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Abstract

Initial conditions, boundary conditions, state estimation problems are often encountered in data assimilation.
Control theory techniques can be adapted to solve such problems, such as Kalman filtering. For systems with
a relatively small order the Kalman filtering provides an optimal solution to many data assimilation problems.
However, for large scale systems that arise from discretizing partial differential equations, the number of
computations and the required storage for the Kalman filter become prohibitive. Also numerical difficulties
may arise from propagation of errors, due to finite machine precision computations. Often they result in the
violation of the requirement that the error covariance matrix should be positive semi-definite. In this paper
we will discuss a Singular Square Root Algorithm (SSQR) to compute a Kalman filter gain for large scale
systems, which solves in a reasonable manner the problems mentioned above when the process noise can be
assumed to be negligible.
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1 Introduction

Complex processes can be often simulated efficiently
by systems of discretized partial differential equations
describing the conservation laws. The discretized
system of equations provides a reasonably accurate
forecast of the future dynamical behaviour, provided
that the initial state of the system and the boundary
conditions are known. However, for real application a
complete information defining the state of the system
at a specific time is seldom available. Moreover,
both the models and the measured data contain
inaccuracies and random noise. Observations of the
system measured over an interval of time can be used
in combination with the model equations to derive
estimates of the expected values of the physical
states. The problem of constructing a state-estimator
for these systems can be treated by using feedback
design techniques from control theory like Kalman
filtering [6]. Although Kalman filter has shown to
provide an optimal solution for linear systems with
a relatively small order, for very large nonlinear
systems it is not directly applicable, because its
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computation complexity. As a result, approximations
of the Kalman filter equations are needed.

Following Todling and Cohn [10] we will refer to
these approximations suboptimal schemes or SOS’s.

Most SOS’s are aimed at an approximation of either
the model dynamics or the error covariance matrix,
due to the fact that the main part of the computations
are used for them. The model is often simplified by re-
moving less important terms from the equations, or by
introducing other simplifying assumptions. The sim-
plified model is then used for time propagation of the
error covariance and the full model for the time prop-
agation of the estimate. Some researchers [3], have
proposed to approximate the state transition matrix
by one of the lower rank. The partial singular value
decomposition can be used in this case to reduce the
computations.

Various methods have been proposed for the
approximation of the error covariance matrix. Set-
ting correlations for large distances to zero can be
exploited to speed the algorithm up considerably.
However, due to the generally large condition number
of the error covariance matrix negative eigenvalues
may appear. A solution to this problem is to use
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a square root filter [8]. Often the error covariance
matrix has only a few large eigenvalues, which
can be used for approximation. The resulting
partial eigenvalue decomposition can be used for
fast propagation of the error covariance. Todling
and Cohn used this idea together with a Lanczos
algorithm for the eigenvalue computations to ob-
tain an efficient and general algorithm, the Partial
Eigen-decomposition Kalman Filter or PEKF [3].
Another similar idea by Verlaan and Heemink is to
approximate the error covariance matrix by one of a
lower rank, the Reduced Rank Square Root algorithm
or RRSQRT-KF [12]. The optimal choice for this low
rank approximation results in the use of the eigen-
values and eigenvectors of the error covariance matrix.

In this paper we will discuss a Singular Square Root
Filter algorithm to compute a Kalman Filter gain or
SSQRT-KF algorithm for large scale systems. Assum-
ing a perfect model, no process noise, it is possible to
compute a Kalman filter gain at a very low compu-
tational cost using the classical square root algorithm
[8]. Even though this filter is not optimal, it guaran-
tees that the estimation error will converge to zero by
relocating the most dominant eigenvalues of the error
estimation transition matrix. Nevertheless, there is a
design parameter r that can be adjusted to obtain a
better performance of the filter.

Besides of that, another problem are the boundary
conditions. Due to the fact that we are dealing with
first principle based models, it is very important
to know the initial and boundary conditions of the
system in order to make a more reliable estimation
and prediction of the states. Boundary conditions
can be assumed to be unknown inputs, in that case,
it is possible to use an augmented state space system
to estimate the boundary conditions. In this paper
we will show how to invert a linear dynamic system
using a Kalman filter formulation [11] in order to
estimate the boundary conditions.

