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: - undirected graph 
  - positive weights along the edges 
  -      vertices 
  -      edges 

A Laplacian System is a compatible linear system 

where                     is the Laplacian matrix of     .  

In expected running time                      , find                  such         
that given           ,  

where                  .  

Factorize     as   

where -                     is the incidence matrix of      
     -                     is a diagonal matrix with 

Therefore, the system of interest is 

Pose                      . 

Step 1: Find an   - approximation of the unique solution 
                   to the system 

i.e. find                  such that  

Step 2: From                   and the relation                         , 
find                 such that   

1.  Find                                           a basis of              

     Basis provided by a well-chosen spanning tree      of 
 (Well-chosen means: the condition number         of     is                 )  

 Define                                                       .     

2. Use of an iterative method (the Kaczmarz method) 

   (a) Find                 nonzero only on the edges of     such that 

   (b) Do iteratively: 

   - pick randomly a basis vector        

   - project current                 onto          , i.e. 

   
         Number of iterations:   

     Tricky point: perform any projection      in                 time. 

       Key idea: Work with two particular bases of                  
                  simultaneously. 

Given the spanning tree    , the incidence matrix                      
of      can be written as 

where                           is the incidence matrix of    . 

The relation                          can be written as 

where                           and                                    are the 
restrictions of       and      respectively to the edges of    . 

We solve the equation        on the edges of    , i.e. we solve 

We choose                 to be the solution of minimal euclidean 
norm to       , i.e. 

Such a vector                can be easily computed in          time.   


