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Abstract—This Letter provides necessary and sufficient
conditions on the excitation and measurement pattern
(EMP) that guarantee identifiability of a dynamical network
that has the structure of a loop. The conditions are
extremely simple in their formulation, and they can be
checked by visual inspection. They allow one to easily char-
acterize all EMPs that make the loop network identifiable.
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[. INTRODUCTION

DENTIFICATION in dynamic networks has been subject
Iof much research in the last ten years. Reference [1] is
an early paper on this topic, inspired by the systems biology
field. A network model and a framework for its study was later
introduced by Paul Van den Hof and co-workers in the seminal
paper [2], which set the stage for the work on identification
of dynamic networks. This Letter adopts the framework and
network model from [2].

What characterizes these dynamical networks is that the sig-
nals are represented by nodes of the network, and these nodes
are related to the other nodes through transfer functions. The
identification task consists of identifying these transfer func-
tions on the basis of the signals at the nodes and knowledge
of the structure of the network, i.e., the topology of its corre-
sponding graph. The identifiability questions could have been
addressed on the basis of the existing theory of closed loop
identification. However, this would have been a daunting task,
given that, unlike classical closed loop systems, networks are

Manuscript received November 2, 2021; revised December 22, 2021;
accepted January 10, 2022. Date of publication January 20, 2022;
date of current version January 31, 2022. This work was supported
in part by the Coordenacdo de Aperfeicoamento de Pessoal de Nivel
Superior, Brazil (CAPES, Finance Code 001); in part by the Conselho
Nacional de Desenvolvimento Cientifico e Tecnolégico (CNPq); in part
by the Wallonie-Bruxelles International (WBI); in part by the WBI.World
Excellence Fellowship; and in part by the Concerted Research Action
(ARC) of the French Community of Belgium. Recommended by Senior
Editor R. S. Smith. (Corresponding author: Michel Gevers.)

Eduardo Mapurunga and Alexandre S. Bazanella are with
the Data Driven Control Group, Department of Automation and
Energy, Universidade Federal do Rio Grande do Sul, Porto
Alegre-RS 90020-000, Brazil (e-mail: eduardo.mapurunga@ufrgs.br;
bazanella@ufrgs.br).

Michel Gevers is with the Institute of Information and Communication
Technologies, Electronics and Applied Mathematics, UCLouvain,
1348 Louvain la Neuve, Belgium (e-mail: michel.gevers @ uclouvain.be).

Digital Object Identifier 10.1109/LCSYS.2022.3144950

, Senior Member, IEEE

full of feedback loops and parallel paths. The paper [2] and the
network model framework set up in that paper has opened up
a whole new field, and not even ten years later a vast amount
of challenging questions have been raised and many of them
solved. Here is a very brief overview whose purpose is to posi-
tion the contribution of the present Letter in the sequence of
developments.

In [2] it was assumed that all nodes were excited and mea-
sured. As a result, an input-output matrix of the network,
denoted 7'(z), can be defined, which can always be identified
from these data. The network identifiability question is then
whether the network matrix, denoted G(z) (whose elements
are the transfer functions relating the nodes) can be recovered
from this closed-loop transfer matrix 7'(z). The paper [2] was
followed by a flurry of contributions, in which the assump-
tions (all nodes are excited and measured) were progressively
relaxed, and in which a range of new objectives were defined.
Roughly speaking, these ranged from identification of the
whole network (i.e., all elements of G(z)) to identification of
some specific part of the network (a row of G(z), for example),
and to identification of a single element of G(z) [2]-[9]. As for
the assumptions on the signals, up to 2019, all contributions on
the topic of identifiability of the network matrix G(z) assumed
that either all nodes were excited, or all nodes were measured.
A typical question would be: given that all nodes are excited,
which nodes must be measured in order to identify the whole
network? Or its dual version for the case where all nodes are
measured.