This paper is organized as follows. In the second
section, a problem formulation is given. In the third
and fourth sections, the discrete Kalman filter and the
Discrete Riccati Difference Equation are presented.
Fifth section is dedicated to introduce the new algo-
rithm SSQRT-KF. In the sixth section, the RRSQRT-
KF algorithm is described. Finally, in the last section
a comparison between the full Kalman, RRSQRT-KF
and SSQRT-KF filters is done, taking a heat transfer
systems in an insulated plate as example.

2 Problem Formulation

A discretized linear PDE can be written as a state
space representation of an LTV stochastic model as

follows:

xk+1 = Akxk + Bkuk + wk, (1)

yk = Cxk + vk. (2)

where Ak ∈ R
n×n, Bk ∈ R

n×p and Ck ∈ R
m×n with

n � m, p. Additionally we have

E[wjw
T
k ] = Qkδjk ,

E[vjv
T
k ] = Rkδjk , (3)

E[vjw
T
k ] = 0,

where E[.] denotes expectation, wk is a white
Gaussian system noise process with zero mean and
covariance matrix Qk which is introduced to take
into account model uncertainties like missing or
erroneous physics, and computation errors, as well
as the white Gaussian measurement noise process
vk with zero mean and covariance matrix Rk to
take into account the measurements uncertainties.
The initial state x0 is assumed to be Gaussian with
zero mean and covariance matrix P0. The initial
conditions, the system and measurements noise pro-
cesses are all assumed to be independent of each other.

Moreover, for data assimilation models the proba-
bility density function of the states can be determined
based on the history of the measurements y1, . . . , yk.
For the model (2) it can be shown that this condi-
tional density function is Gaussian. Therefore it is
completely characterized by its mean and covariance
matrix. Furthermore, for a Gaussian distribution, the
mean is an optimal estimate in a maximum likelihood
sense, via a least squares estimation.

Having defined the general stochastic state space
representation of the model (1) and the measurement
relation (2), it is desired to combine the measurements
with the information provided by the model to obtain
an optimal estimate of the system states, this problem
is called a filtering problem. For solving this problem
the Kalman filtering (KF) will be used.

3 Discrete Time Kalman Filter

The problem of estimating the states of (1) from mea-
surements of the output (2) is discussed in this section.
Different estimators can be derived depending on the
available measurements. Assuming that the data

Yk = {yi, ui|i ≤ k}

is known, then, by using Yk we want to estimate
xk+km

. There are three distinct cases:

1. Smoothing (km < 0)

2. Estimation (Filtering) (km = 0)

3. Prediction (km > 0)
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Figure 1 illustrates the different cases. In the next
section the estimation problem is discussed. The re-
sulting dynamic system is called a filter regardless of
which of the problems is solved. We refer to [1] for
the proofs of the results given in this section.

3.1 Estimation Problem

A estimation of the signal xk is concerned with the
estimation of xk+km

for km = 0 using the measure-
ments yi for 0 ≤ i ≤ k. Consider the discrete-time
dynamical system described by (1) and (2). For this
system, we take a state estimator of the form

x̂k|k = x̂k|k−1 + Lk(yk − ŷk|k−1), k ≥ 0, (4)

where Lk ∈ R
n×m, with output

ŷk|k−1 = Ckx̂k|k−1. (5)

The first step of the recursive procedure is to propa-
gate ahead xk−1|k−1 via (1)

x̂k|k−1 = Ak−1xk−1|k−1 + Bk−1uk−1, (6)

then, define the prior state estimation error by

ek|k−1 , xk − x̂k|k−1, k > 0. (7)

Substituting (6) and (1) into (7) we obtain

ek|k−1 = Ak−1ek−1|k−1 + wk−1, (8)

now, define the prior error covariance matrix by

Pk|k−1 , E[ek|k−1e
T
k|k−1

], (9)

hence,

Pk|k−1 = Ak−1Pk−1|k−1A
T
k−1 + Qk−1. (10)

Next, define the state estimator error

ek|k , xk − x̂k|k , (11)

consequently, the Kalman gain Lk minimizes

Jk(Lk) = tr(Pk|k), (12)

where the estimation error covariance matrix Pk|k ∈
R

n×n

Pk|k , E[(ek|k − E[ek|k]])(ek|k − E[ek|k])T ]. (13)

As a result, the Kalman gain can be obtained by

Lk = Pk|k−1C
T
k R̂−1

k , (14)

where R̂k ∈ R
m×m is defined by

R̂k = Rk + CkPk|k−1C
T
k . (15)

The error covariance matrix update

Pk|k = (In − LkCk)Pk|k−1. (16)

4 Square Root Kalman Filter
Formulation

To compute more efficiently the Kalman filter gain, we
are going to use the recursive square root algorithm
proposed by Moore and Kailath [8].

