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Abstract

In this paper, we study central simple algebras over function fields in
one variable through their ramification sequence. We determine a suffi-
cient condition under which the Faddeev index of algebras with a given
degree four ramification sequence is two. Further, we study through sev-
eral examples other related conditions concerning Faddeev index of central
simple algebras over function fields.

1 Introduction

Let F' be a field with characteristic zero and K = F(t), the function field in one
variable over F. Let € PL be a closed point and F, be the residue of F at .
Let 2Br(K) denote the 2-torsion part of the Brauer group Br(K) of K. By [10,
11.§3] there is a map 6, : Br(K) — HY(F,,Z/2) = F)X/FX? called the residue
map. In 1956, Faddeev [2] gave the following description of 3Br(K):

Theorem 1 With the notation as above, the following sequence is exact:

0 — 2Br(F) — 2Br(K) ¥ @ H'(F.,Z/2) <% HY(F,2/2) — 0

mE]P’;(l)

where 9Br(F) is the 2-torsion part of the Brauer group of F, P;ﬂ(l) is the set of
closed point of Py and cor is the sum of corestriction maps cory : H (Fy,Z/2) —
HY(F,7/2). O

Under the isomorphisms H'(F,,Z/2) ~ F}/F:? and HY(F,Z/2) ~ F*|F*?,
the map cor corresponds to Hzeplp Ng,/r : Fr/F? — F*/F*?) where Np,/r
are norm maps from finite extensions F,/F to F.

Let A be a central simple algebra of exponent two over K which represents
[A] € 2Br(K). The residue d,([A]) is trivial for all but finitely many = € PL.
The sequence {(z,0.([A]))}s, (a0 is called the ramification sequence of A.
The following statements follows immediately from Theorem 1:



(i) For arbitrary a, € H'(F,,Z/2), a; # 0; the sequence {(x,a;)} is a ram-
ification sequence for some 2-torsion central simple algebra if and only if
>, corg(az) = 0 € HY(F,Z/2). This allows us to talk of ramification
sequences without explicit reference to the central simple algebra. We say
therefore that the elements in the kernal of cor are ramification sequences.

(ii) Two central simple algebras A and B of exponent two over K have the
same ramification sequence if and only if there exists an exponent two
central simple algebra C over F such that A ®p C ~ B.

For a central simple algebra A of exponent two, the notion of Faddeev index
fi(A) is defined as follows:

fi(A) = min{index(A ®F C) : C is an exponent two algebra over F'}

It follows in view of (ii) above that if two algebras over K have same rami-
fication sequence, then their Faddeev indices are equal.

Let p = {(7,a4)}, ax # 0 € H'(F,) be an arbitrary ramification sequence.
Then we define the Faddeev indez of p to be the Faddeev index of a K-algebra
whose ramification sequence is {(z, a;)}. This index is independent of the choice
of the K-algebra.

Let deg(z) denote the degree of the closed point . Then } 5 (). deg()
is called the degree of the ramification sequence of A. In view of (i) above, it
follows that the degree of ramification sequences is at least two.

It was proved in [5, Cor. 2.4] and [8, §4, §5] that the ramification sequences
p of degree two or three have Faddeev index two. Also, it was shown in [8,
Cor. 4.2, Cor. 4.3] that the quaternion algebras A with p of degree two as
their ramification sequence forms 1-parameter family while for the case when
deg(p) = 3, such algebra is unique upto isomorphism [8, Cor 5.2].

It is therefore interesting to study similar questions when deg(p) = 4. There
are examples of ramification sequences with degree four and Faddeev index four.
Thus we ask the following question:

Question 2 Which ramification sequences of degree four have Faddeev index
two?

In section 2, we give a sufficient condition on degree four linear ramification
sequences to have Faddeev index two. In section 3, we give a necessary con-
dition on degree four linear ramification sequence over QQ, with two identical
ramifications, to have Faddeev index two.



