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Symétrisations : mesure,
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Mode d’emploi

Ce travail se compose de trois parties : la première,

intitulée Symétrisations : mesure, géométrie et approximations,

est à la fois introduction, guide de lecture et extension de ce qui suit.

La deuxième partie, Set transformations, symmetrizations

and isoperimetric inequalities, écrite avec Michel Willem,

sera publié en Lecture Notes chez Springer tandis que la dernière,

Universal approximation of symmetrization by polarizations a été soumis aux

Proceedings of the American Mathematical Society.

Je tiens à remercier Michel Willem pour le temps

qu’il me consacre, ses relectures et ses conseils

et aussi de m’avoir proposé d’écrire avec lui la deuxième partie.

Jean Van Schaftingen



❙②♠étr✐s❛t✐♦♥s✿ ♠❡s✉r❡✱ ❣é♦♠étr✐❡ ❡t

❛♣♣r♦①✐♠❛t✐♦♥s

❏❡❛♥ ❱❛♥ ❙❝❤❛❢t✐♥❣❡♥

✶ Pr♦❜❧è♠❡ ✐s♦♣ér✐♠étr✐q✉❡ ❡t s②♠étr✐s❛t✐♦♥s

▲❡ ♣r♦❜❧è♠❡ ✐s♦♣ér✐♠étr✐q✉❡ ❝♦♥s✐st❡ à ❝❤❡r❝❤❡r ♣❛r♠✐ t♦✉t❡s ❧❡s ✜❣✉r❡s
❣é♦♠étr✐q✉❡s ❞✬❛✐r❡ ❞♦♥♥é❡✱ ❝❡❧❧❡ q✉✐ ❛ ❧❡ ♣❧✉s ♣❡t✐t ♣ér✐♠ètr❡✳ ▲❛ s♦❧✉t✐♦♥ ❡♥ ❡st
❝♦♥♥✉❡ ❞❡♣✉✐s ❧✬❛♥t✐q✉✐té✱ ♠❛✐s ❧❛ ♣r❡✉✈❡ ❝♦♠♣❧èt❡ ❞❡♠❛♥❞❡r❛ ❞❡✉① ♠✐❧❧é♥❛✐r❡s
❛✉ ❝♦✉rs ❞❡sq✉❡❧s s❡r♦♥t ❞é✜♥✐❡s ♣r♦❣r❡ss✐✈❡♠❡♥t ❧❡s ♥♦t✐♦♥s ❞❡ ✜❣✉r❡✱ ❛✐r❡ ❡t
♣ér✐♠ètr❡✳

❈✬❡st ♣♦✉r ♣r♦✉✈❡r ❧❛ ♣r♦♣r✐été ✐s♦♣ér✐♠étr✐q✉❡ ❞✉ ❞✐sq✉❡ q✉✬❛✉ ❞é❜✉t ❞✉
①✐①

❡ s✐è❝❧❡✱ ❏❛❦♦❜ ❙t❡✐♥❡r ✶ ❛ ❝réé ✉♥ ♦✉t✐❧✱ ❛♣♣❡❧é ♣❧✉s t❛r❞ s②♠étr✐s❛t✐♦♥ ❞❡
❙t❡✐♥❡r✳ ❊♥ ✈♦✐❝✐ ✉♥❡ ❞❡s❝r✐♣t✐♦♥ ❣é♦♠étr✐q✉❡✳ ➱t❛♥t ❞♦♥♥é❡ ✉♥❡ ✜❣✉r❡ ❣é♦♠é✲
tr✐q✉❡ ❝♦♠♣❛❝t❡ ❞✉ ♣❧❛♥ F ❡t ✉♥❡ ❞r♦✐t❡ D✱ ♣♦✉r ❝❤❛q✉❡ ♣❡r♣❡♥❞✐❝✉❧❛✐r❡ P à
D✱ ❧✬✐♥t❡rs❡❝t✐♦♥ P ∩ F ❡st r❡♠♣❧❛❝é❡ ♣❛r ✉♥ s❡❣♠❡♥t ❞❡ ♠ê♠❡ ♠❡s✉r❡ ❝❡♥tré
❡♥ P ∩D✳ ▲❡ rés✉❧t❛t ❞❡ ❝❡ ♣r♦❝❡ss✉s ❡st ❧❛ s②♠étr✐s❛t✐♦♥ ❞❡ ❙t❡✐♥❡r ❞❡ F ♣❛r
r❛♣♣♦rt à D✱ ♥♦té❡ FD✳

▲❛ s②♠étr✐s❛t✐♦♥ ❞❡ ❙t❡✐♥❡r ♣♦ssè❞❡ ♣❧✉s✐❡✉rs ♣r♦♣r✐étés r❡♠❛rq✉❛❜❧❡s✳ ▲❡s
✜❣✉r❡s F ❡t FD ♦♥t ❧❛ ♠ê♠❡ ❛✐r❡✳ ▲❛ ✜❣✉r❡ FD ❡st s②♠étr✐q✉❡ ♣❛r r❛♣♣♦rt à
❧❛ ❞r♦✐t❡ D ❀ ❡❧❧❡ ❡st ♠ê♠❡ s②♠étr✐q✉❡ ❛✉ s❡♥s ❞❡ ❙t❡✐♥❡r ✿ ♣♦✉r t♦✉t x ∈ FD✱ s✐
xD ❡st ❧❡ s②♠étr✐q✉❡ ❞❡ x ♣❛r r❛♣♣♦rt à D✱ ❛❧♦rs FD ❝♦♥t✐❡♥t ❧❡ s❡❣♠❡♥t [x, xD]✳
❊♥✜♥✱ ❧❡ ♣ér✐♠ètr❡ ❞❡ FD ❡st ♣❧✉s ♣❡t✐t q✉❡ ❝❡❧✉✐ ❞❡ F ✳ ▲❛ s②♠étr✐s❛t✐♦♥ ❡st
❞♦♥❝ ✉♥❡ tr❛♥s❢♦r♠❛t✐♦♥ q✉✐ à ❧❛ ❢♦✐s ✿ ❛✉❣♠❡♥t❡ ❧❛ s②♠étr✐❡✱ ♣rés❡r✈❡ ❝❡rt❛✐♥❡s
♣r♦♣r✐étés ✖ ❧✬❛✐r❡ ❡t ❧❛ ❝♦♠♣❛❝✐té ✖ ❡t ❡♥ ❛♠é❧✐♦r❡ ❞✬❛✉tr❡s✱ ✐❝✐ ❧❡ ♣ér✐♠ètr❡✳

❙✐ ♥♦✉s r❡t♦✉r♥♦♥s ❛✉ ♣r♦❜❧è♠❡ ✐s♦♣ér✐♠étr✐q✉❡ ❡t q✉❡ F ❡st ✉♥ ♠✐♥✐♠✐s❡✉r✱
❛❧♦rs FD ❡♥ ❡st ❛✉ss✐ ✉♥✳ ❉❡ ♣❧✉s✱ s✐ ❧❛ ✜❣✉r❡ F ♥✬❡st ♣❛s ✉♥ ❞✐sq✉❡✱ ✐❧ ❡①✐st❡
✉♥❡ ❞r♦✐t❡ D t❡❧❧❡ q✉❡ F ♥❡ s♦✐t ♣❛s ✐s♦♠étr✐q✉❡ à FD ❡t t❡❧❧❡ q✉❡ ❧❡ ♣ér✐♠ètr❡
❞❡ FD s♦✐t str✐❝t❡♠❡♥t ✐♥❢ér✐❡✉r à ❝❡❧✉✐ ❞❡ D✳ ▲❛ s❡✉❧❡ s♦❧✉t✐♦♥ ♣♦ss✐❜❧❡ ❛✉ ♣r♦✲
❜❧è♠❡ ✐s♦♣ér✐♠étr✐q✉❡ ❡st ❧❡ ❞✐sq✉❡✳ ■❧ r❡st❡ à ♣r♦✉✈❡r ❧✬❡①✐st❡♥❝❡ ❞✬✉♥❡ s♦❧✉t✐♦♥✳
P♦✉r ✉♥❡ s✉✐t❡ ❞❡ ❞r♦✐t❡s (Dn)n>1 ♣❛ss❛♥t t♦✉t❡s ♣❛r ✉♥ ♠ê♠❡ ♣♦✐♥t✱ ❧❛ s✉✐t❡
(FD1···Dn)n>1 ❡st ♣ré❝♦♠♣❛❝t❡ ♣♦✉r ❧❛ ❞✐st❛♥❝❡ ❞❡ ❍❛✉s❞♦r✛✳ ❉❡ ♣❧✉s✱ ♣♦✉r ✉♥❡
s✉✐t❡ (Dn)n>1 ❜✐❡♥ ❝❤♦✐s✐❡ ✖ ❡♥ ❢❛✐t ♣r❡sq✉❡ t♦✉t❡s ❧❡s s✉✐t❡s ❝♦♥✈✐❡♥♥❡♥t ❬✷✸❪
✖✱ ❧❛ ❧✐♠✐t❡ ❡st ✉♥ ❞✐sq✉❡✳ ▲❡ t❤é♦rè♠❡ ✐s♦♣ér✐♠étr✐q✉❡ ❡st ❞é♠♦♥tré à ❝♦♥❞✐t✐♦♥
q✉❡ s♦✐t ♣r♦✉✈é q✉❡ ❧✬❛✐r❡ ❡st ❝♦♥s❡r✈é❡ à ❧❛ ❧✐♠✐t❡ ❡t q✉❡ ❧❡ ♣ér✐♠ètr❡ ❞✐♠✐♥✉❡
à ❧❛ ❧✐♠✐t❡✳

➚ ❝ôté ❞❡ ❧❛ s②♠étr✐s❛t✐♦♥ ❞❡ ❙t❡✐♥❡r✱ ♥♦✉s ♣♦✉✈♦♥s ❞é✜♥✐r ✉♥❡ ❛✉tr❡ s②♠é✲
tr✐s❛t✐♦♥✱ r❡❧❛t✐✈❡♠❡♥t tr✐✈✐❛❧❡ s✉r ❧❡s ❡♥s❡♠❜❧❡s ♠❛✐s ♣❛r ❧❛q✉❡❧❧❡ ♥♦✉s ✈♦✉❧♦♥s
✐❧❧✉str❡r ❝❡ q✉✐ s❡ ❢❛✐t ❞❛♥s ❧❡s ❝❛s ❧❡s ♣❧✉s ❝♦♠♣❧❡①❡s✳ ▲❛ s②♠étr✐s❛t✐♦♥ ❞❡ F ♣❛r

✶✳ ➚ s♦♥ s✉❥❡t✱ ❏✳ ❏✳ ❖✬❈♦♥♥♦r ❡t ❊✳ ❋✳ ❘♦❜❡rts♦♥ é❝r✐✈❡♥t ✿ ✓ ❍❡ ❞✐s❧✐❦❡❞ ❛❧❣❡❜r❛ ❛♥❞

❛♥❛❧②s✐s ❛♥❞ ❜❡❧✐❡✈❡❞ t❤❛t ❝❛❧❝✉❧❛t✐♦♥ r❡♣❧❛❝❡s t❤✐♥❦✐♥❣ ✇❤✐❧❡ ❣❡♦♠❡tr② st✐♠✉❧❛t❡s t❤✐♥❦✐♥❣✳ ✔

✭❚❤❡ ▼❛❝❚✉t♦r ❍✐st♦r② ♦❢ ▼❛t❤❡♠❛t✐❝s✱ ❤tt♣ ✿✴✴✇✇✇✲❤✐st♦r②✳♠❝s✳st✲❛♥❞r❡✇s✳❛❝✳✉❦✴✮

✶



✷ ❙②♠étr✐s❛t✐♦♥s ✿ ♠❡s✉r❡✱ ❣é♦♠étr✐❡ ❡t ❛♣♣r♦①✐♠❛t✐♦♥s

r❛♣♣♦rt à ✉♥ ♣♦✐♥t o ❞✉ ♣❧❛♥ ❡st ❧❡ ❞✐sq✉❡ ❞❡ ♠ê♠❡ ❛✐r❡ ❝❡♥tré ❡♥ o✳ ❉❡ ♥♦✉✈❡❛✉
❝❡tt❡ tr❛♥s❢♦r♠❛t✐♦♥ ❝♦♥s❡r✈❡ ❧❡s ❛✐r❡s✳ ❉❡ ♣❧✉s✱ ♣✉✐sq✉❡ F o ❡st ❛♣♣r♦①✐♠❛❜❧❡
♣❛r ❞❡s s②♠étr✐s❛t✐♦♥ ❞❡ ❙t❡✐♥❡r✱ ♣❛r ❧❡ ♠ê♠❡ ❛r❣✉♠❡♥t q✉❡ ♣♦✉r ❧❡ t❤é♦rè♠❡
✐s♦♣ér✐♠étr✐q✉❡✱ ❧❡ ♣ér✐♠ètr❡ ❞❡ F o ❡st ✐♥❢ér✐❡✉r à ❝❡❧✉✐ ❞❡ F ✳ ▲❡s ♣r♦♣r✐étés
❞❡ ❧❛ s②♠étr✐s❛t✐♦♥ ♣❛r r❛♣♣♦rt à ✉♥ ♣♦✐♥t s❡ ❞é❞✉✐s❡♥t ❞♦♥❝ ❞❡ ❝❡❧❧❡s ❞❡ ❧❛
s②♠étr✐s❛t✐♦♥ ♣❛r r❛♣♣♦rt à ✉♥❡ ❞r♦✐t❡ ♣❛r ✉♥ ♣r♦❝❡ss✉s ❞✬❛♣♣r♦①✐♠❛t✐♦♥✳

❱♦✐❝✐ ❞♦♥❝ rés✉♠és ❧❡s tr♦✐s ❛s♣❡❝ts ❞❡ ❧✬ét✉❞❡ ❞❡s s②♠étr✐s❛t✐♦♥s ✿ ♠❡s✉r❡✱
❣é♦♠étr✐❡ ❡t ❛♣♣r♦①✐♠❛t✐♦♥✱ q✉✐ s❡ r❡tr♦✉✈❡♥t ❞❛♥s ❧❛ ♣❧✉♣❛rt ❞❡s s②♠étr✐s❛✲
t✐♦♥s✱ ét❡♥❞✉❡s ❞❡♣✉✐s ❙t❡✐♥❡r ❞❡s ❡♥s❡♠❜❧❡s ❛✉① ❢♦♥❝t✐♦♥s ❡t à ❞❡ ♥♦✉✈❡❧❧❡s
❣é♦♠étr✐❡s ✿ ❝②❧✐♥❞r✐q✉❡✱ ❛♥✐s♦tr♦♣❡ ♦✉ ❡♥s❡♠❜❧❡s ♥♦♥ ❜♦r♥és ❬✷✱✸✱✶✾✱✷✵✱✷✺✱✷✽❪✳

▲❡s s②♠étr✐s❛t✐♦♥s s♦♥t ❞❡✈❡♥✉❡s ✉♥ ♦✉t✐❧ ✐♠♣♦rt❛♥t ❞❛♥s ❧✬ét✉❞❡ ❞❡ ❧✬❡①✐s✲
t❡♥❝❡ ❡t ❞❡s ♣r♦♣r✐étés ❞❡ s♦❧✉t✐♦♥s ❞❡ ♣r♦❜❧è♠❡s ✈❛r✐❛t✐♦♥♥❡❧s ✭♣♦✉r ♥✬❡♥ ❝✐t❡r
q✉✬✉♥ é❝❤❛♥t✐❧❧♦♥ ❬✺✱✶✷✱✶✺✱✷✹✱✷✺❪✮ ❡t ❞❛♥s ❧❛ ♣r❡✉✈❡ ❞✬✐♥é❣❛❧✐tés ❝♦♠♠❡ ❧✬✐♥é❣❛✲
❧✐té ❞❡ ❙♦❜♦❧❡✈ ❬✸✵❪✳

❈♦♠♠❡ ❞❛♥s ♥♦tr❡ ❝♦✉rt ❡①❡♠♣❧❡ ✐♥tr♦❞✉❝t✐❢✱ ♥♦✉s ❞✐st✐♥❣✉❡r♦♥s ❧✬ét✉❞❡ ✐♥✲
❞✐✈✐❞✉❡❧❧❡ ❞❡s ♣r♦♣r✐étés ❞❡s s②♠étr✐s❛t✐♦♥s ❞❡ ❧✬ét✉❞❡ ♣❛r ❛♣♣r♦①✐♠❛t✐♦♥ ♦ù ❧❡s
♣r♦♣r✐étés ❞✬✉♥❡ s②♠étr✐s❛t✐♦♥ s❡ ❞é❞✉✐s❡♥t ❞❡s ♣r♦♣r✐étés ❞✬✉♥❡ ❛✉tr❡ s②♠étr✐✲
s❛t✐♦♥✳ ❯♥❡ ét✉❞❡ ❞ét❛✐❧❧é❡ ❞❡s ♣r♦♣r✐étés ✐♥❞✐✈✐❞✉❡❧❧❡s ❡st ❢❛✐t❡ ❞❛♥s ❧❛ ❞❡✉①✐è♠❡
♣❛rt✐❡ ❞❡ ❝❡ tr❛✈❛✐❧ ❬✸✹❪ ❀ ♥♦✉s ♣r♦♣♦s♦♥s ✐❝✐ ✉♥ s✉r✈♦❧ ❞❡s ❞✐✛ér❡♥t❡s ❛♣♣r♦❝❤❡s
❡t ❞❡s ❞✐✛ér❡♥ts rés✉❧t❛ts ❞❛♥s ❧❛ s❡❝t✐♦♥ ✷✳ ▲✬ét✉❞❡ ❞❡s ❛♣♣r♦①✐♠❛t✐♦♥s ❡st ❧✬♦❜✲
❥❡t ❞❡ ❧❛ tr♦✐s✐è♠❡ ♣❛rt✐❡ ❬✸✷❪ ❡t ❞❡ ❧❛ ✜♥ ❞❡ ❧❛ ❞❡✉①✐è♠❡ ❬✸✹❪✱ ❞♦♥t ❧❡s rés✉❧t❛ts
s♦♥t ét❡♥❞✉s ❛✉① ❡s♣❛❝❡s ❞✬❖r❧✐❝③ ❞❛♥s ❧❛ s❡❝t✐♦♥ ✸✳

✷ ❆①✐♦♠❛t✐q✉❡

✷✳✶ Pr♦♣r✐étés ❧✐é❡s à ❧❛ ♠❡s✉r❡

▲❡s s②♠étr✐s❛t✐♦♥s ♣❛rt❛❣❡♥t ✉♥ ♥♦②❛✉ ❞❡ ♣r♦♣r✐étés ❧✐é❡s ❞✬❛ss❡③ ♣rès à ❧❛
t❤é♦r✐❡ ❞❡ ❧❛ ♠❡s✉r❡ ✿ ❧❛ ♠♦♥♦t♦♥✐❡✱ ❧❛ ❝♦♥s❡r✈❛t✐♦♥ ❞❡ ❧❛ ♠❡s✉r❡ ❡t ❧❛ ❝♦♥t✐♥✉✐té✳
❊❧❧❡s ♣❡r♠❡tt❡♥t ❞✬✉t✐❧✐s❡r ❧❡s s②♠étr✐s❛t✐♦♥s ❞❛♥s ❞❡ ♥♦♠❜r❡✉① ♣r♦❜❧è♠❡s ♥♦♥
❧✐♥ér❛✐r❡s✳

▲❛ ♣r❡♠✐èr❡ ❞é✜♥✐t✐♦♥ ❞❡ ré❛rr❛♥❣❡♠❡♥t ❞❡ ❢♦♥❝t✐♦♥ ❛♣♣❛r❛ît ❝❤❡③ ❍❛r❞②✱
▲✐tt❡❧✇♦♦❞ ❡t Pó❧②❛ ❬✶✾❪✳ P❛rt❛♥t ❞✬✉♥❡ ♥♦t✐♦♥ ❝♦♠❜✐♥❛t♦✐r❡ ❞❡ ré❛rr❛♥❣❡♠❡♥t✱
q✉✐ ❝♦♥s✐st❡ à ❝❤❛♥❣❡r ❧✬♦r❞r❡ ❞✬✉♥ n✲✉♣❧❡t ❞❡ ♥♦♠❜r❡s✱ ✐❧s ❞é♠♦♥tr❡♥t ❧❡s ✐♥✲
é❣❛❧✐tés ♠❛✐♥t❡♥❛♥t ❝❧❛ss✐q✉❡s ❞❡ ré❛rr❛♥❣❡♠❡♥t✳ ❊♥s✉✐t❡✱ ✐❧s ✐♥tr♦❞✉✐s❡♥t ❧❡ ré✲
❛rr❛♥❣❡♠❡♥t ❞é❝r♦✐ss❛♥t ❞✬✉♥❡ ❢♦♥❝t✐♦♥ ❞é✜♥✐ ❝♦♠♠❡ ✐♥✈❡rs❡ ❞❡ ❧❛ ❢♦♥❝t✐♦♥ ❞❡
ré♣❛rt✐t✐♦♥✳ ▲❡ ré❛rr❛♥❣❡♠❡♥t ❝♦♥t✐♥✉ ❡st s❛♥s r❛♣♣♦rt ❛✈❡❝ ❧❡ ré❛rr❛♥❣❡♠❡♥t
❞✐s❝r❡t ❥✉sq✉✬à ❝❡ q✉✬✉♥❡ ♣r♦♣r✐été ❝♦♠♠✉♥❡✱ ❧✬éq✉✐♠❡s✉r❛❜✐❧✐té ❡♥tr❡ ✉♥❡ ❢♦♥❝✲
t✐♦♥ ❡t s♦♥ ré❛rr❛♥❣❡♠❡♥t✱ s♦✐t ♠✐s❡ ❡♥ é✈✐❞❡♥❝❡✳ ▲❛ ❝♦♥s❡r✈❛t✐♦♥ ❞❡ ❧❛ ♠❡s✉r❡
❡st ❞♦♥❝ ❛✉ ❝÷✉r ❞❡ ❧✬✐❞é❡ ❞❡ ❧❡✉r ✐❞é❡ ❞❡ ré❛rr❛♥❣❡♠❡♥t✳ ▲❛ ♠♦♥♦t♦♥✐❡ ❡st
♣rés❡♥t❡✱ sé♣❛ré❡ ❞❡ ❧✬✐❞é❡ ❞❡ ré❛rr❛♥❣❡♠❡♥t✱ ❞❛♥s ❧❛ q✉❛❧✐✜❝❛t✐♦♥ ❞❡s ré❛rr❛♥✲
❣❡♠❡♥ts ❞❡ ❞é❝r♦✐ss❛♥t ♦✉ ❞❡ s②♠étr✐q✉❡ ❞é❝r♦✐ss❛♥t✳ ◗✉❛♥❞ Pó❧②❛ ❡t ❙③❡❣➤ ❬✷✺❪
❞é✜♥✐ss❡♥t ♣❧✉s✐❡✉rs ré❛rr❛♥❣❡♠❡♥ts✱ ✐❧s ♠❡tt❡♥t ❡♥ é✈✐❞❡♥❝❡ ❧✬éq✉✐♠❡s✉r❛❜✐❧✐té
t❛♥❞✐s q✉❡ ❧❛ ♠♦♥♦t♦♥✐❡ r❡st❡ ✐♠♣❧✐❝✐t❡✳

❙❛r✈❛s✱ ❡♥ ✶✾✼✷✱ ❞é✈❡❧♦♣♣❡ ✉♥❡ t❤é♦r✐❡ ❛①✐♦♠❛t✐q✉❡ ❞❡s tr❛♥s❢♦r♠❛t✐♦♥s ❞✬❡♥✲
s❡♠❜❧❡s✳ ■❧ ✐♥s✐st❡ s✉r ❧❡s ♣r♦♣r✐étés ❞❡ ❝♦♥t✐♥✉✐té ❡t ❞❡ ♠♦♥♦t♦♥✐❡✱ ❛❧♦rs q✉❡ ❧❛
❝♦♥s❡r✈❛t✐♦♥ ❞❡ ❧❛ ♠❡s✉r❡ ❡st ré❞✉✐t❡ à ✉♥ rô❧❡ ❛✉①✐❧✐❛✐r❡ ❬✷✽❪✳ ❈r❛♥❞❛❧❧ ❡t ❚❛r✲
t❛r ❬✶✸❪ ❞é♠♦♥tr❡♥t ❧❛ ❝♦♥tr❛❝t✐✈✐té ❞✉ ré❛rr❛♥❣❡♠❡♥t ❡♥ ♠❡tt❛♥t ❡♥ é✈✐❞❡♥❝❡ ❧❛



✷ ❆①✐♦♠❛t✐q✉❡ ✸

♠♦♥♦t♦♥✐❡ ❞✬✉♥❡ ❝❧❛ss❡ ✐♠♣♦rt❛♥t❡ ❞✬♦♣ér❛t❡✉rs✳ ❯♥❡ ♣r❡♠✐èr❡ ❞é✜♥✐t✐♦♥ ❛①✐♦✲
♠❛t✐q✉❡ s❡ tr♦✉✈❡ ❝❤❡③ ❈r♦✇❡✱ ❩✇❡✐❜❡❧ ❡t ❘♦s❡♥❜❧♦♦♠ ❬✶✹❪✱ ♦ù ❛♣♣❛r❛✐ss❡♥t ❧❛
❝♦♥s❡r✈❛t✐♦♥ ❞❡ ❧❛ ♠❡s✉r❡ ❡t ✉♥❡ ✈❡rs✐♦♥ très ❢♦rt❡ ❞❡ ❧❛ ♠♦♥♦t♦♥✐❡ ✿ ❧❡s ❡♥✲
s❡♠❜❧❡s ✐♠❛❣❡ ❢♦r♠❡♥t ✉♥❡ ❢❛♠✐❧❧❡ ❝r♦✐ss❛♥t❡ ❞✬❡♥s❡♠❜❧❡s✳

