APPROXIMATION OF SYMMETRIZATIONS AND SYMMETRY
OF CRITICAL POINTS

JEAN VAN SCHAFTINGEN

ABSTRACT. We give a sufficient condition in order that a sequence of cap
or Steiner symmetrizations or of polarizations approximates some fixed cap
or Steiner symmetrization. This condition is used to obtain the almost sure
convergence for random sequences of symmetrization taken in an appropriate
set. The results are applicable to the symmetrization of sets. An application
is given to the study of the symmetry of critical points obtained by minimax
methods based on the Krasnoselskii genus.

1. INTRODUCTION

A symmetrization by rearrangement transforms a set or a function into a more
symmetric one, while some quantities remain under control. For example, for each
u € WyP(B(0,R)) with 1 < p < oo and u > 0, one can construct a radial and
radially decreasing function u* such that for every Borel-measurable function f :
R — RT,

fw*)dx = f(u)dz.
B(0,R) B(0,R)
In particular, u* € LP(B(0, R)) and ||u*||, = ||u||,- While the map u + u* is non-
linear, it is still non-expansive in LP(B(0, R)). Furthermore, u* € Wy (B(0, R))
and one has the Pdlya-Szegé inequality:

/ [Vu*? da:ﬁ/ |Vul|” dz .
B(0,R) B(0,R)

Other useful inequalities, such as the Riesz-Sobolev rearrangement inequality hold.
For symmetrization inequalities, we refer to [12,16]. Symmetrizations were defined
for sets in the nineteenth century by Steiner and Schwarz. Symmetrizations of
functions go back to Hardy, Littlewood and Pdlya [11] and to Pélya and Szegé [19].

Applications of symmetrization by rearrangement are multiple. Symmetrizations
were used by Talenti and Aubin to compute the optimal constants for the Sobolev
inequality [2,27]. They can be used to obtain estimates on the first eigenvalue of the
Laplacian with Dirichlet boundary conditions (Faber-Krahn inequality [19,28,33]).
By symmetrization techniques, it is also possible to prove that solutions of problems
in the calculus of variations are symmetric functions [23]. In some cases they provide
also an alternative to concentration-compactness [8].

Since symmetrizations and symmetrization inequalities are useful, it would be
nice to have general, simple and elegant methods to construct symmetrizations and
prove the associated inequalities. The main difficulty is that symmetrizations are
nonlinear and nonlocal transformations. One way to manage these problems is the
level-sets method. The functional for which an inequality is needed is decomposed
in integrals on level sets. For example, if u : § — R™ is nonnegative and measurable
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and f € CY(R*,RT), one has

[ twde= [ ¥wen f@ <nrmar
Q Rt

This can be thought as localizing the functional with respect to the u variable.
As long as the functionals in consideration do not involve gradients or convolu-
tion products, the inequalities are proved trivially. — For example, the proof of
the Hardy-Littlewood inequality becomes very elegant [10,33]. — When it is not
the case any more, the set inequalities become nontrivial geometric inequalities.
For example, the Pdélya—Szegd inequality follows from the classical isoperimetric
inequality [18], and the Riesz-Sobolev rearrangement inequality is a consequence of
the same inequality for characteristic functions of sets [16]. In those cases the level
set method does not essentially simplify the proof. The method of level-sets is used
extensively by Mossino [18].

Another method to study symmetrization is to approximate a symmetrization
by a sequence of simpler symmmetrizations — which are more localized than more
elaborated symmetrizations. This goes back to the original definition of the Steiner
symmetrization as a tool to prove the classical isoperimetric Theorem. Later, in-
equalities for capacitors were proved by approximation of Steiner and cap sym-
metrizations by lower-order Steiner and cap symmetrizations [21]; the Riesz-Sobolev
inequality was proved by approximation of a Steiner symmetrization by lower-order
Steiner symmetrizations [5]; Recently, a still simpler transformation, the polariza-
tion, was used to approximate many symmetrizations in order to obtain simple
proofs of the isoperimetric inequality, the Pdlya-Szeg6 inequality and a weak form
of the Riesz-Sobolev rearrangement inequality [3, 6,23, 31].

In a recent work [30], we used approximation of symmetrization in order to in-
vestigate the symmetry properties of critical points obtained by minimax methods.
The key point was the use of polarizations to obtain a continuous approximation
of a Steiner or cap symmetrization which is not continuous in general in Sobolev
spaces [1].

In this paper, we investigate further the approximation of symmetrizations by
simpler symmetrizations. We study which sequences of symmetrizations approxi-
mate a given symmetrization, and we give a simple sufficient condition. Since almost
every sequence of symmetrizations in a well-chosen set satisfies this condition, we
solve by the way a conjecture of Mani-Levitska concerning random sequences of
Steiner symmetrizations [17]. This sufficient condition allows us to obtain some in-
formation about the symmetry of critical points of symmetric functionals obtained
by minimax methods using the Krasnoselskii genus.

The paper begins by reviewing in section 2 the main facts about symmetrizations
used in the sequel. We define in section 2.1 the Steiner with respect to an affine
subspace and cap symmetrizations with respect to a closed affine half subspace.
The set of affine subspaces and closed affine half subspaces is denoted by &, and
the symmetrization of u with respect to S € S is denoted by u°. The simplest
cap symmetrizations are the polarizations; they are symmetrizations with respect
to H € H, where H C H is the set of closed affine halfspaces. Many of their
properties are easy to prove (section 2.2). We introduce a partial order <, such
that S < T if the symmetrization with respect to 7" can be used to approximate
the symmetrization with respect to S (Definition 2.19 and Proposition 2.20). For
S €S, theset of T € S (resp. € H) such that S < T is denoted by Sg (resp. Hs).
With these notations, we restate in a common framework all the approximation
results of [31]:
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Theorem 2.28. Let S € S and T C Sg. If for every H € Hg, there exists T € T
such that T < H, then there ezists a sequence (T),)n>1 C T such that if @ C RY s
open, u € K(Q) and (u,S) is admissible, then

||’U,T1"'T" _ USHoo 0.

The condition “(u, S) is admissible” simply means that the symmetrization u°

is defined. In order to state a sufficient condition for a sequence of symmetrizations
to approximate a symmetrization, we define a metric d on S for which the mapping
(u, S) = u® is continuous (Definition 2.35, Proposition 2.38 and Corollary 2.39).