To derive the square root form of the Kalman filter,
first assume that the Cholesky factorization of the
positive semi-definite matrices Rk, Qk−1, and Pk|k−1

are defined by

Rk , LRk
LT

Rk
, (17)

Qk−1 , LQk−1
LT

Qk−1
, (18)

Pk|k−1 , Sk|k−1S
T
k|k−1

. (19)

Where Sk|k−1 is defined as

Sk|k−1 ,
[

Ak−1Sk−1|k−1Lqk−1

]

. (20)

Next,notice that the Schur complement of the block
R̂k in (21) is (16),

Mk =

(

R̂k CkPk|k−1

Pk|k−CT
k Pk|k−1

)

· (21)

Then, Mk is easily factorized in:

Mk =

(

LRk
CkSk|k−1

0 Sk|k−1

) (

LT
Rk

0
Sk|k−1C

T
k ST

k|k−1

)

(22)

Now, the so-called square root form is obtained from
a lower triangular reduction or QR decomposition of
the left factor as follows

(

LRk
CkSk|k−1

0 Sk|k−1

)

· Uk =

(

Hk 0
Jk Sk|k

)

, (23)

where Uk is orthogonal. As a consequence, a square
root factorization of Mk is yielded by

Mk =

(

Hk 0
Jk Sk|k

) (

HT
k JT

k

0 ST
k|k

)

, (24)

from which it follows that Pk|k = Sk|kST
k|k. Notice

that this holds even if Pk|k is not full rank.
Finally, the Kalman gain can be computed as

Lk = Jk(Hk)−1. (25)

Summarizing, the recursive Kalman filter algorithm
will be as follows

1. Update

x̂k|k−1 = Ak−1x̂k−1|k−1 + Bk−1uk−1

2. Update

Sk|k−1 =
[

Ak−1Sk−1|k−1LQk−1

]

3. Compute Sk|k and Lk from (24) and (25) respec-
tively.

4. Compute

x̂k|k = x̂k|k−1 + Lk(yk − Ckx̂k|k−1).
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5 SSQR Kalman Filter Algo-
rithm (SSQRT-KF)

In the case of the state estimation for large scale
systems, the computational complexity in (20), (23)
is still too large. However, it is possible to explore
the freedom of some parameters to derive low-rank
algorithms. In this section we describe an algorithm
that we call the Singular Square Root Kalman Filter
(SSQRT-KF) , which is able to compute a subopti-
mal Kalman filter gain very efficiently, assuming the
process noise covariance Qk−1 = 0. It is inspired for
a dual algorithm described in [13].

In [13] is shown that for LTI systems the spec-
trum of the state space observer dynamics matrix
A(In − Pk|k−1C

T R̂−1C) is the union of the spectrum
of A and that of A−1 for the case Q = 0. Moreover,
it is also shown for the same case that the rank of the
steady state error covariance matrix Pk+1|k is equal
to the dimension of the unstable subspace of A. Even
though this results were developed for the dual algo-
rithm of the state prediction problem, the results can
be directly extended to the state estimation case due
to the fact that the eigenvalues of the error dynamics
matrix in the two cases; prediction and estimation,
can be shown to be the same. Hence (20) can be writ-
ten as

Sk|k−1 , Ak−1Sk−1|k−1, (26)

where the Sk|k−1 ∈ R
n×l, with l chosen larger than

the number of unstable eigenvalues of A. Then,
notice that the QR decomposition is computed for a
small matrix of size (p + l) × p making it cheap to
compute. On the other hand, if the measurements
are uncorrelated, i.e., R diagonal, then F̂k will be
diagonally dominant, therefore instead of computing
F̂−1

k , we invert its diagonal entries to obtain a
diagonal approximation of F−1

k . Besides, if C is
sparse, the construction of the left factor in the left
hand side of (23) is cheap as well.

A key characteristic of SSQRT-KF algorithm is
that the spectrum of the state space observer dynam-
ics matrix (In − Pk|k−1C

T R̂−1C)A is constructed
by reflecting the eigenvalues of A with |λ| > 1 to
their unit circle mirror images 1/|λ|, and leaving the
eigenvalues with |λ| < 1 unchanged.