Whatever the objective, the identifiability conditions were
typically expressed as conditions on the rank of submatrices
of the input-output transfer matrix 7(z). A major step forward
was accomplished in [10], [11], where the identifiability con-
ditions were expressed in terms of properties of the associated
graph, i.e., in terms of the topology of the network. This is
a lot easier to check and to interpret than checking for the
rank of transfer matrices. It required the introduction of the
notion of generic identifiability, in order to cope with the pos-
sibility that a submatrix might drop in rank on a thin subset
of the parameter space. In [11] the assumption on the signals
is that all nodes are excited but not all nodes are measured,
the standard assumption (or its dual) until 2019, as stated
above.

The first identifiability results for networks where not all
nodes are excited AND not all nodes are measured were
presented in [12]. That paper first provided a necessary
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condition for identifiability of any network: each node must be
either excited or measured, at least one node must be excited
and at least one node measured. The paper [12] also presented
identifiability conditions for two special classes of networks,
namely trees and loops. For a tree, it provided a necessary and
sufficient condition for identifiability. For the identifiability of
an isolated loop, two sets of sufficient conditions were derived.
However, a necessary and sufficient condition remained elu-
sive. Simple examples showed that these two sets of sufficient
conditions were not necessary.

The specification of the combination of nodes that are
excited and those that are measured defines the Excitation and
Measurement Pattern (EMP), a term coined in [13] where the
goal is to characterize all EMPs that yield identifiability of
the considered network, or, even better a “minimal EMP” that
yields identifiability. Here minimal means that one minimizes
the sum of the number of excited and measured nodes. In [14]
minimal EMPs were characterized for some classes of acyclic
networks with parallel paths, for which most nodes need to be
excited and measured.

The contribution of this Letter is to derive necessary and
sufficient conditions on the EMP for the identification of
an isolated loop. The practical importance of this result is
twofold. The traditional way of looking at the identifiability
of a network is to ask: is this network, with this specific pat-
tern of excited and measured nodes identifiable? But a new
paradigm, introduced in [13], is to ask: what are all the EMPs
that provide identifiability for this network? Our main theorem
provides an easy answer to both questions for isolated loops.

In the last two years, several conjectures were proposed,
including by the authors of this Letter. These conjectures
were typically expressed in rather complex terms. As it turns
out, the necessary and sufficient conditions for the identi-
fiability of an isolated loop, presented in Section III, are
expressed in this Letter in very simple and explicit terms.
They can be checked immediately by visual inspection of
the distribution of excited and measured nodes along the
loop.

Essentially, our result states that an isolated loop is iden-
tifiable if and only if each node is either excited or mea-
sured, and in addition to that either there exists a node that
is both excited and measured, or the excited nodes (and
hence also the measured nodes) are not all consecutive along
the loop.

This Letter is organized as follows. In Section II we pose the
problem of identification of a dynamical network in general,
and we then describe networks whose graph is a loop and
give some of their key properties. In Section III we present
our main result: necessary and sufficient conditions on the
EMP for the identifiability of loop graphs. We also illustrate
the ease of constructing valid EMPs as well as minimal EMPs.
We conclude in Section IV.

Il. IDENTIFICATION OF ISOLATED LOOPS

In this section we state the problem of the identification of
an isolated loop within a dynamical network, and we derive
a number of properties of an isolated loop in connection with
this identification problem.

A. The Identification of a Dynamical Network

The identification problem of a dynamical network consists
of identifying the elements of its network matrix G(z), where
the network is made up of n nodes, with node signals denoted
{wi1(®, ..., w, ()}, and where these node signals are related to
each other and to external excitation signals rj(?),j = 1,...,m
applied to a subset of its nodes by transfer functions. We
denote by W the set of all n nodes. The data available for
this identification are the excitation signals, which are known,
as well as the measures y;(#),i = 1, ..., p of a subset of the
node signals.