With all the machinery of section 2, we can state and prove the main result of
Section 3,

Theorem 3.2. Let S €S, T CSs and (T,)n>1 C Ss be such that

a) for every H € Hg, there exists T € T such that T < H,

b) for each m > 1 and Sy,...,S;, € T, there exists k > 0 such that for every
1 < i < m, d(SiaTk+i) < 57

Then for each open set @ C RN and u € K(Q) such that (u,S) is admissible,

lutr T — w5 — 0, as m — oo.

The proof relies on the fact that for every m > 1 and § > 0, the m first terms
of the sequence of Theorem 2.28 are contained up to an error § in the sequence
(Tn)nzl-

Given T, it is easy to construct sequences satisfying the hypotheses of Theorem
3.2. In fact, if the approximating symmetrizations are symmetrization with respect
to random variables that are distributed throughout the whole of 7, then the
convergence occurs almost surely (Theorem 3.4).

All the preceding results can be extended to the approximation of the sym-
metrization of compact sets in Hausdorf distance dg (Proposition 3.10). For ex-
ample, if &(RY) denotes the set of compact sets of R, one has:

Theorem 3.13. Let S € S with S = ¢ and let (E,X, P) be a probability space.
Let £ > dim S and

7’5‘4:{T€SS : 0T = ¢ and dimT = (}.

If (Th)nz1 are independent random variables with values in ’TSZ whose distribution
functions are invariant under isometries that preserve S, then

P (sete € B : VK € RRY), lim dpy(K™E-T(), K5) = 0) ~ 1.

Finally, in section 4, Theorem 3.2 is applied to the proof of symmetry properties
of critical points obtained by minimax methods using the Krasnoselskii genus. If
A is a symmetric (i.e. A = —A) set in a Banach space V, its Krasnoselkii genus
7(A) is the least integer k such that there is an odd mapping in C(4, S* ). The
properties of v are developed in section 4.1. For ¢ : M C V — R, let

Be= inf  sup p(u).
A {gccl()]\éed ued
v(A)2L
Theorem 3.2 allows us to construct, given a set of small Krasnoselskii genus, a set of
more symmetric functions that has not a smaller Krasnoselskii genus (Propositions
4.7).

The main result is that when the functional ¢ satisfies some symmetry assump-

tions, then there are symmetric critical points on the levels 5, for small ¢:
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Theorem 4.8. Let Q@ = Q' x Q" C RN be open, with Q' C R* invariant under
O(k). Let M C WhP(Q) \ {0} be a complete symmetric C1'-manifold. Suppose
@ € CY(M) is an even functional that satisfies the Palais-Smale condition, and is
bounded from below on M. Also suppose that if H € H, {0} x RN=%* Cc 0H and
u € M, then vt € M and p(uf!) < @(u). If £ < k, then there is a critical point
u € M and x € S*=! such that p(u) = By and u®* = u.

Here S, denotes the cap symmetrization with respect to Rz x RN =% We end with
simple applications of this result. The method applies to Dirichlet and Neumann
problems (Theorems 4.9 and 4.10).

2. SYMMETRIZATIONS

2.1. Definitions. In the following, #* denotes the k-dimensional outer Hausdorff
measure, while for z € RV and 0 < r < o0, B(z,r) = {y e RN : |z —y| <r}.
The extended set of real numbers is denoted by R = R U {—o0, +oc}. The set of
compactly supported continuous functions on the open set ) is denoted by K(f2)
and the modulus of continuity of a function v € K(2) is the function w, : R* — R*
defined by

wy(0) = sup {|u(z) —u(y)| : z,y € Qand |z —y| <4}

We define the Steiner and spherical cap symmetrizations according to Sarvas [21].
In contrast with Sarvas, our definition does not make difference between compact
and open sets, but is valid for any set, possibly non-measurable. This ensures a
good pointwize definition of the symmetrization of measurable sets and functions.

Definition 2.1 (Steiner symmetrization). Let S be a k-dimensional affine subspace
of RN, 0 < k < N —1. The symmetrization of a set A C R with respect to S is the
unique set A° such that for any x € S, if L is the (N — k)-dimensional hyperplane
orthogonal to S that contains z,

ASNL=B(z,r)NL,
where 0 < r < 00 is defined by HY *(B(z,r) N L) = HN *(ANL).
Remark 2.2. The symmetrization with respect to a 0-dimensional plane is called
point symmetrization or Schwarz symmetrization. (Some authors call Schwarz sym-

metrization a symmetrization with respect to a 1-dimensional plane and Steiner
symmetrization a symmetrization with respect to a (N —1)-dimensional plane [16].)

Definition 2.3 (Cap symmetrization). Let .S be a k-dimensional closed affine half
subspace of RV, 1 < k < N and let dS be the boundary of S inside the affine
plane generated by S. The symmetrization of a set A C RY with respect to S is
the unique set A such that 45 N 9S = AN IS and for each x € 95, if L is the
(N — k + 1)-dimensional hyperplane orthogonal to 85 that contains z and y is the
unique point of the intersection 0B(x, ¢) N S, then for every g > 0

45N 0B(z,0)NL = B(y,r)N0B(z,0) N L,
where 7 > 0 is defined by HV~*(B(y,r)N0B(z,0)NL) = HN*(ANOB(z,0)NL).

Remark 2.4. The symmetrization with respect to a one dimensional closed affine
subspace is also called foliated Schwarz symmetrization [23].

Definition 2.5. The set of all the k-dimensional affine subspaces of RY for 0 <
kE < N — 1, and of all the k-dimensional closed affine half subspaces of RY for
1 <k < N is denoted by S.

Symmetrizations have the following basic properties:
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Proposition 2.6. Let A, BC RN and S € S. If AC B, then A° C B”.
If A is measurable, then A® is measurable and LN (A%) = LN (A).
If A is open, then A® is open.

We need some condition to ensure that the symmetrization of a function is
meaningful.