2 Ramification sequence of degree four over an
arbitrary field

In this section, F' is an arbitrary field of characteristic zero. We give several
recalls. The notation P means Proj(F[u,v]) which is the set of homogeneous
prime ideals of F[u,v] which do not contain the ideal generated by w and wv.
There is a bijection between

P}. «+ {monic irreducible polynomials of F[t]} U {co}

sending the ideal generated by p(u,v), where p(u,v) is a homogeneous irre-
ducible polynomial such that v does not divide p(u,v) and p(t,1) is a monic
polynomial, to p(t,1), and the ideal generated by v to co. We identify an ele-
ment of PL with its image by this bijection. We say that € PL is a rational
point if x = p(t) € F[t] and degp = 1 or if x = oco. The rational points are
in one to one correspondance with F' U {oco}. We have other isomorphisms
HY(F,,7Z/2) = EX/FX? and HY(F,Z/2) = F*/F*? and we also identify ele-
ments with their image by these isomorphisms. Let x = p(t) be in PL, then we
denote by v, the discrete valuation over F(t) define by

v (f(t)) = the biggest integer n such that p(t)™ divides f(t),

for f(t) € F[t]. We denote by v the discrete valuation over F(t) define by
Voo (f(t)) = —degf(t), for f(t) € F[t]. We may describe, for z € PL, the residue
field F, and the map &,. Let € PL, then F, is the residue field of the valuation
vg. If & = p(t), then F, = F[t]/(p(t)). Let 6 be a root of p(t) (in the algebraic
closure of F'), then there is an F-isomorphism between F, and F(0) define by
t— 0. If x = oo, then

Fp ={f(t)/g(t) | degf(t) < degg(t)}/{f(t)/g(t) | degf(t) < degg(t)},

which is isomorphic to F' sending the class of f(t)/g(t), where deg f(t) = degg(t),
f(t) = ant™ + ...+ ap and g(t) = byt™ + ... + by, to a,/b,. Let z € Pk and
f(t),g(t) € F(t), then

8u(f (1), (1)) sy = (1) =l p(g)ve o) g () =0a (T 0) 2,

These definitions do not depend on the choice of homogeneous coordinates of
PL. A transformation of P} (i.e. a linear change of homogeneous coordinates)
is dertermined by its restriction on the rational points which is a homography
of F'U {o0}. So given two triples of distinct rational points, there exists an
unique transformation of Pi. sending a triple on the second one (see [Berger,
1994], 4.6.9). The cross ratio of a quadruple of distinct points {a,b,c,d} of
F U {00}, denoted by [a,b,c,d], is f(d) where f is the unique automorphism of



F U {0} such that f(a) = oo, f(b) =0 and f(c) =1 (see [Berger, 1994], 6.1.2).
So given two quadruples {a;} and {a}} of distinct rational points, there exists
an unique transformation f of PL such that f(a;) = a for all i if and only if
[a1, a2, a3, a4] = [a},a, a5, a}]. Suppose the homogeneous coordinates of a; in
an arbritrary basis are (\;: ;) then the cross ratio is

A3 M Ay Ao
B3 ’ M4 2 ’
[a17a27a37a4] - )\3 )\2 )\4 )\1
‘ M3 2 ’ M4 M1 ‘

(see [Berger, 1994], 6.2.3). Given a quadruple of distinct rational points, we may
find homogeneous coordinates such that the quadruple is {oco,t,t — 1, — ¢}, for
some ¢ € F'.

Proposition 3 Let p = {(co,aF*?), (t, BF*?), (t — 1,vF*?), (t — ¢, aByF*?)}
be a ramification sequence of degree four. Suppose there exists x,y,z,w € F*
such that

(ax? — v2%)(By? — afyw?)
(By? — v2%)(ax? — afyw?)’

Then the Faddeev index of p is two.

(1)

Proof : Let x,y, z,w € F* such that

_ (ax? =42 (By* — afyw?)
- (By? —y2%)(ax? — afyw?)’

Then

(a? —722)(By? — afyw?)
(By? —v2?)(ax? — afyw?)

and so there exist homogeneous variables v’ and v’ of PL such that

[O0,0,I,C] =Cc= = [@$2aﬁy27’¥z270‘ﬂ7w2]a

vF = (v —az®')F,

uF = (v — py*')F,

(u—v)F = (u —~2%)F,
(u—cv)F = (v —afyw?')F

Hence
p= {(tlian’ aFX2)7 (tlfﬂyzaﬁsz), (tlfﬂYZQaﬂnyz)v (tlfaﬂfywa aﬂfYFX2)}'
We consider the quaternion algebra

Q= (1,(t' —aa®)(t' ~ B)(t — ) — apu?))