Summarizing, the recursive SSQRT-KF algorithm
will be as follows

1. Update

x̂k|k−1 = Ak−1x̂k−1|k−1 + Bk−1uk−1.

2. Update
Sk|k−1 = Ak−1Sk−1|k−1.

3. Compute Sk|k and Lk from (23) and (25) respec-
tively.

4. Compute

x̂k|k = x̂k|k−1 + Lk(yk − Ckx̂k|k−1).

6 Reduced Rank Square Root
Kalman Filter (RRSQRT-

KF) [12]

In the RRSQRT-KF estimator the square root factors
are based on an eigendecomposition. Let Pk|k−1 =
VkΛkV T

k be the eigendecomposition of the error co-

variance matrix Pk|k−1, so that Sk|k−1 = VkΛ
1/2

k is
a square root factor of Pk|k−1. The error covariance
matrix is now approximated by using only q leading
eigenvalues. With the ordering |λ1| ≥ . . . ≥ |λn| ≥ 0,
an approximation is obtained by truncating Sk|k−1 af-
ter the first q columns. The algorithm is as follows:

1. Update x̂k|k−1 = Ak−1x̂k−1|k−1 + Bk−1uk−1

2. Update Sk|k−1 = [Ak−1Sk−1|k−1 LQk−1
]

3. Rank reduction of the error covariance:

S∗
k|k−1 = [Sk|k−1 Vk]1:n,1:q ,

where

ST
k|k−1

Sk|k−1 = VkΛkV T
k

4. Compute Lk and Sk|k using the scalar update of
Potter [7] for independent measurements as fol-
lows,
Sk|k = S∗

k|k−1
,

for i = 1 to p,

H = S∗T
k|k−1Ck(i, :)T

F = (HT H + Rk(i, i))−1

Lk(:, i) = S∗
k|k−1HF

Sk|k = Sk|k − LkHT (1 + (FRk(i, i))1/2)−1.

end

5. Compute x̂k|k = x̂k|k−1 + Lk(yk − Ckx̂k|k−1)

If the measurements are correlated, i.e., Rk is not di-
agonal then these measurements can be transformed.
Let ỹk be defined by

ỹk , R
−1/2

k yk, (27)

where R
−1/2

k is the matrix inverse of the Cholesky
factor of Rk. Then

ỹk = C̃kxk + ṽk, (28)
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with,

C̃k , R
−1/2

k Ck, (29)

ṽk , R
−1/2

k vk. (30)

These transformed measurements are equivalent to
the original measurements, but the covariance matrix
of the errors of ṽk is the identity matrix.

The number of computations required in the time
propagation of the error in the covariance, which is
a major fraction of the total number, is reduced by
a factor n/q with respect to the original Kalman fil-
ter algorithm. It can be shown that for q = n the
RRSQRT-KF algorithm is exact in the sense that it
is equivalent to the Kalman filter equations. The pa-
rameter q controls the accuracy of the approximation.
The price for greater accuracy is as always a larger
computational burden.

7 Numerical Results

As an example, a heat transfer system in an finite in-
sulated plate will be taken. The PDE which describes
such a system [5] is given by

∂T (t, y, x)

∂t
= α

(

∂2T (t, y, x)

∂x2
+

∂2T (t, y, x)

∂y2

)

+

u(t, y, x), (31)

where T (t, y, x), u(t, y, x), and α are the tempera-
ture distribution, the heat input, and the heat trans-
fer coefficient of the plate, respectively. In this ex-
ample the PDE is discretized using finite differences,
with the plate dimensions Lx = Ly = 1m, α =
1 × 10−5W/oCm2, with fixed boundary conditions,
initial conditions

T (0, y, x) = 0,

and the heat input

u(t, y, x) = 5 × 10−5 ∆t

∆x
e

−(x−x0(t))2

2σx
+

−(y−y0(t))2

2σy . (32)

Where x0(t) and y0(t) are values that change with
time, and σx = σy = 1e − 2. The system is
discretized in 225 grid points equally spaced by
∆x = ∆y = 0.0625 with 0 < x < 1 and 0 < y < 1,
and a sampling time ∆t = 5.21sec, this in order to
keep the discretized system stable. Figure 5 shows
the structure of the A matrix, this structure is very
typical for discretized PDE’s. We can observe that
this matrix is very sparse which can be used to make
the computations more efficient.