Definition 2.7. Let Q C RY, v : Q — R and S € S. The pair (u, S) is admissible
if 0% = Q, and, for every ¢ > 0,
LYz € : |u(z)] > c}) < o
and either u > 0, or 9S # ¢ and (RY \ Q)% = RV \ Q.
Definition 2.8. Let @ ¢ RV, u : Q@ — R and S € S. Suppose that (u,S) is

admissible. The symmetrization of u with respect to S is the unique function u®
such that for each ¢ € R,

{zeQ:u’(@)>c}={zeQ: u(x)>c}s.
Remark 2.9. The function u® can be defined as
u’ (x) :sup{ce]R cx€{y e uy) >c}5}.

The definitions with open balls of symmetrization of sets are of crucial importance
in order to obtain the existence of u® satisfying Definition 2.8 (see [29]).

The symmetrization of a function does not essentially depend on the domain:

Proposition 2.10. Let u : Q — R, @ : RY — R be defined by ilog = u and
dlpvvg = 0 and S € S. If (u,S) is admissible, then (i, S) is admissible and
,aS| — S

Q=u".

The symmetrization of functions in L? is a non-expansive nonlinear mapping
that preserves the norm:

Proposition 2.11 (LP properties of symmetrizations). Let 1 < p < oo, 2 C RV
be measurable and u,v € LP(Q). If (u,S) and (v,S) are admissible, then u®,v° €
LP(Q), 1u¥llp = llully, [[v5]l, = lloll, and |lu® — o3|, < [lu — o],

Proof. See e.g. [10,32]. O

Remark 2.12. If u € WHP(Q) then u® € WHP(Q) and ||Vu®||, < [|Vul,, but if
dS = ¢, the mapping u — v* is continuous in W'-?(Q) if and only if dim S = N —1
[1,7,9]. If 0S # ¢, u + u® is continuous if dim S = N (see [30] and Corollary 2.40
below). If dim.S < N — 1, then a reasoning in the spirit of Lemma 2.33 and the
results of Almgren and Lieb [1] shows that u ~ u” is not continuous. The case
dim S = N — 1 remains open, but it is likely that the method of Burchard would
show that the cap symmetrization is then continuous.

We introduce the complementary of a affine half subspace.

Definition 2.13. Let u € S and S € S with 0S # ¢. The complementary of S is
the reflexion of S with respect to dS. It is denoted by S*.

As a straightforward consequence of the definitions, one has

Proposition 2.14. Let S € S and u: Q — R. If (u,S) and (—u,S*) are admissi-
ble, then
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2.2. Polarizations. We recall briefly some facts about the simplest symmetriza-
tions, the polarizations.

Definition 2.15. The symmetrization with respect to H € S is a polarization if
OH is a hyperplane, or, equivalently, dim H = N. The reflexion of z € RV with
respect to OH is denoted by zg. The set of H € S such that dim H = N is denoted
by H.

Proposition 2.16. Let H € H, Q C RN and u: Q — R. If (u, H) is admissible,
then

H (g max(u(z),u(zy)) ifz e H,
u’(z) =
min(u(z),u(zy)) ifz ¢ H.
Remark 2.17. The characterization of Proposition 2.16 is the classical definition of
the polarization of a function [6].

Proposition 2.18. Let H € H, 2 C RN be open and u : Q — R be measurable. If
(u, H) is admissible, f : A xR — R* is a Borel measurable function, and for every
t € R and x € Q such that g € Q, f(zp,t) = f(z,t), then

/fa:u dm—/fxu ) d .

Furthermore, if 1 < p < o0, u € W ’p( ) (resp. (—u, H) is admissible and
u € WHP(Q)) then uf! EWO P(Q) (resp. utt € WHP(Q)) and

/|VuH|pdx—/|Vu|pdx

Ifu € K(), then ufl € K(Q) and for any § > 0,
Wyt (0) < wy(d).
Proof. See [6,30]. O

2.3. Approximating symmetrization. In order to study the approximations of
a symmetrization by other symmetrizations we introduce a partial order < on the
symmetrizations such that S < 7' if the symmetrization with respect to 7' can be
used to approximate the symmetrization with respect to S.

Definition 2.19. Let S, 7 € S. We write S < T if S C T and S C 9T. For
S €S, let
Ss={Te€S:5<T}
and
Hs={HeH:S<H}.

This definition is justified by the next proposition.
Proposition 2.20. Let S,T € S and suppose S < T'. If A is Borel measurable,
then AST = ATS = AS,

If Q Cc RN and u : Q — R are Borel measurable, and (u, S) is admissible, then
(u,T), (uT,S) and (u®,T) are admissible and u°T = uT9 = u*.

Proof. The definitions yields ATS = AST = A® for any Borel measurable set A C
RY. The conclusion follows from the definitions of the admissibility and of the
symmetrization of a function. d

Remark 2.21. By Proposition 2.11, if S < T, then
llu® = u5lp < [lu—u[l,,

i.e. T does not increase the distance between u and u° and T Ocan be used to
approximate S.
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Remark 2.22. Tf A is merely measurable, its intersection with some affine subspace
could be H*-non-measurable, resulting in A5 2> A% = A5T. However, one can
still conclude that A% c AT and that £V (ATS\ A%) = 0.

Many properties of the symmetrizations can be deduced from the next

Theorem 2.23. Let S € S. There exists a sequence (H,),>1 C Hg such that if
Q C RY is open, u € K(Q) and (u, S) is admissible, then

”qu...Hn _ US”oo = 0.

Proof. See [31]. O
Remark 2.24. Weaker forms of Theorem 2.23, where the sequence could depend on

the function to symmetrize were proved by Brock and Solynin [6] and by Smets
and Willem [23].

Corollary 2.25. Let S € S and u € K(). If (u, S) is admissible, then u® € K(Q)
and for any 6 > 0,

wys (6) < wy(9).-
Proof. This follows from Proposition 2.18 and Theorem 2.23. O

Among the consequences, there is the compactness of the set of functions ob-
tained by symmetrizations compatible with a given symmetrization:

Proposition 2.26. Let S € S, Q C RY and u € K(Q). If (u,S) is admissible,
then

U= {uTl"'T" :n>21,T; €Sg for each 1 <i < n}
is totally bounded in L ().

