € sufficiently small, us has no local maximum outside
the ball B(xc,er) and satisfies
d(xz,00) eN—2
> 1+d(x,BQ) (€2+‘x_x6’2)¥-

ue ()

If moreover,

liminf V(z) >0 and liminf V(z)[z|* > 0,
d(z,0Q)—0 |z|—o0

then, for every A > 0, there 1s C' > 0 and €9 > 0 such that if 0 < € < €g,
d(xz,00) et

ue(z) < Cl + d(x,00) (2 + |z — x€|2)%’
while if
liminf V(z) >0, and liminfV(z)|z|* >0 for some a €]0,2[,
d(2,00)—0 || — 00
then for every A > 0, there is C > 0 and g9 > 0 such that if 0 < £ < g,

T — x.

ue(z) < % exp(—)\‘ 1_a/2).

When Q = RN the preceding holds provided d(z,0)/(1 + d(z,0Q)) is re-
placed by 1.

3

This theorem implies in particular that u. € L2(Q) and |juc|? = O(eV)
as soon as N > 4 or as liminf |, V(z)[z[* and liminfy, 90)—o V (z) > 0.

Theorem [ can be seen as a weak version of the concentration behaviour
described in del Pino-Felmer Theorem. If V and K are locally Holder con-
tinuous, then the solution can be shown to achieve a unique (hence global)
maximum point. On the other hand, as discussed below, one cannot hope to
obtain better decay estimates since they do depend in an essential way on
the behaviour of V' at infinity.

While completing our research, we heard about some recent preprints
dealing also with nonlinear Schrédinger equations with potentials vanishing
at infinity. The most related one, by Ambrosetti, Malchiodi and Ruiz [6],
concerns the model equation (@) in RY under assumptions similar to ours.
Namely, the authors assume therein that V, K are smooth and positive, V',
K, K’ are bounded and V decays to zero at infinity in such a way that

liminf V' (z)|z|? > 0.

|z|—o0
Under these assumptions, the authors are able to construct, for sufficiently
small €, bound state solutions concentrating at any isolated stable stationary
point of the concentration function A. However, their assumptions on the
potentials V and K are more restrictive and they require K to be bounded.
Also, the method of [6] relies crucially on the homogeneity of the nonlinear
term K (z)uP while we are able to deal with more general nonlinearities.
In [6], the authors point out the paper of Souplet and Zhang [34] where
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radial decaying potentials are considered under stronger growth restrictions
at infinity. Moreover, neither semiclassical states nor spikes are investigated.
In two other recent prepints by Ambrosetti and Ruiz [§] and Byeon and Wang
[13], the possibility of concentration on spheres in the framework of decaying
potentials has also been considered. It could be interesting to see how far our
method can be adapted to the search of such solutions. Finally, we point out
the note [3], where recent developments on nonlinear Schrodinger equations
are discussed. The results of this paper were partially announced in [I0].

Our paper is organized as follows. We deal in fact with () where the
nonlinear term u? may be replaced by a more general superlinear term f(u).
It is not usually possible to give an explicit expression of the concentration
function, i.e. the energy associated the ground state solutions of the limiting
equation, see Section B which is given by A in the homogeneous case. Also,
the growth conditions (G%,) have to be adapted according to the behaviour
of f(u)/u close to zero. We refer to Section 2l where we complete our general
assumptions. We investigate the qualitative properties of the concentration
function and those of the ground states of the limiting problem in Section
In Section Hl we discuss the penalization scheme of del Pino and Felmer
and we provide an adequate modification of their approach which works fine
within our framework. From the way our penalized functional is defined, it
might seem at first sight that the method of del Pino and Felmer extends
to our framework with only minor changes. Whereas this is true for some
arguments, the possibility of V' to vanish at infinity brings a lot of troubles
and requires careful estimates. Firstly, our definition of the penalized func-
tional requires some preliminary technical adjustments in order to catch a
mountain-pass solution u. of the penalized equation. Indeed, our assump-
tions on V do not imply the L2-boundedness of Palais-Smale sequences as
in [T4], but Hardy’s inequality can still prevent losses of mass at infinity in
those sequences. Since Hardy’s inequality does not hold in two dimensions,
a special care is needed in that case and the compactness of Palais-Smale
sequences is derived from a Hardy type inequality with potential which takes
a growth restriction on V at infinity into account. This is one of the reasons
for which we require N > 2 when dealing with the weaker growth condition
in (G3,). To recover a solution of the original equation, we argue as follows.
Asin [T4], for small &, the solution w, is first shown to be small on the bound-
ary of A. This is done in Section Bl Then, using comparison arguments, the
estimate on the boundary is extended outside A. To this respect, the situa-
tion here is much more delicate than in [I4]. Indeed, we do require precise
estimates on the decay of the solution at infinity. Such estimates are worked
out in Section @ where the proof of Theorem [ is completed. Theorem
concerning concentration is proved in Section [I. Here again the approach
and the results differ considerably due to both weak regularity assumptions
on the potentials and their behaviour at infinity. In [T4], when V' is Holder
continuous, it is established that wu. has a unique local (and hence global)
maximum. As we only assume that V and K are continuous, the weakness of
the regularity of the solution ruled out the arguments used therein. However,
as stated in Theorem B the global maximum z. is shown to be essentially
unique in the sense that if y. is a local maxima of wu., then d(z.,y.) = o(¢)
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as € — 0. Observe also that when V is not bounded away from zero, we do
not recover an exponential decay as in del Pino-Felmer Theorem. In some
sense, the solution inherits its decay properties from the behaviour of V.
Decay estimates are delicate and depend on comparison arguments uniform
in €. They are obtained by using families of barrier functions, i.e. families
of comparison functions. Finally, Section Bl is devoted to some concluding
remarks and possible extensions of our results.

2. ASSUMPTIONS

For further references, we now introduce the main assumptions that will
be used throughout the paper. As already mentioned, we deal in fact with
the more general Dirichlet problem

—2Au+V(x)u = K(z)f(u) in Q,
u =0 on 01,

under the assumptions described hereafter.

(12)

2.1. The domain. We assume the domain Q C R¥ is a connected open set
with bounded C'1* boundary. In the sequel, such domains are referred to as
bounded or exterior domains and unless explicitely stated, a regular domain
is understood as a domain with C'»® boundary. This regularity assumption is
sufficient for our purpose but can be weakened for some pointwise statements.

The boundedness of the boundary is basically used in order to have a
uniform control on its geometry. Our arguments would thus also work for
some cylindrical domains.

2.2. The nonlinearity. We deal with a nonlinearity which is a continuous
function f : RT™ — R™ such that

(f1) f(s) =o(s) as s — 0F;

N 42
(f2) there exists 1 < p < N+2 if N >3orl<p<+o0if N =1,2,
such that
tim 1) _ o,
s—oo SP

(f3) there exists 2 < § < p+ 1 such that
0<0F(s) < f(s)s fors>0,

where F(s) := [] f(o)do ;

(f4) the function s — f(s)/s is nondecreasing.
We extend f by zero for s < 0, so that every nonzero solution of ([[2) is by
the maximum principle a positive solution of ().

Combining (f1) and (f2), we infer that for every § > 0, there exists C5 > 0
such that

f(u) < blul + Cslul?.

Assumption (f3) implies that there is C' > 0 such that F(s) > C(|s|? — 1),
i.e. F' grows superquadratically fast. This condition could be weakened by
assuming only that (f3) holds for large s and for any a, b > 0, there exists
a positive least-energy solution (see below for a precise definition) of the
equation

— Au+au=bf(u). (13)
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The hypothesis (fy) may also be weakened provided one can still obtain a
suitable minimax characterization of the infimum level on the Nehari man-
ifold, see Lemma Bl below. For instance, Wang and Zeng [38] treated a
superlinear term of the form uP — u?, assuming ¢ < p.

Our regularity assumption on the nonlinear term f is weaker than the
usual one, see e.g. [T4]. Indeed, assuming f of class C'! provides quite use-
ful information about the ground states of (I3)): by the symmetry result
of Gidas, Ni and Nirenberg [20], any such solution is radial and radially de-
creasing. This analysis remains valid when f is Lipschitz in a neighbourhood
of 0, see [T9]. In the general case, the fact that v € H'(RY) is a ground
state and f is nondecreasing implies that u is radial and radialy decreasing,

see [36].

2.3. The potentials. We next consider two potentials V, K € C(Q,R™),
such that V(z) > 0. Moreover, we assume K is not identically 0. If Q is
unbounded, we impose one of the three following sets of growth conditions
at infinity:

(g}oo) there exist a € [0,2[ and A > 0 such that

. : flexp(=Az|'=*/?)) K (x)
liminf V(z)|z|* > 0 and limsup
|z|—o00 ( )‘ ’ || —oc0 exp(_)\’m‘l—a/Z) V(.%')

<1;

(g]% ) there exists A > 0 such that

liminf V (x)|z|> >0 and limsup f(z7) K() <1;

2l =00 2] ooe |27 V(@)
(Q%OO) N > 2 and there exists A > 0 such that

: FAzP*~Y) K ()
1
el oY V(@)

<1.

If the boundary €2 is not empty, then we also assume that V and K satisfy
a growth condition on the boundary:

(Gron) there exist 4 > 0 such that
d 0) K
sy £024(.09) K@)
d(z,00)—0 Md(x,0Q) V(z)
Observe that all growth conditions depend on the behaviour of K and V'

at infinity and around 02, and on the behaviour of f(s)/s around s = 0.
Notice also that only V is assumed to be strictly positive inside A.