❯♥ é♥♦♥❝é s②sté♠❛t✐q✉❡ é♥♦♥❝❡ ✉♥ ❝❡rt❛✐♥ ♥♦♠❜r❡ ❞❡ ♣r♦♣r✐étés ❝♦♠♠✉♥❡s
à ❝❡rt❛✐♥s ré❛rr❛♥❣❡♠❡♥ts ❡t ❧❡✉rs r❡❧❛t✐♦♥s s❡ tr♦✉✈❡ ❝❤❡③ ❑❛✇♦❤❧ ❬✷✶❪ ❀ ❧❡s
♣r♦♣r✐étés ❞❡ ♠♦♥♦t♦♥✐❡✱ ❞❡ ❝♦♥s❡r✈❛t✐♦♥ ❞❡ ❧❛ ♠❡s✉r❡ ❡t ❞❡ ❝♦♥t✐♥✉✐té s♦♥t
❝❧❛✐r❡♠❡♥t ♠✐s❡s ❡♥ é✈✐❞❡♥❝❡ ❝❤❡③ ❇r♦❝❦ ❡t ❙♦❧②♥✐♥ ❬✾❪✳ ❈✬❡st ❧❛ ❞é♠❛r❝❤❡ q✉❡
♥♦✉s ❛✈♦♥s s✉✐✈✐❡ ❞❛♥s ❬✸✹❪✱ ❞♦♥t ♥♦✉s s②♥t❤ét✐s♦♥s ✐❝✐ ❧❡s ✐❞é❡s✳ ▲❡ ❝❛❞r❡ ❛①✐♦✲
♠❛t✐q✉❡ q✉❡ ♥♦✉s ♣rés❡♥t♦♥s s✬❛❞❛♣t❡ ❛✉① s②♠étr✐s❛t✐♦♥s ❞❡ ❙❝❤✇❛r③✱ ❙t❡✐♥❡r✱
♣❛r ❝❛❧♦tt❡s s♣❤ér✐q✉❡s✱ ❛✉ ré❛rr❛♥❣❡♠❡♥t ❝r♦✐ss❛♥t ❞❡ ❈❛r❜♦✉✲❆❧❜❡rt✐✱ ❛✉ ré✲
❛rr❛♥❣❡♠❡♥t ❝r♦✐ss❛♥t✱ q✉✐ s♦♥t t♦✉t❡s ❞é✜♥✐❡s ❞❛♥s ❬✸✷✱✸✹❪ ❀ ✐❧ s✬❛❞❛♣t❡ ❛✉ss✐ à
❧❛ s②♠étr✐s❛t✐♦♥ ❛♥✐s♦tr♦♣❡ ❬✸✱ ✸✶❪✳

❉é✜♥✐t✐♦♥ ✷✳✶✳ ❙♦✐❡♥t Ω ❡t Ω∗ ❞❡✉① ❡♥s❡♠❜❧❡s✳ ❯♥❡ tr❛♥s❢♦r♠❛t✐♦♥ ❞✬❡♥✲
s❡♠❜❧❡s S ❞❡ Ω ✈❡rs Ω∗ ❡st ✉♥❡ ❢♦♥❝t✐♦♥ ❞é✜♥✐❡ s✉r ✉♥ ❞♦♠❛✐♥❡ D(S)✱ s♦✉s✲
❡♥s❡♠❜❧❡ ❞❡ ♣❛rt✐❡s ❞❡ Ω✱ ❞❛♥s ❧✬❡♥s❡♠❜❧❡ ❞❡s ♣❛rt✐❡s ❞❡ Ω∗✳ ❖♥ ✐♠♣♦s❡ ❡♥ ♦✉tr❡
q✉❡ s✐ φ ∈ D(S)✱ ❛❧♦rs S(φ) = φ ❡t q✉❡ s✐ Ω ∈ D(S)✱ ❛❧♦rs S(Ω) = Ω∗✳

◆♦t❛t✐♦♥ ✷✳✷✳ ❙✐ u ❡st ✉♥❡ ❢♦♥❝t✐♦♥ ❞é✜♥✐❡ s✉r ✉♥ ❡♥s❡♠❜❧❡ X à ✈❛❧❡✉rs ❞❛♥s
R̄ ❡t c ∈ R̄✱ ♦♥ ♥♦t❡ ❧❡s s♦✉s✲❡♥s❡♠❜❧❡s ❞❡ ♥✐✈❡❛✉ ♦✉✈❡rt ❡t ❢❡r♠é r❡s♣❡❝t✐✈❡♠❡♥t

{u > c} = {x ∈ X |u(x) > c} {u > c} = {x ∈ X |u(x) > c} .

■♥✈❡rsé♠❡♥t✱ ❧❛ ❢♦♥❝t✐♦♥ ❝❛r❛❝tér✐st✐q✉❡ ❞❡ ❧✬❡♥s❡♠❜❧❡ A ⊆ X ❡st

χA : X → {0, 1} : x 7→

{

1 s✐ x ∈ A

0 s✐ x 6∈ A✳

▲❛ tr❛♥s❢♦r♠❛t✐♦♥ ❞✬❡♥s❡♠❜❧❡s S s✬ét❡♥❞ ❛✉① ❢♦♥❝t✐♦♥s ♣❛r ❧❛ ❢♦r♠✉❧❡

S̄u(x) = max(sup {c > inf u | {u > c} ∈ D(S) ❡t x ∈ S({u > c})} , inf u),

♦ù ❧❡ s❡❝♦♥❞ t❡r♠❡ ❞✉ ♠❛①✐♠✉♠ t♦♠❜❡ s✐ Ω ∈ D(S)✳ ❈✬❡st ✉♥❡ ❡①t❡♥s✐♦♥ ❞❛♥s
❧❡ s❡♥s ♦ù✱ ♣♦✉r t♦✉t A ∈ D(S)✱

S̄χA = χS(A).

▲❛ tr❛♥s❢♦r♠❛t✐♦♥ ❞❡ ❢♦♥❝t✐♦♥s ❤ér✐t❡r❛ ❞❡s ♣r♦♣r✐étés ❞❡ ❧❛ tr❛♥s❢♦r♠❛✲
t✐♦♥ ❞✬❡♥s❡♠❜❧❡s✱ ♣♦✉r✈✉ q✉✬❡❧❧❡ s♦✐t r❡str❡✐♥t❡ à ✉♥ ❡♥s❡♠❜❧❡ ❞❡ ❢♦♥❝t✐♦♥s q✉✐
♣❡✉✈❡♥t êtr❡ ❞é❝r✐t❡s ♣❛r ❞❡s ❡♥s❡♠❜❧❡s ❞❡ D(S)✳ ❈❡s ❢♦♥❝t✐♦♥s s❡r♦♥t ❞✐t❡s
❛❞♠✐ss✐❜❧❡s✳

❉é✜♥✐t✐♦♥ ✷✳✸✳ ▲✬❡♥s❡♠❜❧❡ ❞✬❛❞♠✐ss✐❜✐❧✐té ❞❡ ❧❛ ❢♦♥❝t✐♦♥ u ❡st

Eu =
{

c ∈ R̄ | {u > c} ∈ D(S) ❡t {u > c} ∈ D(S)
}

.

▲❛ ❢♦♥❝t✐♦♥ u ❡st ❛❞♠✐ss✐❜❧❡ s✐ (inf u, supu) ⊂ Eu✳

❘❡♠❛rq✉❡ ✷✳✹✳ ▲✬❡♥s❡♠❜❧❡ ❞✬❛❞♠✐ss✐❜✐❧✐té ♠❡s✉r❡ ❧❛ ré❣✉❧❛r✐té ❞✬✉♥❡ ❢♦♥❝t✐♦♥
♣❛r r❛♣♣♦rt ❛✉ ré❛rr❛♥❣❡♠❡♥t✳



✹ ❙②♠étr✐s❛t✐♦♥s ✿ ♠❡s✉r❡✱ ❣é♦♠étr✐❡ ❡t ❛♣♣r♦①✐♠❛t✐♦♥s

▼♦♥♦t♦♥✐❡ ▲❛ ♣r❡♠✐èr❡ ♣r♦♣r✐été q✉✐ ❞é✜♥✐t ✉♥ ré❛rr❛♥❣❡♠❡♥t ❡st ❧❛ ♠♦♥♦✲
t♦♥✐❡✳

(M1) P♦✉r t♦✉t A,B ∈ D(S)✱ s✐ A ⊂ B✱ ❛❧♦rs S(A) ⊂ S(B)✳

▲❛ ♠♦♥♦t♦♥✐❡ ✐♠♣❧✐q✉❡ ✉♥❡ ♣r♦♣r✐été ❞❡ ❝♦♠♠✉t❛t✐♦♥ ❛✈❡❝ ❧❡s ❢♦♥❝t✐♦♥s
❝♦♥t✐♥✉❡s✳ ❙✐ f : R̄ → R̄ ❡st ❝♦♥t✐♥✉❡ ❡t s✐ u : Ω → R ❡st ❛❞♠✐ss✐❜❧❡✱ ❛❧♦rs

S̄(f ◦ u) = f ◦ S̄u.

❊❧❧❡ ❡♥tr❛✐♥❡ ❛✉ss✐ ❧❛ ♠♦♥♦t♦♥✐❡ ❞❡ S̄ ✿ s✐ u ❡t v s♦♥t ❞❡s ❢♦♥❝t✐♦♥s ❛❞♠✐ss✐❜❧❡s ❡t
s✐ u 6 v✱ ❛❧♦rs S̄u 6 S̄v✳ P❛r ❛✐❧❧❡✉rs✱ t♦✉t❡ tr❛♥s❢♦r♠❛t✐♦♥ ❞❡ ❢♦♥❝t✐♦♥s ✐♥❞✉✐t❡
♣❛r ✉♥❡ tr❛♥s❢♦r♠❛t✐♦♥ ❞✬❡♥s❡♠❜❧❡s ♠♦♥♦t♦♥❡ ❡st ✉♥❡ ❝♦♥tr❛❝t✐♦♥ ♣♦✉r ❧❛ ❞✐s✲
t❛♥❝❡ ✉♥✐❢♦r♠❡✳ ❊♥✜♥✱ ❧❛ ♠♦♥♦t♦♥✐❡ r❡♥❞ éq✉✐✈❛❧❡♥t❡s ❞❡ ♥♦♠❜r❡✉s❡s ❞é✜♥✐t✐♦♥s
❞❡ ré❛rr❛♥❣❡♠❡♥t ❞❡ ❢♦♥❝t✐♦♥s ❬✸✹❪✳

❈♦♥s❡r✈❛t✐♦♥ ❞❡ ❧❛ ♠❡s✉r❡ ❙✐ (Ω, µ) ❡t (Ω∗, ν) s♦♥t ❞❡s ❡s♣❛❝❡s ♠❡s✉rés✱
♥♦✉s ♣♦✉✈♦♥s ✐♥tr♦❞✉✐r❡ ❧❛ ♣r♦♣r✐été ❞❡ ❝♦♥s❡r✈❛t✐♦♥ ❞❡ ❧❛ ♠❡s✉r❡✳ ❯♥❡ ♣r❡♠✐èr❡
❢♦r♠✉❧❛t✐♦♥ ❡st

(M0
2) ❙✐ A ∈ D(S)✱ ❛❧♦rs A ❡st ♠❡s✉r❛❜❧❡ ❡t µ(A) = ν(S(A)) < ∞.

❈❡tt❡ ❢♦r♠✉❧❛t✐♦♥ ♣❡✉t êtr❡ ét❡♥❞✉❡ ♣♦✉r ❡♥❣❧♦❜❡r ❧❡ ❝❛s ❞❡s ❡♥s❡♠❜❧❡s ❞❡
♠❡s✉r❡ ✐♥✜♥✐❡ ✿

(M2)
P♦✉r t♦✉t A,B ∈ D(S)✱ s✐ A ⊂ B✱ ❛❧♦rs A ❡t B s♦♥t ♠❡s✉r❛❜❧❡s
❡t µ(B \A) = ν(S(B) \ S(B)) < ∞✳

❘❡♠❛rq✉♦♥s q✉❡ ❧❡s ♣r♦♣r✐étés (M1) ❡t (M0
2) ✐♠♣❧✐q✉❡♥t (M2) ❡t q✉❡ ❧❛

❝♦♥s❡r✈❛t✐♦♥ ❞❡ ❧❛ ♠❡s✉r❡ r❡str❡✐♥t ❢♦rt❡♠❡♥t ❧❛ ❝❧❛ss❡ ❞❡s ❡♥s❡♠❜❧❡s ❛❞♠✐ss✐❜❧❡s
D(S)✳

❈♦♥t✐♥✉✐té ♣r❡sq✉❡ ♣❛rt♦✉t ▲❛ ❝♦♥t✐♥✉✐té ♣❡✉t s❡ ❢♦r♠✉❧❡r ❞❡ ♣❧✉s✐❡✉rs
♠❛♥✐èr❡s q✉✐ ♥❡ s♦♥t ♣❛s éq✉✐✈❛❧❡♥t❡s✳ ❯♥❡ ♣r❡♠✐èr❡ ❡st ❧❛ ❝♦♥t✐♥✉✐té ♣r❡sq✉❡
♣❛rt♦✉t✳ ❊❧❧❡ ❞❡♠❛♥❞❡ q✉❡ Ω∗ s♦✐t ♠✉♥✐ ❞✬✉♥❡ ♠❡s✉r❡ ν✳

(M3p)

P♦✉r t♦✉t❡ s✉✐t❡ ❝r♦✐ss❛♥t❡ ❞✬❡♥s❡♠❜❧❡s (An)n>1 ∈ D(S)✱ An ⊆
An+1✱ s✐ A =

⋃∞
n=1 An ∈ D(S)✱ ❛❧♦rs ν(S(A) \

⋃∞
n=1 S(An)) =

0✳
P♦✉r t♦✉t❡ s✉✐t❡ ❞é❝r♦✐ss❛♥t❡ ❞✬❡♥s❡♠❜❧❡s (An)n>1 ∈ D(S)✱
An ⊇ An+1✱ s✐ A =

⋂∞
n=1 An ∈ D(S)✱ ❛❧♦rs ν(S(A) \

⋂∞
n=1 S(An)) = 0✳

▲❡s ♣r♦♣r✐étés ♣ré❝é❞❡♥ts ♣❡r♠❡tt❡♥t ❛❧♦rs ❞✬♦❜t❡♥✐r ❧❛ ❝♦♥s❡r✈❛t✐♦♥ ❞✬✐♥té✲
❣r❛❧❡s ❬✸✹❪✳ ❆✐♥s✐

∫

Ω

f(u) dµ =

∫

Ω∗

f(Su) dν,

♣♦✉r u ❛❞♠✐ss✐❜❧❡ ❡t f : R̄ → R̄ ❜♦ré❧✐❡♥♥❡ s✬❛♥♥✉❧❛♥t ❡♥ ❞❡❤♦rs ❞❡ ❧✬❡♥s❡♠❜❧❡
❞✬❛❞♠✐ss✐❜✐❧✐té Eu✳ ❊❧❧❡s ❞♦♥♥❡♥t ❛✉ss✐ ❞❡s ✐♥é❣❛❧✐tés ❞❡ ❍❛r❞②✲▲✐tt❧❡✇♦♦❞ ❣é✲
♥ér❛❧✐sé❡s ✿

∫

Ω

F (u(x), v(x)) dµ 6

∫

Ω∗

F (Su(y), Sv(y)) dν,



✷ ❆①✐♦♠❛t✐q✉❡ ✺

♣♦✉r ❞❡s ❢♦♥❝t✐♦♥s u ❡t v ❛❞♠✐ss✐❜❧❡s ❧✬✉♥❡ ♣❛r r❛♣♣♦rt à ❧✬❛✉tr❡ ❡t ♣♦✉r F :
R

2 → R t❡❧❧❡ q✉❡ ♣♦✉r a 6 c✱ b 6 d✱

F (a, c) + F (b, d) 6 F (a, d) + F (b, c),

❡t F (a, b) = F (b, a)✳ ✭❈❡tt❡ ❤②♣♦t❤ès❡ ♣❡✉t êtr❡ ❧❡✈é❡ s✐ ❧❛ ❝♦♥❞✐t✐♦♥ (M0
2) ❡st

✈ér✐✜é❡ ❬✶✹✱✸✺❪✳✮ ❊♥ ♣❛rt✐❝✉❧✐❡r✱ ♥♦✉s ❛✈♦♥s ❧✬✐♥é❣❛❧✐té ❞❡ ❍❛r❞②✲▲✐tt❧❡✇♦♦❞

✭❍▲✮
∫

Ω

u(x)v(x) dµ 6

∫

Ω∗

u∗(y)v∗(y) dν

❡t ❧❛ ♥♦♥✲❡①♣❛♥s✐✈✐té ❞✉ ré❛rr❛♥❣❡♠❡♥t ✿ ♣♦✉r t♦✉t❡ ❢♦♥❝t✐♦♥ ❝♦♥✈❡①❡ ♣♦s✐t✐✈❡
J : R → R s✬❛♥♥✉❧❛♥t ❡♥ 0✱

∫

Ω∗

J(u∗(y)− v∗(y)) dµ 6

∫

Ω

J(u(x)− v(x)) dν.

❈♦♥t✐♥✉✐té ❡♥ t♦✉t ♣♦✐♥t ▲❛ ❝♦♥t✐♥✉✐té ♣r❡sq✉❡ ♣❛rt♦✉t ❡①❝❧✉t ❞❡s ❡♥✲
s❡♠❜❧❡s ❛❞♠✐ss✐❜❧❡s ❧❡s ❡♥s❡♠❜❧❡s ❞❡ ♠❡s✉r❡ ✐♥✜♥✐❡ ♠❛✐s ♥❡ ♣❡r♠❡t ♣❛s ❞✬♦❜t❡♥✐r
❧❡ ♠♦✐♥❞r❡ rés✉❧t❛t ❞❡ ❝♦♥t✐♥✉✐té ♣♦♥❝t✉❡❧✳ ■❧ ❢❛✉t ❞♦♥❝ ✐♥tr♦❞✉✐r❡ ✉♥❡ ❛✉tr❡ ♥♦✲
t✐♦♥ ❞❡ ❝♦♥t✐♥✉✐té✱ ❧❛ ❝♦♥t✐♥✉✐té ✐♥tér✐❡✉r❡✳

(M3i)
P♦✉r t♦✉t❡ s✉✐t❡ ❝r♦✐ss❛♥t❡s ❞✬❡♥s❡♠❜❧❡s An ∈ D(S)✱ An ⊂
An+1✱ s✐ A =

⋃∞
n=1 An✱ ❛❧♦rs A ∈ D(S) ❡t S(A) =

⋃∞
n=1 S(An))✳

❘❡♠❛rq✉♦♥s q✉❡ (M3i) ❡st ❡♥ ❢❛✐t ❧❛ ♣r❡♠✐èr❡ ❝♦♥❞✐t✐♦♥ ❞❡ (M3p) ♦ù Ω∗ ❡st
♠✉♥✐ ❞❡ ❧❛ ♠❡s✉r❡ ν ❞✐s❝rèt❡✳

❉❛♥s ❧❡s ❛♣♣❧✐❝❛t✐♦♥s✱ ❧❛ ❝♦♥t✐♥✉✐té ✐♥tér✐❡✉r❡ ♣❡r♠❡t ❞✬♦❜t❡♥✐r ❞❡✉① rés✉❧t❛ts
❝❧❡❢s ✿ s✐ {u > c} ∈ D(S) ♣♦✉r t♦✉t c ∈ R ❛❧♦rs ♣♦✉r t♦✉t d ∈ R✱

S({u > d}) =
{

S̄u > d
}

❡t s✐ {un > c} ∈ D(S) ♣♦✉r t♦✉t c ∈ R ❡t s✐ un ր u ❡♥ t♦✉t ♣♦✐♥t✱ ❛❧♦rs
S̄un ր S̄u ❡♥ t♦✉t ♣♦✐♥t ❬✸✶❪✳

▲❛ ♣r♦♣r✐été (M3p) ❞❡♠❛♥❞❡ ❡♥ ❣é♥ér❛❧ ✉♥❡ r❡str✐❝t✐♦♥ s✉✣s❛♥t❡ ❞✉ ❞♦♠❛✐♥❡
❞❡ ❞é✜♥✐t✐♦♥ t❛♥❞✐s q✉❡ (M3i) ❞❡♠❛♥❞❡ ✉♥❡ ❝♦♥str✉❝t✐♦♥ ♣ré❝✐s ❞❡s ❡♥s❡♠❜❧❡s
s②♠étr✐sés✳ ■❧ ♥✬② ❛ ♣❛s ❡♥ ❣é♥ér❛❧ à ❝❤♦✐s✐r ❡♥tr❡ ❧❡s ♣r♦♣r✐étés (M3p) ❡t (M3i)
❧♦rs ❞❡ ❧❛ ❞é✜♥✐t✐♦♥ ❞✬✉♥ ré❛rr❛♥❣❡♠❡♥t✱ ♠❛✐s ♣❧✉tôt à r❡str❡✐♥❞r❡ ❧❡✉rs ❞♦✲
♠❛✐♥❡s ❛✉① s♦✉s✲❞♦♠❛✐♥❡s ❛❞❛♣tés ❛✉① ♣r♦♣r✐étés ❞és✐ré❡s ❞❛♥s ❧❡s ❞✐✛ér❡♥t❡s
❛♣♣❧✐❝❛t✐♦♥s✳

✷✳✷ Pr♦♣r✐étés ❣é♦♠étr✐q✉❡s

▲❡s ❝♦♥s✐❞ér❛t✐♦♥s q✉❡ ♥♦✉s ❛✈♦♥s ❢❛✐t❡s ❥✉sq✉✬✐❝✐ ♥✬♦♥t ❢❛✐t ❛♣♣❡❧ ❛✉ ♣❧✉s
q✉✬à ❧❛ t❤é♦r✐❡ ❞❡ ❧❛ ♠❡s✉r❡✳ ▲❛ rés♦❧✉t✐♦♥ ❞❡ ♣r♦❜❧è♠❡s ❞✉ ❝❛❧❝✉❧ ❞❡s ✈❛r✐❛t✐♦♥s
❢❛✐t ❡♥ ❣é♥ér❛❧ ✐♥t❡r✈❡♥✐r ❧❛ str✉❝t✉r❡ ❣é♦♠étr✐q✉❡ ❞✉ ❞♦♠❛✐♥❡ à tr❛✈❡rs ❧❡s
♦♣ér❛t✐♦♥s ❞❡ ❞✐✛ér❡♥t✐❛t✐♦♥ ❡t ❞❡ ❝♦♥✈♦❧✉t✐♦♥✳

❉ès ❧❡ ❞é❜✉t✱ ❧❛ s②♠étr✐s❛t✐♦♥ s✬❡st ✐♥tér❡ssé❡s ❛✉① ♣r♦♣r✐étés ❣é♦♠étr✐q✉❡s ✿
❡❧❧❡s ❝♦♥s❡r✈❛✐❡♥t ❧✬❛✐r❡ ✭♠❡s✉r❡✮ ❡t ré❞✉✐s❛✐❡♥t ❧❡ ♣ér✐♠ètr❡ ✭❣é♦♠étr✐❡✮✳ ❉❛♥s
■♥❡q✉❛❧✐t✐❡s ❬✶✾❪✱ ❧❛ ❣é♦♠étr✐❡ ❞❡s ré❛rr❛♥❣❡♠❡♥ts ❡♥tr❡ ❛✈❡❝ ❧✬✐♥é❣❛❧✐té ❞❡ ❘✐❡s③✲
❙♦❜♦❧❡✈ ✭❘❙✱ ❝✐✲❞❡ss♦✉s✮✱ ❞♦♥t ❧❡ ❝❛r❛❝tèr❡ ❣é♦♠étr✐q✉❡ ❡st ♠✐s ❡♥ é✈✐❞❡♥❝❡



✻ ❙②♠étr✐s❛t✐♦♥s ✿ ♠❡s✉r❡✱ ❣é♦♠étr✐❡ ❡t ❛♣♣r♦①✐♠❛t✐♦♥s

♣❛r ❧❡ ❢❛✐t q✉✬❡❧❧❡ ❡st ❧❛ s❡✉❧❡ ✐♥é❣❛❧✐té ❞♦♥t ❧❛ ❞é♠♦♥str❛t✐♦♥ s♦✐t ✐❧❧✉stré❡ ♣❛r
❞❡s ✜❣✉r❡s ❞❛♥s ❧✬♦✉✈r❛❣❡ ✷✳ ❉❛♥s ❝❡ ♠ê♠❡ ♦✉✈r❛❣❡✱ ❞❡s ✐♥é❣❛❧✐tés s✉r ❧✬❛✐r❡
❞✉ ❣r❛♣❤❡ ❞✬✉♥❡ ❢♦♥❝t✐♦♥ s♦♥t ❝✐té❡s✳ ❈✬❡st à ♣❛rt✐r ❞❡ ❝❡ t②♣❡ ❞✬✐♥é❣❛❧✐té q✉❡
Pó❧②❛ ❡t ❙③❡❣➤ ❞é♠♦♥tr❡♥t ❧❡✉r ✐♥é❣❛❧✐té ❬✷✺❪✳ ▲❡s ❡①t❡♥s✐♦♥s s❡r♦♥t ♥♦♠❜r❡✉s❡s ✿
❡①t❡♥s✐♦♥ ❞❡ ❧✬✐♥é❣❛❧✐té ❞❡ Pó❧②❛✲❙③❡❣➤ ❛✉① ❡s♣❛❝❡s ❞❡ ❙♦❜♦❧❡✈ ❬✷✵❪✱ ❡①t❡♥s✐♦♥
❞❡ ❞❡ ❧✬✐♥é❣❛❧✐té ❞❡ ❘✐❡s③✲❙♦❜♦❧❡✈ à ❞❡s ♣r♦❞✉✐ts ❜❡❛✉❝♦✉♣ ♣❧✉s ❣é♥ér❛✉① ❬✼❪✱
❝♦♥❞✐t✐♦♥s ♥é❝❡ss❛✐r❡s ❞✬é❣❛❧✐té ❬✶✵❪✱ ✐♥é❣❛❧✐tés ✐♥t❡r♠é❞✐❛✐r❡s ❬✹❪✳ ✳ ✳

■♥é❣❛❧✐té ❞❡ ❘❡✐s③✲❙♦❜♦❧❡✈ ▲❛ ❣é♥ér❛❧✐s❛t✐♦♥ ❧❛ ♣❧✉s s✐♠♣❧❡ ❞❡ ❧✬✐♥é❣❛❧✐té
❞❡ ❍❛r❞②✲▲✐tt❧❡✇♦♦❞ à ❞❡s ✐♥té❣r❛❧❡s ♠✉❧t✐♣❧❡s ❡st ❧✬✐♥é❣❛❧✐té ❞❡s ❘✐❡s③✲❙♦❜♦❧❡✈

✭❘❙✮
∫

RN

∫

RN

u(x) v(y)w(x− y) dx dy 6

∫

RN

∫

RN

u∗(x) v∗(y)w∗(x− y) dx dy.

