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Introduction : From the finite to the infinite...
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Motivations

o Translation of the discrete case into the continuous case

o Continuous approximation of large-scale problems

¢ Optimal Control, Shape Optimization, PDE-constrained
Optimization...
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@ Problem description



Functional Problem (F9)
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Functional Problem (F9)

1
F9* = inf f(t)y(t)dt Fa
. / () (F9)
1
/ F(Dai(t)dt = b Vi=1,..L
-1
Ifll, < M

Applications
o Supply problems in continuous time

o Large-scale portfolio allocation problems



Polynomial Approximation

Principle : Replace f € L9([—1,1]) by f € #"([-1,1])
where 7" is the space of the polynomials of degree at most n.
Resulting problem = (P;) with optimal value P7".
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Polynomial Approximation

Principle : Replace f € L9([—1,1]) by f € #"([-1,1])

where 7" is the space of the polynomials of degree at most n.
Resulting problem = (P;) with optimal value P7".

We know :

« {admissible sol. of (P7)} C {admissible sol. of (F9)}
= F9* < p3*
© Pl < PRT
We want :
« (PJ) soluble in practice (Part @)

» Fast convergence of PJ* to F9* when n — oo (Part @)
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finite-dimensional optimization methods.
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Resolving (PY)

Aim : Be able to solve easily the problem (Py) using

finite-dimensional optimization methods.

How : Translate the objective and the constraints of the
polynomial approximation in terms of the polynomial coefficients in
a definite basis.

Results Obtained : Case g = 2 and g = 0o = : stuctured convex
problems.
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Translation of (P?) in a basis

Let {Xo, ..., Xn} be a basis of 7"([~1,1]) : p =37 p;X;.

(P7) becomes :

i (m)
s <€ >

AMp = p

n
peQ{peR”+1: ijXj
Jj=0

SM}
q

with
(n) '
¢ = /1 Y(t)X;(t)dt

m_ [
A,'J Z/_1 ai(t)XJ'(t)dt 9



Remaining : translate @ in finite dimensional

s lfg=2:Q={pcR"™! < Bp,p>< M?} with
Bi = [*, Xi(t)X;(t)dt Vi,j=0,..,n.
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Remaining : translate @ in finite dimensional

s lfg=2:Q={pcR"™! < Bp,p>< M?} with
Bi = [*, Xi(t)X;(t)dt Vi,j=0,..,n.
— Convex quadratic problem

I g = oo pll < Mif p(t)+ M >0 Vte[-1,1]

M—p(t)>0 Vte[-1,1]

= Finite representation of the cone of positive polynomials
using the sum of squares approach.
— Semidefinite problem

Conclusion : (P2) and (PY°) are soluble in practice.

10



Outline

© Convergence of the optimal values

11



Obtaining a convergence result

Aim : Prove, under some hypothesis, the convergence of PJ™ to
F9* when n — 400 with, if possible, a guarantee over the
convergence speed.
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Obtaining a convergence result

Aim : Prove, under some hypothesis, the convergence of PJ™ to
F9* when n — 400 with, if possible, a guarantee over the
convergence speed.

How : Introduction of a perturbed polynomial problem :
1
P%* = inf / t)y(t)dt Ph e
fo= e e (PL)
|[Ap = bll, < ¢

lpllg <M

L p(e)au(t)dt
with € > 0 and Ap = :

4 p(t)a(t)dt
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Sketch of the proof

We know :
° Pﬂ,’e* < PP Ve>0
o Fo < pgt
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Sketch of the proof

We know :
o« PII < PI Ye>0
o Fa* < P7*
We will show :
o PP < FO* 4+ Al(n) for a specific eq(n)( )

n,eq(n) —

13



Sketch of the proof

We know :
« PIE<PIT Vez0
o Fa* < PP
We will show :
 PU iy < FU 4 Af(n) fora specific co(n)( )

We will conclude :

e B, B Baw R By
i % ' l‘ '
<A(n) =g, (mAL(n) < &,(mAL(n)