Such network is described by the following network equa-
tions, which we call the network model:

w(t) = G(z)w(t) + Br(t), (1)
y(t) = Cw(?). (2)

The matrix B is a binary selection matrix of size n x m having
full column rank, and each of its columns contains one 1 and
n — 1 zeros. The matrix C is a binary selection matrix of size
p X n having full row rank, and each of its rows contains one
1 and n—1 zeros. These matrices define which of the n nodes
are excited and which are measured, respectively. We denote
by B the set of excited nodes, and by C the set of measured
nodes. This selection of excited and measured nodes is called
the Excitation and Measurement Pattern (EMP). The concept
of EMP was introduced in [13], where an EMP was called
valid if it makes the network generically identifiable. It led
to the concept of a minimal EMP. A minimal EMP is one
that guarantees generic identifiability of the network using the
smallest possible number of excited and measured nodes [13].

To the network matrix one can associate a directed graph,
in which a directed edge (j,i) is present if Gj(z) # O.
Thus, the graph defines the topology of the network, which
is assumed to be known. The identifiability of the network
matrix, of parts of a network matrix, or of a single edge
within a network has been the object of a large amount of
publications within the last ten years, under a range of pos-
sible assumptions on the EMPs; the typical assumption until
recently being that either all nodes are excited or that all nodes
are measured [11], [15], [16].

In [12], the first results were presented for the identification
of a network, or part of a network, with only partial excita-
tion and measurement, i.e., where neither all nodes are excited
nor all nodes are measured. The identifiability of the network
matrix G(z) for the case where a restricted set of nodes are
excited and measured rests on the following relations.

From G(z) one defines

T@ 2 (- G@). 3)

The input-output model corresponding to the network
model (1) is then given by

y(@) =M@r) with M(z) 2 CT(2)B. “)

To keep things simple, we assume that the vector r(f)
is sufficiently rich so that, for all choices of C and B,
M(z) can be consistently estimated by standard open loop
MIMO (Multiple Input Multiple Output) identification tech-
niques from {y(#), r(t)} data. The question of identifiability of
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the network matrix G(z) from the given data is then equivalent
to the question of whether G(z) can be generically recovered
from the known M(z) (i.e., from CT(z)B), knowing that G(z)
is related to M(z) by (3)-(4).

Generic identifiability of a network matrix was defined
in [11]. Simply stated, the network matrix G(z) is called
generically identifiable with a given EMP if, for any rational
parametrization G(P, z) consistent with its associated graph,
G(P, 2) can be uniquely recovered from M (z) except possibly
on a zero measure set in the space of parameters P. See [11]
for details and an example.

Among other results, [12] provided the following necessary
condition for the identification of the network matrix when
only partial excitation and measurement is available.

Proposition 1: The network matrix G(z) is generically iden-
tifiable from excitation signals applied to B and measurements
made at C only if B#@,C # ¢ and BUC =W.

This result provides necessary conditions on the valid
EMPs: each node must be either measured or excited, which
implies that the smallest number of excitations and measure-
ments that a minimal EMP could have is n.

B. Loop Graphs and Their Properties

A “loop graph” is a graph that consists of a single loop and
nothing more. Its network matrix is in the form

0 0 ... 0 G
Gy O ... 0 0
G= 0 Gy ... 0 0 (5)
0 0 Gun—1y O

The loop we are interested in can be a graph by itself, as
in (5), or part of a larger graph. When the loop of interest is
part of a larger graph, some of its nodes may belong to other
loops. When this is not the case - that is, no other loop in
the graph contains any of the nodes of the loop of interest -
we will say that it is an isolated loop. All results in this letter
pertain to the identifiability of isolated loops.

The necessary condition BUC = W of Proposition 1, which
applies to all dynamic networks, means that all nodes must
be involved in the identification process: they must be either
measured or excited. When it comes to loops, the question
we address is whether any EMP that satisfies that neces-
sary condition would make G(z) identifiable (it would then
be a minimal EMP with smallest cardinality!), or whether
additional conditions apply.