<1

3. LIMIT PROBLEM

In this section, we introduce the concentration function which is the coun-
terpart of the function A in the homogeneous case and we study some of its
properties. We also provide an independent decay estimate on the ground
states of the autonomous limiting problem. We first define the functional
Fap: H'(RN) — R by

Fuplw) = (/RN V2 +a/RNyu\2> _ b/RN Flu). (14)
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A necessary condition for u € H'(RY) to be a nontrivial critical point of
Fap is to belong to the Nehari manifold

Nop :={ue Hl(IR{N) |u#0, ( é,b(u),u) = 0}.
We then say that v € H'(RY) is a least-energy solution of
— Au—+au = bf(u), (15)
or equivalently that u is a least-energy critical point of F,y if

Fap(u) = uelan . Fap(u).

We may now define the ground-energy function
E Ry xR — R : (a,b) — E(a,b) := inf Fuyp(u)
UeNa,b

as the action of any least-energy critical point of F,; and consequently we
introduce the concentration function C : RN — R* U {+o0c0} by

C@%:{EW@%K@Di“ﬁO>& )

+00 otherwise.

In other words, if K(§) > 0, C(§) is the ground-energy associated to least-
energy solutions of

— AutV(©u = K(©)f(u). (17)

3.1. Energy of the ground state. The following lemma provides some
basic properties of the ground-energy function. We sketch the proof for
completeness.

Lemma 3. Assume f : RT — RT is a continuous function that fulfils as-
sumptions (f1)-(f4). Then, for every (a,b) € Ry x R, E(a,b) is a critical
value of F,p and we have
E(a,b) = inf maxF,p(tu).
we HI(RN) t=0
u#0
If u € Noyp and E(a,b) = E(u), then u € C' and up to a translation, u is a
radial function such that Vu(z) -z < 0 for every x € RV \ {0}.
Moreover, the following properties hold:
(1) the ground-energy function is continuous in IR{(J{ X IR{(J{;
(i3) for every b* € RY, a — E(a,b*) is strictly increasing;
(iii) for every a* € RY, b — E(a*,b) is strictly decreasing;
(iv) for every A > 0, E(Aa, \b) = A1 =N/2E(a,b);
(v) if f(u) =uP with1 <p < (N+2)/(N—-2)if N>3o0rl<p<+4ooif
N =1,2, then
p+1 N 2
E(a,b) =&E(1,1)ar—1 2b »-1.
Proof. The proof of the minimax characterization of £(a,b) is by now clas-
sical, see e.g. [39]. The key ingredient in the proof is the monotonicity
assumption (f4). Once this characterization is established, it is also quite
easy to show that £(a,b) is a critical value. These two facts have been es-
sentially proved by Rabinowitz [33]. By classical regularity estimates, u is
continuously differentiable. If f is Lipschitz, by [20} [T9], up to a translation
w is radial and Vu-x < 0. When f is monotone, [36] implies that w is radial
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and Vu-z < 0. For x € RV\ {0}, let H denote the halspace whose boundary
is perpendicular to x and let v denote the reflection of u with respecto to 9H.
By assumption, u — v > 0 in H with equality on 0H. By the monotonicity
of f, =A(u —v) + a(u —v) > 0. Since v is radial, u # v, so that by the
strong maximum principle, Vu - & < 0.

Let us now focus on the properties(i)-(v).

Property (i). Let (a,b) € RT x RT be given. We first claim that & is
lower semi-continuous. Assume (a,,b,) — (a,b) as n — oo and denote by
up € Ny, b, a least-energy solution of

—Au+ apu = by f(u).
We infer from assumption (f3) that there exist 6 > 0 and C > 0 such that
5”unH%{1(RN) < Hfan,bn(un) - (fclzn,bn(un)7 (un)) < C.

Hence, there exists u € Hl(RN) such that, passing to a subsequence if
necessary, u, — u weakly in H'(RY). It then follows from Strauss’ compact
imbeddings, see e.g. [39], that u, converges strongly in LP(RY) for any p €
12,(N +2)/(N — 2)[. On the other hand, since w,, solves (), assumption
(f2) and Sobolev’s inequality imply the existence of ¢ > 0 such that

c< HunHHl(RN)-
We now conclude that u is a nontrivial solution of
—Au+ au=bf(u),
so that u € N, and we deduce from standard arguments that

E(a,b) < Fyup(u) < liminf Fy 4, ().

Since Fg,, b, (un) = E(ay, by), the claim follows.

We next prove £ is upper semi-continuous. Let u € Ny be a least-energy
solution of ([[3). Consider the function g(t) = F,(tu) on [0, 00[. It follows
from (f1) and (f3) that g(0) = 0, g(¢) > 0 for small ¢ > 0 and g¢(¢) < 0 for
large t. Combining these facts with (fy), we deduce that ¢t = 1 is the unique
maximum point of g. In particular, we have

Fap(u) = I?ZaOX Fap(tu).

Assume now (an,b,) — (a,b) as n — oo. By the minimax characterization
of £(an,b,) and from what precedes, we infer that for each n > 0, there
exists a unique t,, such that

We now claim that ¢,, — 1. Notice that the uniqueness of the maximum
point of g and the definition of the sequence (t,,), implies the claim follows
as soon as we prove that (¢, ), is bounded and bounded away from 0. Observe
first that (¢,), is bounded. Indeed, we have a,, <@, b, > b and if t,, — 400
as n — oo, we deduce by (f3) that for n large enough,

fanybn (tnu) S ‘7:6712(tnu) < 07
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which is absurd. We next prove that ¢,, remains bounded away from zero.
Indeed, this follows from the superquadraticity of F' which implies that for
every € > 0, there exists C. > 0 such that

fan,bn(tnu) > ti(Hvu”%?(RN) + (an — Ebn)”uH%ﬁ(RN)) - CEth”uHII),p(RN)'

Hence, since € is arbitrary and there exist a, b > 0 such that a,, > a, b, < b,
this last inequality shows that ¢, remains bounded away from zero. We are
now in a position to conclude the proof. Letting n go to infinity in (IX]), we
deduce that

limsup €(an, by) < E(a,b).

n—oo
Indeed, writing

Fan b (tntt) = (Fa, b, (tntt) — Fap(tnw)) + Fop(tnu),
we observe that the first term in the right hand side tends to 0 because (t,u),,
is bounded in H'(RY™) while taking into account that t,u — u in H'(RV),
we deduce that
Fap(tnu) = Fop(u).
Properties (ii) and (iii). Let b* € R be fixed and assume u € H'(RY) is
a least energy critical point of F <. Assume a < a. Consider again the
function g(t) = Fup+(tu) on [0,00[. Asin (i), we infer there exists £ > 0 such
that
Fap (tu) = rgggif%b* (tu) > E(a,b™).

We now deduce that

E(a,b) < Fop (Fu) + (a a)/ 2Ju?
]RN

< max Fop+(tu) + (a — a) / 2 |ul?
t>0 ’ RN

< &E(a,b"),
so that (ii) follows. The property (iii) follows arguing in a similar way.
Property (iv). Let A > 0 and for every u € HY(RN), write uy(z) = u(A\'/?z).
Then, one has

Frapp(un) = N V2F, 4 (u).
Since u — wy is a bijection of H'(RN), this implies £(Aa, Ab) = A =N/2E(a, b).
Property (v). Let u > 0. For every u € H*(RY), one has

)

so that £(a, ub) = p~2/P=DE(a,b). Hence, the conclusion follows by com-
puting

+1_ N 2

£(a,b) zg(a.l,a.g.l) —ar 1 2b P TE(L,1). O

It follows from that lemma and the continuity of V and K that C is
continuous from Q — RT U {oo}. When assuming more regularity on V' and
K, the concentration function can be shown to be of class C! on the set
where C is finite, see [38]. If we also assume that the positive radial ground
state of () is unique for every & such that K (&) > 0, then C(&) contains
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all the information about possible concentration points. Indeed, Wang and
Zheng proved that in this case, bound state solutions concentrating on a
single point must have their peak converging to a critical points of C. We
refer to [38] for a precise statement and to [3T] for a similar result in a more
general framework.

3.2. Decay of the ground state. We next derive a pointwise estimate for
ground states of (&) which provides information on the decay at infinity.

Proposition 4. Let u € Ny be such that
E(a,b) = Fyup(u),

then, up to a translation, u is radial and radially decreasing. Moreover, for
every x € RN, we have

u(@)? < ¢ 20 E(a,b)

=Y 2 12 (VD (19)

where C' 1s a positive constant that depends only on the dimension of the
space and 0 is given in assumption (f3).

Proof. As u achieves the infimum on the Nehari manifold, it is a ground
state solution [39]. It is therefore radial and radially decreasing 19} 20, B6].
Then, by the inequality of Strauss, see e.g. [39], we infer that

[Vullz [|ull2

2
<
u(@)l? < CEERN

At last, since u € Ny, we deduce from (f3) that

1 1
5-9) /RN Vul® + aluf? < Fap(u) = €(a,)
so that the conclusion follows. O

As already noticed, it is well-known, at least when f is smooth, that
ground states decay exponentially at infinity, see Gidas, Ni and Nirenberg
[20]. The main point of Proposition B is that the inequality ([Id) does only
depend on the ground energy and holds uniformly for any ground state.
Using regularity theory, one can improve ([[d) and obtain usual exponential
decay estimates.

4. THE PENALIZATION SCHEME

In this section, motivated by the paper of del Pino and Felmer [I4], we
consider a modified problem which is the starting point for a local variational
analysis. We first focus on a suitable functional framework.