In the worst case : F9* < P3* < Fa* 4 + eq(n)A3(n).
13
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© Convergence of the optimal values
Step 1 : Obtaining of A7(n)
Step 2 : Obtaining of A3(n)

Convergence results
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STEP 1 : Obtainment of Aj(n)

Principle :

PE o SF 4 Nl(n)

e,

Non Admissible

A
Opt. Sol.: f Admissible

Best. K
potmomia: Prg (%)
Approx.
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Obtained results

Notation : E,(f)q =  inf f—
otation : E,(f)q pGﬂ‘"I(T—l,l]) I P||q

° If1<q<+oo,

PI* S FO L 2E,(F9)g o

neq(n) =

with cq(n) = 2E,(F9*)q\ /L, ]2

16



Obtained results

° If1<g<+o0,

< FO* +2E(f*ﬂqH7H

n 6q(")

with eq(n) = 2E,(f9*)4 2;_:1 Hai”i/

» Possible improvement if g = 2,

—_——~
Prtim < F" 4 En(f")2E0(7)2

with (n) = Ep(f2*) \/m
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© Convergence of the optimal values
Step 1 : Obtaining of A{(n)
Step 2 : Obtaining of Aj(n)

Convergence results
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: Obtainment of Aj(n)

STEP 1

P% < F% 4 Al(n)

ng,(n) —
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: Obtainment of Aj(n)

STEP 1

Pe < FT 4 Al(n)

.5, (n) —
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Tool : Regularity Theorem

Let

e X and Y be two normed vector spaces
e A: X — Y be a linear application
e bey

* @ C X be convex, closed, bounded with non empty interior
Let's consider the optimization problems :
g =inf <x,c> gl =inf <x,c>

Ax=b |Ax — b|ly <€
x€Q x€Q

19



Regularity Theorem (2)

e H1:A:X — Y is non degenerate which means :
|Ax — b|ly, > od(x,L£) Vxe X

with L ={xe X: Ax=b}and 0 >0
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|Ax — b|ly > od(x,L£) Vxe X

with L ={xe X: Ax=b}and 0 >0
o H.2 : there is X € Q such that AX = b and

B(%,p) C Q C B(%,R)

with p >0,R >0

, R
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Regularity Theorem (2)

e H1:A:X — Y is non degenerate which means :
|Ax — b|ly > od(x,L£) Vxe X
with L ={xe X: Ax=b}and 0 >0
o H.2 : there is X € Q such that AX = b and
B(%x,p) C Q C B(x,R)
with p >0,R >0

/ R

g

Purpose : Use to link P/ and P
20



Case q=2 : Link between P%* and P,f;;"

Satisfaction of the hypothesis :

o If the functions a; are linearly independent = H.1 OK

with 0 = o = \/Amin(AnAl) >0 Vn > Nj where
An = Alen(-1,17)

o If there are Ny and p € 7M2([—1,1]) such that Ap = b and
Ipll, < M= H2O0K

. R _ 2M 2 _ A
with i m%' and Rn = m|npeﬂ-"([—1,1]),Ap=b |Ip||2
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Case q=2 : Link between P%* and P,f;;"

Satisfaction of the hypothesis :
o If the functions a; are linearly independent = H.1 OK
with 0 = 0, = \/ Amin(AnAT) >0 Vn > Ny where
An = Alzn(-Ly)-
o If there are N and p € 7"2([—1,1]) such that Ap = b and

|Bll, < M= H2O0K
with = 5707z and R} = minpern(1,1)),p=5 1Pl
Regularity Theorem :

A%En)

~

N 1] 2M
Pr* < Prr 4 i 2 L+ 7z ) ¥ = N = max{Ny, No}

On n

21



Case g # 2 : Link between PJ* and PJ;

Satisfaction of the hypothesis :

o If the functions a; are linearly independent in L2([-1,1]) =
H.1 OK
with o = Amin(Anfly) >0 Vn> N
\/Z,-L=1||Z,'-’:o<3h/-j>/-j||§
o If there are N and p € 7"2([—1,1]) such that Ap = b and
1Al <M = H.2OK

with % = Mz—l\fl’{g and R7 = minyern(i—1,1),4p=b | Pll2-
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Case g # 2 : Link between P?* and PJ;

