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Abstract. Feature selection is fundamental in many data mining or
machine learning applications. Most of the algorithms proposed for this
task make the assumption that the data are either supervised or un-
supervised, while in practice supervised and unsupervised samples are
often simultaneously available. Semi-supervised feature selection is thus
needed, and has been studied quite intensively these past few years al-
most exclusively for classification problems. In this paper, a supervised
then a semi-supervised feature selection algorithms specially designed
for regression problems are presented. Both are based on the Laplacian
Score, a quantity recently introduced in the unsupervised framework.
Experimental evidences show the efficiency of the two algorithms.

Keywords: Feature selection, semi-supervised learning, Graph Lapla-
cian.

1 Introduction

Feature selection is an important task for many applications involving the mining
of high dimensionnal datasets. Indeed, many features are often either redundant
or totally uninformative and can harm learning algorithms, making them prone
to overfitting [1]. Moreover, the elimination of such useless features is generally
benefical both for the learning time and the interpretation of models.

Traditionally, feature selection algorithms are said to be supervised, in the
sense that they assume the knowledge of the output (a class label for classifica-
tion problems and a continuous value for regression ones) associated with each
training sample [2]. On the other hand, unsupervised feature selection methods
have also been developped, whose most obvious example is simply the evalu-
ation of each feature variance. More complex unsupervised algorithms include
for example an approach using feature similarity [3] or a graph Laplacian based
ranking [4] which will be desribed later as it is the base of this paper.

Halfway between those two situations, a more realistic assumption is that, in
many real-world problems, unsupervised samples are often easy to obtain and
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thus numerous, while only a few labeled samples are typically available. This
limitation is mainly due to the cost associated to the obtention of the desired
outputs (human expertise, destructive test...). These considerations naturally
led to the development of semi-supervised learning, in which the few available
information about the output is used to improve learning algorithms based on
the unsupervised part only [5,6].

In this context, many feature selection algorithms have been proposed re-
cently. Among others, Zhao et Liu proposed an approach using spectral analysis
[7] while Quinzan et al. introduced an algorithm based on feature clustering,
conditional mutual information and conditional entropy [8]. These two workss
as well as the very large majority of semi-supervised feature selection algorithms
are basically designed to handle classification problems, while, to the best of
our knowledge, almost no work has been done to develop algorithms specific to
regression problems.

This paper first introduces a supervised feature selection algorithms, which is
then used to achieve semi-supervised feature selection. Both are specifically de-
signed to handle continuous outputs. They extend the unsupervised concepts in
[4]. Within the unsupervised framework, this algorithm scores features according
to their locality preserving power. Roughly speaking, good features have close
values for close samples and thus preserve the local structure. In this work, the
idea is extended by using distance information between the output of supervised
samples.

The rest of the paper is organized as follows. Section 2 briefly presents the
original unsupervised Laplacian Score. Section 3 presents the supervised feature
selection criterion. Section 4 introduces the semi-supervised algorithm which
combines in a simple way the information from supervised and unsupervised
samples. Experimental evidences of its efficiency are presented in Section 5.
Eventually, Section 6 gives some concluding remarks and directions for future
work.

2 Laplacian Score

This section briefly presents the Laplacian Score, as introduced by He et al.
[4] for unsupervised feature selection. As already discussed, the method selects
features according to their locality preserving power.

Consider a dataset X . Let fri denote the rth feature of the ith sample (i =
1 . . .m), xi the ith data point and fr the rth feature. A proximity graph with m
nodes is built, which contains an edge between node i and node j if the corre-
sponding points xi and xj are close, i.e. if xi is among the k nearest neighbors of
xj or conversely. Throughout this paper, the proximity measure used to compute
the nearest neighbors of a point is always the Euclidean distance.

From the proximity graph, a matrix Suns is built by setting

Suns
i,j =

⎧
⎨

⎩
e−

‖xi−xj‖2
t if xi and xj are close

0 otherwise
(1)
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where t is a suitable constant. Duns = diag(Suns1), with 1 = [1 . . . 1]T , is
defined, as well as the graph Laplacian Luns = Duns − Suns [9].

The mean (weighted by the local density of data points) of each feature fr is
then removed: the new features are called f̃r = fr − fTr Duns1

1TDuns11. This is done to
prevent a non-zero constant vector such as 1 to be assigned a zero Laplacian
score as such a feature obviously does not contain any information.

Eventually the Laplacian score of each feature fr is computed as

Lr =
f̃r

T
Lunsf̃r

f̃r
T
Dunsf̃r

(2)

and features are ranked according to this score, in increasing order.
As a convincing justification of this criterion for feature selection, one can

notice that

Lr =

∑
ij (fri − frj)2Suns

ij

V ar(fr)
. (3)

The numerator thus penalizes features belonging to close samples and however
having very different values. V ar(fr) can be seen as the estimated weighted
variance of feature r where the D matrix models the importance of the data
points. Features with a high variance are thus preferred, as they are expected to
have a higher discriminative power. More details can be found in [4].