▲❡s ✐♥é❣❛❧✐tés ✭❍▲✮ ❡t ✭❘❙✮ s♦♥t ❧❡s ❞❡✉① ♣r❡♠✐èr❡s ❞❡ ❧❛ ❢❛♠✐❧❧❡ ❞✬✐♥é❣❛❧✐tés
❞é♠♦♥tré❡ ♣♦✉r ❧❛ s②♠étr✐s❛t✐♦♥ ❞❡ ❙❝❤✇❛r③ ❬✼❪✳ ▲✬✐♥é❣❛❧✐té ✭❘❙✮ ❢❛✐t ✐♥t❡r✈❡✲
♥✐r ❧❡ ♣r♦❞✉✐t ❞❡ ❝♦♥✈♦❧✉t✐♦♥ ❡t ❞♦♥❝ ❧❛ str✉❝t✉r❡ ❞❡ ❣r♦✉♣❡ ❞❡ R

N ✳ ❆❧♦rs q✉❡
❧✬✐♥é❣❛❧✐té ✭❍▲✮ ♥❡ r❡str❡✐♥t ❡♥ r✐❡♥ ❧❛ ❣é♦♠étr✐❡✱ ✭❘❙✮ ✐♠♣♦s❡ ❞❡s ❝♦♥❞✐t✐♦♥s
❣é♦♠étr✐q✉❡s r✐❣✐❞❡s ❛✉① tr❛♥s❢♦r♠❛t✐♦♥ ❞✬❡♥s❡♠❜❧❡ ❞❛♥s RN ♣♦✉r ❧❡sq✉❡❧❧❡s ❡❧❧❡
❡st ✈❛❧❛❜❧❡ ✿ ❧❡s s②♠étr✐s❛t✐♦♥s ❞✬❡❧❧✐♣s♦ï❞❡s ❞♦✐✈❡♥t êtr❡ ❡♥✈♦②és s✉r ❞❡s ❡❧❧✐♣✲
s♦ï❞❡s✳ ❈✬❡st ♣♦✉rq✉♦✐ ✭❘❙✮ ❡st ❢❛✉ss❡ ♣♦✉r ❧❛ ♣♦❧❛r✐s❛t✐♦♥✱ ♣♦✉r ❧❛ s②♠étr✐s❛t✐♦♥
♣❛r ❝❛❧♦tt❡s s♣❤ér✐q✉❡s ❡t ♣♦✉r ❧❡s s②♠étr✐s❛t✐♦♥s ❛♥✐s♦tr♦♣❡s ❡♥ ❣é♥ér❛❧ ❬✸✶✱✸✷❪✳

Pr♦♣♦s✐t✐♦♥ ✷✳✺✳ ❙♦✐t S ✉♥❡ tr❛♥s❢♦r♠❛t✐♦♥ ❞✬❡♥s❡♠❜❧❡s q✉✐ ✈ér✐✜❡ ✭M0
2✮ ❡t

s♦✐t E ∈ D(S) ✉♥ ❡❧❧✐♣s♦ï❞❡✳ ❙✐ ❧✬✐♥é❣❛❧✐té ✭❘❙✮ ❛ ❧✐❡✉ ♣♦✉r u = v = w = χE✱
❛❧♦rs✱ à ✉♥ ❡♥s❡♠❜❧❡ ❞❡ ♠❡s✉r❡ ♥✉❧❧❡ ♣rès✱ S(E) ❡st ✉♥ ❡❧❧✐♣s♦ï❞❡✳

❉é♠♦♥str❛t✐♦♥✳ ❙♦✐t E ∈ D(S) ✉♥ ❡❧❧✐♣s♦ï❞❡✳ ❙♦✐t T ❧❛ s②♠étr✐s❛t✐♦♥ q✉✐ ❡♥✲
✈♦✐❡ t♦✉t ❡♥s❡♠❜❧❡ ❞❡ ♠❡s✉r❡ ✜♥✐❡ s✉r ✉♥❡ ✐♠❛❣❡ ❤♦♠♦t❤ét✐q✉❡ ❞❡ E ❞❡ ♠ê♠❡
♠❡s✉r❡✳ ➚ ✉♥ ❝❤❛♥❣❡♠❡♥t ❧✐♥é❛✐r❡ ❞❡ ✈❛r✐❛❜❧❡ ♣rès✱ ❝✬❡st ❧❛ s②♠étr✐s❛t✐♦♥ ❞❡
❙❝❤✇❛r③✱ q✉✐ ✈ér✐✜❡ ❧✬✐♥é❣❛❧✐té ✭❘❙✮✳ ◆♦✉s ❛✈♦♥s T̄ S̄χE = χE ❡t

∫

RN

∫

RN

χE(x)χE(y)χE(x− y) dx dy

=

∫

RN

∫

RN

S̄χE(x) S̄χE(y) S̄χE(x− y) dx dy.

❉✬❛♣rès ❧❡s ❝♦♥❞✐t✐♦♥s ♥é❝❡ss❛✐r❡s ❡t s✉✣s❛♥t❡s ❞✬é❣❛❧✐té ❞❛♥s ❧✬✐♥é❣❛❧✐té ✭❘❙✮
♣♦✉r ❧❛ s②♠étr✐s❛t✐♦♥ ❞❡ ❙❝❤✇❛r③ ❞❡ ❇✉r❝❤❛r❞ ❬✶✵❪✱ ❝❡❝✐ ♥❡ ♣❡✉t ❛✈♦✐r ❧✐❡✉ q✉❡
s✐ S(E) ❡st ✉♥ ❡❧❧✐♣s♦ï❞❡ à ✉♥ ❡♥s❡♠❜❧❡ ❞❡ ♠❡s✉r❡ ♥✉❧❧❡ ♣rès✳

■♥é❣❛❧✐té ❞❡ ❘✐❡s③✲❙♦❜♦❧❡✈ ❢❛✐❜❧❡ P♦✉r ❧❛ ♣♦❧❛r✐s❛t✐♦♥ ❡t ❧❛ s②♠étr✐s❛t✐♦♥
♣❛r ❝❛❧♦tt❡s s♣❤ér✐q✉❡s✱ ♦♥ ❛ t♦✉t❡❢♦✐s ✉♥❡ ❢❛♠✐❧❧❡ ❞✬✐♥é❣❛❧✐té ✐♥t❡r♠é❞✐❛✐r❡ ❡♥tr❡
✭❘❙✮ ❡t ❞❡ ✭❍▲✮ ❛ ❧✐❡✉ ✿ s✐ F : R2 → R ❡st ❝♦♥t✐♥✉❡✱ s✐ F (a, c) + F (b, d) >

F (a, d) + F (b, c) ♣♦✉r a 6 b ❡t c 6 d ❡t s✐ w : R+ → R
+ ❡st ❞é❝r♦✐ss❛♥t❡✱ ❛❧♦rs

✭❘❙∗✮
∫

RN

∫

RN

F (u(x), v(y))w(|x− y|2) dx dy

6

∫

RN

∫

RN

F (u∗(x), v∗(y))w(|x− y|2) dx dy.

✷✳ ❉❡✉① ✜❣✉r❡s s✉r ❧❡ ♠♦❞è❧❡ ✓ ❛✈❛♥t✴❛♣rès ✔ s♦♥t ❝♦♥s❛❝ré❡s à ❧✬✐♥é❣❛❧✐té ❞✐s❝rèt❡ ❡t ✉♥❡
à ❝❤❛❝✉♥❡ ❞❡s ❞❡✉① ♣r❡✉✈❡s ❞❡ ❧✬✐♥é❣❛❧✐té ❝♦♥t✐♥✉❡✳



✷ ❆①✐♦♠❛t✐q✉❡ ✼

❈❡tt❡ ✐♥é❣❛❧✐té s❡ tr♦✉✈❡ ❛✈❡❝ F (s, t) = st ❝❤❡③ ❉♦♥♦❣❤✉❡ q✉✐ ♥✬❛ ♣❛s ❜❡s♦✐♥
❞❡ ❧✬✐♥é❣❛❧✐té ❞❡ ❘✐❡s③✲❙♦❜♦❧❡✈ ❣é♥ér❛❧❡ ❬✶✻❪✳ ❊❧❧❡ ❡st ❞é♠♦♥tré❡ ♣❛r ❇❛❡r♥st❡✐♥
♣♦✉r F (s, t) = J(|s− t|) ♦ù J : R → R ❡st ✉♥❡ ❢♦♥❝t✐♦♥ ♣❛✐r❡ ❝♦♥✈❡①❡ ❡t ♣♦s✐t✐❜❡
❡t ♣♦✉r ❞❡ ♥♦♠❜r❡✉s❡s s②♠étr✐s❛t✐♦♥s ❝❤❡③ q✉✐ ❡❧❧❡ ❥♦✉❡ ✉♥ rô❧❡ ❞✬✐♥é❣❛❧✐té ♠❛✐✲
tr❡ss❡ ❞✬♦ù ❞é❝♦✉❧❡♥t ❧❡s ❛✉tr❡s ♣r♦♣r✐étés ❞❡s s②♠étr✐s❛t✐♦♥s ❬✹❪✳ ❈❡tt❡ ✐♥é❣❛❧✐té
❡st ❢❛✉ss❡ ❡♥ ❣é♥ér❛❧ ♣♦✉r ❧❛ s②♠étr✐s❛t✐♦♥ ❛♥✐s♦tr♦♣❡ ❬✸✶❪✳

■❧ ❡st ❢❛❝✐❧❡ ❞❡ ♠♦♥tr❡r q✉❡ ❞❡s ✐♥é❣❛❧✐tés ✭❘❙✮ ❡t ✭❘❙∗✮ s♦♥t ✈r❛✐❡s ♣♦✉r ✉♥
ré❛rr❛♥❣❡♠❡♥t s✐ ❡t s❡✉❧❡♠❡♥t s✐ ❡❧❧❡s s♦♥t ✈r❛✐❡s ♣♦✉r ❞❡s ❢♦♥❝t✐♦♥s ❝❛r❛❝tér✐s✲
t✐q✉❡s ❞✬❡♥s❡♠❜❧❡s ❡t ❧❡s ♣r♦♣r✐étés ❞❡ tr❛♥s❢♦r♠❛t✐♦♥ ❞❡ ❢♦♥❝t✐♦♥s s❡ ❞é❞✉✐s❡♥t
❞♦♥❝ ❞❡s ♣r♦♣r✐étés ❞❡ tr❛♥s❢♦r♠❛t✐♦♥ ❞✬❡♥s❡♠❜❧❡s✳

❉❛♥s ❧❡ ❝❛s ❞❡ ❢♦♥❝t✐♦♥s ❝❛r❛❝tér✐st✐q✉❡s✱ ❧❡s ✐♥é❣❛❧✐tés ✭❘❙✮ ❡t ✭❘❙∗✮ r❛✲
♣❡❧❧❡♥t ❧✬✐♥é❣❛❧✐té ❞❡ ❇r✉♥♥✲▼✐♥❦♦✇s❦✐

✭❇▼✮ LN (K + L)
1
N > LN (K)

1
N + LN (L)

1
N ,

♦ù K ❡t L s♦♥t ❞❡s ❡♥s❡♠❜❧❡s ♠❡s✉r❛❜❧❡s ❬✶✽❪✳ ▲❡s ✐♥é❣❛❧✐tés ✐♠♣❧✐q✉❡♥t t♦✉t❡s
❧❡s ❞❡✉① ❧✬✐♥é❣❛❧✐té ❞❡ ❇r✉♥♥✲▼✐♥❦♦✇s❦✐ ❞❛♥s ❧❡ ❝❛s ♦ù ❧❡s ❡♥s❡♠❜❧❡s ré❛rr❛♥❣és
s♦♥t ❤♦♠♦t❤ét✐q✉❡s àK✳ ▼❛❧❤❡✉r❡✉s❡♠❡♥t✱ ❧❡s ✐♥é❣❛❧✐tés ✭❘❙✮ ❡t ✭❘❙∗✮ ♥❡ ✈❛❧❡♥t
♣❛s ♣♦✉r ✉♥ ré❛rr❛♥❣❡♠❡♥t ♣❛r r❛♣♣♦rt à ✉♥ ❝♦♥✈❡①❡ q✉✐ ♥✬❡st ♣❛s ✉♥ ❡❧❧✐♣s♦ï❞❡
K✱ ❛❧♦rs q✉❡ ✭❇▼✮ ❡st ✈❛❧❛❜❧❡ ♣♦✉r ❝♦♥✈❡①❡ q✉❡❧❝♦♥q✉❡ K✳ ❈❡s ✐♥é❣❛❧✐tés ♥❡
♣❡✉✈❡♥t ❞♦♥❝ ♣❛s s❡ ❞é❞✉✐r❡ ❞❡ ✭❇▼✮✳

■♥é❣❛❧✐té ❞❡ Pó❧②❛✲❙③❡❣➤ ▲✬✐♥é❣❛❧✐té ❞❡ Pó❧②❛✲❙③❡❣➤

✭P❙✮
∫

Ω∗

|∇u∗|
p
6

∫

Ω

|∇u|
p

❛ t♦✉t ❞✬❛❜♦r❞ été ❞é♠♦♥tré❡ ♣❛r ❞❡s ♣r♦♣r✐étés ❞❡ tr❛♥s❢♦r♠❛t✐♦♥s ❞✬❡♥s❡♠❜❧❡ ✿
❞✬❛❜♦r❞ ❧❛ ❞✐♠✐♥✉t✐♦♥ ❞❡ ❧✬❛✐r❡ ❞✉ ❣r❛♣❤❡ ❬✷✺❪✱ ❡♥s✉✐t❡ ♣❛r ❧❛ ❞✐♠✐♥✉t✐♦♥ ❞✉
♣ér✐♠ètr❡ ❞❡s s♦✉s✲❡♥s❡♠❜❧❡s ❞❡ ♥✐✈❡❛✉ ♣❛r ❧❛ ❢♦r♠✉❧❡ ❞❡ ❧❛ ❝♦✲❛✐r❡ ❬✸✱ ✺✱ ✷✹❪✳
❊❧❧❡ ♣❡✉t ❛✉ss✐ s❡ ❞é❞✉✐r❡ ❞❡ ❧✬✐♥é❣❛❧✐té ✭❘❙∗✮ ❡t ❞✬✉♥❡ ❝❛r❛❝tér✐s❛t✐♦♥ ✐♥té❣r❛❧❡
❞❡s ❡s♣❛❝❡s ❞❡ ❙♦❜♦❧❡✈✳ ❙✐ (ρn) ⊂ D(RN ) ❡st ✉♥❡ s✉✐t❡ ❞❡ ❢♦♥❝t✐♦♥s ♣♦s✐t✐✈❡s ❡t
r❛❞✐❛❧❡s ❞é❝r♦✐ss❛♥t❡s ✭ρn(x) = ρ′n(|x|) ❛✈❡❝ ρ′n : R+ → R

+ ❞é❝r♦✐ss❛♥t❡✮✱ s✐ S
❡st ✉♥❡ s②♠étr✐s❛t✐♦♥ q✉✐ ♣rés❡r✈❡ ❧❡s ❜♦✉❧❡s✱ ♥♦✉s ❛✈♦♥s

∫

RN

∫

RN

∣

∣S̄u(x)− S̄u(y)
∣

∣

p

|x− y|
p ρ′n(|x− y|) dx dy

6

∫

RN

∫

RN

|u(x)− u(y)|
p

|x− y|
p ρ′n(|x− y|) dx dy.

❊♥ ♣❛ss❛♥t à ❧❛ ❧✐♠✐t❡ ❡t ❡♥ ✉t✐❧✐s❛♥t ✉♥❡ ❝❛r❛❝tér✐s❛t✐♦♥ ❞❡s ❡s♣❛❝❡s ❞❡ ❙♦❜♦❧❡✈
❞❡ ❇♦✉r❣❛✐♥✱ ❇r❡③✐s ❡t ▼✐r♦♥❡s❝✉ ❬✻✱ ✽✱ ✷✻✱✸✹❪✱ ♦♥ ♦❜t✐❡♥t ❧✬✐♥é❣❛❧✐té ✭P❙✮✳

◆♦✉s ❞é♠♦♥tr♦♥s ✉♥❡ ❝♦♥❞✐t✐♦♥ ♥é❝❡ss❛✐r❡ s✉r ❧❡s ré❛rr❛♥❣❡♠❡♥ts ❡♥s❡♠❜❧❡s
♣♦✉r q✉❡ ❧✬✐♥é❣❛❧✐té ✭P❙✮ ❛✐t ❧✐❡✉ ✿ ✐❧ ❢❛✉t q✉❡ ❧❛ s②♠étr✐s❛t✐♦♥ ❞✐♠✐♥✉❡ ❧❛
p✲❝❛♣❛❝✐té ❞❡s ❝♦♥❞❡♥s❛t❡✉rs✳

❉é✜♥✐t✐♦♥ ✷✳✻✳ ❙♦✐❡♥t A ❡t B ❞❡✉① s♦✉s✲❡♥s❡♠❜❧❡s ❞❡ Ω♠❡s✉r❛❜❧❡s✳ ▲❛ p✲❝❛♣❛✲
❝✐té ❞✉ ❝♦♥❞❡♥s❛t❡✉r (A,B) ❡st

capap,Ω(A,B) = inf

{
∫

Ω

|∇u|
p
|u ∈ W 1,1

loc (Ω), 0 6 u 6 1

u(x) = 1 s✐ x ∈ A ❡t u(x) = 0 s✐ x 6∈ B

}

.



✽ ❙②♠étr✐s❛t✐♦♥s ✿ ♠❡s✉r❡✱ ❣é♦♠étr✐❡ ❡t ❛♣♣r♦①✐♠❛t✐♦♥s

❘❡♠❛rq✉❡ ✷✳✼✳ ❉✬❛♣rès ❧❛ ❞é✜♥✐t✐♦♥ s✐ Ω ⊂ R
N ❡st ✉♥ ♦✉✈❡rt ré❣✉❧✐❡r✱ A ❡st

❝♦♠♣❛❝t ❡t B ⊃ A ❡st ♦✉✈❡rt✱ ❛❧♦rs capap,Ω < ∞ ❡t ❧❛ ❝❛♣❛❝✐té ❝♦ï♥❝✐❞❡ ❛✈❡❝
❧❡s ❞é✜♥✐t✐♦♥s ❝❧❛ss✐q✉❡s ❬✶✼✱ ✷✽❪ ✭❡♥ ♣r❡♥❛♥t ❝❤❡③ ❉✉❜✐♥✐♥ ❝♦♠♠❡ ❞❡✉①✐è♠❡
❡♥s❡♠❜❧❡ Ω \ B✮✳ ❙✐ ♥♦✉s ♣r❡♥♦♥s a 6 b 6 c 6 d✱ A = [b, c] ❡t B = [a, d]✱ ❛❧♦rs
♦♥ ♣❡✉t ❝❛❧❝✉❧❡r

capap,Ω(A,B) = (b− a)p + (d− c)p.

❙✐ ❧❛ ♠❡s✉r❡ ❞❡ A ❡t ❞❡ B s♦♥t ✜①é❡s✱ ❧❛ ❝❛♣❛❝✐té ♠✐♥✐♠❛❧❡ ❡st ❛tt❡✐♥t❡ ❧♦rsq✉❡
❧❡s ❝❡♥tr❡s ❞❡s ✐♥t❡r✈❛❧❧❡s ❝♦ï♥❝✐❞❡♥t✳

❊♥✜♥✱ s✐ LN (A\B) 6= 0✱ ❧❛ ❝❧❛ss❡ ❞❡ ❢♦♥❝t✐♦♥s s✉r ❧❛q✉❡❧❧❡ ❧✬✐♥✜♠✉♠ ❡st ♣r✐s
❡st ✈✐❞❡ ❡t capap(A,B) = ∞✳

Pr♦♣♦s✐t✐♦♥ ✷✳✽✳ ❙♦✐t S ✉♥ ré❛rr❛♥❣❡♠❡♥t ❡t 1 < p < ∞✳ ❙✐ ♣♦✉r t♦✉t A,B ∈
D(S)✱

capap(S(A), S(B)) 6 capap(A,B).

❡t s✐ u ∈ W 1,p(Ω) ❛❞♠✐ss✐❜❧❡ ❡t ♣♦s✐t✐✈❡✱ ❛❧♦rs Su ∈ W 1,p(Ω∗) ❡t
∫

Ω∗

|∇u∗|
p
6

∫

Ω

|∇u|
p
.

❉é♠♦♥str❛t✐♦♥✳ P♦✉r t♦✉t k ∈ Z ❡t α > 1✱ ♥♦✉s ❛✈♦♥s✱ ♣❛r ❞é✜♥✐t✐♦♥ ❞❡ ❧❛
❝❛♣❛❝✐té✱

capap,Ω(
{

u > αk+1
}

,
{

u > αk
}

) 6
1

(α− 1)pαpk

∫

Ω∩{αk<u<αk+1}

|∇u|
p
dx.

❊♥ ❛❞❞✐t✐♦♥♥❛♥t ❝❡s ✐♥é❣❛❧✐tés✱ ♥♦✉s ♦❜t❡♥♦♥s
∫

Ω

|∇u|
p
dx >

∑

k∈Z

(α− 1)pαpk capap(
{

u > αk+1
}

,
{

u > αk
}

).

P❛r ❛✐❧❧❡✉rs✱ ♣❛r ❞é✜♥✐t✐♦♥ ❞❡ ❧❛ ❝❛♣❛❝✐té✱ ♣♦✉r t♦✉t k > 0✱ ✐❧ ❡①✐st❡ vα,k ∈

W 1,1
loc (Ω) t❡❧ q✉❡

∫

Ω∗

|∇vα,k|
p
dx 6 capap(S(

{

u > αk+1
}

), S(
{

u > αk
}

)) +
1

2|k|αk
,

vα,k(x) = 0 s✐ x 6∈ S(
{

u > αk
}

),

vα,k(x) = 1 s✐ x ∈ S(
{

u > αk+1
}

),

0 6 vα,k 6 1.

❙✐ ♥♦✉s ♣♦s♦♥s
vα =

∑

k∈Z

(α− 1)pαpkvα,k,

❛❧♦rs
lim
α→1

‖vα − Su‖p = 0,

❡t
‖∇vα‖p 6 ‖∇u‖p + 2(1− α),

❞✬♦ù✱ ♣✉✐sq✉❡ ❧❛ s✉✐t❡ vα ❡st ❜♦r♥é❡ ❞❛♥s W 1,p(Ω) ❡t ❝♦♥✈❡r❣❡ ✈❡rs Su ❞❛♥s Lp✱
♦♥ ❞é❞✉✐t ❬✸✺✱ ❧❡♠♠❡ ✷✸✳✼❪ q✉❡ vα ⇀ Su q✉❛♥❞ α → 1 ❞❛♥s W 1,p(Ω) ❡t q✉❡

‖∇Su‖p 6 ‖∇u‖p .



✸ ❆♣♣r♦①✐♠❛t✐♦♥ ✾

❘❡♠❛rq✉❡ ✷✳✾✳ ❙✐ t♦✉t❡s ❧❡s ❢♦♥❝t✐♦♥s ❞❡ u ∈ W 1,1
loc (R

N ) t❡❧❧❡s q✉❡ 0 6 u 6 1✱
u(x) = 1 s✉r A ❡t u(x) = 0 ❡♥ ❞❡❤♦rs ❞❡ B s♦♥t ❛❞♠✐ss✐❜❧❡s ❡t ✈ér✐✜❡♥t ❧✬✐♥é❣❛❧✐té
✭P❙✮✱ ❛❧♦rs

capap(S(A), S(B)) 6 capap(A,B).

■❧ ② ❛ ❞❡s ❝♦♥❞✐t✐♦♥s s❡♠❜❧❛❜❧❡s ❧♦rsq✉❡ p = 1 ♦✉ p = ∞✳ P♦✉r p = 1✱ ❧❛
❝♦♥❞✐t✐♦♥ s✉✣s❛♥t❡ ♣♦✉r q✉❡ ❧❡ ré❛rr❛♥❣❡♠❡♥t ❞✬✉♥❡ ❢♦♥❝t✐♦♥ à ✈❛r✐❛t✐♦♥ ❜♦r♥é❡
s♦✐t ✉♥❡ ❢♦♥❝t✐♦♥ ❛✈❡❝ ✉♥❡ ✈❛r✐❛t✐♦♥ ♣❧✉s ♣❡t✐t❡✱ ❡st q✉❡ ❧❡ ré❛rr❛♥❣❡♠❡♥t ❢❛ss❡
❞é❝r♦îtr❡ ❧❡ ♣ér✐♠ètr❡ ❛✉ s❡♥s ❞❡ ●✐♦r❣✐ ❞❡s ❡♥s❡♠❜❧❡s ❬✷✹✱ ✸✸❪✳ ❙✐ p = ∞✱ ♣♦✉r
♦❜t❡♥✐r ❧❛ ❞✐♠✐♥✉t✐♦♥ ❞❡ ❧❛ ❝♦♥st❛♥t❡ ❞❡ ▲✐♣s❝❤✐t③✱ ✐❧ ❢❛✉t q✉❡ ♣♦✉r t♦✉t ❝♦✉♣❧❡
❞✬❡♥s❡♠❜❧❡s (A,B)✱ ❧❛ ❞✐st❛♥❝❡ ❡♥tr❡ ❝♦✉r❜❡s ❞❡ ♥✐✈❡❛✉ ❛✉❣♠❡♥t❡ ❬✾❪

sup
x∈A

inf
y∈B

d(x, y) 6 sup
x∈S(A)

inf
y∈S(B)

d(x, y).