For simulation purposes the short range prediction
scheme is used. This scheme consist of estimating
the states at time k, where the measurements yk are

available, with the Kalman filter. Then, the predic-
tion is done by projecting ahead the states using the
physical first principle based model (1) until new mea-
surements are taken.

In a first simulation, 30 measurement points were
taken randomly, and the process noise was set to zero.
Figure 2 shows a comparison of the RMSE between
the three filters for this case. Although the three al-
gorithms converge to the same solution, RRSQRT-KF
converges slower while SSQRT-KF have a similar con-
vergence behaviour to the classical KF. In a second
simulation process noise was introduced by using just
the inputs at the same points where the outputs are
measured, using the same 30 measurement points of
the previous simulation. The filters were computed
assuming no process noise. Figure 3 shows the results
of the RMSE, as expected none of the filters converge
to zero.

The third simulation was done taking into account
the process noise caused by the unknown inputs. The
performance of the classical KF and RRSQRT-KF are
much better now, while SSQRT-KF keeps the same
performance of the previous case due to the fact that
it does not take into account the process noise in its
formulation, figure 4 shows the results.

In order to improve the performance of the SSQRT-
KF when process noise is present in the system, co-
variance inflation can be applied [2]. The covariance
inflation is a heuristic approach used in the ensemble
Kalman filter to avoid filter divergence, it consists of
multiplying the error covariance matrix Pk|k−1 by a
factor γ (γ > 1) enlarging the prior distribution ar-
tificially. In the SSQRT-KF this γ can be seen as a
compensator for the lack of the process noise term
in (20). Hence the error covariance update can be
rewritten as

Pk|k−1 = Ãk−1Pk−1|k−1Ãk−1 (33)

where Ãk−1 is defined by

Ãk−1 ,
√

γAk−1. (34)

The chosen of γ has to be done with care, because if
γ is chosen too large it results in a filter in which the
observation are given too much weight.

Consequently, when it is dealt with discretized PDE
systems (1), the matrix Ak is in most of the cases sta-
ble, i.e, |λ(Ak)| < 1. Therefore we can choose γ such
that the matrix Ãk−1 gets the most dominant eigen-
values outside the unit circle. Since it was mentioned
in §5, one of the key characteristics of the SSQRT-KF
is that the spectrum of the state space observer dy-
namics matrix A − LkC is constructed by reflecting
the eigenvalues of Ak with |λ| > 1 to their unit circle
mirror images 1/|λ|, and leaving the eigenvalues with
|λ| < 1 unchanged. Hence, the SSQRT-KF estimator
will focus on the most dominant modes of the system
dynamics, obtaining a suboptimal KF.
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Figure 6 shows a comparison of RMSE between
the three filters when covariance inflation is applied
to them. Even though all the filters reduce the
RMSE, SSQRT-KF reduces it drastically compare
to the others. Figure 7 depicts how the magnitude
of the eigenvalue of the filter dynamics are affected
compared to the eigenvalues of the system dynamics.
At the bottom can be seen for the SSQRT-KF case
how |λ(Ãk−1)| > 1 are moved into the unit circle
leaving the rest in their original locations.

Another important feature of the SSQRT-KF algo-
rithm is its low computation cost as can be seen in
table (1). There can be seen that for n � m,l,q,p
RRSQRT and SSQRT-KF are much cheaper to com-
pute than Kalman filter.

8 Boundary Conditions Estima-

tion

Until now boundary conditions were assumed to be
zero, but in real applications we often find that this
is not true. Therefore, in this section the boundary
conditions are added to the system described by (1)
and (2). As a result, a discretized PDE with boundary
conditions can be set as a LTV stochastic model state
space representation as follows:

xk+1 = Akxk + Bkuk + Fkzk + wk (35)

yk = Ckxk + vk. (36)

where Ak ∈ R
n×n, Bk ∈ R

n×p, Ck ∈ R
m×n, and Fk ∈

R
n×b. With zk ∈ R

b a vector of boundary conditions
at time k.

E[wjw
T
k ] = Qkδjk

E[vjv
T
k ] = Rkδjk , (37)

E[vjw
T
k ] = 0

Where wk is a white Gaussian system noise process
with zero mean and covariance matrix Qk which is
introduced to take into account the model uncertain-
ties, as well as the white Gaussian measurement noise
process vk with zero mean and covariance matrix Rk

to take into account the measurements uncertainties.
The initial state x0 is assumed to be Gaussian with
mean x̄0 and covariance matrix P0.

