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Abstract— We consider the problem of determining the
proportion of edges that are discovered in a random graph
when one constructs all shortest paths from a given source
node to all other nodes. This problem is equivalent to the one
of determining the proportion of edges connecting nodes that
are at identical distance from the source node. In order to
perform our analysis, we introduce a new way of characteriz-
ing the distribution of distances between nodes. Our method
outperforms previous similar analysis and leads to estimates
that coincide remarkably well with numerical simulations.

The small-world phenomenon has attracted increasing
attention over the last few years [1], [5]. In a small-world
network, the average distance between two nodes is small
as compared to the total number of nodes. In many natural
networks, it is typically equal tolog(n) (n is the total number
of nodes) and several models have been proposed to explain
this phenomenon [1], [2], [6]. In some applications however,
one is interested not only in the average distance but in the
entire distribution of distances between nodes. Our work is
motivated by one such application.

The “All Shortest Paths” model (ASP-model) has recently
been proposed in [4] to represent a particular strategy for
analyzing complex networks. In this model, one chooses a
particular nodes of the network, and one then constructs
all shortest paths froms to all other nodes. Some edges of
the network may not belong to any of these shortest paths
and so they are left undiscovered. The problem considered
in [4] is that of determining the proportion of edges that
are discovered. Thus the question is: “what is the proportion
of edges that are on at least one shortest path starting from
the source?”. As pointed out in [4], the edges that are not
discovered are exactly those that connect nodes being at the
same distance from the source. To analyze the proportion of
these edges, the authors of [4] report numerical simulations
they have performed on Erdös-Ŕenyi random graphs. In an
Erdös-Ŕenyi random graph, edges are all equally likely to
be present and the probability of presence is given by some
fixed probabilityp. The simulations reported in [4] (see Fig.
1) exhibit a somewhat surprising dependence between the
proportion of discovered edges and the probabilityp. In
particular, there are several local maxima and minima.
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Fig. 1. Evolution withp of the proportion of edges discovered in the ASP
model, for Erd̈os-Ŕenyi graphsG(1000, p). The curve obtained using our
theoretical model matches the experimental one [4] on large parts of the
domain.

Even though the distribution of distances between nodes
in a graph is of interest in many applications, it has not
been studied very much in the literature. In2004, Fronczak
et al. have analyzed the distance between nodes for a wide
class of random networks that generalizes the Erdös-Ŕenyi
graphs, the so-called uncorrelated random networks with
hidden variables. They propose an approximation of the
distribution of the distance between nodes that performs well
for a certain range of the parameter values. Their formula
has the advantage of being simple and analytical, but the
approximations done in the calculations lead to dramatic
differences with the numerical evidence for some values of
the parameterp.

We introduce a new simple model of distance between
nodes that performs better than the one in [3] for Erdös-
Rényi graphs. We then show how our model can be used
to reconstruct the curve of Fig. 1 without any numerical
experiment. Finally we analyze the behavior of this curve
and characterize its phase transitions.
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