Proof. By Proposition 2.11, if v € U, then ||v]|oc = ||t||co- Since w is compactly
supported, there exists ¢ € 95 (z € S if u > 0) and r > 0 such that suppu C
B(z,r). Since S < T, B(z,r)T = B(z,r)°" = B(x,r)° = B(z,r). By Proposition
2.6, for each v € U, one has suppv C B(x,r). Finally, by Corollary 2.25, for every
v € U, we have v € £(Q) and

wy(0) < wy(9)-

The conclusion comes from the Ascoli-Arzela Theorem. O

Remark 2.27. In fact, U is totally bounded in LP(R") for every 1 < p < oo.
Proposition 2.26 is one of the ingredients of

Theorem 2.28. Let S € S and T C Ss. If for every H € Hg, there exists T € T
such that T < H, then there exists a sequence (Ty,)n»1 C T such that if Q C RV s
open, u € K(Q) and (u,S) is admissible, then

luTrTr — 4| — 0.

Proof. See [31]. O

Remark 2.29. For every 1 < p < oo, the convergence happens for any u € LP(Q)
such that (u,S) is admissible.
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2.4. The metric structure of S. In order to construct other sequences of sym-
metrizations approximating a symmetrization by some kind of perturbation, we
give a metric structure to the set S. Since the definition of the metric on S relies
on isometries of RY, we briefly investigate the relationship between symmetriza-
tions and isometries. We call i : RY — RY an isometry provided that for every
z,y € RN one has |i(z) —i(y)| = |z — y|.

Proposition 2.30. Let i : RN — RY be an isometry and S € S. If A C RV,
then i(A%) = i(A)S) . If (u,i(S)) is admissible, then (uoi,S) is admissible, and
u'S) oi = (uoi)s.

Proof. Since the definitions of the symmetrizations are invariant by isometry, this
is straightforward. O

Remark 2.31. The isometries is the largest class of transformations of RY for which
Proposition 2.30 holds for every S € S.

We need also some information about elements of S which are identical in a ball.

Proposition 2.32. There exist constants K1 > 1 and Ky > 0 that depend only on
the dimension of the space N such that the following holds: Let r > 0, R > Kir,
S, T eSS, ze€S, andu € Ky (Q). If (u,S) and (u,T) are admissible, suppu C
B(z,r) and B(z,R)NS = B(xz,R)NT, then

||uS — uT||O<> < wu(K2r2/R) .

Proof. This follows from the next Lemma applied to u|p(,,,) and from Proposition
2.10, since u¥ and u” are the extensions by 0 outside of B(z,r) of (u|p(,))° and

(U|B(w,r))T~ O

Lemma 2.33. There exist constants K1 > 1 and K5 > 0 that depend only on
the dimension of the space N such that the following holds: Let r > 0, R > Kjr,
S, Te€S,andxz e S. If Bz, R)NS = B(z, R) N T then there exists an injective
map g : B(0,7) — RY such that for each z € B(z,r), |g(z) —z| < Kar?/R.
Furthermore, for any A C B(z,r), g(A%) = g(A)T and if Q C B(z,7), u:Q - R
and (u,T) is admissible, then (uo g,S) is admissible and u” o g = (u o g)%.

Remark 2.34. This was proved by Sarvas when dim S = N —1 [21].

Proof. If SN B(z, R) = 0T N B(x, R) # ¢ the proposition is trivial. The result is
also trivial when dim S = dim7T = N. Assume thus 0SNB(z,R) = TN B(z, R) =
¢ and dim S < N. For any y, let C's, denote the circle that contains y, whose center
is in @S and that is contained in an affine (two-dimensional) plane perpendicular to
0S. If 0S = ¢, define Cg, to be the straight line perpendicular to S that contains
y. Define Ct, analogously.

The mapping g is the unique mapping such that if y € SN B(z,r), g(Csy N
B(z,r)) C Cry, and if A C Cg, N B(z,r) is Borel measurable, then HY=F(A) =
HN—*(g(A)), where k is the dimension of S and of 7. A direct computation shows
that for sufficiently large K; and K5, the map g has the required properties. O

Now we define a distance on S.

Definition 2.35. Let S,T € S and

. & = i) 1
S.T) =infIn(1 —_ — )
o T) =mt{in(L+ sp SR swp )

i:RY - RV is an isometry}.
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The distance between S, T is
d(S,T) = o(S,T) + o(T, S).
Proposition 2.36. The pair (S,d) is a separable metric space.
Remark 2.37. The metric space (S,d) is not complete, but it is locally compact.
The symmetrization is continuous with respect to this distance. More precisely,

Proposition 2.38. Let Q C RY be open. The mapping

{(u,S) € (K(Q),]| - llc) X (S,d) : (u,S) is admissible}
= (K, |- lloo) : (u,S) = u®
18 continuous.
Proof. Let (u,S) € (K(Q),|| - |loo) X (S,d) be admissible, and let £ > 0. By Propo-
sition 2.10, we can assume = RY.

First suppose u > 0. Let (u,S) € KL (RY) xS be admissible. Let K; and K be
given by Proposition 2.32. Fix z € S and r > ¢K; /K5 such that suppu € B(z,r).
There exists § > 0, depending only on €, z and r, such that if ' € S and d(S,T) < 4,
then there is an isometry i : RN — RY with |y — i(y)| < ¢ for each y € B(z,r) and
i(T)NB(z, Kar?Je) = SN B(x, Kor? /). By Proposition 2.32, since Kor? /e > K7,
lu® — uT) || < wy(€). Moreover, since by Proposition 2.30, u*™) 0i = (u o),

[T = uT oo = [u'™ 0 i —u” 0]l = [[(uoi)” —u” oilln

<o) —ulloo + flu" =™ 0if|oo.
Since by Proposition 2.11 the symmetrization is non-expansive in L>(RY),
l(wo i) —ullloo < lluoi—ulloo <wale).
By Corollary 2.25, the modulus of continuity does not increase by symmetrization:
lul — uT 0i|lso < wru(e) < wyle).
For any (v,T) € KL (RY) x S, if d(T,S) < 6 and ||u — v||« < &, then, by the
non-expansiveness of the symmetrizations,
4 = 0 oo < [Ju® = uTloo + " =0T |oo < Bwule) +e.
Since € > 0 is arbitrary, our claim is proved.