Formally, the elliptic equation in ([2) is the Euler-Lagrange equation of
the functional

T(u) = 1/ IVl + V@)lul?) - [ K(@)F).
2 QO RN

It is quite natural to consider the functional Z. in the weighted Sobolev space

He= {ue @) | [ @IV0P + V@) do < +o0)
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where we recall that Dé’2(Q) is the closure of C2°(€2) for the L2-norm of the
gradient. The space H. is a Hilbert space with scalar product and norm
respectively defined by

(ulv)e == /Q (eVu - Vo + V(z)w) da,

||u\|g ::/ (e52|Vu|2 + V(m)|u|2) dx.
Q

However, the assumptions on V and K do not ensure that H. is neither
embedded in H{ (), when € is not bounded, nor in LPT1(Q, K(z)dz). In
particular Z. does not need to be finite for every u € H. so that I.(u) €
RU{—o0}. Moreover, even if V and K are bounded and bounded away from
zero, in which case the above-mentioned embeddings hold and the functional
is well-defined in Hg(€2), the Palais-Smale condition usually fails without a
global assumption like one of those proposed by Rabinowitz [33] and Wang
and Zheng [B8]. As discussed in the introduction, for small values of ¢, Wang
and Zheng proved the existence of a positive solution assuming that

N

ptl N
) hmlnfmﬂoo V((L’)Pfl 2
inf A(z) <

z€RN

2
lim sup )00 K ()71

In fact this condition implies that the Palais-Smale condition holds at the
mountain pass level of Z, for small €. Since our assumptions allow V to
vanish and K to explode as |x| — oo, we cannot tackle the problem via a
global variational approach.

In order to bypass these difficulties, we follow the penalization method
introduced by del Pino and Felmer [T4]. This approach which can be seen as
a local variational approach, is well adapted to catch positive bound-states
when assuming that V is bounded away from zero. In fact the method
requires this last assumption in an essential way. In the next subsection, we
improve the penalization scheme by using a different penalized functional.

4.1. The Penalized functional. Assume there exists A C 2 whose closure
is compact in €2 such that

2,6 < nf o)

where C is the concentration function defined by ([f). We also assume that

A is chosen in such a way that

supC(x) < oo.
TEA

The penalization consists in modifying the superquadratic term in Z. outside
A. To do so, we first define f: Q x R™ — R by

f(z,s) :=min (kV (x)s, K(z)f(s)), (20)

where 0 < k < 1. Then, denoting the characteristic function of the set A by
XA, we define g: Q x RT — R by

g(z,8) == xa(@)K (@) f(5) + (1 = xa(@)) f(z, 9). (21)
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From now on, we also use the notation G(x,s) := f(f g(z,0)do. One may
easily check that according to (f1)-(f4) and the assumptions on V and K, g
is a Carathéodory function satisfying

(1) g(x,s) = o(s) as s — 0" uniformly in compact subsets of ;

N +2
(92) thereexistsl<p<N+2ifN23or1<p<+ooifN:1,2,
such that
i 95 _

5—00 sp

(g3) there exist 2 <0 <p+ 1 and k € (0,1) such that
0 < 0G(z,s) < g(zx,s)s forall z€ A and any s > 0,
and
0 < 2G(x,s) < g(z,s)s < kV(z)s® forall z ¢ A and any s > 0;

(g94) the function

g(z,s)
s
is nondecreasing for all z € .

S —

We are now in a position to introduce the penalized functional

Te(u) = % (/Q 82\Vu]2+V(w)]u\2> —/QG(x,u).

Using classical arguments, we can check that (g2) and (g3) imply that J:
is well-defined and that J. € C'(H.,R). Moreover its critical points are
weak solutions of the boundary value problem

{ —e?Au+ V(x)u = g(w,u) in Q,

u=20 on O0f). (22)

We next show that J. has a mountain pass geometry in H.. We first

observe that 0 is a local minimum.

Lemma 5. Let g : RT — R be a Carthéodory function. If g satisfies as-
sumptions (g1)-(g3) and V : Q@ — RT is a continuous function. Then, the
functional T achieves a local minimum at 0 in H..

Proof. The proof easily follows from the estimate

Jlu) = </952\vuy?+vu)\u12> —/AG(M) - [, e
11—«

>

Sl + [ (GVif - 6a).

Now, as V' is continuous and positive, by classical arguments, see e.g. [32],
(91) and (g2) imply

[ Glaa) =oflul?), asu—o.
A

Therefore, the conclusion follows from the above estimate. O



BOUND STATES FOR SCHRODINGER EQUATIONS 17

On the other hand, the infimum of 7. is —oo. Indeed, if 0 # u € H. has
support in A, then

Je(Au) — —o0, as A — +oo.
We then define the minimax level

Ce i = 'yléllfs tIEH[(EJi,)l(] ja(V(t))’ (23)

where I'; is the set of continuous paths
Ie:={y e C([0,1], He) | 7(0) = 0, Je(v(1)) < O}. (24)

Now that the minimax setting is established, our next step is to check that
J- satisfies some compactness condition. This is the object of the next
subsection.

4.2. Palais-Smale. We first recall that (u,), C H. is a Palais-Smale se-
quence for J; at level ¢, if

J:(un) — ce and J!(up) — 0 as n — oo.

We say that J. satisfies the Palais-Smale condition, (PS) in short, if any
sequence (up), C He for which J.(uy) is bounded and J!(u,) — 0 as
n — oo possesses a convergent subsequence.

The existence of a Palais-Smale sequence at level ¢, follows from standard
deformation arguments, see for example [39]. Hence, if J. satisfies (PS), the
minimax level ¢, is a critical value of ;. In the next lemma, we set ¢ = 1,
‘H ="Hy and J = J; to simplify the notations.

Lemma 6. Let g : R™ — R be a Carathéodory function satisfying (91)-(g3)
and V : Q — R be a continuous function. If N = 2 and Q is unbounded,
assume furthermore that

liminf V' (z)|z|? > 0.

|z|—00
Then, the functional J : H — R satisfies (PS).

A special care is required when (Q is an unbounded two-dimensional do-
main, due to the failure of Hardy’s inequality in dimension 2. This problem
is circumvented thanks to the following preliminary lemma which provide a
Hardy type inequality in dimension 2.

Lemma 7. Let Q C R? be a regular esterior domain and V € C(Q;RT). If

liminf V (2)|z|* > 0,

|z|—o0

then there exists C' > 0 such that for every u € D(Q),

]u\Q / 2 2
< V V
/Qdﬂ(x)Z =¢ Q| ul” + Vi@l

where do(z) = d(xz,00) if 00 # 0 and do(x) = 1 + |x| in the case where
Q=R
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Remark 8. When N # 2 or Q) is bounded, then one has the stronger classical
Hardy inequality

Moreover, one can take dgn(z) = |z|, see e.g. [22].
Proof of Lemma [l Let us choose R > 1 such that R™ \ B(0, R) C €, and

c:= inf V(z)lz|* > 0.
|z|>R

Then, the set ' = QN B(0,3R) is a Lipschitz bounded domain and dg < dg
(dor < 3Rdgq if Q© = R?). Therefore, we infer from the classical Hardy
inequality on bounded Lipschitz domains, see e.g. [22], that for every u €

DY),
/ |u|2 </ |u|2 <C/ |V |2
u )
Q/ dQ(,I)? - Q dQ/($)2 - ! Q/

where C1 > 0. On the other hand, if |x| > 2R, then dq(z) > |z|/2, so that
for every u € D(RY \ B(0,2R)), we obtain

/ < f i<t V@)l
RN\B(0,2R) 40 () RM\B(02R) [Z1* T ¢ JrRN\B(0,2R)

We next choose a cut-off function n € D(f2) such that n(x) = 1 if z €
B(0,2R), 0 < n(x) < 1if x € B(0,3R) and n(z) = 0 outside B(0,3R).
Combining these inequalities, we then get for every u € D(Q),

1/ |ul? </ |ul® / (1 = n)ul?
2 Jo da(r)? = Jonposr) do(®)?  Jry\Bo2r) da(z)?

4
<o / V() + 2 / V(@) uf?
QNB(0,3R) € JRN\B(0,2R)
4
<20, [ [vu? + <c2||vm|2o+—> [ v,
Q c Q

where Cy > 0 essentially depends on the lower bound of V' in the annulus
B(0,3R) \ B(0,2R). This concludes the proof. O

Proof of Lemma . Throughout the proof, C' denotes a positive constant
that can change from line to line. Let (uy,), C H be a Palais-Smale se-
quence, that is J(uy,) is bounded and J'(u,) — 0 as n — oc.

Claim 1: the sequence (uy)y s bounded in H. By assumption, we have

3 | (90l + V@) - [ Gom)

and for n large enough,

(el = [ (T Vll?) = [ o)

<C

NI () || < -
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Combining these inequalities, we infer from (g3) that

0—2 0—2
22 [P+ @) <6752 [ V@l +C 4l
2 Q Q\A

Since k < 1 in (E0) it follows that

/Q (IVunl? + V(@) unl?) < C1+ [Junl)).

This proves the claim.

Claim 2: for all § > 0, there exists a compact set K C ) such that

lim sup/ (IVun|® + V(2)|un|?) < 6. (25)
O\K

n—oo

Let 0 > 0 be given. We define a cut-off function ) in the following way.
Assume that ¢ € C*°(R,R) is such that 0 < ((s) < 1if |s| € [1,2] and

0 if|s] <1,
¢(s) = {1 it |s| > 2.
We then define 1), € C*°(R",R) by

m(z) = ¢ (M) , (26)

where again dg(z) = d(z,0Q) if 9Q # () while dg(z) = 1+ |z| when Q = RY.
Notice that the function dq is Lipschitz and |Vdgq| < 1 almost everywhere
so that myu, € H. Since (u,) is bounded, we infer that

(.T(un),n)\un) =o0(l) asn— oc.

Assuming that A has been chosen large enough so that ny =0 on A, we then
compute

/ﬂ (IVatnl? + V(@)un ) 13 = /Q 92, i — /ﬂ Vit - Vi + of1).