F(t)



Then
615’7011:2(@) = t/(Ft’fawr")X2 = axQFXQ = aF><27

and, in the same way,

6t’7ﬁy2(Q) = ﬁFXZ,
5t’7722(Q) = ’VFX27

5t’—a/3'yw2 (Q) - O‘ﬁ’YFX?
Also
0w(Q) = (' —az®)(t' = By*)(t' —~2*)(t' — afryw®)(Fy)*?
_ a25272x2y2z2w2FX2
F><2
and
6@(@) — (_1)4 (t/ — axz)(t/ B ﬁy2)(t/ — Ziz)(t/ — 722)@/ — aﬂva) (FOO)XQ

= F*

So the ramification sequence of Q is p and the Faddeev index of p is equal to
two. O

We remark that (1) implies

(w2 —ay(z/ 7)2) (y2 - cwa)
(y2 - ﬂv(Z/ﬁV) (x2 - ﬂvwr") '

In particular, if «F*? = BF*2 and aF*? # vF*2, then (1) implies that c is a
norm over F'(,/ay)/F. By the proposition 2.7 in [Kunyavskii et al, 2006], if one
of the quaternion algebras (a,c)p( 5) and (7v,¢)p(/a) is not trivial (aF*? =
BF*? and aF*? # yF*? with the notation of the proposition 3), then the
Faddeev index of p is equal to four. We remark that if c is a norme over F'(,/a7y)
i.e. the quaternion algebra (ary, ¢) is trivial, then both the quaternion algebras
(e, ¢)p(5) and (7,¢)p(/a) are trivial. Using the proposition 3, we may give
examples of ramification sequences of degree four with Faddeev index two and
construct a quaternion algebra having p as its ramification sequence.

Example 4 Let « =3, 8 = =1, v =2 and ¢ = —=5/27. Then (1) holds with
r=y=z=w=1 and the Faddeev index of

p = {(c0,aF*?),(t,BF*?), (t — 1,7F*?), (t — c,afyF*?)}



is equal to two. Let u' =9%u — v, v/ =3u+v and t’ =u'/v'. Then
p={{t—3,3F%?),(t' +1,—F*2?),(t' —2,2F*?),(t' + 6, —6F*?)}.
By the proposition, the ramification sequence of
0= (t’, (' = 3)(¢ + 1)’ — 2)(t' + 6))%/)

9t—1

31 we obtain

is p. Replacing t' by
= t—1 + 1), —t(t — 1)(27t +

Lemma 5 The quaternion algebra (a,c)F(\/E) 18 trivial if and only if the qua-
dratic form (8, —a, —c, ac) is isotropic.

Proof : The quaternion algebra (a, c)p(/5) is trivial if and only if (o, c)r is
Brauer equivalent to ((,d) for some d € F* (see [Knus et. al., 1998], (16.29))
i.e. the quadratic forms (1, —a, —c,ac) and (1,—03, —d, fd) are isometric. So
(@, ¢) p(yp) 18 trivial if and only if (3, —a, —c, ac) is isometric to (3, —f3, —d, Bd)
which is the case if and only if (3, —«a, —c¢, ac) is isotropic. O
Using this lemma, we get a condition equivalent to the condition in the propo-

sition 2.7 in [Kunyavskii et al., 2006] to have Faddeev index four.

Proposition 6 Let
p = {(c0,aF*?), (t,aF*?),(t — 1,BF*%), (t — ¢, BF*?)}.

Suppose that one of the quadratic forms (3, —a,—c,ac) and (o, —f, —c, fc) is
anisotropic. Then the Faddeev index of p is equal to four. m]

3 Ramification sequence of degree four over Q

In this section, we assume F' = Q. We need some lemmas.

Lemma 7 Let A be an exponent 2 central simple algebra over Q. Then A is
Brauer equivalent to a quaternion algebra.