If uw 2 0, then by definition of admissibility, S # ¢. Let x € dS and choose
r > 0 such that suppu C B(z,r). By definition of d, there is § > 0 such that if
d(S,T) < 6, there exists an isometry i : RY — RY such that |y —i(y)| < ¢ for
y € B(z,r) and i(T) N B(z,r) = SN B(x,r). Since z € 85, S and T are closed
affine half subspaces, and ¢ is an isometry, ¢(7') = S. By Proposition 2.30,

T — T 0| oe.

[uf = u"floo = [[u"™ 0 i —u” 0l = ||(uoi)
The end of the proof is similar to the case when u > 0. O

Corollary 2.39. Let Q C RY be open and 1 < p < oco. The mapping
{(u,S) e (LP(Q), |- II,) x (S,d) : (u,S) is admissz'ble}

= (L2, [l llp) : (w,8) = u®

18 continuous.
This remains true if p = oo, provided LP(Q) is replaced by Co(S2).

As in [30], we can obtain the
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Corollary 2.40. Let Q C RY be open and 1 < p < co. The mapping
{(U,H) € WhP(Q) x (H,d) : (u,H) and (—u, H) are admissible}
— WhP(Q) : (u, H) — uf
18 continuous.

Proof. This is a consequence of Proposition 2.18, of Corollary 2.39 and of the
uniform convexity of the norm ||Vu||,. O

3. CONSTRUCTING APPROXIMATING SEQUENCES

3.1. A sufficient condition. Since the result of a symmetrization is stable under
small perturbations on the symmetrization (Proposition 2.38), we can prove that
some perturbations of an approximating sequence are approximating sequences.

Proposition 3.1. Let S € S, (Sy)n>1 C Ss and (Ty,)pn>1 C Ss. If for each open
set Q CRY and u € K(Q) such that (u,S) is admissible,

[ — u®|| = 0, as m — oo,
and if for every 6 > 0 and m > 1, there exists k > 0 such that for each 1 < i < m,
d(S;, Ti+i) < 6,
then for each open set Q C RN and u € K(Q) such that (u,S) is admissible,
luTt T —uS|| = 0, as m — oo.

Proof. Let u € K(2) and e > 0. Since by Proposition 2.26, the sequence (u?*7), 5,
is totally bounded in L% (2) and since by hypothesis

Ty.. T 51 ...

u Smo 59, as m — 0o,

there exists m > 1 such that for every n > 0,

By the continuity of symmetrization (Proposition 2.38) and the fact that (u?*7),,5q

is totally bounded, there exists § > 0 such that for each 1 < i < m, for each n > 0
and for each T € Sg, if d(S;,T) < 4, then

Tl...TnSi _ Tl'“TnTHoo

[|u <eg/m.

By hypothesis, there is k& > 0 such that for each 1 < i < m, d(S;, Tk+:) < . We
can then use the non-expansiveness of symmetrizations (Proposition 2.11) and the
preceding estimates to obtain, for every £ > m + k,

u

||US _ uTl...TgHOO < ||US _ uTl...Tm+k||oo

m
< ||’LLS _ UTL--TkSL--SmHOO + Z ||uT1-~~Tk+i—ISi~~»Sm _ uT1~~Tk+iSi+1»--Sm

i=1

m
< ||US _ UTI"'T'“SI'”SWHOO + Z ”uTl...TkJri,lSi _ uT1~~Tk+i|| < 2%. 0O
i=1
Theorem 3.2. Let S €S, T C Ss and (T,)n>1 C Ss be such that

a) for every H € Hg, there exists T € T such that T < H,

b) for each m > 1 and Si,...,S, € T, there exists k > 0 such that for every
1<i<m, d(S;, Tiyi) < 0,

Then for each open set @ C RN and u € K(Q) such that (u,S) is admissible,

luftTr — 09| = 0, as n — 0o.
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Remark 3.3. Since (S, d) is separable, (7, d) is also separable so that given a count-
able dense set of 7 it is possible to construct explicitly a sequence (77,),>1 satisfying
the hypotheses of Theorem 3.2.

Proof. This follows from Theorem 2.28 and Proposition 3.1. d

3.2. Random sequences of symmetrizations. As a first application of Theorem
3.2, we prove that symmetrizations can be approximated by random sequences of
symmetrizations.

Recall that if (E,X, P) is a probability space, (M,d) is a metric space and
X : E — M is measurable, then X is called a random variable. The sequence
(Xn)nz1 is a sequence of independent random variables if for any n > 1 and for
any open sets Uy, ..., U, C M,

Pe € E : (Xi(e),...,Xn(e)) €U x -+ x Up})

n

=[[PUec E : Xi(e) e U;}).

i=1
(See e.g. Stromberg [24].)

Theorem 3.4. Let S €S, T CSs, (E,X, P) be probability space and T, : E — T,
n > 1, be independent random variables. If for every H € Hg, there exists T € T
such that T < H and if for each T € T and § > 0,

lim P({e € E : d(Tu(e),T) <6 }) >0,

n—0o0

then

P({eEE .V open set Q C RY,
Yu € K(Q) such that (u, S) is admissible,

lim [Ju”(@~T2(e) — 45| = 0}) = 1.

n—oo

Proof. This follows from Theorem 3.2 and from the next Lemma, since (7,d) is a
separable metric spaces by Proposition 2.36. a

Lemma 3.5. Let (E,X, P) be a probability space, (M,d) be a separable metric
space and X, : E — M, n > 1, be independent random variables. If for each
z €M and § >0,

lim P({e € B : d(X,(e),z) <)) >0,

n—oo

then
P({e eFE :Vm>1Vr>1,Vzq,...,2, € M,
kE>0,V1<i<m,d(Xgis(e) <1/r}) =1

Proof. Since M is separable, there exists a countable dense subset D C M. Since
D is dense,

P({eGE:V > LVr > 1,Vxq,...,2,, € M,
k>0,V1<i<m,d(Xgyile),z;) <1/r})
:P({e €E :VYm>1Yr>1Vz,...,2, €D,
> 0,V1 <i < m,d(Xgrile),x;) < 1/r})
=1-P ({eeE Im>1,3r > 13951,... T, €D,
Vk > 0,31 <i <m, d(Xgai(e), ) > 1/r}).
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Since D is countable,

({eGE Im > 1,3r > 1,3xy,...,2, € D,
Vk > 0,31 <i<m, d(Xgai(e), z;) > l/r})
<> Y. PHe€E : Vk>0,31<i <m,d(Xppile),zi) > 1/r}).