(27)
For the first term in the right-hand side of the equality, we observe that since
na(x) = 0 for any = € A, we have

[ st wnmn < [ V)P (28)
Q Q
The second term can be rewritten as

u
U Vg -V :/—"Vun- da(x)Vny).
/| m= | sV (da(r) V)

From the classical Hardy inequality if N > 2 or € is bounded (see e.g. [22]),
or Lemma [ when N = 2 and Q is not bounded, one has

| ek < e
o do(z)?

On the other hand, we compute

do ()¢’ (dg(x)log 619(3:)) 1

|daVnallso < sup
e
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Combining these last estimates with Cauchy-Schwarz inequality, we infer
that

C
[V ] < S B (29)
Q
Now, taking (28) and (29) into account, we deduce from (27)) that
C
(=) [ (Ve + V@) i < S lunll + (1),
If A > 0 is sufficiently large, (23 thus holds with

K={zeQ:e? <dg(zx) <e?}.

Conclusion. We deduce from Claim 1 that, up to a subsequence, (up)n
converges weakly in H to some function © € H. Now, fix § > 0 and let
K D A be such that (23] holds and

/ V(x)|u* < 6.
Q\K
Let us write

”un - u”%—[ = (j/(un) - jl(u)vun - u) + /Q(g(xvun) - g(w,u))(un - u) dz.

Since J'(u,) — 0 and wu,, converges weakly to u, (J'(un,)—T'(u), up—u) — 0
as n — oo. By (g3), one has

n—oo

timsup [ Jg(eua) = glav0)| i, ~ uldo
O\K

< lim sup 2/@/ V() (|un|* + |uf?) < 4k6,
O\K

n—oo

where the second inequality comes from (Z3) and Fatou’s Lemma. On the
other hand, by Rellich’s compactness theorem, u, — wu in LPTY(K) so that

by (g2),
/K(g(waun) — g(z,u))(uyp — u)dx — 0.

One thus concludes that for every é > 0,
lim sup ||lu, — ul|3, < 4k

n—oo

i.e. up — w strongly in H. O

4.3. Solutions of the modified problem. Having proved that (PS) holds,
we may state the following existence result for the modified problem (22).

Proposition 9. Suppose that g : RT™ — R is a Carathéodory function sat-
isfying (g1)-(g93) and V€ C(Q) is positive. If N = 2 and Q is unbounded,
assume moreover that V satisfies

liminf V' (z)|z|* > 0.

|z|—o0
Then, the functional J. has a critical point u. € H. which is a weak positive

solution of (Z22).

The proof being straightforward, we skip it. We next analyze the regular-
ity of the solution.
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Proposition 10. Under the assumptions of Proposition[d, any solution u. €
H: of @) satisfies u. € Wlicq(ﬂ) for every q < oco. In particular, u €
CH2(Q) for every 0 < a < 1.

loc

The proof follows from a classical bootstrap argument so that we omit it.

Remark 11. Observe that this result cannot be improved, even if we add
further regularity assumptions on ) and V. Indeed, in general, one cannot
prove that u € C**(Q) oru € Wﬁg(ﬂ) This is due to the fact that even for

a smooth u, g(x,u) does not need to be neither in C%%(Q) nor in I/Vli’cl(ﬂ)

4.4. Estimate of the moutain pass level. We deduce from the preceding
sections that the mountain pass level ¢, defined by ([Z3) is a critical level for
Je. In order to prove that this minimax level yields a solution of the original
problem for small values of &, we need a sharp energy estimate.

Let A CC Q be such that

inf C(¢) < inf C(¢) (30)

and supgey C(§) < oo, As already mentioned, the continuity of V' and K

implies that the concentration function C is continuous in A. We therefore
deduce the existence of &y € A such that

C(&) :m/&nC. (31)

To save notation, let us denote by Fy : H(RY) — R the functional defined
by () with a = V(&) and b = K({). We also define

.— inf Fo(v(1), 32
co = inf max o(v(1)) (32)

where
Ty := {y € C([0,1], H'(RY)) | v(0) = 0, Fo(v(1)) <0}.

One of the key ingredients to prove Theorem [Mlis a comparison between the
levels ¢, and ¢g for € small.

Lemma 12. Suppose that f : R™ — RT is a continuous function satisfying
(f1)-(f3), V, K : Q — R are continuous functions and g : Q@ x Rt — R
is defined by @I). If N = 2 and Q) is unbounded, assume moreover that V
satisfies

liminf V' (z)|z|* > 0.

x| —o0
Then, the functional J: has|a| critical point ue. € H. such that
Te(ue) < eVeg 4+ 0(eY), ase—0.
Moreover, there exists C' > 0 such that
el < Ce™.

Proof. 1t follows from Proposition 0 that the mountain pass value c. is a
critical level for .. From the definition of ¢y, we infer that for every § >
0, there exists a continuous path 75 : [0,1] — RY such that ~5(0) = 0,
Fo(vs(1)) < 0 and

co < max Fo(7s(t)) < co + 6.
t€[0,1]
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Let n € C®(RY,R) be a cut-off function, with support in A, such that
n(x) = 1 for x in a neighbourhood of &, defined by (BIl). We then define the
path 75 : [0,1] — Hc by

5(0) 0 = ntaate) (S22

3

Rescaling in the space variable leads to

6N

J(35(t)) = = /Q (IV(n(ez + &)vs(t) > + V(ex + &o)In(ex + &o)ys(t) )

_ gN/ K(ex + &) F(n(ex + &o)vs(t)),
Qe

where Q. := {z € RN | ex + & € Q). Hence, a straightforward but rather
tedious computation shows that

T-(75(t)) = eN Fo(ys(t) +o(e") as e — 0.
It follows that for e small enough, 745 belongs to the class of paths I'. defined
by (24)). We therefore conclude that
Je(us) = inf max J:(y(t))

v€ET: te[0,1]

_ _
< max T (75(1))

< eN(co +8) + o(e™).

Since the last inequality holds for any ¢ > 0, the first statement is established.

Consider now a critical point u. € H. at the mountain pass energy level.
To prove the estimate on the norm of u., we observe, arguing as in the first
claim of Lemma [B] that

1 1
(1-— /4)(5 — 5) /Q (62|Vu€|2 + V(ﬂ:)ug) < Je(ug).
Hence the proof follows from the energy estimate. O

5. ASYMPTOTICS OF SOLUTIONS

We study in this section, the asymptotic behaviour of the mountain pass
solution of the modified problem (Z2) as ¢ — 0. In particular, we derive a
uniform estimate of u. on JA, see Proposition EZII, which is a main step in the
proof of the existence of a solution of the original boundary value problem

@).

5.1. Estimates on sequences of rescaled solutions. Since the H.-norm
of the solution u. of the modified problem is of the order eéV/2, it is natural
to rescale u. as uc(ze + ) around a well-chosen family of points ..

We first observe that such sequences are relatively compact for the uniform
C'-convergence over compact sets. Moreover, even if there is no a priori
guarantee that u. belongs to H'(Q), any limit v of a subsequence of rescaled
solutions will be in H'(RY), i.e. the fact that u. € H} (RY) yields v €
HY(RM).
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Lemma 13. Suppose the assumptions of LemmalA are satisfied and assume
us € HL () is the positive solution of @) obtained in that lemma. Let
(en)n CRT and (z,,)n C Q be sequences such that &, — 0 and z,, — T €
as n — oo and denote by (v,), the sequence defined by vy, (z) = ue, (xn+enx).
Then, there exists v € H'(RYN) such that, along a subsequence that we still
denote by (vy)n,

Clloc (RN)

Vp = W.
Moreover, for every R > 0 and g > 0, we have
sup |[vpllwza(Bg) < 00, (33)
neN
and

Vo> = lim lim e,V e2|Vue, |2,
RN R—oon—o00 Bn(R)

/ V(Z)|v)* = lim lim 6nN/ V(x)|ue, |*,
RN Bu(R)

R—o00 n—0o0

where By (R) := B(zp,enR). In particular, we have

lim lim an/ 2| Vue, >+ V(2)|ue, |* =0, (34)
An(R)

R—00 n—00
where An(R) := B(xp,enR) \ B(zn,e,R/2).

Proof. First observe that each v, solves the equation
—Avy + V(xy + enx)vn = xa(zn + en2) K (2 + €2) f (v5)

+(1 = xa(xn +€p2)) f(xn + Enz,vn), x € Qy,
(35)
where Q,, := {z € RN | 2, + g,2 € Q}. We now infer from the estimates of
Lemma [[Z that
Te(v) < cg +0(1) asn — oo
and for all n € N,

/ (1V0nl? + V(an + en)onl?) < C, (36)
Qp

with C' > 0 independent of n.

Define again a cut-off function nr € C°(RY) such that n(z) = 1 if |z| <
R/2, n(z) = 0 if |z] > R and ||Vnr|lcc < C/R for some C > 0. Choose
R, such that R,, — oo, e, R, — 0 and B(z,,2e,R,) C Q and define w,, €
Hlloc(RN) by

wp () = g, (z)v,(x).
We first observe that

1
2 2 2
wp|” < / p|" < —F—— / V(z, + enx)|vp]”. 37

Observe that V' being positive in €2, the convergence of x,, to a point in 2
implies there exists m > 0 such that V(x) > m for every x € B(xy,enRy).
Hence we deduce from (B7) the estimate

[P <2 (39)
RN m
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On the other hand, we compute

[ovwn = [Pl [ 190 Pl P42 [ VooV e, o
RN RN RN RN

(39)
For the first term on the right-hand side, we have the estimate
C
2,12

[ 190 Pl < - lonllzogs, (40)

while for the last one, we infer from Cauchy-Schwarz inequality that

C

o Vuy - VIR, MR, Un | < R_nvanHLQ(BRn)||UnHL2(BRn)- (41)

Since we have

1 C
vnllmy(Bg,) < o /Qn (|an|2 + Vi(zy, +6nx)|vn|2) < -,

collecting the estimates (BX), Bd), @) and EI), we infer that (wy,), is
bounded in H*(RY). Since wy solves (BH) on By, s for all n, classical
regularity estimates yield then (B3]).