Proof : By Merkurjev in [1981], A is Brauer equivalent to a tensor product of
quaternion algebras. By Albert’s theorem (see [Knus et. al., 1998], (16.5)),
a biquaternion algebra (over any field) is a division algebra if and only if its
Albert form is anisotropic. But, the Hasse-Minkowski Principle ([Lam, 1973],
VI.3.1) says that a quadratic form over Q is isotropic if and only if it is isotropic
over R and over Q,, for all prime number p. On one hand, as an Albert form



is 6-dimensional, it isotropic over all Q, (see [Lam, 1973], VI.2.12). On the
other hand, an Albert form is always isotropic over R. So, there is no division
biquaternion algebra over Q and any exponent two central simple algebra over
Q is Brauer equivalent to a quaternion algebra. O

Lemma 8 Let o, §,c € Q and
p = {(00,aF*2), (L, aF*2), (t - 1, BF"2), (t — ¢, BF*?)}.
Then
Fi(A) = min {index((a, M)k @x (B, (t—1)(t — c))K) INeZ square—free}.

In consequence, the Faddeev index of p is two if there exists A € Z such that the
quadratic form

<—O[, 6a _Ata CY)\t, (t - 1)(t - 8)7 _ﬁ(t - 1)(t - C)>
1s isotropic and the Faddeev index of p is four otherwise.

Proof: Let A= (a,t)k @k (8, (t —1)(t — ¢)) k. Then the ramification sequence
of A is equal to p. Let C be an exponent 2 F-algebra. By the lemma 7, we
may assume that C' is a quaternion algebra. If C ® p F'(y/a) is not trivial, then,
by the proof of the proposition 2.7 in [Kunyavskii et. al., 2006], the index of
A ®p C is greater or equal to four. So, we may assume that C ®@p F(\/a) is
trivial. Using (16.29) in [Knus et. al., 1998], we obtain that C' = (a, \)p for
some A € Q. We can assume that A € Z and is square-free. As

ARg C = (Oé,)\t)K RK (ﬁ, (t— 1)(t —C))K,

we have the result. O

Lemma 9 Suppose «,f,p,x,y € Z are such that p # 2 is prime, p 1 af,

(%) =—landp|—az?+ By Thenp|z andp|y.

Proof : Suppose p{z. Then af = (Byz~!)? in Z/p which contradicts (%F) =
—1. If pty, we also have a contradiction. m]

We introduce some notations. For a field k£ with a valuation v, we denote by k’
the residue field of k with respect to the valuation v:

E =0,/M,,

where O, = {z € k | v(x) > 0} is the local ring of the units of & and M, =
{z € k | v(x) > 0} is the unique maximal ideal of O,. So, we have a surjective



morphism O, — %’. Tt induces a map from the Witt group of O, to the Witt
group of %" For a quadratic form ¢q over O,,, we denote by g” the image of ¢ by
this map.

Proposition 10 Let o, 3,c € Z be square-free. Let

p = {(00,aF*?), (t,aF*?),(t — 1, BF*?), (t — ¢, BF*?)}.
Suppose there exists a prime p # 2 such that p t ac, p | 5, (%) = —1 and
(3) = —1 or there exists a prime p # 2 such that p1{ B¢, p| «, (g) =—1 and

p p

(%) = —1. Then the Faddeev index of p is four.

Proof : Suppose there exists a prime p # 2 such that p { ac, p | 3, (%) =-1

and (%) =—1. Let A= (o, t)k @K (0, (t —1)(t — ¢)) k. For X € Z square-free,
we denote by ¢, the Albert form associated to A ®k (a, A) i, 80

g = (—a, B, =Xt aAt, (t — 1)(t — ¢), —B(t — 1)(t — ¢)).