3 Supervised Laplacian Score

3.1 Definitions

A formalism similar to the one described in the previous section can also be
derived for supervised feature selection.

Consider again the training set X containing m samples xi described by n
features. In case of a supervised regression problem, an output vector Y =
[y1 . . . ym] ∈ �m is also given. Under the assumption that the output Y is gener-
ated by a continuous and smooth enough function of X , it is natural to expect
close samples xi and xj to have close output values yi and yj . Consequently,
good features are expected to have close values for data points whose outputs
are close too.

Define the matrix Ssup as:

Ssup
i,j =

{

e−
(yi−yj )2

t if yi and yj are close
0 otherwise

(4)

and Dsup = diag(Ssup1), Lsup = Dsup − Ssup, f̃r = fr − fTr Dsup1
1TDsup11. Criterion

(2) can again be used to rank features by computing a so-called Supervised
Laplacian Score (SLS):

SLSr =
f̃r

T
Lsupf̃r

f̃r
T
Dsup f̃r

(5)
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Here again, in Equation (4), two points are considered to be close if one is among
the k nearest neighbors of the other while t is a suitable (positive) constant.

Expression (3) can of course be derived with Ssup
i,j and thus V ar(fr) adapted

to the supervised case.

3.2 Illustration

SLS is briefly compared with the correlation coefficient, a widely used crite-
rion for feature selection. The objective is to show the ability of the method to
achieve feature selection and its greater capability detect non linear relationships
between each feature and the output. Two artificial problems are considered.

The first one consists of 8 features X1 . . . X8 uniformly distributed on [0; 1].
The output is defined as:

Y1 = cos (2 π X1 X2) sin (2 π X3 X4). (6)

The second consists of 4 features X1 . . . X4 uniformly distributed on [0; 1]. The
output is defined as:

Y2 = X2
1 X−2

2 . (7)

The sample size is 1000 in both cases and 1000 datasets are randomly generated
for each problem. The comparison criterion is the percentage of cases for which
the 4 (2) informative features are the 4 (2) best rated.

For the first problem this percentage is 93% with SLS and 25% with the
correlation coefficient. For the second problem, the percentages are 100% and
32% respectively. The advantage of SLS in these two simple cases is thus obvious.

4 Semi-supervised Laplacian Score

First experiments showed promising results concerning the use of SLS for super-
vised regression problems with a large number of data points. When the number
of supervised samples is small, however, unsupervised samples have also to be
taken into account.

The semi-supervised feature selection algorithm proposed in this paper is
based on the developments in the two previous sections. More precisely, LS
and SLS are both based on the locality preserving power of the features. The
difference comes from the fact that locality (measured by the distance between
samples) is defined from the unsupervised part of data for LS and from the
output for SLS. A quite intuitive idea is thus to compute the distance between
two samples from their outputs if both are known, and from the unsupervised
part of the data otherwise.

Consider a semi-supervised regression problem consisting in the training set
X and an output vector Y = [y1 . . . ys] ∈ �s, s << m.

The first step is to define a matrix d of distances between each pair of data
points:

di,j =

{
(yi − yj)2 if yi and yj are known
1
n

∑n
k=1 (fk,i − fk,j)2 otherwise.

(8)
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In the second case, the distance is normalized by the number of features n in
order to keep it comparable to the distance computed from the output.

A matrix Ssemi is then built as follows:

Ssemi
i,j =

⎧
⎪⎪⎨

⎪⎪⎩

e−
di,j

t if xi and xj are close and yi or yj is unknown,

C × e−
di,j

t if xi and xj are close and yi and yj are known,
0 otherwise.

(9)

Two points are considered as close if one is among the k nearest neighbors of
the other one.

The (positive) constant C allows us to give more weight to the information
coming from the supervised part of the data, as it is believed to be more impor-
tant than the unsupervised one for the feature selection problem.

One can then define Dsemi = diag(Ssemi1), Lsemi = Dsemi − Ssemi and
f̃r = fr − fTr Dsemi1

1TDsemi11.
The criterion for semi-supervised feature selection, called Semi-Supervised

Laplacian Score (SSLS), is eventually:

SSLSr =
f̃r

T
Lsemi f̃r

f̃r
T
Dsemi f̃r

× SLSr, (10)

where SLSr is the Supervised Laplacian Score (computed on the supervised
samples only). The criterion thus combines the influence of both the unsuper-
vised and the supervised part of the data, giving however this last part more
importance.

5 Experimental Results

In this section the interest of the proposed semi-supervised approach is illsutrated
on three real-world data sets.