We may now extract from (wy), a subsequence, that we still denote by
(wy)n for simplicity, that converges weakly in H'(RY) to some function
ve HY(RYN). By (B, it is clear that w, converges to v uniformly in C1(K),
for every compact K C RM. Moreover, for n large enough, w, = v, in
compact sets so that v, — v in CL _(RY).

The remaining estimates follow from the continuity of V and the fact that
ve HY(RY). a

A useful application of Lemma [[3] consists in estimating the action of wu,
in neighbourhoods of points. In particular, this will provide a lower bound of
the action depending on the number and on the location of the local maxima
of ue.

Lemma 14. Suppose that the assumptions of Lemma I are satisfied and
assume moreover that (fs) holds. Let u. € HL _(Q) be the positive solution

of 22) obtained in LemmallA and the sequences (), C RT and (z,,), C Q
be such that €, — 0, x, — T as n — oo and

lim inf u.,, (z,) > 0. (42)
n—oo
Then, up to a subsequence, we have

lim inf liminf &= [ £ / 2|V, [+ V(@)|ue, [2 / Glz,u.) | > C(@),
fimoo moo 2 JBu(r) n(R)
(43)

where By, (R) := B(xp,enR).

Proof. Passing to a subsequence if necessary, we may assume that there
exists v € HY(RY) such if vy, (y) = ue, (¥n + eny), vo, — v in CL (RY).
Since A is smooth, still going to a subsequence if required, the sequence of

characteristic functions x,(x) = xa(zn + enz) converges almost everywhere
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to a measurable function y satisfying 0 < x(z) < 1. We then deduce that v
solves the limiting equation

—Av+V(Z) = g(z,v), zeRY, (44)

where

gla,v) = x(@)K(@)f(0) + (1 = x(2)) f(z,).
By (#2), we know that v(0) = lim;,,—. v,(0) > 0, so that v is not identically
7€r0.
As v is a nonzero solution of (#4), it belongs to the Nehari manifold
associated to this equation, that is

N = {ue H'RY) [u#0, (G'(u),u) =0},
G : H'(RY) — R being the functional defined by

o) = ([ wup v [ wp)- [ 6w,

where G(z,u) = Jo 9(z, s)ds. Since g(z,v) < K(z)f(v) in RN x R, it
follows that for all u € H'(RY),

6w > 5 ([ vl v [ ) - K@ [ P

Therefore, as § satisfies the condition (g4), we deduce that

G(v) = max G(tv) > inf supG(tu) > inf sup Fy () k) (tu) = C(T).

ueH(®RN) >0 ueHL(RN) >0
u#0 u#0
Finally, we claim that
1
lim inf lim inf — / (Vo |? + V() |va)? — G(z,v,) > G(v).
R—oo mn—oo 2 BR BR

Let us write for notational convenience
1
hy = 3 (|an|2 + V(x, + 6nx)|vn|2) — G(zy +enz,vp).

Then, for every R > 0, the convergence of vy, in C_(RY) implies that

im :l v|? z)|v|?) = x,v).
im [ b= [ (Ve e v@p?) - [ G

= JBgr 2 Br

On the other hand, since v € H'(RY), for any § > 0, there exists Ry > 0
such that if R > Ry

lim hn > G(v) — 0.

n—oo BR

This proves the claim and completes the proof. O

The estimate ([H3)) only becomes useful once we can estimate what happens
outside small balls. That is the object of the next lemma.

Lemma 15. Let the assumptions of Lemmalld be satisfied and assume u. €
HL () is the positive solution of ([Z2) obtained in that lemma. Let (€,,)n C
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R‘F and (%), C Q, 1 <i < K, be sequences such that &, — 0 and i, —
'€ A asn — oco. Then, up to a subsequence, we have

G(w,uen)> >0,
(45)

1
liminfliminfes;N — / 5i‘vuan‘2 + V(UU)’UETJQ - /
R—oo n—oo 2 Q\Bn (R) Q\Bn(R)

K
where By, (R) = U B(z!,e,R).

i=1
Proof. Let ng, be asmooth cut-off function such that nr ., = 0in B,(R/2),
NRe, =1in Q\ By(R) and |Vnpre, | < 2/(enR). As (g3) holds, we have

1
5 5%‘vu5n‘2 + V(x)’ufn‘2 - G(.%', uan)
2 Jo\Bu(R) O\Bn(R)
1
>0 [ RV P V@)l - oo, Jue,. (46)
2 Jo\B.(R)

Taking u., MR, as test function, one obtains

/ givufn : v(nR75nu5n) + nR,anV(x)‘uanP - nR,ang(x7 u&n)uan =0.
Q

Hence, the right-hand side of (@) can be written as

1
__/A ( )6iu5nVuen-V??R,en+(6i|Vuen|2 + V($)|u€n|2 _ g(x,usn)uen) NRens
»(R

2
where A, (R) := B,(R)\B,(R/2). For the first term in this expression, using
the estimate of Lemma [[2 we infer that
1

C
i -f—N/ 20 V. -V < = —_—. 47
R R T

For the second one, using the growth assumptions on g, we get

n—oo

lim nf ;¥ / o IV P V@ P g, e e,
An(R

K
< liminfe, v Z Ci(l}np+ Iﬁ:}R)’

n—o0 ¢
=1

where the constants C; only depend on Z;, and

1/2
B(x},enR)\B(z},enR/2)

Hence, taking (Bl and (B7) into account, the conclusion follows from Lemma 3]
U

Proposition 16. Suppose that the assumptions of Lemma [IA are satisfied
and assume moreover that (fs) holds. Let u. € H _(Q) be the positive solu-
tion of [Z2) obtained in Lemmalld, (,,), C RY and (%), C Q be sequences
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such that ¢, — 0 and for 1 <i < K, 2/ — 7' € A as n — oo. If for every
1<i<j <K, we have

' |xz _ j|
limsup ——— =0
n—oo 6”

and if for every 1 <1 < K,

lim inf u., (z%,) > 0,
n—oo

then

n—0o0

K
liminf e, ¥ (ue,) > > C(Z:).
=1

Proof. First observe that going to a subsequence if necessary, we may assume
that for every 1 <14 < j < K, we have

n—oo En

We infer from Lemma [[4] and Lemma [[H that up to a subsequence, for any
fixed § > 0, we can choose R large enough so that

1
lmmmﬂ(;/ Ve, [+ V@us, P [ waw>24,
oo Q\Br(R) QN\Br(R)

K
where B, (R) := U B(z!,e,R) and for every 1 <i < K,
i=1

1 .
hmmmﬂ<5/_ 29, [+ Ve, P~ [ ﬂ%%ﬁ)zﬂfF&
nee Bj(R) B}, (R)

where B! (R) := B(x!,e,R). Now, as for n sufficiently large, the balls Bf (R)
are mutually disjoint, we may decompose J (u., ) as

K
1
wa:EZGL%mﬁw%ﬁ+wwmm—/

i=1 Bi(R)

G(x,uan)>

1
= Ve, P+ Ve, - [ Gl e,)
2 Jo\uX  Bi(R) O\UK , Bi (R)

i1=1""n i=1"n

concluding therefore that

K
liminf e, ¥ 7 (ue,) > Y C(2;) — (K + 1)3.
Since this can be done for every subsequence, the conclusion holds for the
whole sequence. O

In the case where the x,,’s are local maxima of u., and their cluster points
are all inside A, the estimates of Lemma [[3 can be refined. In particular,
we obtain a common decay estimate for any converging subsequence, see
Proposition Bl We first consider the following preliminary lemma.
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Lemma 17. Let f € C(R), V € C(;R") and K € C(;RY) be given and
assume g : @ x R — R is defined by EI)). Let u. € H () be a positive
continuous solution of @2). If y. € Q is a local mazimum point of u. such
that uc(y:) > 0, then

fue(ye))/ue(ye) = V(ye) /K (ye). (48)

Proof. Suppose for the sake of contradiction that ([#X) does not hold. Since
ue, V and K are continuous, there exists p > 0 such that for every z €
B(ya,p), we have

f(ue(2))/ue(z) < V(x)/K(z).
By definition of g, the function wu. then satisfies the inequality

—e?Aue + V(x)u: < K(x)f(ue)
in B(ye,p). Consequently, there holds
—Au, <0

in B(ye, p). But, we then deduce, using the strong maximum principle for
subharmonic functions, that y. is not a local maximum of u., which is a
contradiction. O

Proposition 18. Suppose the assumptions of Lemma [IQ are satisfied and
assume u: € HL_(Q) is the positive solution of ([Z2) obtained in that lemma.
Let (ep)n CRT and (z,)n C Q be sequences such that e, — 0, z,, is a local
mazimum point of ue, and r, — T € A as n — oo. Let (v,), denote the
sequence defined by vy(x) = ue, (vn + enx). Then, there exists a positive
function v € HY(RY) N CY(RY) such that

— Av+V(Z)v = K(z)f(v), (49)
v achieves a mazimum at 0 and, along a subsequence,

Clloc (RN)

Up — 0.
Proof. By Lemma [, we infer the existence of a cluster point v € H'(RY)
of vy, = ue, (zn, + &5°) in COL (RY). Since x,, — Z in A, v solves ([EJ) and
as v, attains a maximum at 0, v also achieves a maximum at 0. We now

deduce from Lemma [[] that

f(wn(0)) /v (0) > V(20)/ K (2)
so that
f(0(0))/v(0) > V(z)/K(z),
and hence v(0) > 0. O

Remark 19. If moreover f € C*1(R), V and K are of class C*, for some
k > 0 and o > 0, similar regularity estimates then yield the convergence

Up — VN C{f;z(RN).