By the lemma 8, it is enough to show that ¢, is anisotropic, for all A € Z,
square-free. First we suppose that p divides A. We may write g = ¢1 L p- g2
over Q(t) with

a1 = (—a, (t = 1)(t - o))

and

B A A B
g =(—,——t,a—t,——(t —-1)(t —¢)),
2 = ( 2 0% p( )(t = c))
¢1 and g2 being defined over the units with respect to the valutation ¢, defined
on Q(t) by

() ait’) = minvy(a,).
i

Over F (1), N
= (-a) L{t-1)-({t-c),

(—a>vt71 = (—a) and (t — c>vt*1 = (1 — ¢) are anisotropic over Fp, so, using the

Spinger’s theorem with respect to the valuation v;_1, g1"? is anisotropic over
F,(t). Over F,(¢),

=B B Doy Lt a2
) —<p7 p(t (t—c)) Lt s p>

with




and

YD)
<—*,Oé*> = 7<_17O‘>
p p p
anisotropic over F,, since (%) = —1 and (%) = —1. Hence, using the Springer’s

theorem with respect to the valuation v, gz° is anisotropic. Finally, by the
same theorem used on ¢ with repect to the valuation v,, ¢ is anisotropic. Now
we assume that p does not divide A. Then, over Q(t), we write ¢ = ¢1 L p- g2
with

@1 = (—a,=Xt,aMt, (t—1)(t —¢))

and

4 <§,—§<t— 1)(t )

defined over the units of Q(t) with respect to the valuation v,. Since

T = (—o,1) L= (=X a\)

o~ | =

and (%) = —1, by the Springer’s theorem, g1’7 is anisotripic over F,(t). We
also prove that gz°» is anisotropic over () using the Springer’s theorem with
respect to the valuation v;—1. So we conlude that ¢ is anisotropic over Q(t).
We proved that, if there exists a prime number p # 2, such that p t ac, p |
and (%) =-1= (%), then the Faddeev index of p is equal to four. Now we
assume that there exists a prime number p # 2 such that p { fe, p | o and

(%) =-1= (%) Then we may change the homogeneous coordinates so that

p={{t'—1,aF*?), (t' —c,aF*?),(co, BF*?), (', BF*?)}

since
[00,0,1,c] = c=[1,¢,00,0].

Using the first part of the proof, we also show that the Faddeev index of p is
equal to four. o

In particular, the implication in the proposition 6 is not an equivalence. Indeed,
ifa=2,0=3and ¢c=—1, then p =3 is such that p{ ac, p | 5, (%) = —1and

(%) = —1, so by the proposition 10, the Faddeev index of p is equal to four. But

the quaternion algebras (a, ¢) p(,/5) and (3, ¢) p(/a) are trivial (a = (1)* —¢(1)?

and 3 = (ya)? —c¢(1)?).
Proposition 11 Let

p = {(c0,aF*?), (t,aF*?),(t — 1, BF*?), (t — ¢, BF*?)}



with «, B, ¢ € Z square-free. Suppose there exists a prime number p # 2 such
2
that p | B,¢, p 1t «, (#) = —1 and (%) = —1 or there exists a prime

number p # 2 such that p | a,c, pt G, (%C/pz) = —1 and (%) = —1. Then
the Faddeev index of p is equal to four.

Proof : Let p # 2 be a prime number such that p | 5,¢, p1 «, (%‘/”2) =1
and (%) = —1. Let
g = (—a, B, =At,art, (t —1)(t —¢), =Bt — 1)(t — ¢)).

We want to prove that gy is anisotropic, for all A € Z square-free. Suppose there
exist a(t), b(t),c(t),d(t),e(t), f(t) € F[t] such that

—aa(t)?+Bb(t)? = Me(t)? +artd(t)* +(t—1)(t—c)e(t)? = B(t—1)(t—c) f(t)* = 0.
We may assume that
at) = ant™ + ... +ag, b(t) =but" +...+bo, c(t) =cp1t" M 4+... 4 co,

d(t) = dp 1t" . Ado, e(t) = en1t" T L Feo, f(t) = fuat"™ L fo,

where a;,b;, ¢;,d;, e, fi € Z and the ged({a;, bi, ¢, diyeq, fi |i=1,...,n}) = 1.
For all k = 0,...,2n, the coefficient of t* in the isotropy relation is equal to