Satisfaction of the hypothesis :
o If the functions a; are linearly independent in L2([-1,1]) =
H.1 OK

with o = dunlAeAl) 50 V> M.
VEhlSresa ol
o If there are Ny and p € 7M2([-1,1]) such that Ap = b and
IBll, < M = H.2 OK
with % = %ﬁ and R = min,ern(i—1.1]),ap=b [|Pll2-
Regularity Theorem :

A3(n)

-~

- 2
L n
Il S [ o < ity > o
1 -
o2 ( + M—’Rg)22

n

Pi" < Pii+e
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© Convergence of the optimal values
Step 1 : Obtaining of A{(n)
Step 2 : Obtaining of A3(n)

Convergence results
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Final convergence results

PE ) S F + N(n)

RE,
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Final convergence results

Convergence Theorem

Fo < P¥ < F*' 4 N(n)+ &,(n) X (n)

/

PE oy S F + N(n)

e, (n
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Case g = 2 : Convergence of P>* to F?*

Our results :
If
e the functions a; are linearly independant
o the polynomial problems (P?) are strictly admissible from a
definite threshold
then for all n > N = max{Ny, N} :

[F2e — P2 < 1 ean)(n) =
L 2
\/ 2_iz1 En(ai) 2M
2,% Zl—l n\91)2
i) | Ex)e + Y ) (14 2

25



Case g = 2 : Convergence of P>* to F>* (2)

Convergence

We know : E,(f)2 — 0 for all f € L?([-1,1])
We conclude : P>* — F2*
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Case g = 2 : Convergence of P>* to F>* (2)

Convergence
We know : E,(f)2 — 0 for all f € L?([-1,1])
We conclude : P>* — F2*

Convergence speed
We know :
o if f € CTB([-1,1]) : En(f)2 = O(2X) where
Chr([-1,1]) = {f € c¥([~1,1])|f(") is Lipschitz-continuous}.
o f2* is unique and expresses itself as a linear combination of
the a; and vy
We conclude :
If the a; and v € C"L"~1 then P2 — F2* in O()
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Case g # 2 : Convergence of ng* to Fa-*

Our results :
If

o the functions a; are linearly independant, in L?([—1,1]) such
that sup, max; HZJ'-’ZO <aj,Lj> LJ-H < 00
q
« the polynomial problems (PJ) are strictly admissible from a
definite threshold
then for all n > N = max{ Ny, N} :

|[For — PI7| < + eq(n)A"(n)
E il \/2 1||z 0<ai7Lj>Li||j<

2E(F) Il | 1 + 1 %)

27



Case q # 2 : Convergence of P?* to F9* (2)

Convergence

o If g < 400
We know : En(f)g — 0 for all f € L9([-1,1])
We conclude : P?* — Fa9*
o If g =400
We know : Ep(f)ee — 0 iff f € C([—1,1])
We conclude : the convergence is not guaranteed.
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Case g # 2 : Convergence of P?* of F%* (3)

Convergence speed
We know : If f € C=1r=1([=1,1]) : E5(f)q = O(L)

We conclude :
If f9* € C'—Lr~1lthen PI* — F9* in O(#)

29
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O Conclusion
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From the infinite to the finite...

New approach of resolution for the (F9) class : Polynomial

approximations scheme.
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From the infinite to the finite...

New approach of resolution for the (F9) class : Polynomial

approximations scheme.

Otained results
o Polynomial problems = structured convex problems in finite
dimension (for ¢ =2 and g = o)

» Convergence of PJ™ to F?* under some hypothesis

= Obtention of an effective resolution method for the problems
(F9).

31



Further researchs

o Improve, if possible, the convergence bound obtained in the

case g = 00

« Obtain a translation of the problems (Py) for q # 2 and
g # oo in a convex structured problem

o Generalize the polynomial approximation scheme for other
classes of infinite problems (derivatives, punctual

constraints,...)
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Thanks for your attention !

Universite
catholique
de Louvain

33