▲❡ ♣r♦❜❧è♠❡ ❞❡ ❧❛ ❝❛♣❛❝✐té ♥✬❡st ♣❛s ♣❧✉s ❢❛❝✐❧❡ ❛ rés♦✉❞r❡ q✉❡ ❧❡ ♣r♦❜❧è♠❡
❞❡ ❧✬✐♥é❣❛❧✐té ✭P❙✮✳ ❈❡tt❡ ♠ét❤♦❞❡ ❛ t♦✉t❡❢♦✐s ❞é❥à été ✉t✐❧✐sé❡ ❞❛♥s ❞❡s ❝❛❞r❡s
❣é♦♠étr✐q✉❡s s✉✣s❛♠❡♥t s✐♠♣❧❡s ❬✷✹❪✳

▲❡s ✐♥é❣❛❧✐tés ✭❘❙✮✱ ✭❘❙∗✮ ❡t ✭P❙✮ ❞é♣❡♥❞❡♥t très ❢♦rt ❞❡ ❧❛ ❣é♦♠étr✐❡ ❞❡
❧❛ s②♠étr✐s❛t✐♦♥✳ ❙✐ ✉♥❡ ❛♣♣r♦❝❤❡ ❛①✐♦♠❛t✐q✉❡ ❞❡s ♣r♦♣r✐étés ❡♥ ❛♠é❧✐♦r❡ ❧❛
❝♦♠♣ré❤❡♥s✐♦♥✱ ❡❧❧❡ ♥✬❡♥ s✐♠♣❧✐✜❡ ♥é❛♥♠♦✐♥s ♣❛s ❧❛ ♣r❡✉✈❡✳

✸ ❆♣♣r♦①✐♠❛t✐♦♥

▲✬ét✉❞❡ ❛①✐♦♠❛t✐q✉❡ ❞❡s ♣r♦♣r✐étés ❣é♦♠étr✐q✉❡s ❞❡s ré❛rr❛♥❣❡♠❡♥ts ♠♦♥tr❡
q✉✬✉♥❡ ❛♣♣r♦❝❤❡ ❞✐r❡❝t❡ ❡st ❝♦♠♣❧❡①❡✳ ▲❡ ❢❛✐t q✉❡ ❝❡rt❛✐♥❡s s②♠étr✐s❛t✐♦♥ s♦♥t
♣❧✉s s✐♠♣❧❡s q✉❡ ❞✬❛✉tr❡s à ét✉❞✐❡r ✐♥❝✐t❡ à ❛♣♣r♦❝❤❡r ❞❡s s②♠étr✐s❛t✐♦♥s ❝♦♠✲
♣❧❡①❡s ♣❛r ❞❡s s②♠étr✐s❛t✐♦♥s ♣❧✉s s✐♠♣❧❡s ❛✜♥ ❞✬ét❡♥❞r❡ ❧❡s ♣r♦♣r✐étés ❞❡s ❝❛s
s✐♠♣❧❡s ❛✉① ❝❛s ❝♦♠♣❧❡①❡s✳

▲❡s ♣r❡♠✐èr❡s ❛♣♣r♦①✐♠❛t✐♦♥s ❞❡ s②♠étr✐s❛t✐♦♥ s❡ tr♦✉✈❡♥t ❞❛♥s ❧❛ ♣r❡✉✈❡ ❞❡
❧✬✐♥é❣❛❧✐té ✐s♦♣ér✐♠étr✐q✉❡ ♣❛r s②♠étr✐s❛t✐♦♥ ❞❡ ❙t❡✐♥❡r✱ ♦ù ❧✬♦♥ ♠♦♥tr❡ q✉✬✉♥❡
s✉✐t❡ ❞❡ s②♠étr✐s❛t✐♦♥s ✐téré❡s ❝♦♥✈❡r❣❡❛✐t ✈❡rs ❧❡ ❞✐sq✉❡✳ ❆♣rès ❧❡s ❡♥s❡♠❜❧❡s✱
❡❧❧❡s s♦♥t ❛♣♣❧✐q✉é❡s ❛✉① p✲❝❛♣❛❝✐tés ❞❡ ❝♦♥❞❡♥s❛t❡✉rs ♣❛r ❏✳ ❙❛r✈❛s✱ q✉✐ ❛♣✲
♣r♦①✐♠❡ t♦✉t❡ s②♠étr✐s❛t✐♦♥ à ♣❛rt✐r ❞❡ ❧❛ s②♠étr✐s❛t✐♦♥ ♣❛r ❝❛❧♦tt❡s s♣❤ér✐q✉❡s
(1, N)✱ ❛✜♥ ❞❡ ♠♦♥tr❡r q✉❡ ❧❡s s②♠étr✐s❛t✐♦♥s ♣❛r ❝❛❧♦tt❡s s♣❤ér✐q✉❡s ❡t ❧❡s s②✲
♠étr✐s❛t✐♦♥s ❞❡ ❙t❡✐♥❡r ❞✐♠✐♥✉❡♥t ❧❛ p✲❝❛♣❛❝✐té ❬✷✽❪✳ ❊♥✜♥✱ ❧✬❛♣♣r♦①✐♠❛t✐♦♥ ❡st
ét❡♥❞✉❡ ❛✉① s②♠étr✐s❛t✐♦♥s ❞❡ ❢♦♥❝t✐♦♥s ♣❛r ❇r❛s❝❛♠♣✱ ▲✐❡❜ ❡t ▲✉tt✐♥❣❡r✱ q✉✐
❛♣♣r♦①✐♠❡♥t t♦✉t❡ s②♠étr✐s❛t✐♦♥ ❞❡ ❙t❡✐♥❡r ♣❛r ❞❡s s②♠étr✐s❛t✐♦♥s ❞❡ ❙t❡✐♥❡r
❞✬♦r❞r❡ ✐♥❢ér✐❡✉r ❛✜♥ ❞❡ ♣r♦✉✈❡r ❧✬✐♥é❣❛❧✐té ❞❡ ❘✐❡s③✲❙♦❜♦❧❡✈ ❡t s❡s ❣é♥ér❛❧✐s❛✲
t✐♦♥s ❡♥ N ❞✐♠❡♥s✐♦♥s ❬✼❪✳ ▲❡s s✉✐t❡s ❞❡ s②♠étr✐s❛t✐♦♥s ❞❡ ❙t❡✐♥❡r ❛♣♣r♦①✐♠❛♥t❡s
s♦♥t ❡♥ ❣é♥ér❛❧ ❛ss❡③ s✐♠♣❧❡s à ❝♦♥str✉✐r❡ ❡①♣❧✐❝✐t❡♠❡♥t ❬✷✷❪✳ P❛r ❛✐❧❧❡✉rs✱ ✐❧ ❡st
♣♦ss✐❜❧❡ ❞❡ ♠♦♥tr❡r q✉❡ ♣r❡sq✉❡ t♦✉t❡ s✉✐t❡ ❞❡ s②♠étr✐s❛t✐♦♥s ❞❡ ❙t❡✐♥❡r ❞✬❡♥✲
s❡♠❜❧❡s ❛♣♣r♦①✐♠❡ ✉♥❡ s②♠étr✐s❛t✐♦♥ ❞✬♦r❞r❡ s✉♣ér✐❡✉r ❬✷✸❪✳

❈❡s s②♠étr✐s❛t✐♦♥s ❡t ❞✬❛✉tr❡s ♣❡✉✈❡♥t êtr❡ ❛♣♣r♦①✐♠é❡s ♣❛r ❞❡s s②♠étr✐s❛✲
t✐♦♥s ❡♥❝♦r❡ ♣❧✉s s✐♠♣❧❡s✳ ▲❛ ♣♦❧❛r✐s❛t✐♦♥✱ ❛♣♣❡❧é❡ ❛✉ss✐ ré❛rr❛♥❣❡♠❡♥t à ❞❡✉①
♣♦✐♥ts ❡t q✉✬♦♥ ♣♦✉rr❛✐t ❧♦❣✐q✉❡♠❡♥t ❛♣♣❡❧❡r s②♠étr✐s❛t✐♦♥ ♣❛r ❝❛❧♦tt❡s s♣❤é✲
r✐q✉❡s (0, N) ❡st ♣r♦❜❛❜❧❡♠❡♥t ❧❛ s②♠étr✐s❛t✐♦♥ ♥♦♥ tr✐✈✐❛❧❡ ❧❛ ♣❧✉s s✐♠♣❧❡ ♣♦s✲
s✐❜❧❡✳ P❛r ✉♥ ♣r♦❝é❞é ✐♥❣é♥✐❡✉①✱ ❉✉❜✐♥✐♥ ré❞✉✐t ❧❛ s②♠étr✐s❛t✐♦♥ ❞✬✉♥✐♦♥ ✜♥✐❡s
❞❡ ✓ ♣❛✈és ✔ à ✉♥ ♥♦♠❜r❡ ✜♥✐ ❞❡ ♣♦❧❛r✐s❛t✐♦♥s✳ ➱t❛♥t ❞♦♥♥é q✉❡ ❝❡s ✉♥✐♦♥s ✜♥✐❡s
❞❡ ♣❛✈és ❛♣♣r♦①✐♠❡♥t ❜✐❡♥ t♦✉t ❡♥s❡♠❜❧❡✱ ✐❧ ♣❡✉t ❛✐♥s✐ ♠♦♥tr❡r q✉✬✉♥❡ ❣r❛♥❞❡



✶✵ ❙②♠étr✐s❛t✐♦♥s ✿ ♠❡s✉r❡✱ ❣é♦♠étr✐❡ ❡t ❛♣♣r♦①✐♠❛t✐♦♥s

❝❧❛ss❡ ❞❡ ❝❛♣❛❝✐tés ❡st ré❞✉✐t❡ ♣❛r s②♠étr✐s❛t✐♦♥ ❞❡ ❙t❡✐♥❡r ♦✉ ♣❛r ❝❛❧♦tt❡s s♣❤é✲
r✐q✉❡s ❬✶✼❪✳ ➚ ♣❛rt✐r ❞❡s ✐❞é❡s ❞❡ ❇❛❡r♥st❡✐♥ ❬✹❪✱ ❧✬❡①✐st❡♥❝❡ ❞❡ s✉✐t❡s ✉♥✐✈❡rs❡❧❧❡s
❞✬❛♣♣r♦①✐♠❛t✐♦♥ ❞❡s s②♠étr✐s❛t✐♦♥s ❞❡ ❙t❡✐♥❡r ✭❞❛♥s ❧❡ ♣❧❛♥✱ ❧✬❡s♣❛❝❡ ❤②♣❡r❜♦✲
❧✐q✉❡ ❡t s✉r ❧❛ s♣❤èr❡✮✱ ❧❛ s②♠étr✐s❛t✐♦♥ ♣❛r ❝❛❧♦tt❡s s♣❤ér✐q✉❡s ✭s♣❤❡r✐❝❛❧✲❝❛♣
s②♠♠❡tr✐③❛t✐♦♥✮✱ ❧❡ ré❛rr❛♥❣❡♠❡♥t ❝r♦✐ss❛♥t à ❧✬✐♥✜♥✐ ❛ été ♣r♦✉✈é❡ ❬✾✱ ✷✾✱✸✷❪✳

▲❡s rés✉❧t❛ts ❞✬❛♣♣r♦①✐♠❛t✐♦♥s ♣❡✉✈❡♥t s✬é♥♦♥❝❡r ❣r♦ss✐èr❡♠❡♥t ❞❡ ❧❛ ♠❛✲
♥✐èr❡ s✉✐✈❛♥t❡ ✿ ♣♦✉r ✉♥❡ s②♠étr✐s❛t✐♦♥✱ ✐❧ ❡①✐st❡ ✉♥❡ s✉✐t❡ ❞✬❛♣♣r♦①✐♠❛t✐♦♥s ♣❛r
❞❡s s②♠étr✐s❛t✐♦♥s✱ t❡❧❧❡ q✉❡ ♣♦✉r t♦✉t❡ ❢♦♥❝t✐♦♥ ❝♦♥t✐♥✉❡ à s✉♣♣♦rt ❝♦♠♣❛❝t✱ ❧❛
s✉✐t❡ ✐téré❡s ❞❡s s②♠étr✐s❛t✐♦♥s ❛♣♣r♦①✐♠❛♥t❡s ❝♦♥✈❡r❣❡ ✈❡rs ❧❛ s②♠étr✐s❛t✐♦♥✳
❖♥ ❡♥ ❞é❞✉✐t q✉✬♦♥ ♣❡✉t ❛✉ss✐ ❛♣♣r♦①✐♠❡r ❜❡❛✉❝♦✉♣ ❞❡ ❢♦♥❝t✐♦♥s ❛❞♠✐ss✐❜❧❡s
❞❛♥s ✉♥ ❡s♣❛❝❡ ❞✬❖r❧✐❝③ ✭✈♦✐r ♣❧✉s ❜❛s✮ ❡t ♥✬✐♠♣♦rt❡ q✉❡❧ ❡♥s❡♠❜❧❡ ♠❡s✉r❛❜❧❡
❡♥ ♠❡s✉r❡✳

▲❡s ♣r❡✉✈❡s ❞❡ ❝♦♥✈❡r❣❡♥❝❡ s❡ ❜❛s❡♥t s✉r ❧❡ ♣❤é♥♦♠è♥❡ r❡♠❛rq✉❛❜❧❡ s✉✐✲
✈❛♥t❡ ✿ ❧❡ ❝❛r❛❝tèr❡ ❝♦♥tr❛❝t❛♥t ❞❡s s②♠étr✐s❛t✐♦♥s ✐♠♣❧✐q✉❡ q✉❡ ❧❡s ❛♣♣r♦①✐♠❛✲
t✐♦♥s ♥❡ s✬é❧♦✐❣♥❡r♦♥t ❥❛♠❛✐s✳ ❖♥ ♣❡✉t ❞♦♥❝ ❢❛✐r❡ ❛✉t❛♥t ❞❡ ♠❛✉✈❛✐s❡s ✐tér❛t✐♦♥s
q✉✬♦♥ ✈❡✉t✱ ♣♦✉r✈✉ q✉✬✐❧ r❡st❡ ✉♥❡ ✐♥✜♥✐té ❞❡ ❜♦♥♥❡s ✐tér❛t✐♦♥s✳ ❉❡s ❝♦♥s✐❞ér❛✲
t✐♦♥s ✉♥ ♣❡✉ ♣❧✉s ✜♥❡s ♣❡r♠❡tt❡♥t ❞❡ ♠♦♥tr❡r q✉❡ t♦✉t❡ s✉✐t❡ ❞✬❛♣♣r♦①✐♠❛t✐♦♥
❡st ♣ré❝♦♠♣❛❝t❡✳ ❖♥ s❛✐t ❞♦♥❝ q✉✬✉♥❡ s♦✉s✲s✉✐t❡ ❞❡s ❛♣♣r♦①✐♠❛t✐♦♥s ❝♦♥✈❡r❣❡
✈❡rs q✉❡❧q✉❡ ❝❤♦s❡ ❡t ✐❧ s✉✣t ❞❡ ♠♦♥tr❡r q✉❡ ❝❡ q✉❡❧q✉❡ ❝❤♦s❡ ❡st ❝❡ q✉✬♦♥
✈❡✉t ❛♣♣r♦①✐♠❡r ♣♦✉r ❛✈♦✐r ❧❛ ❝♦♥✈❡r❣❡♥❝❡ ❞❡ ❧❛ s✉✐t❡ ❡♥t✐èr❡✳ ❈✬❡st ❧❡ ❝÷✉r ❞❡s
♣r❡✉✈❡s ❞❡ t❤é♦rè♠❡s ❞✬❛♣♣r♦①✐♠❛t✐♦♥s ❞❡ s②♠étr✐s❛t✐♦♥s ❛✉①q✉❡❧s ♥♦✉s ❛✈♦♥s
❢❛✐t ré❢ér❡♥❝❡✳ ❙❛♥s ❡♥tr❡r ❞❛♥s ❧❡ ❞ét❛✐❧ ❞❡ ❧❛ ♣r❡✉✈❡ ❬✸✷❪✱ ♥♦✉s ♠♦♥tr♦♥s ✐❝✐
❝♦♠♠❡♥t ❧❡s rés✉❧t❛ts ❞é❥à ♦❜t❡♥✉s ❞❛♥s ❧❡s ❡s♣❛❝❡s Lp s✬ét❡♥❞❡♥t ❢❛❝✐❧❡♠❡♥t
❛✉① ❡s♣❛❝❡s ❞✬❖r❧✐❝③✳

◆♦✉s s✉♣♣♦s♦♥s q✉❡ ♥♦✉s ❛✈♦♥s ✉♥ ré❛rr❛♥❣❡♠❡♥t S q✉✐ ❡st ❛♣♣r♦①✐♠é ♣❛r
✉♥❡ s✉✐t❡ ❞❡ ré❛rr❛♥❣❡♠❡♥ts Sn✳ P♦✉r ✉♥❡ ❢♦♥❝t✐♦♥ u✱ ♥♦✉s ♥♦t♦♥s

un = S̄n . . . S̄1u u∗ = S̄u.

❡t ♣♦✉r ✉♥ ❡♥s❡♠❜❧❡ A

An = Sn ◦ · · · ◦ S1(A) A∗ = S(A).

▲✬✐♥❞✐❝❡ ∗ ♣♦✉r ✉♥ ❡s♣❛❝❡ ❢♦♥❝t✐♦♥♥❡❧ ❞és✐❣♥❡ ❧❡ s♦✉s✲❡♥s❡♠❜❧❡ ❞❡s ❢♦♥❝t✐♦♥s
❛❞♠✐ss✐❜❧❡s ♣♦✉r ∗ ❞❡ ❝❡t ❡s♣❛❝❡ ✿ ❛✐♥s✐ s✐ ∗ ❡st ❧❛ s②♠étr✐s❛t✐♦♥ ❞❡ ❙t❡✐♥❡r✱
K∗(R

N ) ❞és✐❣♥❡r❛ ❧✬❡♥s❡♠❜❧❡ ❞❡s ❢♦♥❝t✐♦♥s ♣♦s✐t✐✈❡s ❝♦♥t✐♥✉❡s à s✉♣♣♦rt ❝♦♠✲
♣❛❝t✳ ❙✐ ∗ ❡st ❧❛ s②♠étr✐s❛t✐♦♥ ♣❛r ❝❛❧♦tt❡s s♣❤ér✐q✉❡s✱ ❝❡ s❡r❛ ❧✬❡♥s❡♠❜❧❡ t♦✉t
❡♥t✐❡r✳ ◆♦✉s ✐♠♣♦s♦♥s ✉♥❡ ❝♦♥❞✐t✐♦♥ ❞❡ ❝♦♠♣❛t✐❜✐❧✐té ❡♥tr❡ ❧❛ s✉✐t❡ (Sn) ❡t S✳
P♦✉r t♦✉t A ∈ D(S) ❡t n ∈ N✱ S(A) ∈ D(Sn) ❡t Sn(S(A)) = S(A)✳ ❈❡❧❛
✐♠♣❧✐q✉❡ q✉❡ ♣♦✉r t♦✉t u ❛❞♠✐ss✐❜❧❡✱ S̄nS̄u = S̄u ❡t ❡♥ ♣❛rt✐❝✉❧✐❡r q✉❡ ♣♦✉r
Φ : R+ → R

+ ∪ {∞} s❡♠✐✲❝♦♥t✐♥✉❡ ✐♥❢ér✐❡✉r❡ ❡t ❝♦♥✈❡①❡✱
∫

RN

Φ(|u∗ − un|) dx 6

∫

RN

Φ(|u− un|) dx.

◆♦✉s s✉♣♣♦s♦♥s ❡♥✜♥ q✉❡ ♣♦✉r t♦✉t❡ ❢♦♥❝t✐♦♥ ❛❞♠✐ss✐❜❧❡ ❝♦♥t✐♥✉❡ à s✉♣♣♦rt
❝♦♠♣❛❝t✱ un → u ✉♥✐❢♦r♠é♠❡♥t✳ ❈❡s ❤②♣♦t❤ès❡s s♦♥t ✈ér✐✜é❡s ❞❛♥s t♦✉s ❧❡s
t❤é♦rè♠❡s ❞✬❛♣♣r♦①✐♠❛t✐♦♥ q✉❡ ♥♦✉s ❝♦♥♥❛✐ss♦♥s✳

◆♦✉s r❛♣♣❡❧♦♥s q✉❡❧q✉❡s ❢❛✐ts ❛✉ s✉❥❡t ❞❡s ❡s♣❛❝❡s ❞✬❖r❧✐❝③✳ P♦✉r ❧❡s ❞ét❛✐❧s
❞❡s rés✉❧t❛ts é♥♦♥❝és ❝✐✲❞❡ss♦✉s✱ ♥♦✉s r❡♥✈♦②♦♥s à ❧✬♦✉✈r❛❣❡ ❞❡ ▼✳▼✳❘❛♦ ❡t
❩✳❉✳❘❡♥ ❬✷✼❪✳



✸ ❆♣♣r♦①✐♠❛t✐♦♥ ✶✶

❉é✜♥✐t✐♦♥ ✸✳✶✳ ▲❛ ❢♦♥❝t✐♦♥ Φ : R → R
+ ❡st ✉♥❡ ❢♦♥❝t✐♦♥ ❞❡ ❨♦✉♥❣ s✐ ❡❧❧❡ ❡st

❝♦♥✈❡①❡✱ Φ(ξ) = Φ(−ξ)✱ limξ→0 Φ(ξ) = 0 ❡t lim|ξ|→∞ Φ(ξ) = ∞✳

❉é✜♥✐t✐♦♥ ✸✳✷✳ ❙♦✐t Φ ✉♥❡ ❢♦♥❝t✐♦♥ ❞❡ ❨♦✉♥❣✳ ▲✬❡s♣❛❝❡ ❞✬❖r❧✐❝③ LΦ(RN ) ❡st ❧❡
q✉♦t✐❡♥t ♣❛r ❧✬❡♥s❡♠❜❧❡ ❞❡s ♥✉❧❧❡s ♣r❡sq✉❡ ♣❛rt♦✉t ❞❡ ❧✬❡♥s❡♠❜❧❡ ❞❡s ❢♦♥❝t✐♦♥s
♠❡s✉r❛❜❧❡s t❡❧❧❡s q✉❡ ❧❛ ♥♦r♠❡ ❞❡ ▲✉①❡♠❜✉r❣

‖f‖Φ = inf

{

ρ

∣

∣

∣

∣

∫

RN

Φ(ρ−1f) < 1

}

❡st ✜♥✐❡✳

❖♥ ❞é♠♦♥tr❡ q✉❡ ❧❡s ❡s♣❛❝❡s ❞✬❖r❧✐❝③ s♦♥t ❞❡s ❡s♣❛❝❡s ❞❡ ❇❛♥❛❝❤✳

❘❡♠❛rq✉❡ ✸✳✸✳ ❙✐ 1 6 p < ∞ ❡t Φ(ξ) = |ξ|
p✱ ❛❧♦rs LΦ(RN ) = Lp(RN )✳ ❙✐

Φ(x) =

{

0 s✐ |ξ| 6 1

∞ s✐ |ξ| > 1,

❛❧♦rs LΦ(RN ) = L∞(RN )✳

▲❛ ♣r♦♣♦s✐t✐♦♥ s✉✐✈❛♥t❡ s❡ tr❛♥s❝r✐t ✐♥st❛♥t❛♥é♠❡♥t ❞✉ ❝❛s Lp(RN ) ❬✸✷❪✳

Pr♦♣♦s✐t✐♦♥ ✸✳✹✳ ❙♦✐t (Sn) ✉♥❡ s✉✐t❡ ❞❡ s②♠étr✐s❛t✐♦♥s ❡t S ✉♥❡ s②♠étr✐s❛t✐♦♥
❞❡ R

N ❞❛♥s R
N ✳ ❙✉♣♣♦s♦♥s q✉❡ ♣♦✉r t♦✉t u ∈ K∗(R

N )✱ ♦♥ ❛✐t

un → Su

♣♦✉r ❧❛ ❝♦♥✈❡r❣❡♥❝❡ ✉♥✐❢♦r♠❡✳ ❙✬✐❧ ❡①✐st❡ ✉♥ r❡❝♦✉✈r❡♠❡♥t ❞❡ R
N ♣❛r ✉♥❡ ❢❛✲

♠✐❧❧❡ ❝r♦✐ss❛♥t❡ ❞✬♦✉✈❡rts ❞❡ ♠❡s✉r❡ ✜♥✐❡ ✐♥✈❛r✐❛♥ts (Ui)i∈I ✭❝✬❡st✲à✲❞✐r❡ R
N =

∪i∈IUi ❡t S(Ui) = Ui ♣♦✉r t♦✉t i ∈ I✮✱ ❛❧♦rs ♣♦✉r t♦✉t❡ ❢♦♥❝t✐♦♥ ❞❡ ❨♦✉♥❣ Φ ❡t
♣♦✉r t♦✉t u ❞❡ ❧✬❛❞❤ér❡♥❝❡ ❞❡ K∗(R

N ) ❞❛♥s LΦ(RN )✱

lim
n→∞

‖u∗ − un‖Φ = 0.