In (35) is seen that the boundary condition vector
zk can be taken as external input to the system. Hence
(35) and (36) can be rewritten as follows

xk+1 = Akxk + (Bk Fk)

(

uk

zk

)

+ wk (38)

yk = Ckxk + vk. (39)

Now, in order to estimate the boundary conditions
vector, we are going to invert the system using the

Kalman filter such that the vector zk will become part
of the state space vector xk, as explained in the fol-
lowing section.

8.1 Inverting Linear Dynamical Sys-
tems [11]

As an application of the Kalman filter, in this section
we present how Kalman filtering can be used to invert
a linear dynamical system. We start with a rather
crude problem formulation. Let the signal generating
system be described by the LTI formulation of the
state space system (35), (36), and let a desired output
sequence ydk be given for k = 1, 2, . . . , N . Then the
problem is to determine the input sequence zk for
k = 1, . . . , N such that yk closely approximates ydk.

A more precise problem formulation requires the
definition of a model that describes how the input zk

is generated. Consider the following model represen-
tation for the class of inputs

zk+1 = αzk + wzk . (40)

This model is an AR(1) with wzk a white noise se-
quence that is independent of wk and vk in (35) and
(36), and covariance

E[wzjw
T
zk] = Qzδjk . (41)

For the input within this class of signal generating
systems the problem is to determine the output
covariance matrix Qz ∈ R

b×b and a realization of the
input sequence zk for k = 1, 2, . . . , N , such that the
output yk is a minimum variance approximation of
ydk.

The combination of the time-invariant signal gen-
erating model and the model representing the class of
input signals (40) results in the augmented state space
model:

(

xk+1

zk+1

)

=

(

A F
0 αIb

) (

xk

zk

)

+

(

B
0

)

uk +

(

In 0
0 Ib

) (

wk

wzk

)

(42)

yk = (C 0)

(

xk

zk

)

+ vk, (43)

with the process and measurement noise having the
following covariance matrix:

E





wk

wzk

vk





(

wT
k wT

zk vT
k

)

=





Q 0 0
0 Qz 0
0 0 R



 ·

(44)
This augmented state space model has no measurable
boundary conditions sequence. A bounded solution of
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the state error covariance matrix of the Kalman filter
of the augmented state space model requires the pair

{

(

A F
0 αIb

)

,
(

C 0
)

}

(45)

to be observable. The conditions under which the
observability of the original pair (A, C) are preserved
are given in the following lemma.

Lemma 1. Let the pair (A, C) be observable and
let for all ξ ∈ R

m : C(A − αIn)−1Fξ = 0 if and only
if ξ = 0, then the pair (45) is observable.

Proof: By the Popov-Belevitch-Hautus test for
checking observability, we have to proof that for all
eigenvectors of the system matrix

(

A F
0 αIb

)

denoted as:
(

A F
0 αIb

) (

η
ξ

)

= λ

(

η
ξ

)

(46)

the condition:

(

C 0
)

(

η
ξ

)

= 0, (47)

only holds provided

(

η
ξ

)

≡ 0. From the lower part

of (46) it follows that: ξ = 0 for any λ and α, or λ = α
for any ξ. With ξ = 0 it follows from (46) that Aη =
λη and therefore Cη can only be zero provided that
η is zero, since the pair (A, C) is observable. With
λ = α, the top row of (46) reads:

(A − αIn)η = −Fξ, (48)

hence Cη = 0 implies,

C(A − αIn)−1Fξ = 0 (49)

but this can only hold provided that ξ ≡ 0.

The condition in lemma 1 on ξ for single-input,
single-output LTI systems is equivalent with the fact
that the system (A, F, C) does not have zeros in the
point z = α of the complex plane. For multivariable
systems the condition corresponds to the original
system having no so-called transmission zeros in the
point z = α, see details in [9].

An important design variable for the Kalman filter
of the augmented state space model is the covariance
matrix Qz.

The case where the original system has one or more
zeros at α or in a circle of radius ε around z = α, re-
quires special attention. Different solutions are avail-
able to solve this problem. One approach is based on
the factorization of rational transfer functions given
in [4].

8.2 Numerical Results

In order to investigate how this technique works in
a data assimilation problem, the example of section
§7 will be taken. The boundaries are fixed to zero
except for the left boundary where the disturbance
input zk+1 = zk + wk with α = 1 is injected. The
new augmented system has 15 new unknown states,
corresponding to the boundary conditions of the left
side.