Z€ero, so

k k k—1 k-1
-« Z a;ap—; + B3 Z brbr—i — A Z CiCh—1—i + QA Z didi—1—;
i=0 =0 =0 =0

k—2 k-1 k
+ E eiex—2—; — (c+1) E €iek—1—; +¢C E €iCk—j
i=0 i=0 i=0

k—2 k—1 k
~BY fifi-2-i + B+ 1) fifv-1-i =By fifs-i =0
=0 =0 =0

(we let a;,b;, = 0foralli >nand ¢; =d; =e; = f; =0 for all i > n). We
denote by C}, the coefficient of t* in the isotropy relation. First we assume that
p| A AsCa, =0and p| 3, we have p | —aa? +e2_;. By lemma 9, p | ay,e,_1,

since (%) = —1. We assume that p | a;,e;—1 for all i € {n,...,k+1}. Then, as
p divides Cao, p | —aa% + e%_l and p | ag,er—1. Hence p | a;,e; for all i. Since
(;aic/pz) = —1 and (%) = —1, we have

p* | Co = p*| Bb5 = p | bo.

10



We assume that p*+1=% | a;,b;,e; for all i € {0,...,k}, p*7 | fi, ¢, d; for all
i € {0,...,k—1} and we will prove that p**2~% | a;, b;, e; for alli € {0,...,k+1}
and p*1=% | £, ¢;,d; for all i € {0,...,k}. We have

P | Co = p™ | —aad — Befg = " [ ao, 0™ | fo,

p2kt2 | Cy = p2kt2? | —/\cg + a)\dg = phtl | co, do.

We assume that ptt2=% | a; for all i € {0,...,l} and p**'=% | fi,¢;,d; for
all i € {0,...,1} (where 0 < I < k —1). Then p**=2+1 | qa9,9 ; for all
i €{0,...,1+1}. Indeed, let i € {0,...,1+ 1}, then p**2=% | a;,. We have

: k1 (2042—i 2%—20+1
2+2—i<k=ptt=CF20 gy n i =p aa040-

A+2—i>k+1=2k—20+1<k+2—i=p* 2 | ga9,9-,.

In the same way, we prove that, Vi € {0,...,l 4+ 1},
P22 | Bbiboro—s, ceieaiai,
and, Vi € {0,...,1},
PR Nesearioi, Midaiii—i, €ieai—i, €€z,

PR oo i Bfifaisi—ir Befifaso—i.

So p?*~2+! divides Cyiqp implies p** =21 | —aa?, | — Beff, and, by the
lemma 9, p**1=0 | a;41,p" 7" | fiy1. In the same way, we prove that p?*—2
divides Cy;1 3 implies that p%le | —)\Cl2+1 +0¢)\dl2+1 and pk_l | cig1, dlﬂ. By in-
duction, we proved that p**2=% | a;, foralli € {0, ..., k+1} and p**1=% | f; ¢;, d;
for all i € {0,...,k}. We have that p | exy+1 and p | bxy1 since p? divides Cayo.
We assume that p**2=% | b, e; for all i € {I+1,...,k+ 1} (where 0 <[ < k).
Using the same kind of trick, we prove that

p2/c—2l+3 | C2l+1 :>p2lc—2l+3 | —(C—|— 1)€l2 :>pk+2—l | el

p2k—2l+4 | C2l = p2k—2l+4 | ﬁth = pk+2—l | blo

Hence, we proved that p**2=% | b, e; for all i € {0,...,k + 1}. By induction,
we proved that p"T1=% | a;,b;,e; for all i € {0,...,n} and p"~* | f;,c;,d; for
all i € {0,...,n — 1}. In particular, p | a;, b;, ¢;,d;, e;, f; for all i and so we get
a contradiction. Hence if p | A, the quadratic form ¢, is anisotropic. Now we
assume that pt A. Over Q(t), g = q1 L p- g2, with

@1 = (—a, =Xt Mt (t—1)(t — )

and

B By e
a2 = (0, =5t =Dlt—c)