Proposition 20. Suppose the assumptions of Lemma [IQ are satisfied and
assume u: € HL (Q) is the positive solution of ([Z2) obtained in that lemma.
Let x. denote a local mazimum point of u. and assume moreover that all the
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cluster points of the set {x. | 0 < ¢ < eo} are inside A. Then, there exists
C > 0 such that
+o(1),

ue(ze +ey) < W

uniformly in y over compact subsets as € — 0.

Proof. The proof is a direct consequence of Proposition Bland Proposition [I&],
taking also the boundedness of the concentration function C, defined by ([IHl),
in A into account. O

5.2. Uniform convergence on JA. The main consequence of the previous
analysis of sequences of rescaled solutions is the following estimate on the
boundary of A. As already discussed, this estimate is crucial in our approach.

Proposition 21. Suppose that f : R™ — RT is a continuous function sat-
isfying (f1)-(f4) and V, K : Q@ — R™ are continuous functions. Assume that
the open set A CC Q) satisfies BI) and g : Q x RT — R is defined by (Z1I).
If N =2 and Q) is unbounded, assume moreover that V satisfies

liminf V' (z)|z|? > 0.

|z|—o0
Then, the family (u:). C HL (Q) of positive solutions of ) obtained in
Lemma [I4 satisfies

lim sup wu.(z) = 0.

=0 zecoA
Proof. Suppose by contradiction that there exist sequences (g,,), C Rt and
(2n)n C OA such that &, — 0 and

lim inf u.,, (z,,) > 0.
n—0o0

Then, going to a subsequence if necessary, x, — & € JA and we deduce from
Proposition [0 that
liminf e, ¥ 7 (u.,) > C(Z),
n—oo

contradicting the energy estimate of Lemma O

6. SOLUTIONS OF THE INITIAL PROBLEM

In this section, we prove that for € small enough, the solutions of the
modified problem (22)) do solve the initial problem ([Z). Theorem [ stated
in the introduction is a particular case of the following more general result.

Theorem 22. Suppose Q C RY is a reqular bounded or exterior domain.
Let V, K € C(Q,R™) satisfy (Groaq) if 00 # 0 and one set (G% o) of growth
conditions if Q is unbounded. Let A CC ) be open and bounded and assume

D < B @ o0

where C is defined by ([[0). Then there exists €9 > 0 such that for every
0 < € < gq, the Dirichlet problem () has at least one positive solution u..

We already know from Lemma [[Z that the modified problem (Z2)) possesses
a positive solution u.. We will prove that for ¢ small enough, this solution
actually solves ([2). Our arguments rely on the construction of suitable
comparison functions in order to obtain good decay estimates on the solution
ue at infinity or close to 9€2. These are worked out in the next subsections.
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6.1. Maximum principle. As in the previous section, Q C R” is assumed
to have a bounded C%* boundary. We first define a weak notion of upper
and lower solutions for the linear operator Ly defined formally by

Ly eu = —e*Au+ W(z)u, (51)
where W is a continuous nonnegative function and ¢ > 0.

Definition 23. Let Q C RY be a domain and W € C(Q) be nonnegative. A
function v € VV&)’S(Q) is a lower solution of the linear operator Ly, formally
defined by ([BIl) where € > 0, if for every ¢ € C°(Q) such that ¢ > 0,

/Q (£°Vo- Vo + W(z)vp) <0. (52)

A function v € H}

10c(€2) is an upper solution of Ly, if —v is a lower
solution.

The use of weak solutions is justified by Remark I We next state a
maximum principle associated to this class of weak solutions.

Proposition 24. Let Q C RY be a reqular bounded or exterior domain
and Ly be the linear operator formally defined by (1) where ¢ > 0 and
W e C(2;R) is nonnegative. Assume that

(1) w € HL (Q) is a lower solution of Ly ;
(2) Vu, € 1(9) ;
(3) if N =2 and Q is unbounded,

2
u
/7+2<oo
ol+|z]

Then, if ux =0 on 02, we have uy =0 in Q.

Remark 25. The hypothesis u € HllOC together with the summability condi-
tion Vuy € L*(Q), imply that uy € H'(U) where U is a bounded neighbour-
hood of the boundary 0. Therefore, by the Sobolev trace embedding, uy has

a trace on Of).

Remark 26. When N > 2 or Q is bounded, the assumption (Bl is indeed
unnecessary since in fact, it is a consequence of Hardy’s inequality.

Proof of Proposition [ZZ First notice that since u € H._(Q), the variational
inequality (B2)) holds in fact for every ¢ € H!(Q), that is the set of compactly
supported functions of H'(€). Let 7 be the cut-off function defined by (28)

in the proof of Lemma [l Taking (1 — 1) )uy as test function in (B2), we get

[0=m)E@ITusP+ W) < | Vue - Tnuy.

Since uy = 0 on 012, taking the assumptions () and (@) into account, we
may argue as in the proof of Lemma [l to estimate the right-hand side of this
last inequality. We then infer this right-hand side is of order 1/\ as A — oc.
On the other hand, it is clear that ny, — 0 as A — oo. Therefore, as W is
nonnegative, Fatou’s Lemma yields

/ 2 Vui|? + W(x)ui < li){n inf/ Vuy - Vnyug = 0.
Q - JQ

Hence, we conclude that uy = 0. (]
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6.2. Comparison functions. We first consider comparison functions close
to the boundary. Along a smooth boundary, it is possible to construct a
harmonic function that decay uniformly when approaching the boundary.

Proposition 27. Let Q) be a reqular bounded or exterior domain in RN with
N > 2. Assume A C Q) is a reqular subdomain such that A C 2. Then, there
exists a function 1y, such that Vib, € L?(2),

d(x,00)
_ > <O
Ay >0 and p(x) < C’1 T+ d(z, 09
on Q\ A,
Yp =1
on A and y(x) =0 for x € 0N.

Proof. Choose U C € such that U N A = (), U is bounded with a regular
boundary and 9Q2 C 9U. Define ¢, : @\ A — R by

AyYp,=0 inU,

vy =0 on 012,

¢b =1 on OU \ 9.

Yp=1 onQ\U.

The function 1 is clearly subharmonic. The regularity hypothesis on
and U imply that ¢y, € C1*(U). Therefore, we have

d(xz,00)
< (O—07"
Yol@) = O . 09)
for x € Q\ A and Vi, € L*(Q). O
The next proposition deals with comparison functions at infinity.

Proposition 28. Let N > 1, U ¢ RY be unbounded and W € C(U;R™).
Assume either
(i) limér(lij(ﬂ:) > 0 and there exists o« < 2 such that
r—
lim inf W (z)|x|* > 0,

|z[—o00
and oo () = exp(=A(1 + |z|>)/2=%/%), where X\ > 0, or
(i) liminf W (x) >0,

lim inf W (z)|z|?> > 0,

|z|—o00

and oo () = (1 4 |z|?)~2, where A > 0, or
(iii) W is nonnegative, N > 2 and oo(x) = (1 + m2)17N/2'
Then there exists eg > 0 such that if 0 < & < &g,
—&?Atog + W (2)thos 2 0
mn U.
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Proof. Consider the case (i). By assumption, there is ¢ > 0 such that for
x €U, W(z) > c/(1+]|x)*. An explicit computation of —e2A1),, combined
with the previous inequality gives

- 2"52A1/}oo + W(x)woo

> (&(1 -9 (-A2a-9%)

1+ |z? 2(1 + |z|2)3/2-a/4
Voo
(T + laP)or?
Since a < 2, this last expression is positive for every x € U when ¢ is

sufficiently small.
Under the assumptions (ii) and (iii), one computes

( 1 >_ A <N—()\—N+2)|x|2)
(L4 |22 (14 [af2)A/2H 14 [af? '
In case (ii), one concludes as in case (i), while in case (iii), one has even

—AYs > 0, so that in this case, the conclusion holds for any nonnegative
w. O

6.3. Proof of Theorem

of | N (V-1 glefy )

Proof of Theorem [Z4. To fix the ideas, we work out the proof for an exterior
domain € such that 9Q # 0 and (G; ) holds.

By (G} ..) and (Gr.a0), there exist A >0, a € [0,2[, > 0 and & € (0,1)
such that
: f(exp(=Afz|'~*/?)) K (z) : f(pd(z,09)) K (x)
lim sup <k, and limsup
|z|—o00 eXp(_)“xll_a/Q) V(x) d(x,0Q)—0 :U’d(xa aQ) V(x)

Define f by () according to this choice of k. We know from Lemma [[Z that
the modified problem () has a positive solution u.. If for every z € Q\ A,

we have
fluc(z)) K(2)
ue(z) V(x)
then wu. is a positive solution of the original Dirichlet problem (IZ).
From the assumptions (f1), (f4), (Gt00) and (g}m), we deduce the exis-
tence of v > 0 sufficiently small, such that, choosing

< K,

_ d(x,00)
— _ 1—a/2 ’
one has for all x € Q,
flw(z)) K(z)
< K.
wla) Via) =" o
Let us write m. = sup,egp ue(x) and define the auxiliary function wy, by
ue(z
wy(x) := ue(@) (),

€
where 1, is defined in Proposition We infer from the fact that u. solves
E2) and the definition of g(x,u) that

—Aw, <0 in Q\A.
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Applying the maximum principle for subharmonics, i.e. Proposition 24] with
W =0, to wp in Q\ A, we deduce from Proposition Z7 the estimate

d(x,00)

< ek St Adiel? S
ue(w) < Cme— d(z,09)’

(54)
which is valid for every x € Q\ A.

Now, choose U C €2 such that Q\ U is bounded, ANU =0, U C Q and
OU is compact and smooth. It follows from (B4]) that wu. is bounded on OU
uniformly in €.