The first one is the Juice dataset. The goal is to estimate the level of saccharose
of an orange juice from its observed near-infrared spectrum. 218 spectra samples
with 700 points are available. The dataset can be downloaded from the website
of the UCL’s Machince Learning Group 1 .

The second one is the Nitrogen dataset, containing originally 141 spectra
discretized at 1050 different wavelengths. The objective is the prediction of the
nitrogen content of a grass sample. The data can be obtained from the Analytical
Spectroscopy Research Group of the University of Kentucky2 . In order to reduce
the huge number of features, each spectrum is represented by its coordinates in
a B-splines base as a preprocessing [10]. 105 features are built this way.

The last one is the Delve-Census data set, for which only the 2048 fisrt samples
are considered. The data is available from the University of Toronto3 . Originally,
1 http://www.ucl.ac.be/mlg/
2 http://kerouac.pharm.uky.edu/asrg/cnirs/
3 http://www.cs.toronto.edu/ delve/data/census-house/desc.html
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each sample consists in 139 demographic features about a small region and the
objective is to predict the median price of houses in each region. However, only
104 features are considered here, since those which are too correlated with the
output have been removed for the experiments.

The performances of the feature selection algorithms are evaluated by the root
mean squared error (RMSE) of a 5 nearest neighbors prediction model.

First features are selected on the training set with only a few randomly se-
lected supervised samples. The model is then used to predict the output of the
points of an independent test set. For the prediction step, as a too small number
of labeled data would not allow the model to perform correctly, all the samples
in the training set are supposed to be labelled.

This procedure ensures that the performances reflect the quality of the feature
selection itself, and are not too much influenced by the prediction model. The
algorithms are tested with 7 and 10 supervised samples for the two first (smaller)
data sets, and with 70 and 100 supervised samples for the larger Delve Census
dataset. The RMSE is estimated through a 5-fold cross validation procedure
repeated 10 times.

Parameter t is set to 1, 5 neighbors are considered for computing the un-
supervised (1) and supervised (4) score, while 30 neighbors are considered for
the semi-supervised score (9). Indeed, the number of supervised samples being
small, increasing the number of neighbors considered in the analysis allows to
take such samples into account. The parameter C in (9) is set to 5. This mod-
erate value gives a large importance to the supervised samples, but still gives a
significant weight to the information coming from the unsupervised data points.
The maximum number of selected features is 100. Before any distance compu-
tation, features are normalized by removing their mean and dividing them by
their standard deviation.

Figure 1 first shows how the use of a few labeled data can improve the feature
selection procedure for regression purposes when compared with the unsuper-
vised approach. Indeed, as expected, the unsupervised approach (LS) is obviously
the one performing the worse on all three datasets and the prediction perfor-
mances are greatly improved by the use of only a small number of supervised
samples.

Moreover, the proposed SSLS also performs better than the correlation coef-
ficient for the three examples. This is particularly obvious for the Juice and the
Delve Census data sets where the RMSE obtained with the SSLS is never larger
than the one obtained with the correlation coefficient.

Eventually, results on the Juice data set underline the interest of the semi-
supervised SSLS approach over the supervised SLS method. This indicates that
the knowledge coming from the unsupervised samples is efficiently taken into
account in the feature selection procedure. Results on the Nitrogen data set are
also in favour of the SSLS, which leads in most of the cases to a smaller RMSE.
It also reaches the lowest global RMSE with both 7 and 10 supervised sam-
ples. Results on the Delve Census dataset are slightly better for the supervised
approach.
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Fig. 1. RMSE as a function of the number of selected features with 7 (left) and 10
(right) supervised samples. From top to bottom: Juice, Nitrogen and Delve Census
data set.
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6 Conclusions and Future Work

In this paper, two feature selection algorithms are introduced for regression
problems. Both are inspired by the Laplacian Score (LS), a recently introduced
unsupervised feature selection criterion and are based on the locality preserving
power of the features. In other words, the algorithms first select feature which
are coherent with a distance measure between samples.

In supervised learning, the distances are evaluated with the output only, lead-
ing to the Supervised Laplacian Score (SLS). In the case of semi-supervised
learning, distances are computed with the output if they are known or with
the data points otherwise. The semi-supervised score obtained this way is then
combined with the SLS to produce the semi-supervised Laplacian score (SSLS).

Experiments demonstrate the interest of the proposed approach, especially for
the semi-supervised feature selection problem. More precisely, for the problems
considered here, SSLS is shown to be superior to the correlation coefficient and to
the unsupervised approach. Moreover, it also outperforms its supervised version
on two datasets, showing the interest of considering unsupervised samples for
the feature selection when the number of supervised points is too low.

Further work could be focused on new ways to combine the information com-
ing from the supervised and unsupervised part of the data, as only the product
has been considered here.
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