Our main result about identifiability of loops in [12] showed
that adding a single measurement or a single excitation to
such EMP is sufficient to achieve generic identifiability of an
isolated loop.

Proposition 2: All transfer functions in an isolated loop are
generically identifiable if BUC =W and BNC # 0.

In order to prove the main result of this letter, namely nec-
essary and sufficient conditions for the identifiability of an
isolated loop, we now derive some properties of loops. We
first recall some expressions and properties derived in the proof
of [12, Th. V.2].

1Cardinality of an EMP is defined as: | B|+ | C |.

Assume, without loss of generality, that the node indices
in the loop go from 1 to n and that the arrows go from i to
i+ 1 in the cycle, as in (5). Define the product of all transfer
functions in the loop as follows:

A
P = G1,Gppn—1...G3Goy. (6)

Observe that the closed loop transfer function from one node
to itself is

Ti=R=(1-P) " 0
For distinct i, k, we also define
A . .
Pix = Gii1Gi—1i2...Gry1p if k<1, ®)
A . .
Pix = Gi,i~1Gi-1,i—2 ... G12Gpu—1 ... Gry1k if k> i. (9)

The next Lemma provides relations between the quantities
P, Pit, Ty and Gy that will be useful for proving our main
result.

Lemma 1: The transfer functions P, Pjy, Tix and Gy are
related by the following expressions for any i, &, j:

Ty = PyR, (10

P = PPy, (11)

Git1,i = i Py _ T _ TiH'j. (12)
R A N A N

Proof: Expressions (10) and (11) follow immediately from
the input-output relationship and definition of Pj. The expres-
sions in (12) can be verified by direct computation. For
j>i+1, we have

Pji _ Gjj-1Gj-1j-2" " Git2,i+1Git1,i

= = Git1,-
Gjj-1Gj-1j-2- - Git2,it1

Pjiv1
When i > j, the same relationship can be obtained
using (11). |

With these expressions under our belt, we are now ready to
prove our main result.

[1l. NECESSARY AND SUFFICIENT CONDITIONS FOR
IDENTIFICATION OF LOOPS

We first consider the special case where the loop has either
2 nodes or 3 nodes, i.e., n =2 or n = 3.

Theorem 1: All transfer functions in an isolated loop with
n < 3 are generically identifiable if and only if BUC = W
and BNC # 0.

Proof: For n = 2 we have:

1 G
1-G G 1-G12G;
T = G122| 21 102 |, (13)
1-G12G1 1-G2Gyy
For n = 3 we have:
1 Gi13Gn Gi3
1-G13G21G32 1-G13G1G3, 1-G13G1Gxn
T — Goy 1 G136 (14)
1-G13Gp1G,  1-G13G21G32 1-G13G21G3n
21G3 G3 1
1-G13G21G32 1-G13G1G3, 1-G13G21G3

Sufficiency follows directly from Proposition 2 above,
which has been proven in [12]. For necessity, inspection of the
T matrix shows that if no node is excited and measured, then
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for n =2, T contains only a single known element (impossi-
ble to recover 2 Gj;). For n = 3, there are only 2 independent
elements of T (impossible to recover 3 Gy)). ]

What this Theorem shows is that for an EMP to guarantee
generic identifiability of a loop with less than four nodes it
must have at least one node excited and measured, while the
others must be either excited or measured. A minimal EMP is
therefore characterized by one node being excited and mea-
sured, which results in a total of four minimal EMPs for n = 2
and twelve minimal EMPs for n = 3.

We now consider isolated loops that have at least 4 nodes. It
was shown in [12] that the condition BUC = W and BNC #
@, which is a necessary and sufficient condition for isolated
loops with 2 or 3 nodes, is actually a sufficient condition for
isolated loops of any size. An alternative sufficient condition
for identifiability, also derived in [12], applied to loops that
have an even number of nodes, larger than 3. It was shown
that identifiability is achieved if the EMP obeys the following
interleaving condition between excited and measured nodes.