Figure 9 shows the RMSE of the three filters when
the disturbance input zk+1 = zk + wzk is injected. In
this simulation is assumed all the inputs are known,
and 30 output measurement points. Covariance infla-
tion is used for SSQRT-KF with γ = 1.05

Figure 10 shows a contour plot of the performance
comparison of the three filters. Even though the clas-
sical KF is the best, RRSQRT-KF and SSQRT-KF do
a good job in estimating the unknown input distur-
bance.

9 Conclusions

In this paper a new algorithm to compute a subop-
timal Kalman filter -SSQRT-KF- was introduced for
the case when the process noise can be assumed to be
negligible or zero. This algorithm is cheap to com-
pute compare to the classical KF. It has been tested
and compared with the classical KF as well as the
RRSQRT-KF obtaining good results. Although, in
the case when the process noise in not zero, the co-
variance inflation factor added some improvement on
the estimation of the filters, SSQRT-KF was the one
with a major improvement.

One drawback of the SSQRT-KF, when process
noise is present in the system, is that the covariance
inflation factor γ has to be tuned in a heuristic way.

For the case of estimating the boundary conditions
by inverting the system showed to work well for the
three filters. However, we need to know or have a
good idea of the class of the input signal is coming in
through the boundary.
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Kalman Filter RRSQRT-KF SSQRT-KF
flops 2n3(m3/3n3 + 3m2/n2 +

m2/2n3+2m/n2+1/n+3)
2n2(6q3/n2 + 2q2/n +
7mq/2n + qm/n2 + q)

2n2(2m2/n + 3ml/m +
m2l/n2 + l2/n + l)

∼ flops n � m,l,q,p 6n3 2n2q 2n2l

Table 1: Comparison of the computation complexity between Kalman filter, RRSQRT-KF filter, and SSQRT-
KF algorithm. In the first row is shown the number of flops needed one iteration. In the second row is shown
the number of flops needed for one iterations when n �, l, q, p.
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Figure 1: Smoothing, filtering, and prediction
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Figure 2: RMSE of x̂k|k for the KF , RRSQRT-KF, and SSQRT-KF, assuming all the inputs known. KF Solid
line, RRSQRT-KF dashed-dotted line, and SSQRT-KF dashed line.
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Figure 3: RMSE of x̂k|k for the KF , RRSQRT-KF, and SSQRT-KF, taking just the inputs in the measurement
points and neglecting the process noise in the filters. KF Solid line, RRSQRT-KF dashed-dotted line, and
SSQRT-KF dashed line.
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Figure 4: RMSE of x̂k|k for the KF , RRSQRT-KF, and SSQRT-KF, taking just the inputs in the measurement
points and adding the process noise to the filters. KF Solid line, RRSQRT-KF dashed-dotted line, and SSQRT-
KF dashed line.
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Figure 6: RMSE of x̂k|k for the KF , RRSQRT-KF, and SSQRT-KF, taking just the inputs in the measurement
points, adding the process noise to the filters, and using the covariance inflation factor γ = 1.3. KF Solid line,
RRSQRT-KF dashed-dotted line, and SSQRT-KF dashed line.
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Figure 8: Contour plots of the performance of the three filters compare to the original one (simulated). Taking
30 measurement points (dots in the third row), where the inputs and outputs are measured. Covariance
inflation is applied to SSQRT-KF, γ = 1.3. Random initial conditions and zero fixed boundary conditions.

17



50 100 150 200 250 300

10
−1

10
0

Iterations

R
M

S
E

Figure 9: RMSE of x̂k|k for the KF, RRSQRT-KF, and SSQRT-KF. Boundary conditions fixed to zero except
the left one, where the disturbance zk+1 = zk + wzk is injected. Randomly 30 measurement points (dots in the
third row) were taken, where the outputs are measured. KF Solid line, RRSQRT-KF dashed-dotted line, and
SSQRT-KF dashed line.
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Figure 10: Contour plots of the performance of the three filters compare to the original one (simulated).
Boundary conditions fixed to zero except the left one, where the disturbance zk+1 = zk +wzk is injected. Ran-
domly 30 measurement points (dots in the third row) were taken, where the outputs are measured. Covariance
inflation is applied to SSQRT-KF, γ = 1.05. Random initial conditions and zero fixed boundary conditions.
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