m21lz1,...,xn €D
r>1

Let now m, r and 1,...,2m € D be fixed. Since the random variables (X,)n>1
are independent,

P{e€ E : Vk>0,31<i < ,d(XkH(e i) > 1/r})
P({e€ B : ¥ > 0,31 <i < m,d(Xemtile),z;) > 1/r})
= H {6 eF :dl § 'L m,d(X[eri(e),.’Ei) > 1/7“})
>0

Since by hypothesis
[m P{ee E : 31 <i < m,d(Xymyile),z;) > 1/r})
—00

=1- lim HP {e € E : d(Xpm=ile),z;) < 1/r})

£—>ool 1

<1- H lim P({e € E : d(Xpmiile),z;) < 1/r})

i | =00

Hjm ({e€ E : d(X,(e),z;) <1/r}) <1

the conclusion follows. O
3.3. Approximation of the symmetrization of sets.

Proposition 3.6. Let u, v € C(Q), S€ S, ¢> 0. If (u,S) and (v,S) are admis-
sible and
{reQ u@)>ct={zeQ:v(x)=c},
then
{zeQ :u’(@)2c)={ze:v5@) >c}.

Definition 3.7. Let K C RY be compact and S. The compact symmetrization of
K with respect to S is the set

{z : u(z

WV

1}

for any function u € K(RY), such that v < 1 and u(z) = 1 if and only if z € K.

This definition is equivalent to the classical definitions of symmetrization of
compact sets [6,19]. By an abuse of notation, throughout this section, if K is
compact, then K° denotes the compact symmetrization of K. We recall some
basic facts about the Hausdorff distance [14,15].

Definition 3.8. Let K;, K5 C R™ be compact sets. The Hausdorff distance
between K; and K> is

dy (K1, K2) =inf{r >0 : K; C K>+ B(0,7) and K> C K, + B(0,7)}.

The set of compact subsets of RY is denoted by S(RY). The metric space
(R(RY),dy) is complete. One has

Proposition 3.9. Let A C R(RY). The following are equivalent
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(1) A is totally bounded,
(2) UkeaK is bounded,
(8) A is bounded.

We are now in measure to prove how approximation of symmetrizations of func-
tions yields approximations of the symmetrizations of sets.

Proposition 3.10. Let S € S, (T),)n>1 C Ss, u € K4 (RY) such that ||ulleo = 1
and K = {z € RN : u(z) = 1}. If [[u"T» — u¥|oc = 0 as n — oo, then

dg (KT K5) =0, asn — 0.

Remark 3.11. By Tietze’s extension Theorem, for every K € &(RY), there exists
u € K (RY) such that |lullcc =1 and K = {z € RN : u(z) =1}.

Proof. Since u is compactly supported, there exists x € S and r > 0 such that
suppu C B(x,r). Hence KT1-T» C suppu”+T» C B(x,r). By Proposition 3.9 the
sequence (K71-+T»),; is conditionally compact in (R(R”Y), dg).

Let K be an accumulation point of the sequence (K7t Tr), 1, let (Kp)m>1
be a subsequence of (KtT),5; converging to K and let (tm,)m>1 denote the
corresponding subsequence of (u”tT»), ;. We are going to show that K = K.

Let o > 0. Since by Corollary 2.25, v € K(RY), there exists ¢ > 0 such
that if u”(z) > 1 — ¢, there is y € K° with |z —y| < ¢. Since u,, — u° in
L>(RYN), for sufficiently large m, ||u, — u°|| < e. By definition of K,,, one has
K,, C K5 + B(0, p). Since this is valid for any g > 0, we conclude that K C K.

For every z € S\ 05, let C, denote the (N — k)—dimensional sphere that has
its center on 95, is contained in an affine plane orthogonal to 9S and contains the
point z. (If 3S = ¢, then C,, is the (N — k)—dimensional plane orthogonal to S that
contains the point z.) If K NC, = ¢, then K5NC, =¢ C KNC,. f KNC, # ¢,
then K N C, # ¢, the set K° N C, is a closed geodesic ball (possibly degenerate
to a point), and, since the N — k-dimensional Hausdorff measure restricted to
C, is a Radon measure, it is upper semicontinuous with respect to the Hausdorff
distance [4]

HNMENC,) > lim HNHK,NnC,) =HN "FKNC,) =1 KINC,).

Since K N C, C K°N C,, one concludes that K N C, = K5NC,.
Since K,, N8S = KNAS = K° NS, one has KSNdS C K NAS. In view of
RY = 0S5 NU,es\05Cs, one has
K =K?.
This proves that the set K° is the unique accumulation point of the sequence
(KTl'”T")n>1. 0

Remark 3.12. The proof of Proposition 3.10 is a simplification of a proof of Brock
and Solynin [6], who did not use the compactness of the sequence (K7t 7n),~; in
A(RN). In particular, the proof of the inclusion K C K is directly inspired by
their proof.

As an easy consequence of Theorem 3.4 and Proposition 3.10, we have

Theorem 3.13. Let S € S with S = ¢ and let (E,X, P) be a probability space.
Let £ > dim S and

7’5‘4:{T€85 : 0T = ¢ and dimT = (}.

If (Ty)n>1 are independent random variables with values in T& whose distribution
functions are invariant under isometries that preserve S, then

P (sete € E : VK € &(R"), lim dy (KT)Tnle) oSy = o) =1.
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This solves a conjecture of Mani-Levitska. He proved Theorem 3.13 under the
additional assumptions that K should be convex, S = {0} and { = N —1 [17].

One can obtain similar theorems for the approximation by polarizations or spher-
ical cap symmetrizations.

4. SYMMETRY OF CRITICAL POINTS

This section is devoted to the proof of a symmetry result concerning critical
points obtained by a minimax theorem of Struwe based on the Krasnoselskii genus
[26]. First we recall the definition and basic properties of the Krasnoselskii genus
(section 4.1). Then we symmetrize approximately sets of small Krasnoselskii genus
(section 4.2) before going on to a minimax theorem with symmetry information
and an application (section 4.3).