Proposition 3: Let n be even and larger than 3. All transfer
functions in an isolated loop can be identified if its nodes are
alternately measured and excited.

This interleaving condition on the EMP is clearly not nec-
essary for identifiability of an isolated loop, as follows from
Proposition 2, but it has inspired the development of the main
theorem of this letter, which provides necessary and sufficient
conditions for identifiability.

Theorem 2: All transfer functions in an isolated loop are
generically identifiable if and only if BUC = W and, in
addition: (i) either BNC # @, or (ii) there exist at least two
measured nodes in the loop, each of which is immediately
followed by an excited node.

Proof: That each node must be excited or measured follows
from Proposition 1.

Proof of sufficiency: If (i) holds, the loop is identifiable by
[12, Th. V.2]. Consider now that (ii) holds. Without loss of
generality let nodes k and n be the two measured nodes that
are followed immediately by nodes k + 1 and 1, which are
excited. From these measurements and excitations we obtain:
Tx1, Tn1, Tpk+1, and T k41, and we can form the product:

1Tk k+1 _ Pu1 Pk k41 — PPy = P.

TerTng+1r PraPpitr
where the equalities follow from Lemma 1. Once P is known,
the transfer functions G;; can be calculated step by step from
the available Tj;, remembering that each node in the loop is
either measured or excited.

Suppose node 2 is excited, we can recover Go; = Tk /Tk2.
If 2 is measured, we can identify Go; = T21(1 — P). Consider
that the next node 3 is excited, then we can recover G3p; =
Tx1/(G21Ty3). If 3 is measured, we identify Gzp = T31(1 —
P)/G2;. Proceeding in a similar fashion we can recover G; ;|
from knowledge of the previous identified modules as:

Tnl e .
Giji-1= —, ifieB, (15)
o Pi_5 1Ty
Ti(1—-P
Gy = =P e (16)
Pi 11
for i = 3, ..., n. The last transfer function can be recovered

from P since Gi, = P/Py;.

Proof of necessity: Consider that no node is both excited
and measured. We show that condition (ii) must then hold to
guarantee identifiability. If only one node is excited, then we
can identify only n— 1 transfer functions 7j;; hence we cannot
identify the n elements Gj;. The same holds if only one node
is measured. This shows that we need at least two excited
and two measured nodes in the loop. Suppose now that the
loop contains at least two measured nodes and two excited
nodes, but that condition (ii) does not hold. This implies that
all the measured nodes are consecutive, and so are all the
excited nodes. Without loss of generality, let nodes 1 to k be
the excited nodes and let kK + 1 to n be the measured nodes.

Then, with Pj; defined in (8) for i > k, the corresponding

matrix M(z) 2 CT(z)B defined in (4) has the following form.

M) & CT(»)B

Piy1,1 Prrin
Piyo1 Priopo

Pryik—1 Pryik
Pri2 k-1 Priok
Ppy P> Pp k-1 P

It now follows from (12) that the first row of M(z) allows
one to successively compute Gz1, G3p, ..., G x—1. It follows
from (12) that all elements of the second row of M(z) are equal
to the corresponding elements of the first row multiplied by
Gi+2.k+1- Thus, knowledge of the second row allows one to
compute one additional element of G(z), namely Gi42 k1.
Pursuing row by row downwards up to the last row shows
that we can compute G2 k+1, - .., Gun—1. Collecting these
results shows that, with this EMP (i.e., the loop consists of k
consecutive excited nodes followed by n —k measured nodes),
the corresponding CT(z)B allows one to identify the edges
Go1, G, ... Gk,k—l as well as the edges Gk+2,k+1 e Gn,n—l
can be identified, but not the edges Gi+1 .« and Gy,. [ |

In [17] a set of conditions that are close to those of
Theorem 2 were claimed to be necessary and sufficient.
However, they turned out to be sufficient only. For example,
a 4-node loop where node 1 is excited and measured, nodes 2
and 3 are measured, and node 4 is excited is generically iden-
tifiable even though it does not satisfy any of the conditions
of [17, Th. 2].