❉é♠♦♥str❛t✐♦♥✳ ❙♦✐t ε > 0 ❞♦♥♥é ❡t u ❞❛♥s ❧✬❛❞❤ér❡♥❝❡ ❞❡ K(RN ) ❞❛♥s LΦ(RN )✳
P❛r ❤②♣♦t❤ès❡✱ ✐❧ ❡①✐st❡ ✉♥ v ∈ K(RN ) t❡❧ q✉❡ ♣♦✉r t♦✉t n > 1 ‖v − u‖Φ < ε/3✳
P✉✐sq✉❡ v ❡st à s✉♣♣♦rt ❝♦♠♣❛❝t✱ ✐❧ ❡①✐st❡ ✉♥ i ∈ I t❡❧ q✉❡ supp v ⊂ Ui ❀ ♣❛r
♠♦♥♦t♦♥✐❡✱ vn ∈ Ui✳ P✉✐sq✉❡ Φ ❡st ✉♥❡ ❢♦♥❝t✐♦♥ ❞❡ ❨♦✉♥❣✱ ✐❧ ❡①✐st❡ η > 0 t❡❧
q✉❡ ♣♦✉r ξ 6 η✱ LN (Ui)Φ(ξ) 6 1✳ ❊♥✜♥✱ ♣❛r ❤②♣♦t❤ès❡✱ ✐❧ ❡①✐st❡ k > 0 t❡❧ q✉❡
♣♦✉r n > k✱ ♦♥ ❛✐t 3 ‖vn − v∗‖∞ 6 ηε✳ ❚♦✉t ❝❡❧❛ ♠✐s ❡♥s❡♠❜❧❡ ❞♦♥♥❡

∫

RN

Φ

(

vn − v

ε/3

)

dx 6 LN (Ui)Φ

(

‖vn − v∗‖∞
ε/3

)

6 1,

❞✬♦ù ‖vn − v‖Φ 6 ε/3✳ ▲❡ ❝❛r❛❝tèr❡ ❝♦♥tr❛❝t❛♥t ❞❡s ré❛rr❛♥❣❡♠❡♥ts S ❡t (Sn)
❞♦♥♥❡ ❡♥✜♥

‖un − u∗‖Φ 6 ‖un − vn‖Φ + ‖vn − v∗‖Φ + ‖v∗ − u∗‖Φ 6 ε.

❘❡♠❛rq✉❡ ✸✳✺✳ ▲❛ s✐♠♣❧✐❝✐té ❞❡ ❧❛ ♣r❡✉✈❡ ❝✐✲❞❡ss✉s ❝❛❝❤❡ ✉♥ ♣r♦❜❧è♠❡ ✿ q✉❡❧❧❡s
❢♦♥❝t✐♦♥s ❞✬✉♥ ❡s♣❛❝❡ ❞✬❖r❧✐❝③ s♦♥t ❛♣♣r♦①✐♠❛❜❧❡s ♣❛r ❞❡s ❢♦♥❝t✐♦♥s ❝♦♥t✐♥✉❡s
❛❞♠✐ss✐❜❧❡s à s✉♣♣♦rt ❝♦♠♣❛❝t ❄ ❈❡ s♦♥t t♦✉t❡s ❧❡s ❢♦♥❝t✐♦♥s ❛❞♠✐ss✐❜❧❡s ❞❡
LΦ(RN ) s✐ ❡t s❡✉❧❡♠❡♥t s✐ Φ ✈ér✐✜❡ ❧❛ ❝♦♥❞✐t✐♦♥ ∆2 ✭✈♦✐r ❝✐✲❞❡ss♦✉s✮✳ ❙✐♥♦♥✱



✶✷ ❙②♠étr✐s❛t✐♦♥s ✿ ♠❡s✉r❡✱ ❣é♦♠étr✐❡ ❡t ❛♣♣r♦①✐♠❛t✐♦♥s

❧❛ q✉❡st✐♦♥ s❡ ♣♦s❡ ❞❡ s❛✈♦✐r s✐ t♦✉t❡s ❧❡s ❢♦♥❝t✐♦♥s s♦♥t ❛♣♣r♦①✐♠❛❜❧❡s ♣❛r
♣♦❧❛r✐s❛t✐♦♥ ❡st ♦✉✈❡rt❡✳ P❛r ❡①❡♠♣❧❡✱ ♣♦✉r L∞(RN )✱ ❧✬❛❞❤ér❡♥❝❡ ❞❡s ❢♦♥❝t✐♦♥s
❝♦♥t✐♥✉❡s à s✉♣♣♦rt ❝♦♠♣❛❝t ❡st ❧❡ s♦✉s✲❡s♣❛❝❡ str✐❝t C0(R

N ) ❞❡s ❢♦♥❝t✐♦♥s
❝♦♥t✐♥✉❡s q✉✐ t❡♥❞❡♥t ✈❡rs 0 à ❧✬✐♥✜♥✐✳ P❛r ❛✐❧❧❡✉rs✱ ❧❡s ❢♦♥❝t✐♦♥s ❝❛r❛❝tér✐st✐q✉❡s
❞✬❡♥s❡♠❜❧❡s ♥♦♥ s②♠étr✐s❛❜❧❡s ❡♥ ✉♥ ♥♦♠❜r❡ ✜♥✐ ❞❡ tr❛♥s❢♦r♠❛t✐♦♥ ♥❡ s♦♥t ♣❛s
❛♣♣r♦①✐♠❛❜❧❡ ❞❛♥s L∞✱ ♣✉✐sq✉❡ ❧❛ ❞✐st❛♥❝❡ à ❧❛ s②♠étr✐sé❡ ✈❛✉t s♦✐t 0 s♦✐t 1 ♣♦✉r
✉♥❡ ❢♦♥❝t✐♦♥ ❝❛r❛❝tér✐st✐q✉❡✳ ▲✬❡♥s❡♠❜❧❡ ❞❡s ❢♦♥❝t✐♦♥s ❞♦♥t ❧❛ s②♠étr✐s❛t✐♦♥ ❡st
❛♣♣r♦①✐♠❛❜❧❡ A∗ ✈ér✐✜❡ ❞♦♥❝ C0,∗(R

N ) ⊆ A∗ ⊆ L∞
∗ (RN )✳

❉é✜♥✐t✐♦♥ ✸✳✻✳ ❯♥❡ ❢♦♥❝t✐♦♥ ❞❡ ❨♦✉♥❣ Φ s❛t✐s❢❛✐t ❧❛ ❝♦♥❞✐t✐♦♥ ∆2 s✬✐❧ ❡①✐st❡
K > 0 t❡❧ q✉❡ ♣♦✉r t♦✉t ξ > 0✱

Φ(2ξ) 6 KΦ(ξ).

❘❡♠❛rq✉❡ ✸✳✼✳ ❙✐ Φ ✈ér✐✜❡ ❧❛ ❝♦♥❞✐t✐♦♥ ∆2✱ ❛❧♦rs Φ ❡st ❝♦♥t✐♥✉❡✳

Pr♦♣♦s✐t✐♦♥ ✸✳✽✳ ▲✬❡♥s❡♠❜❧❡ K(RN ) ❡st ❞❡♥s❡ ❞❛♥s LΦ(RN ) s✐ ❡t s❡✉❧❡♠❡♥t
s✐ Φ s❛t✐s❢❛✐t ❧❛ ❝♦♥❞✐t✐♦♥ ∆2✳

❘❡♠❛rq✉❡ ✸✳✾✳ ❈❡ rés✉❧t❛t ❞♦✐t êtr❡ ❝♦♥♥✉✱ ♠❛✐s ♥♦✉s ♥❡ ❧✬❛✈✐♦♥s ♣❛s s♦✉s ❧❛
♠❛✐♥✳ ▲❛ ♣r❡✉✈❡ ❞❡ ❧❛ ❝♦♥❞✐t✐♦♥ s✉✣s❛♥t❡ ❡st ✉♥❡ ❛❞❛♣t❛t✐♦♥ ❞❡ ❬✸✺❪ q✉✐ ❛♣✲
♣r♦❝❤❡ s②sté♠❛t✐q✉❡♠❡♥t ❧❡s ❢♦♥❝t✐♦♥s ♠❡s✉r❛❜❧❡s ♣❛r ❞❡s ❢♦♥❝t✐♦♥s ❝♦♥t✐♥✉❡s
à s✉♣♣♦rt ❝♦♠♣❛❝t t❛♥❞✐s q✉❡ ❝❡❧❧❡ ❞❡ ❧❛ ❝♦♥❞✐t✐♦♥ ♥é❝❡ss❛✐r❡ ✈✐❡♥t ❞❡ ❬✷✼❪ q✉✐
♥❡ ❝♦♥s✐❞èr❡♥t ♣❛s ❧❛ str✉❝t✉r❡ t♦♣♦❧♦❣✐q✉❡ ❞❡ ❧✬❡♥s❡♠❜❧❡ Ω à ♣❛rt✐r ❞✉q✉❡❧ ❡st
❞é✜♥✐ ✉♥ ❡s♣❛❝❡ ❞✬❖r❧✐❝③ LΦ(Ω)✳

❉é♠♦♥str❛t✐♦♥✳ ❙♦✐t u ∈ LΦ(RN )✳ ❈♦♠♠❡ u ❡st ♠❡s✉r❛❜❧❡✱ ✐❧ ❡①✐st❡ ✉♥❡ s✉✐t❡
❞❡ ❢♦♥❝t✐♦♥s (un) ⊂ K(RN ) t❡❧❧❡ q✉❡ un → u ♣r❡sq✉❡ ♣❛rt♦✉t✳ ❊♥ ♣r❡♥❛♥t

vn = max(min(|un| , u),− |un|),

♥♦✉s ❛✈♦♥s ❛❧♦rs Φ
(

vn−u
ε

)

→ 0 ♣r❡sq✉❡ ♣❛rt♦✉t ♣❛r s❡♠✐✲❝♦♥t✐♥✉✐té ✐♥❢ér✐❡✉r❡
❞❡ Φ ❡t

Φ

(

vn − u

ε

)

6 Φ
(u

ε

)

♣❛r ❝♦♥✈❡①✐té ❞❡ Φ✳ P✉✐q✉❡ Φ ✈ér✐✜❡ ❧❛ ❝♦♥❞✐t✐♦♥ ∆2✱ ❧❡ s❡❝♦♥❞ ♠❡♠❜r❡ ❡st ✐♥té✲
❣r❛❜❧❡✳ P❛r ❧❡ t❤é♦rè♠❡ ❞❡ ❝♦♥✈❡r❣❡♥❝❡ ❞♦♠✐♥é❡ ❞❡ ▲❡❜❡s❣✉❡✱ ♦♥ ❛ ‖un − u‖Φ 6

ε✳
◆♦✉s ♣♦✉✈♦♥s ❞♦♥❝ s✉♣♣♦s❡r q✉✬✐❧ ❡①✐st❡ f ∈ K(RN ) t❡❧ q✉❡ |u| 6 f ♣r❡sq✉❡

♣❛rt♦✉t✳ P♦s♦♥s
wn = max(min(f, un),−f).

▲❡s ❢♦♥❝t✐♦♥s wn s♦♥t ❝♦♥t✐♥✉❡s à s✉♣♣♦rt ❝♦♠♣❛❝t✳ P✉✐sq✉❡ Φ ❡st ❝♦♥✈❡①❡ ❡t
♣❛✐r❡✱

Φ

(

wn − f

ε

)

6 Φ

(

2f

ε

)

,

♦ù ❧❡ s❡❝♦♥❞ ♠❡♠❜r❡ ❡st ✐♥té❣r❛❜❧❡ ❝♦♠♠❡ ❢♦♥❝t✐♦♥ ❝♦♥t✐♥✉❡ à s✉♣♣♦rt ❝♦♠♣❛❝t
❡t

Φ

(

wn − u

ε

)

→ 0

♣r❡sq✉❡ ♣❛rt♦✉t✳ ▲❡ t❤é♦rè♠❡ ❞❡ ❧❛ ❝♦♥✈❡r❣❡♥❝❡ ❞♦♠✐♥é❡ ❞❡ ▲❡❜❡s❣✉❡ ♣❡r♠❡t
❞❡ ❝♦♥❝❧✉r❡✳



✸ ❆♣♣r♦①✐♠❛t✐♦♥ ✶✸

P♦✉r ❧❛ ❝♦♥❞✐t✐♦♥ ♥é❝❡ss❛✐r❡✱ s✉♣♣♦s♦♥s q✉❡ Φ ♥❡ s❛t✐s❢❛ss❡ ♣❛s ❧❛ ❝♦♥❞✐t✐♦♥
∆2✳ ❙✐ Φ(ξ) > 0 ♣♦✉r t♦✉t ξ > 0✱ ✐❧ ❡①✐st❡ ✉♥❡ s✉✐t❡ (ξn)n∈N ⊂ R t❡❧❧❡ q✉❡
Φ(ξn) < ∞ ❡t

Φ(2ξn) > nΦ(ξn).

❖♥ ❞♦✐t ❛✈♦✐r ξn > 0 ♣♦✉r t♦✉t n✳ ❖♥ ♣❡✉t ❝♦♥str✉✐r❡ ✉♥❡ s✉✐t❡ ❞✬❡♥s❡♠❜❧❡s
❝♦♠♣❛❝ts ❞✐s❥♦✐♥ts Fn t❡❧s q✉❡

LN (Fn) =
1

n2Φ(ξn)

❡t q✉❡ Fn ⊆ R
N \ B(0, n)✳ P♦s♦♥s u =

∑∞
n=1 ξnχFn

✳ ❖♥ ❛
∫

RN Φ(u) = 1✱ ❞✬♦ù
u ∈ LΦ

+(R
N )✳ ❙♦✐t v ∈ K✳ P✉✐sq✉❡ v ❛ ✉♥ s✉♣♣♦rt ❝♦♠♣❛❝t✱ ✐❧ ❡①✐st❡ n0 t❡❧ q✉❡

v(x) = 0 s✐ x 6∈ B(0, n0)✳ ❖♥ ❛ ❞♦♥❝
∫

RN

Φ(2|v − u|) dx >

∫

RN\B(0,n0)

Φ(2u) dx >

∞
∑

n=n0

nΦ(ξn)

n2Φ(ξn)
= +∞,

❡t ❞♦♥❝ ‖v − u‖Φ > 1
2 .

❙✬✐❧ ❡①✐st❡ ✉♥ ξ > 0 t❡❧ q✉❡ Φ(ξ) = 0✱ ♦♥ ♣❡✉t s✉♣♣♦s❡r s❛♥s ♣❡rt❡ ❞❡
❣é♥ér❛❧✐té q✉❡ Φ(2ξ) > 0✳ ❙✐ ♥♦✉s ♣♦s♦♥s u(x) = ξ✱ ❡t s✐ v ❡st ✉♥❡ ❢♦♥❝t✐♦♥ à
s✉♣♣♦rt ❝♦♠♣❛❝t K✱ ♥♦✉s ❛✈♦♥s ‖u‖Φ < 1 ❡t

∫

RN

Φ(2|v − u|) dx >

∫

RN\K

Φ(2ξ) dx = ∞,

❞✬♦ù ‖v − u‖Φ >
1
2 .

✸

❘❡♠❛rq✉❡ ✸✳✶✵✳ ▲❡ rés✉❧t❛t s✬ét❡♥❞ ✐♠♠é❞✐❛t❡♠❡♥t ❛✉① ❡s♣❛❝❡s ❞❡ ❢♦♥❝t✐♦♥s
❞é✜♥✐❡s s✉r ✉♥ ♦✉✈❡rt q✉❡❧❝♦♥q✉❡ ❞❡ R

N ✳ ❉❡ ♣❧✉s✱ ❧❡ rés✉❧t❛t ❡st ✈r❛✐ ♣♦✉r ❧❡s
❢♦♥❝t✐♦♥s ♣♦s✐t✐✈❡s✳ ❖♥ ❛ ❞♦♥❝ q✉❡ ♣♦✉r ❧❡s s②♠étr✐s❛t✐♦♥s ♣❛r ❝❛❧♦tt❡s s♣❤é✲
r✐q✉❡s ❡t ❞❡ ❙t❡✐♥❡r✱ LΦ

∗ (R
N ) ❡st ❧✬❛❞❤ér❡♥❝❡ ❞❡ K∗(R

N ) s✐ ❡t s❡✉❧❡♠❡♥t s✐ Φ
s❛t✐s❢❛✐t ❧❛ ❝♦♥❞✐t✐♦♥ ∆2✳

❉❛♥s ❞✬❛✉tr❡s ❝❛s✱ ✐❧ ❡st ♣♦ss✐❜❧❡ ❞❡ ❝❛❧❝✉❧❡r ❡①♣❧✐❝✐t❡♠❡♥t ❧❛ ❢❡r♠❡t✉r❡ ❞❡
❧✬❡♥s❡♠❜❧❡ ❞❡s ❢♦♥❝t✐♦♥s ❝♦♥t✐♥✉❡s à s✉♣♣♦rt ❝♦♠♣❛❝t✳

Pr♦♣♦s✐t✐♦♥ ✸✳✶✶✳ ❙✐ Φ ❡st ❝♦♥t✐♥✉❡ ❡t s✐ Φ(ξ) > 0 s✐ ξ > 0✱ ❧❛ ❢❡r♠❡t✉r❡
❡♥s❡♠❜❧❡ ❞❡s ❢♦♥❝t✐♦♥s ❝♦♥t✐♥✉❡s à s✉♣♣♦rt ❝♦♠♣❛❝t ❡st

MΦ =

{

u

∣

∣

∣

∣

∀ρ > 0,

∫

RN

Φ

(

u

ρ

)

dx < ∞

}

.

❘❡♠❛rq✉❡ ✸✳✶✷✳ P❛r ❧❛ ♣r♦♣♦s✐t✐♦♥ ✸✳✽✱ ♦♥ ❛ ❡♥ ❣é♥ér❛❧ MΦ(Ω) 6= LΦ(Ω)✳

❉é♠♦♥str❛t✐♦♥✳ ■❧ s✉✣t ❞❡ ♥♦t❡r q✉❡ ❞❛♥s ❧❛ ♣r❡✉✈❡ ❞❡ ❧❛ ♣r♦♣♦s✐t✐♦♥ ✸✳✽✱ ❧❛
❝♦♥❞✐t✐♦♥ ∆2 ♣❡✉t✲êtr❡ r❡♠♣❧❛❝é❡ ♣❛r ❧❛ ❝♦♥t✐♥✉✐té ❞❡ Ψ ❡t ❧❡ ❢❛✐t q✉❡ u ∈ MΨ✳

■♥✈❡rsé♠❡♥t✱ s✉♣♣♦s♦♥s q✉❡ u s♦✐t ❞❛♥s ❧✬❛❞❤ér❡♥❝❡ ❞❡ K(RN ) ❡t q✉❡ ρ > 0✳
❆❧♦rs ✐❧ ❡①✐st❡ v ∈ K(RN ) t❡❧ q✉❡ ‖v − u‖Φ 6 ρ/2 ❡t ❞♦♥❝

∫

RN

Φ

(

u

ρ

)

dx 6
1

2

∫

RN

Φ

(

2(u− v)

ρ

)

dx+
1

2

∫

RN

Φ

(

2v

ρ

)

dx < ∞,

♣✉✐sq✉❡ Φ ❡st ❝♦♥t✐♥✉❡ ❡t ❝♦♥✈❡①❡✳

✸✳ ❊♥ ❢❛✐t✱ ♦♥ ♣❡✉t ♠♦♥tr❡r q✉❡ ❧❛ ♠❡✐❧❧❡✉r❡ ❛♣♣r♦①✐♠❛t✐♦♥ ♣❛r ❞❡s ❢♦♥❝t✐♦♥s ❝♦♥t✐♥✉❡s à
s✉♣♣♦rt ❝♦♠♣❛❝t ❞✬✉♥❡ ❢♦♥❝t✐♦♥ ❝♦♥st❛♥t❡ ❡st ❧❛ ❢♦♥❝t✐♦♥ ♥✉❧❧❡ ✦



✶✹ ❙②♠étr✐s❛t✐♦♥s ✿ ♠❡s✉r❡✱ ❣é♦♠étr✐❡ ❡t ❛♣♣r♦①✐♠❛t✐♦♥s

▲❛ ❝♦♥✈❡r❣❡♥❝❡ ❞✉ ❣r❛❞✐❡♥t ❛ ❛✉ss✐ ❧✐❡✉ ❢❛✐❜❧❡♠❡♥t ❞❛♥s ❧❡s ❡s♣❛❝❡s ❞✬❖r❧✐❝③✳
▲❛ ♣r❡✉✈❡ ❡st ♣❛rt✐❝✉❧✐èr❡♠❡♥t s✐♠♣❧❡ ♣♦✉r ❧❡s ❡s♣❛❝❡s ❞✬❖r❧✐❝③ q✉✐ s♦♥t ❧❡s
❞✉❛✉① ❞✬✉♥ ❛✉tr❡ ❡s♣❛❝❡✳

❉❛♥s ❧❛ s✉✐t❡✱ ❧❛ ❢♦♥❝t✐♦♥ Ψ s❡r❛ ❞é✜♥✐❡ ❝♦♠♠❡ s✉✐t ✿

Ψ(ζ) = sup
ξ∈R+

ζ · ξ − Φ(ξ).

▲❛ r❡❧❛t✐♦♥ s✉✐✈❛♥t❡ ❞❡ ❞✉❛❧✐té ♥♦✉s s❡r❛ ✉t✐❧❡ ✿

Pr♦♣♦s✐t✐♦♥ ✸✳✶✸✳ ❙✐ Ψ ❡st ✉♥❡ ❢♦♥❝t✐♦♥ ❞❡ ❨♦✉♥❣ ❝♦♥t✐♥✉❡ ❡t s✐ Ψ(x) > 0 s✐
x > 0✱ ❛❧♦rs ❧❡ ❞✉❛❧ t♦♣♦❧♦❣✐q✉❡ ❞❡ MΨ ❡st ✐s♦♠♦r♣❤❡ à LΦ✳

❘❡♠❛rq✉❡ ✸✳✶✹✳ P♦✉r ❧❛ ♣r❡✉✈❡ ✈♦✐r✱ ❬✷✼✱ t❤é♦rè♠❡ ✹✳✶✳✼❪✳ ▲✬✐s♦♠♦r♣❤✐s♠❡ ♥✬❡st
♣❛s ✉♥❡ ✐s♦♠étr✐❡ ❡♥ ❣é♥ér❛❧✳ ❖♥ ♣❡✉t ♦❜t❡♥✐r ✉♥❡ ✐s♦♠étr✐❡ ❡♥ r❡♠♣❧❛ç❛♥t ❧❛
♥♦r♠❡ ❞❡ ▲✉①❡♠❜✉r❣ ❞❛♥s ✉♥ ❞❡s ❞❡✉① ❡s♣❛❝❡s ♣❛r ✉♥❡ ♥♦r♠❡ éq✉✐✈❛❧❡♥t❡✱ ❧❛
♥♦r♠❡ ❞✬❖r❧✐❝③✳

Pr♦♣♦s✐t✐♦♥ ✸✳✶✺ ✭■♥é❣❛❧✐té ❞❡ Pó❧②❛✲❙③❡❣➤ ❞❛♥s ❧❡s ❡s♣❛❝❡s ❞✬❖r❧✐❝③✮✳ ❙♦✐t Ψ
✉♥❡ ❢♦♥❝t✐♦♥ ❞❡ ❨♦✉♥❣ ❝♦♥t✐♥✉❡ t❡❧❧❡ q✉❡ Ψ(ξ) > 0 ♣♦✉r t♦✉t ξ > 0 ❡t u ∈ W 1,1

loc,+✳

❙✐ |∇u| ∈ LΦ(RN )✱ ❛❧♦rs |∇u∗| ∈ LΦ(RN ) ❡t

‖∇u∗‖Φ 6 ‖∇u‖Φ .

❉é♠♦♥str❛t✐♦♥✳ ❙✉♣♣♦s♦♥s t♦✉t ❞✬❛❜♦r❞ q✉❡ u s♦✐t ✐♥té❣r❛❜❧❡✳ ❆❧♦rs✱ ♣♦✉r t♦✉t
φ ∈ D(RN )✱ ♥♦✉s ❛✈♦♥s

∫

RN

u∗ div φ dx = lim
n→∞

∫

RN

un div φ dx 6 lim
n→∞

‖∇un‖Φ ‖φ‖Ψ 6 ‖∇u‖Φ ‖φ‖Ψ .

P❛r ❧❛ ♣r♦♣♦s✐t✐♦♥ ✸✳✶✶✱ ❝✬❡st ✉♥❡ ❢♦♥❝t✐♦♥♥❡❧❧❡ ❝♦♥t✐♥✉❡ ❞é✜♥✐❡ s✉r MΨ✱ ❞✬♦ù
|∇u∗| ∈ LΨ(RN ) ❡t

‖∇u∗‖Φ 6 ‖∇u‖Φ .

❉❛♥s ❧❡ ❝❛s ❣é♥ér❛❧✱ s✐ u ♥✬❡st ♣❛s ✐♥té❣r❛❜❧❡✱ ❡❧❧❡ ❡st ✐♥té❣r❛❜❧❡ s✉r t♦✉t
❡♥s❡♠❜❧❡ ❞❡ ♠❡s✉r❡ ✜♥✐❡ ♣❛r ❧✬✐♥é❣❛❧✐té ❞❡ ❙♦❜♦❧❡✈ ♣♦✉r ❧❡s ❡s♣❛❝❡s ❞✬❖r❧✐❝③✲
❙♦❜♦❧❡✈ ❬✶❪✱ ♦♥ ♣❡✉t ❝♦♥str✉✐r❡ ✉♥❡ s✉✐t❡

um = max(min(u− 1/m,m), 0).