4.1. Krasnoselskii genus. Let V be a Banach space. Define
A={ACV : Aisclosed, A =—A}.
Definition 4.1. For A € A, A # ¢, let
v(A) =inf {m : there exists h € C(4,5™ ') : h(—u) =h(u)},
with v(A) = oo if the set on the right-hand side is empty and v(¢) = 0.
The genus has the following properties

Proposition 4.2 (Krasnoselskii [13]). Let A, Ay, A2 € A, and let h € C(V,V) be
an odd map. Then the following hold

(1) v(A) 20, v(4) = 0 if and only if A= ¢,

(2) if Ay C Ay, then v(A1) < v(Az),

(3) v(A1 U As) <y(A1) +7(42),

(4) 7(A) < v(h(A4)),
(5) if A€ Ais compact and 0 ¢ A, then v(A) < co and there is a neighborhood

N of A such that N € A and v(A) = v(N).

It will be only possible to symmetrize sets with a small Krasnoselskii genus.
In the following proposition it is shown that any set contains a subset of lower
Krasnoselskii genus that contains some prescribed points.

Lemma 4.3. If A € A and if Y C A is finite, there exists A' € A such that
Y CA CAandvy(A)=~(A4)-1.
Proof. Let k = y(A). By definition of y(A), there exists an odd mapping h €
C(A,S*=1). Take m € S¥=1\ h(Y) and let = max ey |m - h(y)|- Since m & h(Y),
one has 1 < 1. Define
A'={z €A :|m-hiz) <n}.

Since h is odd and continuous, A’ € A. For z € A’ let o(x) = h(z) — (m - h(z))m
and h(z) = o(z)/|o(z)|. It is clear that h is odd and continuous on A’ and that
h(A") c S¥=2. Hence, y(A4') < y(4) — 1.

Let | = v(A4'). By definition of v(A'), there exists an even mapping h' €
C(A",S'"1). For z € A, let

h(z) = ((n = |m - h(z)|)h' (z),m - h(z)) ifze A,
L 0,m - h(x)) if o g A

Then & : A — R+ is continuous and odd on A. The function h = h/|h|: A — S!
is also continuous and odd. Hence v(A4) < y(4') + 1. O
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4.2. Almost-symmetrization of sets. Throughout this section we assume that
0 =Q' xQ", where Q' C R* is invariant under the action of the group of isometries
O(k). To every any z € S*~!, we associate the closed affine half subspace S, =
Rz x RV=* and a closed affine halfspace ((z) = {y ERN 1 z-y> 0}.

Proposition 4.4. The map ¢ : S*~1 = {H €H : {0} x RN F C aH} is a homeo-
morphism.
For every z,y € S¥1, ((x) € Hs, if and only if x -y > 0.
Lemma 4.5. There exists & € C(WHP(Q) x S¥=1 x RY; WHP(Q)) such that
(1) for every u € WHP(Q), 6(u,z,t) — u in LP(Q) as t — oo, uniformly in
x € Sk,
(2) for every (x,t) € S*~1 x RY, there exists Hy,...,H|; )41 € Hs, such that,
for each u € WHP(Q),

g(u,z,t) = ufHis

(3) for every (u,z,t) € WHP(Q) x S¥~1 x RY,
d(—u,—z,t) = —5(u,x,t).

Proof. Let R = {R € SO(k) : Yz € R, - R(z) > 0}. With the operator norm,
R is a separable metric space. Consider a sequence (R,),>1 C R such that for
every 0 > 0, m > 1 and Q1,...,Q.,, € R, there exists k > 0 such that for each
1<i<m,

Qi — Rl < 6.

This construction is possible because R is separable. Since R is path-connected it
is possible to extend the definition of R; for t € RT so that ¢t — R; is continuous.
For (u,z,t) € WHP(Q) x S¥1 x RY, let

o (u, z,t) = uSF1 (@) LR (@) C(Re(@))
The map & is continuous by construction of R;, by Proposition 4.4 and by Corollary
2.40.

Fixz € S* 1. Let § >0, m > 1 and yy,...,ym € S*¥ ! such that = -y; > 0 for
each 1 < i < m. For every 1 < i < m, there exists Q; € R such that Q;(z) = y;. By
construction of the sequence (R,,),>1 there is k > 0 such that for every 1 < i < m,

lyi — Riti(2)| < [|Qs — Ritall < 6.
Since ( is continuous and ((R,(z)) € Ss,, Theorem 3.2 is applicable and for every
(u,z) € WHP(Q) x S*, we obtain
& (u, z,n) —uS=|, = 0, as n — 0o.
Since ||6(u, z, ) —u®* ||, is decreasing with respect to n (Remark 2.21), ||&(u, z, n) —
u*||, is continuous with respect to z (Corollary 2.39) and S*~! is compact, by
Dini’s Lemma [25], for every u € WP(£2), we obtain

a(u,z,n) —u’*, = 0 as n — oo, uniformly in z € S¥~1.
9y P 9 9 y
Finally by Proposition 2.11, we conclude

1o (u, 2, 1) — u ||, < llo(u, z, [t]) —u™ ||, =0,

as t — oo, uniformly in = € S*~ 1.
The last conclusion is a consequence of Proposition 2.14. d

Lemma 4.6. For every ¢ > 0, there exists & € C(WHP(Q) x S¥=1; W1P(Q)) such
that for every (u,z) € WHP(Q) x Sk-1
(1) 116 (u,z) —u| <e,
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(2) there exists m > 1 and Hy,...,H,, € Hg, such that

o(u,x) = ufHm

(3) 6(—u,—z) = —6(u,x).
Proof. By the previous lemma, for any u € WP (Q), there exists ¢, > 0 such that
for every t > t,, and x € S¥~1,
| (u, t,z) — us=| < /3.

The space WP(Q) with the norm of LP((2) is a metric space. It is thus paracompact
and there is a locally finite partition of the unity (9,),ew:.» subordinate to the
covering {B(u,€/3)},ew10 () [22]. For every u € Whr(Q), let

0w)=5 > (0u(w)+ ou(~u))t.
vEWLP(Q)
It is clear that @ is continuous and even. For (u,z) € W'P(Q) x S*, let
g(u,z) = a(u,z,0(u)).