To get a decay estimate at infinity, we define the auxiliary function we
by

Weo () 1= ue(@) _ Choo (),
Me
where 1o, is defined in Proposition 28§ with A > 0 as in assumption (g}m)
and C' > 0. This time, we observe that for £ small enough, ws, is a lower
solution of Ly in U, where W (x) := (1—£)V (z). Choosing C large enough
to ensure that we, < 0 on AU and applying again Proposition 24l we get

us(x) < Cme¢oo(x)a (55)

forz e U.
As m. — 0 by Proposition Il and ©Q \ U is bounded, combining the
estimates (B4) and (B3), we finally deduce that for & small enough,
ue(r) < w(z),

for every x € O\ A.
At last, we conclude from (f4) and (&3] that for each x € Q\ A,

flue(@) K@) _ flw() K(x)
@) Vi) S w@ V) "

This completes the proof of this case. The arguments being similar when
dealing with the assumptions (QJ%OO) or (gj;oo), we do not repeat them. [

Remark 29. The inequality ([B3) provides a decay estimate at infinity for
the solution u.. In particular, this estimate does hold even if a < 0 in
assumption (g}m). If a =0, i.e. if V is bounded from below at infinity, we
infer the solution decay exponentially fast at infinity. If o < 0, this decay
rate at infinity can be improved. For example, if V grows quadratically fast
at infinity, then the solution decay like a Gaussian as |x| — oc.

7. CONCENTRATION

We next investigate the behaviour of the solutions u. obtained in The-
orem 22 when ¢ — 0. Namely, we prove in this section that the solutions
display the features stated in the following theorem.

Theorem 30. Suppose that the assumptions of Theorem [ZA hold. Let u. be
the positive solution of ([Il) obtained in that theorem and x. € Q be such
that

ue(ze) = 81618 ue ().
X
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Then, we have

lim C(z.) = inf C(w),

and for every r > 0, there exist C > 0 and g9 > 0 such that for 0 < e < g,
ue has no local maximum outside the ball B(xc,er) and

d(x,00) eN-2
us(x) < C —. 56
(z) L+ d(2,09) (22 1 |z — 2.2) 5 (56)

If we assume in addition that

liminf V(z) >0 and liminfV(z)[z|* > 0,
d(2,09)—0 700

then for every A > 0, there exist C > 0 and g9 > 0 such that for 0 < e < g,
one has

d(xz,00) et
T 14d(z,09) (62 + |z — 2 [2)NM2

(57)

ue ()

while if

liminf V(z) >0 and liminf V(z)|z|* >0
d(z,00)—0 |z|—o00

for some «a €]0,2[, then for every A > 0, there exist C > 0 and g9 > 0 such
that for 0 < e < €y,

d(x,00) 1-a/2
= T3 (w0 oo

When Q = RN the preceding holds provided d(z,0Q)/(1 + d(z,00Q)) is re-
placed by 1.

T — Te

exp(—)\‘

ue () s

TheoremPstated in the introduction concerning the particular case f(u) =
uP clearly follows from this more general result. The proof of Theorem Bl
is divided in two steps. We first investigate the behaviour of the maxima
of uz. Then, the second and main step is the construction of barrier func-
tions, see below for a precise definition, which basically consist in families of
comparison functions that provide uniform decay properties as € — 0.

Observe that in contrast with del Pino - Felmer Theorem stated in the
introduction, we cannot ensure the uniqueness of the maximum of u.. This
is due to the lack of regularity of f, V and K. When stronger regularity
assumptions are made on those functions, one recovers solutions with a single
maximum as in the above cited theorem, see Remark Bal below.

7.1. Local and global maxima. A first thing noteworthy in the study of
maxima of u. is that the global maximum is always attained in A.

Proposition 31. Suppose that f : Rt — RT, V., K : Q — R are con-
tinuous functions, A CC Q and g : Q x R™ — R is defined by ). Let
u: € HE (Q) be a nonnegative solution of @Z2) such Vu. € L*(Q). Then
there exists x. € A such that

us(xe) = 81618 ue ().
x
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Proof. Since the solution u. € C1(Q) by Proposition and A C Q is
compact, there exists x. € A such that
Ue(x2) = max ug(z).
z€A
Now observe that by definition of g in (20), one has,

—?Aue + (1 — K)V(2)u: <0

in 2\ A, where x < 1. Hence, using the maximum principle which applies
because Vu. € L?(f), we infer that for every z € Q\ A,
wew) € sup ua(w) < supue(x) = ua(z). O
z€INUOA z€EA
In the sequel of this paragraph, we investigate the localization of the

maxima of u. in 2. Our first observation is that the maximum points of the
solution obtained in Theorem P2 are all located in A.

Proposition 32. Suppose the assumptions of Theorem hold. Let u. be
the positive solution of (II) obtained in that theorem and x. € Q be a local
mazimum point of u.. Then x. € A.

Proof. The proof follows from the penalization procedure and Lemma [
Indeed, if z. € Q is a local maximum point of u., then, as w. is strictly
positive, Lemma [[7 implies
f(ue(ze)) K(ze)
us(z:) V()
But on the other hand, since u. solves both (22)) and ([1l), we have for every
x € Q\A,

> 1.

f(us(z)) K()
us(z) V(x)
with k < 1. O

< K,

Our second fact is that any converging sequence of maximum points of u,
does converge to a minimum point of C in A. This obviously implies that as
¢ — 0, the maxima of u. occur close to minima of C.

Proposition 33. Suppose that A CC € and the assumptions of Lemma
I3 are satisfied. Let (e,), C RY be such that €, — 0 as n — oo and
(e, )n C HL,(Q) be the corresponding sequence of positive solutions of (22
obtained in Lemma[IA. If (yn)n C A is a sequence of local mazimum points
of ue, , then

li = inf .

Jim C(yn) = inf C(z)
Proof. Assume by contradiction that the conclusion is false. Hence, by com-
pactness, we infer that, up to a subsequence, (y,), converges to y € A such
that

C(y) > 1I€1£C((L') (59)
On the one hand, we deduce from Proposition [[6l and Lemma [ that



36 DENIS BONHEURE AND JEAN VAN SCHAFTINGEN

On the other hand, by Lemma [[2 u., does satisfy

limsupe, ™ Tz, (ue,) < in/f\ C(z).
Te

n—oo

This contradicts (B9) and concludes the proof. O

We next prove that local maxima are essentially unique in the sense that
they get closer and closer to the global one as € — 0. Therefore, even if u,
can have more than one local maximum, the solution is a perturbation of a
solution with a single local (hence global) maximum.

Proposition 34. Suppose the assumptions of Theorem hold. Let u. be
the positive solution of ([Il) obtained in that theorem and x. € Q be such
that

ue(ze) = 81618 ue ().
X

Then, for every r > 0, there exists €9 > 0 such that for every 0 < e < gq, Ue
has no local mazima in A\ B(x.,er).

Proof. Let (z.). C § be global maximum points of u.. We argue by con-
tradiction, assuming the existence of sequences (y,), C Q and (g,), C RT
such that wu, attains a local maximum at y,, €, — 0 as n — oo and

Jim inf Zen =Yl (60)
n—oo 877/
By Proposition B2, we may assume without loss of generality that (z., ), C
A; (y&‘n)n - AJ

liminfu,, (z.,) >0 and liminfu.,(y.,) > 0.

n—oo n—oo

Since A is compact, going to a subsequence if necessary, we may also assume
that ., — 2 and y,, — §. Now, if
. Lep, — Ye
lim sup M = 00,
n— oo En

Proposition [0 applies. We therefore conclude that
liminfe, V7., (ue,) > C(Z) + C(y) > 2 inf C(z),
n—00 zeA
while by Lemma [[2 we know that
limsupe, ™ Iz, (ue,) < inf C(x).
n—00 TEN

Since infp C > 0, this brings a contradiction. Therefore,

lim sup [7en = yml < 00. (61)
n—oo 671

Consider now the sequences (vy,), and (z,), defined by v,(z) = u., (zc, —
enz) and z, = (z¢, — Yn)/en. Since z, is a local maximum of v,, Vv, (z,) =
0. By Proposition and (BII), up to subsequences, we have Vv, — Vv
uniformly on compact subsets, where v is a solution of #J), and 2z, — z €
RN . Therefore Vu(z) = lim, oo VUn(2,) = 0, so that by Lemma Bl z = 0,

ie.
lim ‘xan - yn’

n— oo En

:O’
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in contradiction with (G). O

Remark 35. We may state a stronger conclusion in Proposition when
f is locally Lipschitz continuous and V and K are both Hélder continuous
inside A. Indeed, in this case, the sequence (vy)y of rescaled solutions defined
by v () = ue, (ze, + €nx) converges for the C2 . topology, see Remark [I3,
and the limit function v has a nondegenerate mazimum at 0. Hence there
exists €g > 0 such that x. is the unique local mazimum of us in 2.

7.2. Elliptic inequation outside small balls. All the previous results al-
low to prove the following inequality which will be useful to get concentration
estimates.

Proposition 36. Suppose the assumptions of Theorem hold. Let u. be
the positive solution of ([O) obtained in that theorem and x. € Q be such
that

us(xe) = 81618 ue ().
x

Then there exists ro > 0 such that for every r > rq, there exists e, > 0 such
that for every e €10,¢,[,

—e?Au. + (1 — K)V(z)u. <0
in Q\ B(xg,er), where k < 1 is defined in (20).