P✉✐sq✉❡ ❧❛ s✉✐t❡ um ❡st ❝r♦✐ss❛♥t❡ ❡t ❝♦♥✈❡r❣❡ ♣r❡sq✉❡ ♣❛rt♦✉t ✈❡rs u✱ ❧❛ s✉✐t❡
u∗
m ❡st ❝r♦✐ss❛♥t❡ ❛✉ss✐ ❡t ❝♦♥✈❡r❣❡ ♣r❡sq✉❡ ♣❛rt♦✉t ✈❡rs u∗✱ ❡❧❧❡ ❝♦♥✈❡r❣❡ ❞♦♥❝

✈❡rs u∗ ❞❛♥s L1(Ω) ♣♦✉r t♦✉t Ω ❞❡ ♠❡s✉r❡ ✜♥✐❡✱ ❡t ❞♦♥❝ ❛✉ss✐ ❞❛♥s L1
loc(Ω)✳ P❛r

❛✐❧❧❡✉rs✱ ♣♦✉r ♣r❡sq✉❡ t♦✉t x ∈ R
N ✱ ∇u∗

m(x) ❡st ❝♦♥st❛♥t à ♣❛rt✐r ❞✬✉♥ ❝❡rt❛✐♥
m ❛✈❛♥t ❧❡q✉❡❧ ✐❧ ✈❛✉t 0✳ ❙♦✐t v ❝❡tt❡ ❧✐♠✐t❡✳ ❖♥ ❛ ❞♦♥❝ q✉❡ ∇u∗

m → v ❞❛♥s
L1
loc(R

N )✱ ❞✬♦ù v = ∇u∗ ❛✉ s❡♥s ❢❛✐❜❧❡✳ P❛r ❧❛ ♣r❡♠✐èr❡ ♣❛rt✐❡ ❡t ❧❡ t❤é♦r♠è❡ ❞❡
❧❛ ❝♦♥✈❡r❣❡♥❝❡ ♠♦♥♦t♦♥❡✱ ♦♥ ❛

‖∇u∗‖Φ = ‖v‖Φ = lim
m→∞

‖∇u∗
m‖Φ 6 lim

m→∞
‖∇um‖Φ 6 ‖∇u‖Φ .

❘❡♠❛rq✉❡ ✸✳✶✻✳ ▲✬❛♣♣r♦①✐♠❛t✐♦♥ ❞❡ s②♠étr✐s❛t✐♦♥ ♥✬❛ ❡♥ ❣é♥ér❛❧ ♣❛s ❧✐❡✉ ❡♥
♥♦r♠❡ ❞❛♥s ❧❡s ❡s♣❛❝❡s ❞❡ ❙♦❜♦❧❡✈ ❬✶✶❪✳



✸ ❆♣♣r♦①✐♠❛t✐♦♥ ✶✺

▲✬ét✉❞❡ ❞❡ ❧❛ ❝♦♥✈❡r❣❡♥❝❡ ❞❡s ❡♥s❡♠❜❧❡s ❡st ❛✉ss✐ ✐♥tér❡ss❛♥t❡✳ ❯♥❡ ❝♦♥sé✲
q✉❡♥❝❡ ✐♠♠é❞✐❛t❡ ❞❡ ❧❛ ♣r♦♣♦s✐t✐♦♥ ✸✳✹ ❡st ❧❛ ❝♦♥✈❡r❣❡♥❝❡ ❡♥ ♠❡s✉r❡ ❞❡s ❡♥✲
s❡♠❜❧❡s✳

❈♦r♦❧❧❛✐r❡ ✸✳✶✼✳ ❙♦✐t A ∈ D(S) ✉♥ ❡♥s❡♠❜❧❡ ❞❡ ♠❡s✉r❡ ✜♥✐❡✳ ❙♦✉s ❧❡s ❤②♣♦✲
t❤ès❡s ❞❡ ❧❛ ♣r♦♣♦s✐t✐♦♥ ✸✳✹✱ ❧❛ s✉✐t❡ ❞❡s s②♠étr✐s❛t✐♦♥s ✐téré❡s An ❝♦♥✈❡r❣❡ ❡♥
♠❡s✉r❡ ✈❡rs A ✿

lim
n→∞

LN (A∆An) = 0.

❉é♠♦♥str❛t✐♦♥✳ ■❧ s✉✣t ❞✬❛♣♣❧✐q✉❡r ❧❛ ♣r♦♣♦s✐t✐♦♥ ✸✳✹ à ❧❛ ❢♦♥❝t✐♦♥ u = χA✳

❉❛♥s ❧✬ét✉❞❡ ❞❡ ❧❛ ❣é♦♠étr✐❡ ❞❡s ❡♥s❡♠❜❧❡s✱ ✉♥❡ ❞✐st❛♥❝❡ ✐♠♣♦rt❛♥t❡ ❡st ❧❛
❞✐st❛♥❝❡ ❞❡ ❍❛✉s❞♦r✛ ✿

dH(A,B) = max(sup
x∈A

inf
y∈B

d(x, y), inf
y∈B

sup
x∈A

d(x, y)).

▲✬❡s♣❛❝❡ ❞❡s ❝♦♠♣❛❝ts ♥♦♥ ✈✐❞❡s ❞❡ R
N ♠✉♥✐ ❞❡ dH ❡st ✉♥ ❡s♣❛❝❡ ♠étr✐q✉❡

❝♦♠♣❧❡t✳ ▼❛✐s ♥♦✉s ❛✈♦♥s ❞é✜♥✐ ♥♦s tr❛♥s❢♦r♠❛t✐♦♥s ❞❡ ♠❛♥✐èr❡ à t♦✉❥♦✉rs
❛✈♦✐r ❝♦♠♠❡ rés✉❧t❛t ❞❡s ❡♥s❡♠❜❧❡s ♦✉✈❡rts✳ ❖r ✐❧ ❡st ❛ss❡③ ❢❛❝✐❧❡ ❞❡ ♠♦♥tr❡r
❧✬❡♥s❡♠❜❧❡ ❞❡s ♦✉✈❡rts ❞✬✉♥ ❡s♣❛❝❡ ♠étr✐q✉❡ (X, d) ♠✉♥✐ ❞❡ ❧❛ ❞✐st❛♥❝❡ ❞❡ ❍❛✉s✲
❞♦r✛ ♥✬❡st ♣❛s ✉♥ ❡s♣❛❝❡ ♠étr✐q✉❡✳ ❊♥ ❡✛❡t✱ s✐ U ❡st ✉♥ ♦✉✈❡rt ❡t x ∈ U ✱ ❛❧♦rs
dH(U,U \ {x}) = 0✳ ❉❡ ♣❧✉s✱ ✐❧ ♥✬❡st ♣❛s ❝♦♠♣❧❡t s✬✐❧ ❡①✐st❡ ✉♥ ♣♦✐♥t x ∈ X t❡❧
q✉❡ {x} ♥✬❡st ♣❛s ♦✉✈❡rt✳ ❊♥ ❡✛❡t t♦✉t❡ s✉✐t❡ ❞❡ ❜♦✉❧❡s ❞❡ r❛②♦♥ t❡♥❞❛♥t ✈❡rs 0
❝❡♥tré❡ ❡♥ x ❡st ✉♥❡ s✉✐t❡ ❞❡ ❈❛✉❝❤②✳ ▲❛ ❧✐♠✐t❡ ♥❡ ♣❡✉t êtr❡ ❧✬❡♥s❡♠❜❧❡ ✈✐❞❡✱ ❡t
♥❡ ♣❡✉t ❝♦♥t❡♥✐r q✉❡ x✱ ❝✬❡st ❞♦♥❝ {x}✱ q✉✐ ♥✬❡st ♣❛s ✉♥ ♦✉✈❡rt✳ ◆♦✉s ♣♦✉✈♦♥s
t♦✉t❡❢♦✐s ♦❜t❡♥✐r ✉♥ rés✉❧t❛t ❞❡ s❡♠✐✲❝♦♥✈❡r❣❡♥❝❡ ❡♥ ❞✐st❛♥❝❡ ❞❡ ❍❛✉s❞♦r✛✳

Pr♦♣♦s✐t✐♦♥ ✸✳✶✽✳ ❙✉♣♣♦s♦♥s q✉✬♦♥ ❛✐t ✉♥❡ s✉✐t❡ ❞✬❡♥s❡♠❜❧❡s ♠❡s✉r❛❜❧❡s Gn ⊂
R

N ❡t ✉♥ ❡♥s❡♠❜❧❡ ♦✉✈❡rt✱ ♥♦♥ ✈✐❞❡ ❡t ❜♦r♥é G✳ ❙✐

lim
n→∞

LN (G \Gn) = 0,

❛❧♦rs

lim
n→0

sup
x∈G

d(x,Gn) = 0.

❘❡♠❛rq✉❡ ✸✳✶✾✳ ❉❛♥ ❧✬é♥♦♥❝é ❡t ❧❛ ♣r❡✉✈❡ ❞❡ ❝❡tt❡ ♣r♦♣♦s✐t✐♦♥✱ ♥♦✉s ♥❡ s✉♣♣♦✲
s♦♥s ♣❛s q✉❡ ❧❡s Gn s♦♥t ♦❜t❡♥✉s ♣❛r s②♠étr✐s❛t✐♦♥s s✉❝❝❡ss✐✈❡s✳

❉é♠♦♥str❛t✐♦♥✳ ❙♦✐t ❧❛ s✉✐t❡ xn ∈ G∗ t❡❧s q✉❡

d(xn, Gn) >
1

2
sup
y∈G

d(y,Gn).

P✉✐sq✉❡ G ❡st ❜♦r♥é✱ t♦✉t❡ s♦✉s✲s✉✐t❡ ❞❡ ❧❛ s✉✐t❡ (xn) ❝♦♥t✐❡♥t ✉♥❡ s♦✉s✲s✉✐t❡
❝♦♥✈❡r❣❡♥t❡ xnk

♣♦✉r ❧❛q✉❡❧❧❡ ✐❧ ❡①✐st❡ x ∈ Ḡ∗ t❡❧ q✉❡ xnk
→ x✳ ❱✉ q✉❡

Gn ∩B(x, d(x,Gn)) = φ,

♦♥ ❛
0 = lim

n→∞
LN (G \Gnk

) > lim
k→∞

LN (B(x, d(x,Gnk
)) ∩G).



✶✻ ❙②♠étr✐s❛t✐♦♥s ✿ ♠❡s✉r❡✱ ❣é♦♠étr✐❡ ❡t ❛♣♣r♦①✐♠❛t✐♦♥s

➱t❛♥t ❞♦♥♥é q✉❡ G ❡st ✉♥ ✈♦✐s✐♥❛❣❡ ❞❡ x✱ ♦♥ ❛ ♥é❝❡ss❛✐r❡♠❡♥t

lim
k→∞

d(x,Gnk
) = 0,

❞✬♦ù

2 lim
k→∞

sup
y∈G

d(y,Gnk
) 6 lim

k→∞
d(xnk

, Gnk
) 6 lim

k→∞
d(xnk

, x) + d(x,Gnk
) = 0.

▲❛ s♦✉s✲s✉✐t❡ ❝❤♦✐s✐❡ ❛✉ ❞é♣❛rt ét❛♥t q✉❡❧❝♦♥q✉❡✱ ❧❛ ♣r♦♣♦s✐t✐♦♥ ❡st ❞é♠♦♥tré❡✳

▲❡s ❤②♣♦t❤ès❡s q✉❡ ♥♦✉s ❛✈♦♥s ♠✐s❡s ♥❡ s♦♥t ♣❛s s✉✣s❛♥t❡s ♣♦✉r ❡♥tr❛î♥❡r
❧❛ ❝♦♥✈❡r❣❡♥❝❡ ❡♥ ❞✐st❛♥❝❡ ❞❡ ❍❛✉s❞♦r✛ ✿ ❧❡s Gn ♣❡✉✈❡♥t t♦✉s ❛✈♦✐r ✉♥ ♠♦r❝❡❛✉
q✉✐ r❡st❡ ❧♦✐♥ ❞❡ G✳

❈♦r♦❧❧❛✐r❡ ✸✳✷✵✳ ❙♦✐t G ✉♥ ❡♥s❡♠❜❧❡ ♦✉✈❡rt✳ ❙♦✐t

δG(t) = sup
x∈G

〈t, x〉.

❆❧♦rs✱ ❡♥ ✉t✐❧✐s❛♥t ❧❡s ❝♦♥✈❡♥t✐♦♥s ❞✉ ❞é❜✉t ❞❡ ❧❛ s❡❝t✐♦♥✱

✭✸✳✶✮ lim
n→∞

sup
t∈RN

δG∗(t)− δGn
(t)

|t|
6 0.

❘❡♠❛rq✉❡ ✸✳✷✶✳ ❈❡ rés✉❧t❛t ♣❡✉t ❛✉ss✐ s✬é❝r✐r❡

δG∗(t) 6 δGn
(t) + o(|t|), n → ∞,

♥♦✉s ❛✈♦♥s ❛✐♥s✐ ✉♥❡ ♠❛♥✐èr❡ ❞✬❛♣♣r♦①✐♠❡r ♣❛r ❧❡ ❤❛✉t δG∗(t)✳ ❈❡❧❛ ♣❡r♠❡t ❞❡
❞ér✐✈❡r ❝❡rt❛✐♥❡s ✐♥é❣❛❧✐tés ❞❡ s②♠étr✐s❛t✐♦♥ ❞✉ t②♣❡

∫

Ω∗

G∗(∇u∗(x)) dx 6

∫

Ω

G(∇u(x)) dx,

♦ù G∗ ❡st ✉♥❡ s②♠étr✐s❛t✐♦♥ ❞✉❛❧❡ ✭❧❛ tr❛♥s❢♦r♠é❡ ❞❡ ❋❡♥❝❤❡❧ ❞❡ ❧❛ s②♠étr✐sé❡
❞❡ ❧❛ tr❛♥s❢♦r♠é❡ ❞❡ ❋❡♥❝❤❡❧✮ ❬✸✶❪✳

❉é♠♦♥str❛t✐♦♥✳ ❙♦✐t ε > 0✳ P❛r ❧❛ ♣r♦♣♦s✐t✐♦♥ ✸✳✶✽✱ ✐❧ ❡①✐st❡ k ∈ N t❡❧ q✉❡ ♣♦✉r
n > k ❡t x ∈ G∗✱ ✐❧ ❡①✐st❡ y ∈ Gn t❡❧ q✉❡ |x− y| 6 ε✳ ❈❡❝✐ ❡♥tr❛✐♥❡ q✉❡

δG∗(t) = sup
x∈G∗

〈t, x〉 6 ε |t|+ sup
y∈Gn

〈t, y〉 = ε |t|+ δGn
(t),

♦✉ ❡♥❝♦r❡
δG∗(t)− δGn

(t)

|t|
6 ε.

❘❡♠❛rq✉❡ ✸✳✷✷✳ ❙✐ ♦♥ ❛✈❛✐t ❧❛ ❝♦♥✈❡r❣❡♥❝❡ ❡♥ ❞✐st❛♥❝❡ ❞❡ ❍❛✉s❞♦r✛ ❞❛♥s ❧❛
♣r♦♣♦s✐t✐♦♥ ✸✳✶✽✱ ♦♥ ❛✉r❛✐t ❧❡ ♠ê♠❡ rés✉❧t❛t ❛✈❡❝ ❡♥ ✈❛❧❡✉r ❛❜s♦❧✉❡ ❞❛♥s ❧❡
❝♦r♦❧❧❛✐r❡ ✸✳✷✵✳

❘❡♠❛rq✉❡ ✸✳✷✸✳ ❈❡ rés✉❧t❛t s✬ét❡♥❞ ❛✐sé♠❡♥t à ❧❛ tr❛♥s❢♦r♠é❡ ❞❡ ❋❡♥❝❤❡❧ ❞✬✉♥❡
❢♦♥❝t✐♦♥ ♣r❡♥❛♥t ✉♥ ♥♦♠❜r❡ ✜♥✐ ❞❡ ✈❛❧❡✉rs ❬✸✶❪✳
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Introduction

The first section of these lectures is devoted to an informal discussion of the notion

of symmetrization (or rearrangement). The second section is devoted to an axiomatic

treatment. Concrete instances of the theory are classical, but the level of generality is

new and brings up some light on older results. The third section contains a new charac-

terization of functions of bounded variation and of Sobolev functions, due to Bourgain,

Brezis and Mironescu. We deduce the isoperimetric inequality and the Pólya-Szegö

inequality from this characterization.

The original results of section 2 are due to the second author and are contained in

his diploma thesis [18].

1 Symmetrizations

Since solutions of most differential equation can not be written down, qualitative prop-

erties of solutions help understanding them. Determining when the solutions inherits

some symmetries of the equation and the domain, helps imagining solutions, and com-

puting them numerically. In case solutions are minimizers of some functional, sym-

metric rearrangement consists in constructing, for any minimizer, a more symmetric

one. The simplest setting is minimization on a class of real-valued positive measurable

functions defined on R.

Let R̄ = R ∪ {−∞,+∞}, L N denote the N-dimensional Lebesgue measure, χA

denote the characteristic function of set A and A∆B = (A \ B)∪ (B \ A) denote the

symmetric difference of A and B. Finite-measure subsets of R are said admissible sets;

the symmetrization of admissible set A⊂ R is

A∗ =

(

−
L 1(A)

2
,
L 1(A)

2

)

.

Symmetrization of sets has the following properties: if A,B are admissible and A⊆ B,

then A∗ ⊆ B∗ (monotonicity) and L 1(B\A) = L 1(B∗ \A∗) (preservation of measure).

Since /0 is admissible, L 1(B) = L 1(B∗) for any admissible B. Furthermore, for any

sequence (An) of sets with L 1(A∆An) → 0, L 1(A∗ ∆An
∗) → 0 (continuity).

We extend then this construction to functions.

Notation 1.1. For u : X → R and c ∈ R̄, the sublevel sets of u are

{u > c} = {x ∈ X | u(x) > c} and {u≥ c} = {x ∈ X | u(x) ≥ c} .

A function u is admissible if, for any c > infu, L 1({u≥ c}) < +∞. Its symmetric

decreasing rearrangement is function u∗ : R → R̄

u∗(x) = sup{c > infu | x ∈ {u≥ c}∗} .

This is an extension in the sense that for any admissible set A, function χA is admissible

and χ(A∗) = (χA)
∗. As shown in next section, it is a consequence of basic properties

of symmetrization that u∗ is a function whose sublevel sets are the symmetrization of

corresponding sublevel sets of u up to a set of measure zero. The same properties also

imply that symmetrization preserves integrals and brings functions closer with respect
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to p–norm:

∫

R

f (u∗(t))dt =
∫

R

f (u(t))dt,
∫

R

|u∗(t)− v∗(t)|p ≤
∫

R

|u(t)− v(t)|p dt.

Symmetrization also decreases the energy of functions in the following way

∫

R

∣

∣(u∗)′(t)
∣

∣

p
dt ≤

∫

R

∣

∣u′(t)
∣

∣

p
dt.

Therefore, if functional, defined on H1(R),

J(u) =
∫

R

(
∣

∣u′(t)
∣

∣

2
+ f (u(t)))dt

has a minimizer, it has a symmetric decreasing minimizer. Sharper symmetrization

techniques prove all minimizers are symmetricaly decreasing around some point [11].

This construction has many extensions to spaces with higher dimension. Let us

describe some of the most representative rearrangements in the variety and techniques

(see [11, 16] for more complete lists).

The first generalization of intervals centered on 0 are open balls centered on 0. Any

finite-measure A⊂ R
N is admissible for the Schwarz symmetrization. Its symmetriza-

tion (also called symmetric decreasing rearrangement [13]) is

A∗ = B
(

0,
(

L
N(A)/L

N(B(0,1))
)1/N

)

.

Preservation of measure and monotonicity hold. Admissible function are defined as

above. Schwarz symmetrized function are radial and radially decreasing (|x| ≤ |y| im-

plies u∗(x) ≥ u∗(y)). A similar symmetrization can be constructed on any connected

Riemann manifold M, with some point p ∈M playing the role of 0 — in particular on

the sphere and the hyperbolic sphere [2].

The Steiner symmetrization applies symmetric decreasing rearrangement on all

straight lines parallel to the first vector in the canonical basis of R
N . For C ⊂ R

N

and x′′ ∈ R
N−1, let

Cx′′ =
{

x1 ∈ R | (x1,x
′′) ∈C

}

.

Set A is admissible if Ax′′ has finite measure for all x′′ ∈ R
N−1. For any admissible set

A, A∗ is the unique set such that for all x′′ ∈ R
N ,

(A∗)x′′ = (Ax′′)
⋆,

where ⋆ denotes the symmetrical rearrangement in R. Symmetrized functions verify

u(x1,x
′′) = u(−x1,x

′′) and u(x1,x
′′) ≥ u(y1,x

′′) for 0 ≤ x1 ≤ y1. This symmetrization

is useful to prove functionals like

J(u) =
∫

RN
|∇u|p +F(u,x′′)dx

have symmetric decreasing minimizers in the x1 direction. Generalizations of this con-

structions are to be found in [16, 4].

If spherical coordinates are used onR
N , spherical symmetrization performs Schwarz

symmetrization on all spheres centered around the origin. For any set B⊂R
N and r≥ 0,

2



the normalized intersection with the ball of radius r is denoted Br = {e ∈ ∂B(0,1) | re ∈ B}.
Set A⊆R

N is admissible if it is measurable. The spherical cap symmetrization of finite

measure set A is the unique set A∗ such that, for all r ∈ R
+
0 ,

(Ar)
⋆ = (A∗)r,

where ⋆ denotes the Schwarz symmetrization in ∂B(0,1) around the first vector of the

canonical basis e1 ∈ ∂B(0,1). Symmetrized functions depend on but two coordinates

r = |x| and φ ∈ [0,π] with r cosφ = x1. They decrease for fixed r and increasing φ . It is
used to show solutions of some problems keep axial symmetry while central symmetry

is broken [19]. This transformation can be generalized to cylindrical geometries [16].

In some variational problems, monotonically decreasing functions are sought. The

increasing rearrangements is adapted to such problems [5, 1]. Suppose Ω ⊂ R
N−1 has

finite measure. A ⊂ R×Ω is admissible if L N(A∆R
+ ×Ω) < +∞ and its increasing

rearrangement is

A∗ =

(

L N((R+ ×Ω)\A)−L N(A\ (R+ ×Ω))

L N−1(Ω)
,+∞

)

×Ω.

Admissible functions are functions for which {u ≥ c} and {u > c} are admissible for

all c ∈ (infu,supu). This is the monotone increasing rearrangement. Among admissi-

ble functions are positive functions bounded whose range is in [0,1] of (Lp(R×Ω)+
χ

R+×Ω). For this rearrangement, the condition L N(A) = L N(A∗) has not much sense

any more and is weaker then

L
N(B\A) = L

N(B∗ \A∗).

The symmetric decreasing, Schwarz, Steiner and spherical cap symmetrization to-

gether with the monotone increasing rearrangement, have in common monotonicity,

preservation of measure and continuity properties.

2 Set transformations

2.1 Monotone set transformations

The rearrangements defined above share many properties that we shall prove within an

axiomatic treatment. Let us begin with a rather general definition of set transformation.

Definition 2.1. If X and X∗ are sets and S ⊂℘(X), the mapping S : S →℘(X∗) is a
set transformation, where℘(Y ) denotes the set of subsets of set Y , with the condition

that if /0∈S , then S( /0) = /0 and if X ∈S , then X∗ ∈S . The elements of S are called

admissible sets.

This transformation induces a function transformation.

Definition 2.2. If S is a set transformation from X to X∗, the admissibility set of u :X →
R̄ is the interior of set of admissible levels {c ∈ R | {u≥ c} ∈ S and {u > c} ∈ S } .
It is denoted Eu. Function u : X → R̄ is admissible for S if (infu,supu) ⊆ Eu.

Admissibility set indicates where it has sense to transform the function. For ad-

missible functions, it determines on which part of the boundary of the image behavior

of the transformed function can be predicted by the set transformation. For Schwarz,

Steiner and spherical cap symmetrization, it will be (infu,+∞). For increasing rear-

rangement, (infu,supu). In the first case, {u = supu} will have a regular behavior but

not in the latter.
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Definition 2.3. For any admissible u, the induced closed (open) function transforma-

tions is S̄u (S̆u), with

S̄u(x) = max(sup{c ∈ Eu | x ∈ S({u≥ c})} , infEu),

S̆u(x) = max(sup{c ∈ Eu | x ∈ S({u > c})} , infEu).

Note that if u : X → R̄ is admissible, a ∈ R
+ and b ∈ R, then au+b is admissible

and S̄(au+ b) = aS̄u+ b. This is the strongest result towards linearity valid for all

rearrangements. We can not state whether S({u≥ c}) = {S̄u≥ c}. The only statements

we can make in that direction is that for any c≥ infu

S({u≥ c}) ⊆ {S̄u≥ c},

and

S({u > c}) ⊆ {S̆u≥ c},

We now introduce monotonicity.

Definition 2.4. Set transformation S is monotone if for any admissible sets A,B ∈ S ,

A⊆ B implies

S(A) ⊆ S(B).

Proposition 2.5. For any set transformation S, the following statements are equivalent:

1. S is monotone,

2. S̄ is monotone (for any admissible functions u≤ v, S̄u≤ S̄v),

3. for any nondecreasing continuous function f : R̄ → R̄ and any admissible func-

tion u : X → R̄, f ◦u is admissible and

S̄( f ◦u) = f ◦ (S̄u), (2.1)

4. S̄ is a contraction for the uniform norm: for any admissible functions u,v : X →
R̄,

‖S̄u− S̄v‖∞ ≤ ‖u− v‖∞.

Any of these condition implies that for any admissible u : X → R̄

S̄u = S̆u (2.2)

and, for any c ∈ Eu,

{S̆u > c} ⊆ S({u > c})

Remark 2.6. For a similar result on transformation of functions, see [6].

Proof. (1) ⇐⇒ (2) is evident. If (2) holds, then

S̄u≤ S̄(v+‖u− v‖∞) ≤ S̄v+‖u− v‖∞,

from which (4) holds. Conversely, for A,B ∈ S , letting u = 2χA and v = χB in (4)
leads to S(A) ⊆ S(B).

If S is monotone and u admissible, then for any ε > 0,

S̆u≤ S̄u < S̆u+ ε.
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Since ε is arbitrary, S̆u = S̄u. Furthermore, for any c ∈ Eu, {Su > c} ⊆ S({u > c}).
Now we prove (3). Since f is nondecreasing and continuous, it has left- and right-

continuous left inverses f L and f R. For any d ∈ E f◦u,

S({ f ◦u≥ d} = S({u≥ f−L(d)} ⊆ {S̄u≥ f−L(d)} = { f ◦ S̄u≥ d},

and

S({ f ◦u > d} = S({u > f−R(d)} ⊇ {S̄u > f−R(d)} = { f ◦ S̄u > d}.

