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1 Introduction

Let N communicating agents compute the average of their
initial positions. Each agent communicates with a given
small number of other agents (Average consensus problem).
It has been proved that the de Bruijn’s graph provides the
optimal topology of communication. With this topology, the
consensus can be reached in finitely many steps. We would
like to prove that the de Bruijn’s graph is the essentially
unique communication graph resolving the consensus pro-
blem in finitely many steps.

2 Problem formulation

Let~x(0) = (x1(0), ...,xN(0))T ∈ R
N×1 be the vector of the

initial positions (The agents positions are assumed to be sca-
lar. The problem can easily be generalized for higher dimen-
sions.)

The dynamics of the problem in discrete time is described
in the following way :

~x(t +1) = A.~x(t),

where A is a squared matrix of sizeN. So, the problem
consists in finding a matrixA such that

lim
k→∞

Ak.~x(0) = ~xA,

where~xA =( 1
N .∑1≤i≤N xi(0), ..., 1

N .∑1≤i≤N xi(0)) is the vec-
tor whose all entries are equal to the average of the initial
positions.

Let A ∈ R
N×N . The communication graphG(V,E) asso-

ciated toA is a directed graph withN vertices and for all
1≤ i, j ≤ N, (i, j) ∈ E ⇔ ai j 6= 0.

We assume that each agent is allowed to communicate with
at mostν agents.

3 The de Bruijn’s graph

Definition. A n−dimensional de Bruijn’s graph of m sym-
bols is a directed graph G(V,E) where the vertices set is

V = {0, ...,mn −1} and the edges set is E = {(i,ni),(i,ni+
1), ...,(i,ni+(m−1))( all modulo mn)|0≤ i ≤ mn −1}.

Assume thatN = 8. Let’s consider the following matrix :
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This matrix resolves the consensus problem. Moreover, the
communication graph ofA is the 3-dimensional de Bruijn’s
graph of 2 symbols.

4 Suggested approach

The only possible communication graph is essentially the de
Bruijn’s graph. We will show this problem may be related to
the minimum rank problem, defined as follows : letG(V,E)
be a simple digraph, we associate toG the following set of
matrices :

Q(G) = {A ∈ R
|G|×|G| : for all i, j,ai j 6= 0↔ (i, j) ∈ E}.

The minimum rank ofG, denotedmr(G), is defined in this
way :

mr(G) = min{rank(A) : A ∈ Q(G)}.
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