11



defined over the units of Q(t) with respect to the valuation 0,. Over F,(t),

Q1Up = <7Oéa 7)‘ta a>‘t7t(t - 1)> = <7OL’ 1> 1 %<7>\,Oé)\>

(e

Y1 anisotropic over ), since (;) = —1. So, by

with mv% and (=X, a\)
Springer’s theorem with respect to the valuation v1, qT@ is anisotropic over
F,(t). We also prove, using Springer’s theorem with respect to the valuation
vi—1, that g"» is anisotropic over F,(t). So gy is anisotropic over Q(t). Hence,
if pt A, then ¢, is anisotropic. So, if there exists a prime number p # 2 such
that p | 8,¢, pt o and (%W) =-1= (%), then the Faddeev index of p
is equal to four. If there exists a prime number p # 2 such that p | a, ¢, p1 5,
(%W) = —1and (%) = —1, we change the homogeneous coordinates as in
the proof of the proposition 10 and, using the first part of the proof, we obtain
that the Faddeev index of p is equal to four. o

Proposition 12 Let
p= {(oovaFXZ)a(taanz)v(tf la/BFXQ)v(t*caﬂFX2)}

with o, 3, ¢ € 7 square-free. Suppose there exists a prime number p, p # 2, such
2
that p | a, B, ¢ and (#) = —1, then the Faddeev index of p is equal to four.

Proof : Let
o= (—a, B, =At,alt, (t = 1)(t —¢), =p(t — 1)(t — ¢)).

We want to prove that ¢, is anisotropic, for all A € Z square-free. We may
assume that p divides X. Indeed, if p does not divide A, let X' = —a\. Then p
divides A" and

g = (—a, B.aNt, Nt (¢ = 1)(t —¢). Bt — 1)(t — o).

Suppose that (m/”z) = —1, then g\ = ¢1 L p- g2 with

al
@ = <p7ta (t—=1)(t—0)
and 5 A 5
q2 = <—5, > —575’ _E(t —1)(t—¢))

defined over the units of Q(¢) with respect to the valuation v,. By the Springer’s
theorem with respect to the valutation v;_1, g7’» is anisotropic over F,(t). We

12



may write over Fy(t)

—~ A
@’Up = <7%7§77;t77§(t71)t>
a 8 A pB
= (——, )Y Lt (== —-=(t-=1).
( p7p> t-( pt p(t )
As (O‘i{p):fl and ('Bypz)zfl,

a 3" a B X B PG}
i W A d=2 - AN
( p,p> ( p,p> ( e p(t 1)) ={ p,p>

are anisotropic over F,. So ¢ is anisotropic over Q(¢). Now we assume that
%{pz = 1. Suppose that g, is isotropic. Then there exist a(t), b(t), c(t),
d(t), e(t), f(t) in F[t] such that

—aa(t)?+6b(t)% = Xte(t)? +atd(t)> +(t—1)(t—c)e(t)? = B(t—1)(t—c) f(t)* = 0.
We may assume that
a(t) = ant™ + ...+ ag, b(t) =but" +...+by, c(t)=cp1t" 4 ... +co,

d(t) = dnfltn_l-i-. . .+d0, e(t) = en,lt"_l—ﬁ—. . .+60, f(t) = fnfltn_l—f—. . .-|—f0,

where a;,b;, ¢;,d;, e;, fi € Z and the ged({a;, b;, ¢, diyes, fi |i=1,...,n}) = 1.
For all k = 0,...,2n, the coefficient C}, of t* in the isotropy relation is equal to

Zero:

k k k—1 k-1
- Z ajap—; + B3 Z brbr—i — A Z CiCh—1—i + QA Z didp—1-;
i=0 i=0 i=0 i=0

k—2 k-1 k
+ E eiex—o—; — (c+1) g €iek—1—; +¢C g €iCk—i
i=0 i=0 i=0

k—2 k—1 k
—BY  fifk-2-i + B+ 1) fifso1-s— B fifs-i =0
=0 =0 =0

(we let a;,b;, =0foralli >nand ¢; =d; =e; = f; =0foralli >n). Asp
divides Cop,, p | €2_; and so p | €,—1. As p divides Co,_1, p | %ﬁ‘d%fl and so
p | dp—1. We assume that p divides e;, d; for all i € {n — 1,...,k}. Then

p | Cax :>P|€if1 =>p|er—1,

aA
p| Cok—1=p| pﬁdz—l =pl|di_,.