This implies S̄( f ◦u)≤ f ◦ S̄u and S̆( f ◦u)≤ S̆( f ◦u) from which (2.1) holds since (2.2).

Conversely if A,B ∈ S , A⊆ B and fc : R̄ → R̄ is a continuous nondecreasing function

such that fc(t) = 0 for t ≤ c and fc(t) = 1 for t ≥ c+1, then χS(A) = f2 ◦S(χA+χB)≤

f1 ◦S(χA + χB) = χB. That causes S(A) ⊆ S(B).

2.2 Well-definiteness

When defining a mapping from a space of measurable functions to another, it is often

important to know whether maps equivalence classes of functions equal almost every-

where (a.e.) to other equivalence classes. In particular its restriction to admissible

functions of Lp(X ,µ) to Lp(X∗,ν) is well-defined.

Definition 2.7. Set transformation S from (X ,µ) to (X ,ν) is well-defined if, for any

A ∈ S , A is µ-measurable and if A,B ∈ S , µ(A∆B) = 0, implies ν(S(A)∆S(B)) = 0.

Proposition 2.8. If S is a monotone well-defined set transformation, and if (X ,µ) and
(X∗,ν) are measure spaces, then, for any admissible functions u,v : X → R, with u≤ v

almost everywhere, S̄u≤ S̄v almost everywhere.

The proof involves Fubini theorem as is rather tedious. The monotonicity hypoth-

esis is needed to ensure measurability of the set

{(x,c) ∈ X∗× (infessu,supessv) | x ∈ S({u≥ c})\S({v≥ c})} .

Note that modified definitions of rearrangement, with an essential supremum replacing

the supremum, do not allow to suppress the monotonicity hypothesis. In fact, it is

possible to construct rearrangements that verify all hypotheses of the proposition except

monotonicity and for which the conclusion is false with an essential supremum in the

definition . Finally, if S is well-defined, then

supessx∈X ′

∣

∣S̄u(x)− S̄v(x)
∣

∣≤ supessx∈X |u(x)− v(x)| .

2.3 Continuity

Rearrangements can intuitively be thought as acting on the sublevel sets of functions.

But till now, we only know S({u ≥ c}) ⊆ {S̄u ≥ c}. The reverse inclusion does not

hold unless S is a continuous set transformation, condition introduced by Sarvas [16].

Definition 2.9. Set transformation S from set X to measure space measure space

(X∗,ν) is continuous if for any increasing sequence of (An)n∈N
,An⊆An+1 with

⋃

n∈NAn ∈
S then,

ν

(

S

(

⋃

n∈N

An

)

∆
⋃

i∈N

S (An)

)

= 0
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and, for any decreasing sequence of admissible subsets (An) with
⋂

n∈NAn admissible,

ν

(

S

(

⋂

n∈N

An

)

∆
⋂

n∈N

S (An)

)

= 0.

Proposition 2.10. If S is a monotone set transformation, the following properties are

equivalent

1. S is continuous,

2. for any increasing (decreasing) sequence of admissible functions(un) converging
towards and admissible function u, S̄un converges toward S̄u,

3. for any c ∈ R̄ and u admissible function,

S({u≥ c}) = {S̄u≥ c} and S({u > c}) = {S̄u > c},

4. for any increasing function f : R̄ → R̄,

f ◦ S̄u = S̄( f ◦u) almost everywhere,

furthermore, S is monotone.

Proof. (1) ⇐⇒ (2) is trivial. Suppose (1) holds. One has, up to sets of ν–measure

zero

S({u≥ c}) ⊆ {S̄u≥ c} ⊆
⋂

n∈N

S({u≥ c−1/n} = S({u≥ c}).

The proof is similar for S{u > c}.
From (3), S is monotone (for A,B ∈ S , A ⊆ B, let u = χA + χB). Since f is

non-decreasing, for any d ∈ R̄, f−1((d,+∞]) =
⋃

n∈N[cn,+∞] for some nonincreasing

sequence cn. Then, up to a set of ν–measure zero

{ f ◦ S̄u≥ d} =
⋃

n∈N

{S̄u≥ cn} = S(
⋃

n∈N

{u≥ cn}).

and, from monotonicity, still up to a set of ν–measure zero,

⋃

n∈N

S({u≥ cn}) ⊆ S(
⋃

n∈N

{u≥ cn}) = S({ f ◦u≥ d}) = {S̄( f ◦u) ≥ d}.

From lemma 2.11 below, this implies S̄( f ◦u) = f ◦ S̄u a.e.
Finally, if (4) is verified, for any decreasing sequence of sets (An)n∈N ⊂ S with

⋂

n∈NAn = A, let

u(x) = sup{−1/n | x ∈ An}

and f = χ [0,+∞]. Then, ν-almost everywhere,

χS(A) = S̄χA = S( f ◦u) = f ◦ S̄u = χ⋂
n∈N S(An)

The proof is similar for increasing sequences of sets.

Lemma 2.11. If X ,µ is a measure space and if u,v are two functions such that for any
c ∈ R̄, µ({u≥ c}∆{v≥ c}) = 0, then u = v µ-a.e.
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Proof. Suppose u 6= v. Without loss of generality u < v on some positive-measure set.

Then there exist ε > 0 such that µ({u+ ε < v}) > 0. Since righthand side in

{u+ ε < v} ⊆
⋃

n∈Z

({v≥ nε}\{u≥ nε}) .

has zero µ-measure, we obtain a contradiction.

Continuity gives thus all the properties rearrangements should intuitively have. We

can not construct nontrivial symmetrizations that have those for the cardinality mea-

sure. In fact, any strictly decreasing sequence of balls centered on 0 gives a counterex-

ample for the Schwarz symmetrization. Luckily, the Lebesgue measure gives in the

a.e. sense all properties we would like.

Commutation relations of the form S̄( f ◦ u) = f ◦ S̄u allow many integrals of the

form
∫

X f (u) to remain invariant. It can be asked wether it constructing a function

transformation from a set transformation is not too restrictive. Next proposition an-

swers the question.

Proposition 2.12. Let X and X∗ be sets and T a mapping from a set D(T ) of functions
u : X → R̄ to functions Tu : X∗ → R̄. If for any u∈D(T ) and f : R̄→ R̄ nondecreasing,

f ◦u ∈ D(T ) and T ( f ◦u) = f ◦Tu, then there exists a set transformation S such that

for any u ∈ D(T ), u is admissible for S̄ and S̄u = Tu.

Proof. Choose for S the sets A ⊂ X such that χA ∈ D(T ) and define χS(A) = TχA.

The function transformation S̄ is an extension of T with the desired properties.

2.4 Rearrangements

Definition of rearrangements introduces measure in a more quantitative way. Classi-

cally, a rearrangement has been defined as monotone and measure preserving trans-

formations [4]. Since we wish to embrace infinite-measure sets like the increasing

rearrangement, preservation of measure must be replaced by preservation of measure

of difference of sets.

Definition 2.13. A rearrangement is a set transformation S from measure space (X ,µ)
to measure space (X∗,ν) such that

1. for any A,B∈S with A⊆ B, S(A)⊆ S(B) and ν(S(B)\S(A)) = µ(A\B) < +∞,

2. for A,B ∈ S , A∩B ∈ S and A∪B ∈ S .

Any rearrangement is a monotone, continuous and well-defined set transformation.

For any admissible sets, ν(S(A)∆S(B)) ≤ µ(A∆B). Furthermore,

ν(S(B)\S(A)) ≤ ν(S(B)\S(A∩B)) = µ(B\A).

Rearrangements preserve a broad class of integrals.

Proposition 2.14. Is S is a rearrangement, and f : R̄ → R̄ is a nonnegative borelian

function f , then, for any admissible function u such that f |
R̄\Eu

= 0,

∫

X
f (u)dµ =

∫

X∗
f (Su)dν ,

where both sides may be +∞.
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The restriction to function that vanish outside Eu comes from the fact that rear-

rangements of sublevel sets outside Eu is not well defined.

If S is Schwarz, Steiner or spherical cap symmetrization and u is a nonnegative

function, Eu = (0,+∞) and function f : t 7→ t p satisfies the hypotheses, and we have

thus ‖u‖p = ‖S̄u‖p. This means if u is admissible and nonnegative, u ∈ Lp(X) iff

S̄u ∈ Lp(X∗).

Proof. Equality is valid if f is the characteristic function of some interval I ⊂ Eu such

that Ī ⊂ Eu

∫

X
χ I ◦udµ = µ({u(x) ∈ I}) = ν({S̄u(x) ∈ I}) =

∫

X
χ I ◦ S̄udν .

It holds thus for any characteristic function of Borel set whose support lies in Eu. Let

fn(t) =

{

sup
{

k
2n

| f (t) ≥ k
2n

and k ∈ N
}

if (x−2−n,x+2−n) ⊆ Eu,

0 else.

The support of functions fn lies in Eu and the fn are Borel functions. One has

∫

X
fn(u)dµ =

∫

X∗
fn(Su)dν .

Since Eu is open by definition, limn→∞ fn(t) = f (t) for all t ∈ R and the result follows

by monotone convergence theorem.

Now we would like to examine inequalities involving two functions of the form:

∫

X
F(u,v)dµ ≤

∫

X∗
F(Su,Sv)dν .

The simplest nontrivial rearrangement is defined on X = {1,2} and maps sets {1} and

{2} on {1}. If function F verifies inequality (2.4) for all admissible u and v, then, for

any a≤ b, and c≤ d,

F(a,c)+F(b,d) ≥ F(a,d)+F(b,c). (2.3)

Such functions define a positive Radon measure in the following way. (For a proof, see

[20]).

Lemma 2.15. If F : R
2 → R is continuous and verifies condition (2.3), there exist a

unique positive Radon measure such that

F(a,c)+F(b,d)−F(a,d)−F(b,c) =
∫

(a,b)×(c,d)
dφ .

Proposition 2.16. If S is a rearrangement, if (X ,µ) and (X∗,ν) are σ -finite and F :

R
2 → R

1. symmetric (F(s, t) = F(t,s)),

2. continuous,

3. verifies (2.3) for any a≤ b and c≤ d,

then, for any admissible functions u, v such that
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1. F(u,u) and F(v,v) are summable,

2. F(·, ·)|
R̄\Eu∩Ev

= 0,

3. D = [infu,supu]∪ [infv,supv] ⊂ Eu∩Ev (u and v are admissible with respect to

each other; that allows comparing u and v),

then
∫

X
F(u,v)dµ ≤

∫

X∗
F(Su,Sv)dν .

When rearrangement are restricted to finite measure, the proposition is proved with-

out the symmetry assumption [7]. Furthermore, condition (2.3) is necessary if there

exist A,B ∈ S such that µ(A∆B) = 0, S(A) = S(B) and µ(A) < +∞. (This was noted

for a particular rearrangement in [14].)

First application is when J is a convex function such that J(t) = J(−t), J(0) = 0,

then J(s− t) verifies the hypotheses of the proposition for any admissible functions

u,v. Thus,
‖S̄u− S̄v‖p ≤ ‖u− v‖p.

Another application is the Hardy-Littlewood inequality [9]: if /0 ∈S is admissible and

u and v are square-integrable,

∫

X
uvdµ ≤

∫

X∗
S̄uS̄vdν .

Proof. Since F(u,u) and F(v,v) are summable, it is equivalent to prove the inequality

for function F̃(s, t) = F(s, t)− 1
2
F(s,s)− 1

2
F(t, t). For any s, t,

2F(s, t) = −
∫

[min(s,t),max(s,t)]2
dφ .

Thus, for any x ∈ X ,

2F(u(x),v(x)) = −
∫

(min(u(x),v(x)),max(u(x),v(x)))2
dφ

=
∫

σ≥τ∈D2
χ{u>σ}\{v≥τ} + χ{v>σ}\{u≥τ}dφ .

and

2

∫

X
F(u,v)dµ = −

∫

X

∫

σ≥τ∈D2
χ{u>σ}\{v≥τ} + χ{v>σ}\{u≥τ}dφdµ,

where D = Eu∩Ev. Since F(u,v) is nonpositive, Fubini theorem applies and

2

∫

X
F(u,v)dµ = −

∫

σ≥τ∈D2
µ({u≥ σ}\{v > τ})+ µ({v≥ σ}\{u > τ})dφ .

Inequality follows from this identity and the integration of inequality,

µ({u≥ σ}\{v≥ τ}) ≥ µ({Su≥ σ}\{Sv≥ τ}).
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3 Characterization of Sobolev spaces

This section contains a recent characterization of the Sobolev spacesW 1,p, 1< p< +∞,

and the space BV of functions of bounded variation. This characterization is due to

Bourgain, Brezis, and Mironescu (see [3] and []). We consider a sequence of radial

mollifiers

ρn ≥ 0,
∫ ∞

0
ρn(r)r

N−1 dr = 1, lim
n→∞

∫ ∞

δ
ρn(r)r

N−1 dr = 0, for all δ > 0.

For every f ∈ R
N , we have

∫

RN

∣

∣

∣
g · h

|h|

∣

∣

∣

p

ρn(|h|)dh =
∫

SN−1
|g ·σ | dσ

∫ ∞

0
ρn(r)r

N−1 dr = Kp,N |g|
p ,

where

Kp,N =
∫

SN−1
|e ·σ |p dσ , e ∈ SN−1.

Let us recall that the total variation of u ∈ L1loc(R
N) is defined by

‖Du‖BV = sup

{

∫

RN
udivv : v ∈ D(RN ,RN),

N

∑
k=1

vk(x)
2 ≤ 1

}

.

Theorem 3.1. Let u ∈ L1(RN). If

liminf
n→∞

∫

R2N

|u(y)−u(x)|

|x− y|
ρn(|x− y|)dxdy < +∞,

then u ∈ BV (RN). If u ∈ BV (RN), then

liminf
n→∞

∫

R2N

|u(y)−u(x)|

|x− y|
ρn(|x− y|)dxdy = K1,N‖Du‖BV . (3.1)

Theorem 3.2. Let 1 < p < +∞ and u ∈ Lp(RN). If

liminf
n→∞

∫

R2N

|u(y)−u(x)|p

|x− y|p
ρn(|x− y|)dxdy < +∞,

then u ∈W 1,p(RN). If u ∈W 1,p(RN), then

liminf
n→∞

∫

R2N

|u(y)−u(x)|p

|x− y|p
ρn(|x− y|)dxdy = Kp,N‖∇u‖pp. (3.2)

Remark 3.3. The above results are due to Bourgain, Brezis and Mironescu, except

formula (3.1) wich is due to Davila [8].

Remark 3.4. Using some arguments from [?] and [8], we give simple proofs. In par-

ticular, the proof of formula (3.1) is elementary.

Remark 3.5. We shall deduce from theorem 3.1 the isoperimetric inequality and from

theorem 3.2 the Pólya-Szegö inequality.

Remark 3.6. The integral of a nonnegative measurable function may be infinite.
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Lemma 3.7. Let 1≤ p< +∞, u∈ Lp(RN), and let γk be a sequence of mollifiers. Then
uk = γk ∗u is such that

∫

R2N

|uk(y)−uk(x)|
p

|y− x|p
ρn(|y− x|)dxdy≤

∫

R2N

|u(y)−u(x)|p

|y− x|p
ρn(|y− x|)dxdy.

Proof. We deduce from Jensen’s inequality

∫

R2N

|uk(y)−uk(x)|
p

|y− x|p
ρn(|y− x|)dxdy

≤
∫

R2N

ρn(|y− x|)

|y− x|p
dxdy

(

∫

RN
|uk(y− z)−uk(x− z)|γk(z)dz

)p

≤
∫

R2N

ρn(|y− x|)

|y− x|p
dxdy

(

∫

RN
|uk(y− z)−uk(x− z)|p γk(z)dz

)

=
∫

RN
γk(z)dz

∫

R2N

|u(y− z)−u(x− z)|p

|y− x|p
ρn(|y− x|)dx

=
∫

R2N

|u(y− z)−u(x− z)|p

|y− x|p
ρn(|y− x|)dxdy.

Lemma 3.8. Let 1≤ p < ∞ and u ∈W 1,p(RN)∩C1(RN). Then

Kp,N‖∇u‖pp ≤ liminf
n→∞

∫

R2N

|u(y)−u(x)|p

|x− y|p
ρn(|x− y|)dxdy.

Proof. Let ε > 0 and let K be a compact subset of R
N . There exists δ > 0 such that for

x ∈ K and |h| < δ we have

|u(x+h)−u(x)−∇u(x) ·h| ≤ ε |h| .

By convexity, we obtain, for 0 < λ < 1,

|∇u(x) ·h|p ≤ (1−λ )1−p |u(x+h)−u(x)|p +λ 1−pε p |h|p .

It follows that

Kp,N

∫

K
|∇u(x)|p dx =

∫

K
dx

∫

RN

∣

∣

∣
∇u(x) · h

|h|

∣

∣

∣

p

ρn(|h|)dh

≤ (1−λ )1−p

∫

K
dx

∫

|h|<δ

|u(x+h)−u(x)|p

|h|p
ρn(|h|)dh

+λ 1−pε p |K|+Mp |K|
∫ ∞

δ
ρn(r)r

N−1dr,

whereM = maxK |∇u|. We have, since ε > 0 is arbitrary,

Kp,N

∫

K
|∇u(x)|p dx≤ (1−λ )1−p liminf

n→∞

∫

R2N

|u(y)−u(x)|p

|x− y|p
ρn(|x− y|)dxdy.

Passing to the limit as λ → 0, it is easy to conclude.

Lemma 3.9. Let 1≤ p < +∞ and u ∈W 1,p∩C1(RN). Then, for any n,

∫

R2N

|u(y)−u(x)|p

|x− y|p
ρn(|x− y|)dxdy≤ Kp,N‖∇u‖pp.
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Proof. Let R> 0 and let K be a compact subset of R
N . We have, by Jensen inequality.,

∫

K
dx

∫

|h|<R

|u(x+h)−u(x)|p

|h|p
ρn(|h|)dh

≤
∫

K
dx

∫

|h|<R
ρn(|h|)dh

[

∫ 1

0

∣

∣

∣
∇u(x+ th) · h

|h|

∣

∣

∣
dt

]p

≤
∫

K
dx

∫

|h|<R
ρn(|h|)dh

∫ 1

0

∣

∣

∣
∇u(x+ th) · h

|h|

∣

∣

∣

p

dt

≤
∫

|h|<R
ρn(|h|)dh

∫

KR

∣

∣

∣
∇u(y) · h

|h|

∣

∣

∣

p

dy

≤
∫

RN
dy

∫

RN

∣

∣

∣
∇u(y) · h

|h|

∣

∣

∣

p

ρn(|h|)dh = Kp,N

∫

RN
|∇u(y)|p dy.

Since R and K are arbitrary, the proof is complete.

Proof of theorem 3.1. Let u ∈ L1(RN) and definie uk = γk ∗u, where (γk) is a sequence
of smooth mollifiers. If

c = liminf
n→∞

∫

R2N

|u(y)−u(x)|

|x− y|
ρn(|x− y|)dxdy < +∞,

we deduce from lemmas 3.7 and 3.8 that K1,N‖∇uk‖1 ≤ c, so that (uk) is bounded in

W 1,1(RN), u ∈ BV (RN), limk→∞‖∇uk‖1 = ‖Du‖BV and K1,N‖Du‖BV ≤ c.

By Fatou’s lemma and lemma 3.9, we have

∫

R2N

|u(y)−u(x)|

|x− y|
ρn(|x− y|)dxdy

≤ liminf
k→∞

∫

R2N

|uk(y)−uk(x)|
p

|x− y|p
ρn(|x− y|)dxdy

≤ K1,N lim
k→∞

‖∇uk‖1 = K1,N |Du|BV .

The proof of theorem 3.2 is similar and is left to the reader.

4 Isoperimetric and Pólya-Szegö inequalities

Notation 4.1. For x ∈ R
N and a closed affine halfspace H ⊆ R

N , xH is the reflection of

x with respect to ∂H.

Definition 4.2. The polarization of function u : R
N → R with respect to the closed

affine subspace H is the function uH : R
N → R, with

uH(x) =

{

max{u(x),u(xH)} if x ∈ H,

min{u(x),u(xH)} if x 6∈ H.

Proposition 4.3. If ∗ is the Schwarz, Steiner, or spherical cap symmetrization, then

there exist a sequence of halfspaces (Hn) such that for all 1≤ p< +∞, and u∈ Lp(RN)
the sequence

un = uH1H2···Hn ,

converges towards u∗ in Lp(RN) as n→ ∞.
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For proofs see [?, ?, 17]. In the first two references, the sequence Hn depends on u

and p.

Proposition 4.4. If H is a closed affine halfspace of R
N , and F : R2 → R is a borelian

function such that for a≤ b, c≤ d,

F(a,c)+F(b,d) ≤ F(a,d)+F(b,c),

then, for any measurable u,v

∫

R2N
F(u(x),v(y))w(|x− y|)dxdy≤

∫

R2N
F(uH(x),vH(y))w(|x− y|)dxdy

provided left side is not −∞ or right side is not +∞.

Proof. From definition of polarization and hypothesis on F , for all x,y ∈ H

F
(

u(x),v(y)
)

+F
(

u(xH),v(yH)
)

≤ F
(

uH(x),vH(y)
)

+F
(

uH(xH),vH(yH)
)

.

Since |x− y| = |xH − yH | ≤ |x− yH | = |xH − y| and w is nonincreasing,

w(|x− y|) = w(|xH − yH |) ≥ w(|x− yH |) = w(|xH − y|).

Whence

F
(

u(x),v(y)
)

w
(

|x− y|
)

+F
(

u(xH),v(y)
)

w
(

|xH − y|
)

+F
(

u(x),v(yH)
)

w
(

|x− yH |
)

+F
(

u(xH),v(yH)
)

w
(

|xH − yH |
)

= w(|xH − y|)
(

F(u(x),v(y))+F(u(xH),v(y))

+F(u(x),v(yH))+F(u(xH),v(yH))
)

+
(

w(|x− y|)−w(|xH − y|
)(

F(u(x),v(y))+F(u(xH),v(yH))
)

≤ w
(

|xH − y|
)(

F(uH(x),vH(y))+F(uH(xH),vH(y))

+F(uH(x),vH(yH))+F(uH(xH),vH(yH))
)

+
(

w(|x− y|)−w(|xH − y|)
)(

F(uH(x),vH(y))+F(uH(xH),vH(yH))
)

= F
(

uH(x),vH(y)
)

w(|x− y|)+F
(

uH(xH),vH(y)
)

w(|xH − y|)

+F
(

uH(x),vH(yH)
)

w(|x− yH |)+F
(

uH(xH),vH(yH)
)

w(|xH − yH |).

Integrating on H×H gives the integral inequality .

Theorem 4.5. If F is a nonpositive continuous function such that for a≤ b, c≤ d,

F(a,c)+F(b,d) ≤ F(a,d)+F(b,c),

w : R
+ → R is nonincreasing, then for all u,v ∈ Lp(RN),

∫

R2N
F(u(x),v(y))w(|x− y|)dxdy≤

∫

R2N
F(u∗(x),v∗(y))w(|x− y|)dxdy.

Proof. Let um the sequence given by polarizations of proposition 4.3. Function w : r 7→
ρn(r)/r

Np is nonincreasing. Proposition 4.4 implies

∫

R2N

|um(y)−um(x)|p

|x− y|p
ρn(|x− y|)dxdy≤

∫

R2N

|u(y)−u(x)|p

|x− y|p
ρn(|x− y|)dxdy.

13



Letting m→ ∞, Fatou’s lemma implies

∫

R2N

|u∗(y)−u∗(x)|p

|x− y|p
ρn(|x− y|)dxdy≤

∫

R2N

|u(y)−u(x)|p

|x− y|p
ρn(|x− y|)dxdy.

Conclusion follows from theorem 3.2.

A generalization, due to Hilden [10], of the isoperimetric inequality follows directly

from theorem 3.1. We denote by u∗ the Schwarz, Steiner or spherical cap symmetriza-

tion of u, BV+(RN) (resp. W 1,p(RN)) the space of nonnegative functions in BV (RN)
(resp. W 1,p(RN)).

Theorem 4.6. If u ∈ BV (RN), then u∗ ∈ BV+(RN) and ‖Du∗‖BV ≤ ‖Du‖BV .

Similarly, the Pólya-Szegö inequality follows directly from theorem 3.2.

Theorem 4.7. If u ∈W
1,p
+ (RN), 1 < p < +∞, then u∗ ∈W 1,p(RN) and

‖∇u∗‖p ≤ ‖∇u‖p.

Proof of theorem 4.6. Let ρn be a sequence of nonincreasing radial mollifiers. By the-

orem ??, we have

∫

R2N

|u∗(y)−u∗(x)|p

|x− y|p
ρn(|x− y|)dxdy≤

∫

R2N

|u(y)−u(x)|p

|x− y|p
ρn(|x− y|)dxdy.

It suffices then to use theorem 3.1.

The proof of theorem 4.7 is similar.
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[6] Michael G. Crandall and Luc Tartar. Some relations between nonexpansive and

order preserving mappings. Proc. Amer. Math. Soc., 78(3):385–390, 1980.

14



[7] J. A. Crowe, J. A. Zweibel, and P. C. Rosenbloom. Rearrangements of functions.

J. Funct. Anal., 66:432–438, 1986.

[8] J. Dávila. On an open question about functions of bounded variation. Calc. Var.

Partial Differential Equations, 15(4):519–527, 2002.

[9] G. H. Hardy, J. E. Littlewood, and G. Pólya. Inequalities. Cambridge University
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Abstract. Any symmetrization (Schwarz, Steiner, cap or increasing rearrange-
ment) can be approximated by a universal sequence of polarizations which
converges in Lp norm for any admissible function in Lp for 1 ≤ p < +∞ and
uniformly for admissible continuous functions. A new Pólya-Szegö inequality
is proved for the increasing rearrangement.

1. Introduction

A symmetrization ∗ (or rearrangement) maps any function u : Ω → R to a more
symmetrical function u∗ : Ω∗ → R. Under some technical assumptions, it has the
following properties:

∫

Ω

f(u) dx =

∫

Ω∗

f(u∗) dx,(C)

∫

Ω∗

|u∗ − v∗|p dx ≤
∫

Ω

|u− v|p dx,(HL)

∫

Ω

|∇u|p dx ≤
∫

Ω∗

|∇u∗|p dx.(PS)

Rearrangements are used to prove the symmetry and the existence of solutions of
some variational problems.