Proof. First, notice that by the compactness of A C €, the continuity of V
and K and the assumption (f1), we infer there exists a > 0 such that

(@) _ V@)

a ~ KK(x)

(62)

for every x € A. On the other hand, by Proposition 2] and Proposition B4l
we may take r > 0 large enough such that for ¢ — 0,

ue(ze +ey) <a

for |y| = r and w. has no local maximum in A\ B(x.,er). Moreover, we
know from Proposition EI] that

max us(z) — 0 as e — 0.
€A

Hence, one can assume that for small ¢, u.(x) < a for every z € A\ B(xe,er).
Taking (£2) into account, we now infer from (f4) that

9(x, ue(2)) = K(2)f(ue(2)) < £V (2)ue ()

for x € A\ B(zc,er). On the other hand, by the definition of the penalization,
we have
9(@,us(x)) < KV (x)uc(x)

for z € @\ A. Therefore u. satisfies the desired inequality for ¢ small
enough. O
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7.3. Barrier functions. Proposition Bl implies that for r large and e small
enough, (u.). is a family of lower solutions of —e2A + W in Q \ B(z.,7¢),
where W = (1—k)V and z. is a global maximum point of u.. Then, arguing
as in the proof of Theorem P2 one can easily obtain estimates for u. in
O\ B(ze,re) if we can compare u. with a convenient upper solution in this
set. This motivates the following definition.

Definition 37. Let Q C RY be a regular bounded or exterior domain and
Ly, be the linear operator formally defined by (BIl) where € > 0 and W €
C(4R) is nonnegative. We say that the set (we)e C HL (Q\ B(z.,re)),
where v > 0 and (x:): C Q, is a family of barrier functions for W if there
exists £g > 0 such that for every 0 < e < g,

(1) B(ze,re) C Q5

(2) we is an upper solution of Ly in Q\ B(z.,re) ;

(3) Vw. € L2(Q\ B(w.,7¢));
(4) we > 1 on OB(z.,re).

As a basic example, the constant functions w, = 1 form a family of barrier
functions for any nonnegative potential W.

Remark 38. One easily checks that if (we)e is a family of barrier functions
for W € C(;R) and if W € C(;R) satisfies W > W, then (wg): is a
family of barrier functions for W. Note also that if X > 0, then (wy.): is a
family of barrier functions for X\2W.

As mentioned above, the main interest of a family of barrier functions is
to deduce estimates for the solutions (uc). obtained in Theorem These
estimates will be obtained through the following proposition.

Proposition 39. Let Q C RY be a reqular bounded or exterior domain
and Ly be the linear operator formally defined by ([BI) where ¢ > 0 and
W € C(S;R) is nonnegative. Assume w. € HL (Q\ B(ze,re)), where r > 0
and (xze): C Q, is a familly of positive barrier functions. If v € H. is a
lower solution of Ly, in Q\ B(z.,re) such that

if N =2 and Q) is unbounded, and
Ve S €
on 0B(xe,re), then for every € €]0,¢¢[, we have
Ve < CeWe
in Q\ B(ze,re).

Proof. The proof follows immediately by applying Proposition Zdlto the func-
tions ve/c. — w, taking Definition B into account. O

The main concern in this section is to obtain uniform estimates as ¢ — 0
so that we have to select carefully the family of barrier functions in our
application of Proposition B9

Assuming that the potential V' is positive, we directly deduce a rough as-
ymptotic behaviour using constant barrier functions. However, Remark
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suggests that the construction of barriers depends on the asymptotic be-
haviour of V' so that we may hope an improvement of these basic estimates
by choosing a suitable family of barrier functions. In fact, without further
restrictions on the potential, the constant barriers can always be replaced by
harmonic barriers.

Proposition 40. Let N > 2 and Q C RY be a domain. Assume (z:). C
is relatively compact in Q. Then, the family (H.). C HL _(Q\ B(x,re))

defined by
(VT T 2)N 2
(z) = (e2 + |x — z2)N2-1
is a family of barrier functions for any nonnegative W € C(Q;R).

Proof. Notice that —AH. > 0 on Q\ {z.}. All the properties follow then
from straightforward computations. O

When N = 2, we recover the constant barriers w. = 1 while for V > 2, the
barrier functions provide a polynomial decay to 0 at infinity. This control at
infinity can be improved by either exponential or polynomial (of any order)
barriers provided we assume further that

lim inf W (z)|z|* > 0 (63)
|z|—00
for some « € [0, 2].

If W satisfies (E3) for some « € 0,2[, then there exists families of barrier

functions for W that decay exponentially fast at infinity.

Proposition 41. Let N > 2, Q C RN be an unbounded domain, r > 0 and
(z2)e C Q be relatively compact in Q. Assume that W € C(2;R) is a positive
potential satisfying [@3)) for some « €]0,2[ and

liminf W(x) > 0,

d(z,00)—0
if Q2 # (0. Then, for any X > 0, there exists ro > 0 such that (Ey¢)e C
HL (Q\ B(z.,r¢)) defined by
1—04/2)

loc
Proof. Let us write for simplicity E.(z) = Eqx:(z). We then compute for
x € Q\ B(xg,re),

T — Te

Eqye(x) =exp ()\7“170‘/2 - )\‘

€
15 a family of barrier functions for W when r > rg.

Ea

—2AE.(z) + W (x)E.(z) > (42(1 -3

+ W(x)) E(x).

By assumption, since (z¢). C €2 is bounded, there exists ¢ > 0 such that for
every x € 0 and g9 > ¢ > 0,

W(z) >

Tl | — x|

and on the other hand, for x € Q\ B(z.,re), we have

|z — x|

C

€ 2e0

< .
|z — 2| T reo + |z — 2
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If ro is taken large enough and gg is taken small enough, then one has
—e?AE.(z) + W(z)E.(z) > 0. O

Remark 42. Observe that when o = 0, we can also obtain barriers of the
form

exp(=A(|z/e| =),
for some small X\ > 0 which provide the decay estimates for the positive
solutions of —Au+wu = f(u). The restriction o > 0 in Proposition [[1] allows
to play with every A > 0.

The limit case &« = 2 in the exponential barriers yields similarly polynomial
barriers of any order.

Proposition 43. Let N > 2, Q C RN be an unbounded domain and (z.). C
Q be relatively compact in Q. Assume that W € C(;R) is a positive poten-
tial satisfying ([B3) with o = 2 and

liminf W(x) >0,
d(z,00)—0

if 00 # 0. Then, for any X > N — 2, there exists rg > 0 such that the family
(Pre)e C HE (2\ B(z.,re)) defined by
(VT T 72
(€2 + |z — x|2)M2
is a family of barrier functions for W.

7.4. Proof of Theorem

P)\,s(x) =

Proof of Theorem [30. To fix the ideas, assume ) is a regular exterior domain
with nonempty boundary, (g} ) holds and

liminf V(x) > 0.
d(z,00)—0

Let x. € Q be such that

us(xe) = 81618 us ().
x

We first claim there exists eg > 0 and § > 0 such that
inf d(zs,0A) > 0.

0<e<eo
Indeed, assume this is not true. Then, we can find sequences (e,), C R
and (x.,)n C (z¢)e such that d(z.,,0A) — 0. Going to subsequences if nec-
essary, we now infer that x., converges to some z € 9A, but this contradicts
Proposition B3l and assumption (B). We may of course assume that § < 1.
The first statements of the theorem then follows from Proposition B2l
Proposition and Proposition B4l Let us now focus on the asymptotic
estimate (B8)). Taking €y smaller if necessary, we may assume Proposition Bt
holds for ¢y and some r > 0. Now, let A > 0 and consider the family
(Eare)e C HL (9 \ B(zc,re)) of barrier functions associated to the set
(zc)e, provided by Proposition Bl Noticing that the maximum of w. is
bounded independently of ¢ < gy, we deduce from Proposition BY that
1-a/2
) (64)

T — X,

ue(z) < Cexp <)\r1_°‘/2 — )\‘

3
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in Q. In particular, since |z — x| > § > 0 for any = € 9A, we infer that
ue(x) < Cexp(—A(d/e)1 /2

on JA. Therefore, arguing as in the proof of Theorem B2 we now deduce
that

d(x,00)
1+ d(xz,00)’
in O\ A. Using the facts that the boundary is bounded and A CC Q, and
taking (64)) and (B3) into account, we finally conclude that

d(x,00) 1—04/2>

— 14+d(x,00)
with ¢ = min(1, 26/(diam(9) + 1))'=%/2. The estimates (57) and (GH) can
be handled in a similar way. O

ue(x) < 20 exp(=A(3/e)'=/2) (65)

T — T,

ue () exp (—c)\‘

3

We emphasize that when considering the growth condition (gj’zm), we do
not have to assume that V is strictly positive up to the boundary. Indeed,
the strict positivity of V' only plays a role in the construction of the family
of exponential and polynomial barrier functions. When (gj’zm) holds, we
have at hand a family of harmonic barriers which can be constructed for any
nonnegative potential V.

8. FINAL COMMENTS

In [T5, 7], del Pino and Felmer used a penalization scheme to treat the
existence of bound state solutions around other type of critical points of the
concentration function C. A penalization method is also developed in [I6] to
catch multi-peak solutions. It could be interesting to find out whether our
method can be adapted to those situations.

Another interesting open question concerns the qualitative behaviour of
ground states of

—2Au+V(zx)u = K(z)|ufPtu, zeRV.

As mentioned earlier, Ambrosetti, Felli and Malchiodi [2] proved the exis-
tence of a ground state solution under the assumptions () and ). If in
addition,

a

—— <V
T =)

with 0 < a < 2, the authors show the ground state belongs to H'(R"™) and
concentrates around a global minimum point of A as ¢ — 0. Concerning
the existence of the ground state solution in a weighted Sobolev space, these
conditions can be relaxed by just assuming that A is coercitive. We then
observe that in this case, our result provide the existence of a H' bound
state solution for € small under less restrictive assumptions on V. Namely, if
(G3.) holds and N > 4, the bound state belongs to H*(RY) and concentrates
around a global minimum point of A as € — 0. Such a result is not known
for the ground state solution.
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