13



So p | e;,d; for all i. We have

p* | Co = p* | —aad + Bb = p | ao, bo,

p* | Co=p* | —Befs =p| fo,

p2|01:>p2|—/\03$p|co.

Let k € N. We assume that p*+1~divides a;, b;, ¢;, d;, e;, f; for alli € {0,...,k}.
Then we know that p | dgt1, ex+1 and we have
2 C 2 2 b2 b
p° | Copqe = p° | —aajy + Bbiy1 = p | argr, bt

Let [ € N such that 0 < [ < k and suppose that p**2=% | a;,b;,d;, e; for all
ie{l+1,...,k+1}. Then

_ _ a
PRI | Carp = P S — (o 1)

(oz)\(c—;l)/p2> _ <a6;p2> (6/\;{]32) (;) —

pF 2=t dy, e;. Also,

2k — 2144 2k—20+4 2 2 k+2—1
D Oy =p ) —aai 4 b7 = p"  ag, b

Hence we proved by induction that p*+2=% | a;, b;, d;, e; for all i € {0, ..., k+1}.
We have
P | Co = p?0 | =Befd = v | fo,

2hit-4 244 2
PRt O = p*F T | =Nk = o

Let I € N, 1 <[ < k+1, and assume that p*+2=% | ¢;, f; for all i € {0,...,1—1}.
Then
P | Oy o RS | gap2 L phe2=l | py

2k—21+4 2k—21+4 2 k+2—1
p + |CQ[+1¢]) + |7>\Cl:>p+ ‘Cl.

Hence, we obtain that p**2=% | a;, b;, c;, d;, e;, fi for all i € {0,...,k+1}. We
proved by induction that, p"*1=% | a;, b;, ¢;, d;, e;, f;, for all i € {0,...,n}. So, in
particular, p | a;, ..., f; for all i. We have a contradiction, thus ¢, is anisotropic.

O

Suppose that «, 3, c € Z are square-free. One of the quadratic forms
(8, —a, —c, ac) and {(a, —3, —c, Bc)

is anisotropic over Q if and only if one of them is anisotropic over Q,, for some
prime number p, or over R i.e.

af <0and ¢ <0 or

14



1, (c) =—lor
p

1, (C> — _1or
p

Jp # 2 prime such that p | ¢,p t af, (aﬁ) = _1or
p

_ 2
Jp # 2 prime such that p | a, ¢, p1t 05, (aﬂc/p) = -1, (/6> =1lor
p p

Jp # 2 prime such that p | a,p 1 Be, (i)

Jp # 2 prime such that p | 8,p 1 ac, <a)
p

2
—afc «
Jp # 2 prime such that p | 5,¢, ptfa, <M> = -1, () =1lor
p p
(B, —a, —c, aee) is anisotropic over Qg or
(o, =0, —c, Bc) is anisotropic over Q.
So, until now, we have the following result: if

af <0and ¢ <0 or

dp # 2 prime such that p | a,pt fe, s)=—lor

dp # 2 prime such that p | 3,p 1 ac, ;; =—1lor

Jp # 2 prime such that p | ¢,pt af, %) =—1or

Jp # 2 prime such that p | a, ¢, p1 0, %C/prz =—1or (2)
dp # 2 prime such that p | 5,¢, pta, %C/I’Q =—1or

P
(8, —a, —c, ac) is anisotropic over Qg or
(o, — 3, —c, Be) is anisotropic over Qa,

Jp # 2 prime such that p | «, 5, ¢, (o‘ /2p2> =—1lor

then the Faddeev index of
p = {(c0,aF*?), (t,aF*?), (t — 1, BF*?), (t — ¢, BF*?)}

is equal to four. The conditions in 2 are equivalent to the condition (a3, c)r # 1.
So we have the following theorem

Theorem 13 We assume that F' = Q. Let
p = {(c0,aF*?), (t,aF*?),(t — 1, BF*?), (t — ¢, BF*?)}

with a, B, ¢ € Z, square-free. If (af,c)r is not trivial, then the Faddeev index
of p is equal to four.

15
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