We assume from now on that the loops we consider have
at least 3 nodes, noting that a loop with two nodes is just
a simple feedback system for which the identifiability condi-
tions are well established. The following Corollary provides
an alternative formulation for the results of Theorem 1 and
Theorem 2 which yields an even simpler way of checking the
identifiability of an isolated loop.

Corollary 1: All transfer functions in an isolated loop are
generically identifiable if and only if 5UC = W and, in
addition: (i) either BN C # @, or (ii) the excited nodes (and
hence also the measured nodes) are not all consecutive along
the loop.

Proof: the result is included in the proof of Theorem 2. For
the special case of n = 3, it is easy to see that if BUC =W
and BN C = @, then necessarily condition (ii) is violated. W

Not only are the conditions of Corollary 1 necessary and
sufficient, but in addition their verification on a given loop
graph is trivial: it can be done by visual inspection. Conversely,
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M) M)

cm
"

(a) A minimal EMP.

cm
g

(b) Not valid EMP.

E) E)

Fig. 1. Two possible EMPs for a 5-node loop. E stands for an excited
node and M for a measured node.

TABLE |
NUMBER OF MINIMAL/VALID/INVALID EMPS FOR A LOOP WHERE
EACH NODE IS AT LEAST EXCITED OR MEASURED

nodes minimal EMPs  valid EMPs invalid EMPs
2 4 5 2
3 12 19 8
4 2 67 14
5 10 221 22
6 32 697 32
7 84 2143 44
8 198 6503 58
9 438 19609 74
10 932 58957 92

if the objective is to establish minimal EMPs for the identifi-
cation of a loop graph, condition (ii) in this Corollary provides
all minimal EMPs. There is a total of 2" — n(n — 1) — 2
minimal EMPs from which the user can choose from. Once
the minimal EMPs are characterized, all other valid EMPs
can be obtained by just picking at least one node to be both
excited and measured. These EMPs correspond to a number
of 3421 2" n!/(k!(n — k)!) 4 1 out of the total EMPs.

It is easy to spot invalid EMPs. Consider, for instance, the
two EMPs for a 5-node loop depicted in Figure 1, where the
one on the left is minimal and the one on the right is not valid.
An EMP satisfying the necessary conditions of Proposition 1
is invalid only if no node in the loop is both excited and
measured, and all excitations and measurements are arranged
in an uninterrupted sequence as in Figure 1b; in other words,
the excited nodes (and therefore the measured nodes) are all
contiguous.

When we consider all possible EMPs, the number of valid
EMPs outnumber those that are not generically identifiable for
any number of nodes in the loop, since it is sufficient to have
at least one node excited and measured with any combination
of the remaining nodes. This means that if the user were to
choose randomly an EMP, it is likely that the chosen EMP is
identifiable. Table I is a clear illustration of this. It provides,
for loops having 2 to 10 nodes, the number of minimal EMPs,
of valid EMPs, and of invalid ones, assuming that in all cases
the necessary condition is satisfied, i.e., each node is either
excited or measured.

V. CONCLUSION

We have derived necessary and sufficient conditions for the
generic identifiability of a loop network. The conditions are

very simple to check by visual inspection of the corresponding
graph. Unlike the other results on identifiability of networks
so far, no recourse to rank conditions or to vertex disjoint
paths are required. Besides the necessary requirement that each
node must be either excited or measured, as is the case for all
network structures, the requirement for loops with 4 nodes or
more is that either one node is both excited and measured, or
that not all measured (and hence not all excited) nodes are
contiguous. Our results make it extremely easy to choose an
EMP that makes the network identifiable and that is convenient
for the user from a practical point of view.
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