For every u € WP(Q), there exists v € W such that ¢, < 6(u) and either
[lv—ull, < &/3,or||lv—(—u)|l, <e/3. If |[v—(—u)||, < &/3, then using successively
Proposition 2.14, Proposition 2.11 and the properties of v, we obtain
Flp = llo(w,z,0(w) = u|l, = llo(—u, ~2,0(u)) — (~u)*= |,
||5’(—U,, -, e(u)) - 6'(1}7 -z, H(U))“p

+ 7 (v, —2,0(w) = vl + 05 = (-u)¥2)]l, <e.

[|6(u,z) —u

o
<

Similarly ||5(u, z) — u¢||, < & whenever ||v — ul|, < &/3.
The other conclusions follow easily from the properties of &. O

Proposition 4.7. Let A C W'P(Q). If there exists an odd mapping h € C(A, S*~1),
then for every e > 0, there exists 0 € C(A, WL1P(Q)) such that for every u € A

(1) llo(u) —u@|| <,
(2) there exists m > 1 and Hy,...,H,, € Hg, such that

o(u) = yfHm

(3) o(—u) = —o(u).
Proof. For every u € A, let o(u) = 6(u, h(u)), where & is given by the previous

lemma. The properties of o follow from the properties of & and h. O

4.3. Minimax theorem with symmetry information. If ¢ is an even func-
tional of class C'! on a closed symmetric C'>!-submanifold M of the Banach space
V. For any ¢ < v(M),

Fo={AeA: ACM,vA4) >(}.
Consider the values
Pe=jnf sup p(u).
If the functional ¢ satisfies the Palais-Smale condition at the level 8, and
1 << AM) =sup{y(K) : K C M is compact and symmetric}

then there is a critical point u € M such that p(u) = 5, [26].
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Theorem 4.8. Let Q@ = Q' x Q" C RN be open, with Q' C R* invariant under
O(k). Let £t < k. Let M C WHP(Q)\ {0} be a complete symmetric C11-manifold.
Suppose o € C1(M) is an even functional that satisfies the Palais-Smale condition
at the level B¢, and is bounded from below on M. Also suppose that if H € H,
{0} x RNk C OH and uw € M, then ufl € M and o(ut) < ¢(u). If £ < k, then
there is a critical point uw € M and z € S*~1 such that p(u) = B; and uS+ = u.

Proof. The theorem is proved by Struwe without the conclusion u% = u [26].
By a close inspection of his proof, for each sequence (A,),>1 of F¢ such that
SUPyuea, P(u) = B¢, up to a subsequence of the sequence (A,),>1, there exists a
sequence (i,),>1 in M such that u, € A,, u, = u, p(u,) = B¢ and @ is a critical
point.

By Proposition 4.3, we can find a sequence (A,)n>1 C F¢ such that y(A,) = ¢
and sup,¢ 4 @(u) = f. Since ¢ decreases by polarization, by Proposition 4.7,
we can take Al = o(A,) with e = 1/n, so that for each u € A, there exists
z, € S*~! such that ||u — u%= ||, < 1/n. Since Supyear P(u) < sup,eq, ¢(u) and
v(A45,) > v(A,), there exists a sequence (u,),>1 such that w, € A, u, = u,
¢(un,) = B¢ and u is a critical point of . Moreover, for each n there exists z,
such that|lu, — u®||, < 1/n. Up to a subsequence, ,, — = € S*~1 so that
lu — Sl = 0. 0

For an application, let f € C'(2 x R) such that

(f1) thereisC' > 0and 1 < p < (N+2)/(IN—2) such that for every (z,s) € QxR,

f(z.8) < C(L+|sP),

(f2) for every (z,t) € 2 x R, f(z,s)s <0,

(fs) for every (z,t) € Q x R, f(z,—s) = —f(z,s).
Let F(z,s) = [ f(z,0)do.

First consider the functional

1
@:W(}72(Q)—>R:UH§/F(m,u)dw
Q

restricted to the set M = {u € Wy*(Q) : ||[Vul3 + Al|ull3 = 1}. Let Ao denote the
first eigenvalue of —A with Dirichlet boundary conditions.

Theorem 4.9. Let Q be as before. For 0 < £ < k and A > —Xo(R2), the func-
tional ¢ has a critical point uy such that p(ug) = B¢ and uy is invariant by the
symmetrization with respect to S,, for some x € S¥~1,

Proof. Since A > —\o(Q), M is a C™!' manifold in W,(Q). The functional ¢ is
even, satisfies the Palais-Smale condition at any level ¢ # 0 and is bounded from
below (see Rabinowitz [20]). Since by (fs), ¢(u) < 0 for v # 0, then 3, < 0.
Furthermore, if u € M, then v € Wy*(Q) and luf o) = llullze@) = 1.
Therefore, the conclusion follows from Theorem 4.8. O

Since u®* = u for some z € S~ the function u depends on N —k+2, variables:
u(y, z) = u(ly|,x - y,z). In particular, when k = N, Q is a ball or an annulus, u
depends on two variables. (Similar results were proved by Smets and Willem [23].)

Similarly we can consider the functional associated to a Neumann problem

o WH(Q) —)]R:ub—)/F(m,u)dm
Q

restricted to the set M = {u € WH3(Q) : ||Vull3 + A|ull3 = 1}.

Theorem 4.10. Let Q be as before. For 0 < £ < k and A > 0, the functional
¢ has a critical point uy € M such that p(ug) = fe and uy is invariant by the
symmetrization with respect to S,, for x € S¥~1.
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The restriction £ < k of Theorems 4.9, and 4.10 seems natural when one considers
the particular case f(z,s) = —s. If Q is a sufficiently thin annulus, then the critical
points associated to Sy are of the form u(|z|)H (z/|z|), where u is a fixed function
and H is a spherical harmonic of order two. Among the spherical harmonics, there
are the zonal harmonics, which are invariant under O(N — 1), but there is also the
function H(z) = Y.~ ' iz? — N(N — 1)2%/2. The latter has a discrete symmetry
group. Since some of the critical points associated to Sy.1 are nonsymmetric in
the linear case, it is quite possible that for some nonlinear problems the critical
points at the level Sn41 are not invariant under any N — 1-dimensional spherical
cap symmetrization. The same kind of heuristic arguments can be developed for
Br+1 when k < N. (The analysis of the symmetry of critical points obtained by
the linking theorem lead to similar considerations [30].)
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