The symmetrization is defined for sets before being extended to to functions. The
inequalities (C) and (HL) are straightforward consequences of the preservation of
the inclusions and of the measure of sets by the rearrangement of sets. Pólya-Szegö’s
inequality (PS) involves the gradient, and a proof that uses directly the definition
form rearrangement of sets relies on an isoperimetric inequality for sets and on
the coarea formula. The inequality (PS) can also be proved by approximation by
polarizations, as Brock and Solynin did [5] and as we do in corollary 6.3. Lieb
and Loss [9] and Baernstein [3] deduced it from Riesz-like inequalities that they
obtained by approximation.

The first approximation of symmetrizations by simpler symmetrizations ap-
peared in the proof of the classical isoperimetric theorem. A well-chosen sequence
of Steiner symmetrization of a convex body converges with respect to the Haus-
dorff distance to a ball of the same volume. Mani-Levitska proved that random
sequences of Steiner symmetrizations converge [10]. Brascamp, Lieb and Luttinger
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The author is research fellow of the Fonds National de la Recherche Scientifique (Belgium).

c©1997 American Mathematical Society
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2 JEAN VAN SCHAFTINGEN

approximated in measure the Schwarz symmetrization of sets by lower order sym-
metrizations in order to prove a generalized Riesz rearrangement inequality [4, 9].
Sarvas approximated the symmetrization of sets by spherical cap and Steiner sym-
metrizations [12], while Baernstein [3], Brock and Solynin used polarizations [5].
This result was extended to the cap symmetrization by Smets and Willem [13].

For all the methods of approximations of symmetrizations by polarizations cited
above, the sequence of polarizations depends of the function that has to be sym-
metrized. Our main result (theorem 4.4) is that there exists a sequence that does
not depend on the function nor on the function space, and that the increasing
rearrangement can also be approximated by polarizations. This symmetrization
coincides in the one-dimensional case, with the rearrangement introduced by Car-
bou [6] and studied by Alberti [1]. The increasing rearrangement inequalities allow
to prove the existence of solutions of variational problems that increase in some di-
rection. Badiale obtained with the moving plane method similar results concerning
the monotonicity of solutions to some elliptic systems [2].

By the same method, we prove that cap and Steiner symmetrizations approxi-
mate higher order Steiner and cap symmetrization. The approximating symmetriza-
tions can be of any order, but they must be compatible with the symmetrization
that they approximate.

The definitions and basic properties of symmetrizations (section 2) and of po-
larizations (section 3) are recalled. Section 4 is devoted to the proof of the main
result. Finally the method is briefly extended to approximation by symmetrization
(section 5) and a Pólya-Szegö inequality is proven (section 6).

2. Symmetrizations

Lebesgue’s outer on R
N is denoted LN , Hausdorff’s k-dimensional outer measure

on R
N , Hk, the scalar product between x and y, x · y, and the Euclidean norm

|x| = √
x · x. If x ∈ R

N , 0 ≤ r ≤ +∞, then

B(p, r) =
{

x ∈ R
N | |x− p| < r

}

.

The characteristic function of a set A is denoted χA, and the symmetric difference
of the sets A and B is denoted A∆B = (A \B) ∪ (B \A).
Definition 2.1. If T is a proper affine subspace of RN , the Steiner symmetrization
of a set A ⊂ R

N with respect to T is the unique set AT for which the following
holds: for any p ∈ T , if L is the maximal affine subspace orthogonal to T that
contains p, then

AT ∩ L = B(p, r) ∩ L,

where r is defined such that HN−dimT (B(p, r) ∩ L) = HN−dimT (A ∩ L).

Remark 2.2. The Schwarz symmetrization with respect to p ∈ R
N is the Steiner

symmetrization with respect to {p}, it is also sometimes the Steiner symmetrization
with respect to a straight line [9, 11].

Definition 2.3. A set S ⊂ R
N is a closed half affine subspace: of RN if it is a

closed affine halfspace with respect to its affine span. The boundary of S with
respect to its affine span is denoted ∂S and its dimension is dimS = dim ∂S + 1.

Definition 2.4. If S is a closed half affine subspace R
N and 0 < dimS < N , the

cap symmetrization of a set A with respect to S is the unique set AS for which the
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following holds: AS ∩ ∂S = A ∩ ∂S and, for any q ∈ ∂S and any s > 0, if L is the
maximal affine subspace orthogonal to ∂S that contains q, and p is the only point
in the intersection S ∩ (L ∩ ∂B(q, s)), then

AS ∩ (L ∩ ∂B(q, s)) = B(p, r) ∩ (L ∩ ∂B(q, s)),

where 0 ≤ r ≤ +∞ is defined byHN−dimS(B(p, r)∩(L∩∂B(q, s))) = HN−dimS(A∩
(L ∩ ∂B(q, s))).

Definition 2.5. Let A ⊆ R
N and v ∈ R

N ∩ ∂B(0, 1),

cv(A) = H1({x ∈ A | v · x > 0})−H1(
{

x ∈ R
N \A | v · x ≤ 0

}

)

if the formula has sense and cv(A) = −∞ else.

Definition 2.6. The increasing rearrangement of A ⊂ R
N with respect to v ∈

R
N ∩ ∂B(0, 1) is the unique set A(v,∞) such that for any x ∈ R

N ,

(x+ vR) ∩A(v,∞) = {y ∈ (x+ vR) | v · y > cv(A ∩ (x+ vR))} .
In the sequel, ∗ denotes indifferently a Steiner or cap symmetrization, or an

increasing rearrangement.
For any sets A,B ⊆ R

N ,

(2.1) A ⊆ B =⇒ A∗ ⊆ B∗.

Proposition 2.7. If A ⊂ R
N is measurable, then A∗ is measurable.

Proof. If ∗ is the increasing rearrangement with respect to v ∈ R
N ∩ ∂B(0, 1), A∗

can be written by definition as

A∗ =
{

x ∈ R
N | v · x > c(A ∩ (x+ vR))

}

.

Fubini’s theorem implies that the function x 7→ cv(A ∩ (x + vR)) is measurable.
Hence A∗ is measurable. The proof is similar for the Steiner and cap symmetriza-
tions. �

Definition 2.8. A set A is admissible for a Steiner or cap symmetrization ∗ if A is
measurable, and LN (A) < +∞. If ∗ is the increasing rearrangement with respect
to v, A is admissible if and only if

LN (A∆
{

x ∈ R
N | v · x > 0

}

) < ∞.

If A ⊂ B ⊂ R
N are admissible sets, then

(2.2) LN (B∗ \A∗) = LN (B \A).

When the sets A and B may have infinite measure, which is the case for the increas-
ing rearrangement, the second condition is more restrictive than the preservation
of the measure of sets (LN (A) = LN (A∗)). If A,B ⊂ R

N are admissible sets, then

(2.3) LN (B∗ \A∗) ≤ LN (B \A).

Notation 2.9. For any function u : Ω → R and c ∈ R, we write

{u > c} = {x ∈ Ω | u(x) > c} .
Definition 2.10. The symmetrization of a function u : RN → R is, for y ∈ R

N ,

u∗(y) = sup {c ∈ R | y ∈ {u > c}∗} .
Proposition 2.11. If ∗ is a rearrangement and u : RN → R is measurable, then
u∗ is measurable.
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Proof. Since ∗ is monotone on sets, {u∗ > c} = ∪n≥1{u > c + 1/n}∗, and the
conclusion comes from proposition 2.7. �

Definition 2.12. A function u : Ω → R is admissible if for any ess inf u < c <
ess sup u, {u > c} is admissible.

Definition 2.13. If ∗ is a Steiner or cap symmetrization, if 1 ≤ p < +∞, let
Lp
∗(R

N ) = Lp
+(R

N ) be the set of nonnegative functions of Lp(RN ), let C∗(R
N ) =

C0,+(R
N ) be the set of nonnegative continuous functions whose limit at the infinity

is 0, and let K∗(R
N ) = K+(R

N ) be the set of nonnegative continuous functions
with compact support. If ∗ is the increasing rearrangement with respect to v ∈
R

N ∩ ∂B(0, 1), let

Lp
∗(R

N ) = {u : RN → [0, 1] | ∃h : R → R such that h is increasing,

(h− χR+) ∈ Lp(R), and (h(v · .)− u) ∈ Lp(RN )},

C∗(R
N ) = {u : RN → [0, 1] | u is continuous,

lim
v·x→−∞

u(x) = 0, and lim
v·x→+∞

u(x) = 1}.

and

K∗(R
N ) = {u ∈ C∗(R

N ) | ∃h : R → R such that h is increasing,

(h− χR+) has compact support, and (h(v · .)− u) ∈ K(RN )}.

The functions of the setsK∗(R
N ), C∗(R

N ), and Lp
∗(R

N ) all consist are admissible.
If u ∈ K∗(R

N ), then u∗ ∈ K∗(R
N ) and, for any c ∈ R,

(2.4) {u > c}∗ = {u∗ > c}.
The preservation of inclusions (2.1) and measure (2.2) imply that the sym-

metrization of functions is nonexpansive for any Lp norm, 1 ≤ p ≤ ∞. The ideas
of Crowe, Zweibel and Rosenbloom [7], and of Alberti [1] can be generalized to
embrace the case of the increasing rearrangement.

Proposition 2.14. For any 1 ≤ p ≤ ∞, we have

‖u∗ − v∗‖p ≤ ‖u− v‖p.
Proof. If 1 ≤ p < ∞, for any admissible functions u and v, we have

∫

Ω

|u− v|p dx =

∫

σ≤τ

(

LN ({v > τ} \ {u > σ})

+ LN ({u > τ} \ {v > σ})
)

p(p− 1)|σ − τ |p−2 dσ dτ.

The properties (2.4) and (2.3) bring the conclusion. If p = ∞, the conclusion follows
from the preservation of inclusions. �

3. Polarizations

Definition 3.1. A polarizer is a closed affine halfspace of RN .

Remark 3.2. A set H is a polarizer if and only if there exists a ∈ R
N , |a| = 1 and

b ∈ R
N such that H =

{

x ∈ R
N | a · x ≥ b

}

.
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Notation 3.3. If x ∈ R
N and H ⊆ R

N is a polarizer, xH denotes the reflection of
x with respect to ∂H. Using the description of remark 3.2, xH = x− 2(a · x− b)a.

Definition 3.4. The polarization of a function u : RN → R by a polarizer H is
the function uH : RN → R, defined by

uH(x) =

{

max {u(x), u(xH)} if x ∈ H,

min {u(x), u(xH)} if x 6∈ H.

Remark 3.5. The polarization is also called two-point rearrangement. The polar-
ization by H is the natural extension of the cap symmetrization with respect to
S = H when dimS = N (compare with definition 2.4).

Notation 3.6. If T is an affine subspace, let

HT =
{

H ⊂ R
N | H is a polarizer, and T ⊂ H

}

,

if S is a closed half affine subspace, let

HS =
{

H ⊂ R
N | H is a polarizer, S ⊂ H, and ∂S ⊂ ∂H

}

and, if v ∈ R
N ∩ ∂B(0, 1), let

H(v,∞) =
{

H ⊂ R
N | H is a polarizer, and a = v in the description of remark 3.2

}

.

For any symmetrization ∗, and for any function u : RN → R,

u = u∗ ⇐⇒ ∀H ∈ H∗, u = uH .

Polarizations satisfy the properties (2.1) and (2.2). Thus they are nonexpansive.
For u ∈ Lp

∗(R
N ) and H ∈ H∗, the inequality

‖uH − u∗‖p = ‖uH − (u∗)H‖p ≤ ‖u− u∗‖p;
suggests that well chosen polarization can approximate the symmetrization ∗ for a
given function. The proof goes in two steps: first the relative compactness of any
sequence of iterated polarizations is established (lemma 3.7), then a convergence
condition ensures the convergence to the symmetrized function (lemma 3.9).

Lemma 3.7. Let u ∈ K∗(R
N ) and (Hm)m≥0 ⊂ H∗ a sequence of polarizers. Let

um = uH1···Hm . Then, there is v ∈ K∗(R
N ) and an increasing sequence (mk)k∈N

in
N such that, for any 1 ≤ p ≤ ∞,

lim
k→∞

‖v − umk
‖p = 0.

Remark 3.8. This lemma is essentially due to Brock and Solynin [5, lemmas 6.1
and 6.2], and the main part of the arguments was given by Baernstein [3]. Smets
and Willem proved it for the cap symmetrization [13].

Proof. The compactness of the sequence (um)m≥1 is proven by Ascoli-Arzelá’s the-

orem. The sequence is equibounded: for any polarization H, ‖uH‖∞ = ‖u‖∞ and
thus, by induction, ‖um‖∞ = ‖u‖∞ < +∞.

Secondly, the sequence is equicontinuous. Let

ωv(δ) = sup {v(x)− v(y) | d(x, y) ≤ δ}
be the modulus of continuity of a function v. By a tedious analysis of the possible
different cases, it can be proved that for any polarization H, ωuH ≤ ωu, and thus,
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by induction, ωum
≤ ωu. Since u ∈ K∗(R

N ) is uniformly continuous, the sequence
is equicontinuous.

There remains to prove that the supports are uniformly bounded. For the Steiner
or the cap symmetrizations, u ∈ K∗(R

N ) implies that, for some p in T or in ∂S, and
for some R > 0, {u > 0} ⊆ B(p,R). Thus, because polarizations are monotone,
{uH > 0} ⊆ B(p,R)H = B(p,R) and, by induction,{um > 0} ⊆ B(p,R).

For the increasing rearrangement with respect to v, we have, for some c ∈ R,

{u > 0} ⊆
{

x ∈ R
N | v · x > c

}

and

{uH > 0} ⊆
{

x ∈ R
N | v · x > c

}H
=

{

x ∈ R
N | v · x > c

}

.

Therefore we have

{um > 0} ⊆
{

x ∈ R
N | v · x > c

}

and similarly there exists d ∈ R such that
{

x ∈ R
N | v · x > d

}

⊆ {um < 1}.

There exists R > 0 such that um(x) 6= h(x) implies dist(x, x+vR) ≤ R. Therefore,
there is a bounded set B ⊂ R

N such that supp (um − h) ⊂ B for m ∈ N.
We conclude, by Arzela-Ascoli’s theorem that any subsequence has a subsequence
converging uniformly to some v ∈ K∗(R

N ).
The convergence for 1 ≤ p < +∞ follows from the convergence for p = +∞ and

from the fact that all the supports of the functions of the sequence (um − v) lie in
the same compact set. �

A second lemma states that for any nonsymmetrical function, there exist a po-
larizer H ∈ H∗ that brings it closer to its symmetrization.

Lemma 3.9. Let u ∈ K∗(R
N ). If u 6= u∗, then there is a polarizer H ∈ H∗ such

that, for any 1 ≤ p < +∞,

‖uH − u∗‖p < ‖u− u∗‖p.

Remark 3.10. This lemma is due to Brock and Solynin [5] for the Steiner sym-
metrization and to Smets and Willem [13] for the cap symmetrization.

Proof. Since u 6= u∗, there exists c > 0 such that the set {u > c}∆ {u∗ > c} is not
empty. Choose a point y ∈ {u∗ > c} \ {u > c}. There is a polarizer H ∈ H∗ such
that yH ∈ {u > c} \ {u∗ > c}. In a sufficiently small neighborhood N ⊂ H of y, we
have then

uH(x) = u(xH) > c ≥ u∗(xH) and u∗(x) > c ≥ u(x) = uH(xH),

whence, for p ≥ 1,

|u(x)− u∗(x)|p + |u(xH)− u∗(xH)|p > |uH(x)− u∗(x)|p + |uH(x)− u∗(xH)|p.

If x ∈ N , the corresponding nonstrict inequality holds. The integral inequality is
obtained by integration of the preceding inequality over N and of the nonstrict
inequality on H \N . �
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4. Approximation by polarizations

We first establish the convergence of a sequence of polarizations for a single
function.

Lemma 4.1. Let u ∈ K∗(R
N ), 0 < κ < 1, (mk)k≥1 ⊂ N an increasing sequence of

indices, and a sequence of polarizers (Hm)m≥1 ⊂ H∗ such that for all k ∈ N,

(4.1) ‖umk
− u∗‖1 − ‖umk

Hmk − u∗‖1 ≥ κ sup
H∈H∗

(

‖umk
− u∗‖1 − ‖umk

H − u∗‖1
)

.

Then the sequence um = uH1...Hm converges to u∗ for any 1 ≤ p ≤ +∞.

Remark 4.2. For any function u ∈ K∗(R
N ), a sequence of polarizers verifying

condition (4.1) can be constructed.

Remark 4.3. We use the same strategy of proof that Smets and Willem [13], ex-
cepted that the inequality (4.1) is weaker than imposing to (Hm) to be optimal as
they do.

Proof. By lemma 3.7, there exist a subsequence um′

k
of (umk

)k≥1 that converges to
v ∈ K∗ for any Lp norm. Since the rearrangement ∗ is nonexpansive,

‖u∗ − v∗‖p = lim
k→∞

‖um′

k

∗ − v∗‖p ≤ lim
k→∞

‖um′

k
− v‖p = 0,

and v∗ = u∗. For any polarizer H ∈ H∗, we have then, by the nonexpansiveness of
polarizations and by equation (4.1)

‖um′

k+1
− u∗‖1 ≤ ‖um′

k
+1 − u∗‖1

≤ ‖um′

k
− u∗‖1 + κ(‖um′

k

H − u∗‖1 − ‖um′

k
− u∗‖1)

= (1− κ)‖um′

k
− u∗‖1 + κ‖um′

k

H − u∗‖1 ≤ ‖um′

k
− u∗‖1.

Passing to the limit, we obtain

‖v − u∗‖1 ≤ (1− κ)‖v − u∗‖1 + κ‖vH − u∗‖1 ≤ ‖v − u∗‖1,
whence, since u∗ = v∗, ‖v−v∗‖1 = ‖vH −v∗‖1, which is absurd if v 6= u∗ by lemma
3.9. Therefore the subsequence (um′

k
)k∈N converges to u∗ for any Lp norm. The

nonexpansiveness of polarizations allows to conclude

lim
k→∞

‖uk − u∗‖p ≤ lim
k→∞

‖um′

k
− u∗‖p = 0. �

Theorem 4.4. For any symmetrization ∗, there exist a sequence of polarizers
(H)m≥0 ⊂ H∗ such that, for any 1 ≤ p < ∞, if u ∈ Lp

∗(R
N ), the sequence

um = uH1···Hm

converges to u∗ :

lim
m→∞

‖um − u∗‖p = 0.

If u ∈ C∗(R
N ), the sequence converges for p = ∞.

Proof of theorem 4.4. If ∗ is a Steiner or spherical cap symmetrization, first note
that there is a countable set N ⊂ K∗(R

N ) dense in Lp
∗(R

N ) and in C∗(R
N ) (see

[14]). Choose a sequence (Hm) for which (4.1) holds for all u ∈ N . The sequence
of iterated polarizations approaches the symmetrization for any u ∈ N .
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Let u ∈ Lp
∗(R

N ) and ǫ > 0. By density, there is v ∈ N such that ‖u− v‖p ≤ ǫ/3.
By contraction, for m sufficiently large, if vm = vH1···Hn ,

‖um−u∗‖p ≤ ‖um−vm‖p+‖vm−v∗‖p+‖v∗−u∗‖p ≤ 2‖u−v‖p+‖vm−v∗‖p ≤ ǫ.

If ∗ is the increasing rearrangement with respect to v, and h : R → [0, 1] is a
continuous function such that supp (h−χR+) is compact, then the same reasoning
shows the convergence for any w ∈ Lp

∗(R
N ) ∩ (h(v · .) + Lp(RN )). Let u ∈ Lp

∗(R
N )

and
CR =

{

x ∈ R
N | |(v · x)v − x| ≤ R

}

.

Consider the function uR which is equal to u on CR and equal to h outside of it.
Then uR ∈ Lp

∗(R
N ) ∩ (h(v · .) + Lp(RN )), and thus

∫

CR

|um − u∗|p dx → 0. Since
∫

RN\CR

|um − u∗|p dx ≤ 2

∫

RN\CR

|u− h|p dx,

um → u∗ follows.
The proof is similar for u ∈ C∗(R

N ). �

Remark 4.5. Theorem 4.4 implies that the symmetrization of any set can be ap-
proximated in measure and in Hausdorff distance [5, Lemma 7.2]. Conversely, if
the symmetrization of any set can be approximated in measure by some fixed se-
quence of polarizations, then theorem 4.4 follows by the approximation of functions
in Lp(RN ) by simple functions.

5. Approximation by symmetrizations

The method of proof of theorem 4.4 can be extended to approximation of Steiner
or symmetrizations by lower order Steiner or cap symmetrizations.

Definition 5.1. Let T be an affine subspace. A set of affine subspaces T approx-
imates T if, for any T ′ ∈ T , T ⊂ T ′, and for any affine subspace T ′′ ⊂ R

N of
codimension 1 such that T ⊂ T ′′, there exists T ′ ∈ T such that T ′ ⊂ T ′′.

Theorem 5.2. Let T be an affine subspace of RN and T be a set of affine subspaces.
If T approximates T , there is a sequence (Tm)m≥1 in T such that uT1···Tm → uT

for u ∈ Lp
+(R

N ) or u ∈ C0(R
N ).

Definition 5.3. Let T be an affine subspace. A set S of closed half affine subspaces
of RN approximates T if, for any S′ ∈ S, T ⊂ S′, and for any affine subspace
T ′′ ⊂ R

N of codimension 1 which is parallel to T , there exists S′ ∈ S such that
∂S′ ⊂ T ′′.

Example 5.4. If T = {T}, then T trivially approximates T . If T = {0}, the set
of polarizers HT and the set of closed halflines containing 0 both approximate T .

Definition 5.5. Let S be a closed half affine subspace. A set S of closed half affine
subspaces of RN approximates S if, for any S′ ∈ S, S ⊂ S′ and ∂S ⊂ S′, and for
any affine subspace T ′′ ⊂ R

N of codimension 1 which is parallel to T , there exists
S′ ∈ S such that ∂S′ ⊂ T ′′.

Theorem 5.6. Let T be an affine subspace of RN (resp. S be a half affine subspace
of RN ) and S be a set of closed half affine subspaces of RN . If S approximates T
(resp. S), then there exists a sequence (Sm)m≥1 in S such that uS1···Sm → uT

(resp. uS1···Sm → uS) for u ∈ Lp
+(R

N ) or u ∈ C0(R
N ).
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Proof. The proofs of theorems 5.2 and 5.6 are similar. The proof is essentially the
same as the proof of theorem 4.4. The modifications in the lemmas are sketched
for a closed half affine subspace S in theorem 5.6. Suppose u ∈ K+(R

N ). It is

clear that for any S′ ∈ S, uSS′

= uS and ‖uS′ − uS‖p ≤ ‖u− uS‖p. Therefore the
sequence ‖uS1...Sn − uS‖p is nonincreasing. Theorem 4.4 implies that the modulus
of continuity decreases along the sequence. This allows to prove an analogue to
lemma 3.7. An analogue of lemma 3.9 is also needed. Suppose u 6= uS . Then by
lemma 3.9 there exists H ∈ HS such that ‖uH − uS‖p < ‖u − uS‖p. Since ∂H
is parallel to ∂S and S approximates S, there exists S′ such that S′ ⊂ H and
∂S′ ⊂ ∂H ′. Hence uHS′

= uS′

and

‖uS′ − uS‖p ≤ ‖uH − uS‖p < ‖u− uS‖p.
The remain of the proof is the same as the proof of lemma 4.1 and of theorem
4.4. �

6. Pólya-Szegö’s inequality

Definition 6.1. A set Ω is totally invariant with respect to a symmetrization ∗ if
for any H ∈ H∗, Ω is invariant under the reflection with respect to ∂H.

Definition 6.2. If ∗ is a symmetrization, Ω is a totally invariant set and u : Ω → R

is a function, then the symmetrization of u is u∗ = ũ∗|Ω, where ũ is any extension
of u to R

N .

The definition of the symmetrization of u : Ω → R does not depend on the
extension ũ because Ω is totally invariant.

Corollary 6.3. If Ω is a totally invariant open set, ∗ is a Steiner or cap sym-
metrization, if u ∈ W1,1

loc(Ω) is admissible, 1 < p < +∞ and ∇u ∈ Lp(Ω), then

(6.1) ‖∇u∗‖p ≤ ‖∇u‖p.

Proof. Suppose first u ∈ Lp
∗(Ω). Let um be the restrictions to Ω of the sequence of

iterated polarizations of theorem 4.4 applied to an extension ũ ∈ Lp
∗(R

N ) of u to
R

N . For any compactly supported smooth function h ∈ D(Ω)N ,

−
∫

Ω

u∗ div h dx = − lim
m→∞

∫

Ω

um div h dx = lim
m→∞

∫

Ω

∇umh dx

≤ lim inf
m→∞

‖∇um‖p‖h‖p′ = ‖∇u‖p‖h‖p′ ,

since ‖∇uH‖Ω,p = ‖∇u‖Ω,p [5] for any u ∈ W1,1
loc(Ω) such that ∇u ∈ Lp(RN ), and

for any polarizer H. There exist thus v ∈ Lp(Ω)N that is the weak limit of ∇um

and the weak gradient of u∗.
In general, if ∗ is an increasing rearrangement, for m ≥ 3, let

um(x) =
m

m− 2
min(max(0, u(x)− 1/m), 1− 2/m).

Since u is admissible, um ∈ L1
∗(Ω). From the first part of the proof, ‖∇um

∗‖p ≤
‖∇um‖p. Since m−2

m
|∇um| ր |∇u| and m−2

m
|∇um

∗| ր |∇u∗| almost everywhere,
the conclusion comes from the monotone convergence theorem. The end of the
proof is similar for the Steiner and cap symmetrizations. �
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