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ABSTRACT

We give an O(m2n) algorithm for computing the Kronecker structure of an
arbitrary m X n pencil AE — A. The algorithm is shown to be numerically stable,
because only unitary transformations are used. The improved speed over earlier
unitary methods is due to the efficient use of condensed forms which are maintained
throughout the recursions of the algorithm.

1. INTRODUCTION

The problem of determining the Kronecker canonical form (KCF) of a
singular pencil has received considerable attention over the last few years [7,
23, 18, 24, 9, 12, 8]. Part of this is certainly due to the relevance of the KCF
in a number of applications found in the area of systems and control theory
[10, 19, 16]. In these various papers different aspects of the computation of
the KCF have been looked at, such as the computational complexity and the
numerical stability of some algorithm, or the sensitivity of the KCF.

In this paper we mainly focus on the complexity of the problem. We
present a new algorithm which is shown to require only O(m?n) operations
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for computing the so-called generalized Schur decomposition of an arbitrary
m X n pencil AE — A. The transformations required for this decomposition
are unitary. This fact is also shown to ensure the backward stability of the
algorithm. Moreover, the KCF is easily derived from this Schur form without
any additional computations [18). We believe that this O(m®n) algorithm is
an important improvement, since earlier methods based on unitary transfor-
mations only [18, 12, 8] have a complexity which is O(n*) in the worst case.

In Section 2 we develop some preliminary material needed in the rest of
the paper. In Section 3 we then give the new algorithm, which in fact
consists of two subalgorithms. The first one separates the infinite elementary
divisors and right Kronecker indices from the finite elementary divisors and
left Kronecker indices. The second one performs the further separation
between the right Kronecker indices and the infinite elementary divisors. In
this section we also give an operation count of these two algorithms and
discuss their numerical stability. In Section 4 we then finally mention a few
applications of this new algorithm in the area of systems and control theory.

2. PRELIMINARIES

Throughout this report we use uppercase for matrices and lowercase for
vectors and scalars. The identity matrix is denoted by I. All matrices, vectors
and functions considered are defined over C. By A” we denote the transpose
of A. The pertranspose of A (reflection in the second diagonal) is indicated
by AF. By diag{ M,,..., M, } we denote a block diagonal matrix with diagonal
blocks M; that are not necessarily square.

Consider the pencil AE — A with A and E arbitrary constant matrices of
equal dimensions. The pencil is said to be regular if AE — A is square and
det(AE — A) # 0. Otherwise, it is called singular. Two pencils AE, — A, and
AE,— A, of dimensions m X n are termed strictly equivalent when there
exist constant (independent of A) invertible matrices P and Q of orders m
and n, respectively, such that

P(AE,— A,)Q = AE,— A,. (2.1)

We denote this equivalence relation by ~. When P and Q are, moreover,
\%Jm'tary, these pencils are said to be unitarily equivalent, which is denoted by

Kronecker (see [5]) has shown that any pencil is strictly equivalent to a
canonical block diagonal form

AE—A~diag{L,,....L_,LT,..., Ll AN-LA -]}, (22
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where

(1) L, is the € X (e + 1) bidiagonal pencil
A -1
Ao—1
(2) LT is the (g +1)X 7 bidiagonal pencil

-1
A B
-1

(3) N is a nilpotent Jordan matrix, and
(4) 7] is in Jordan canonical form.

The matrix AI — J contains the finite elementary divisors, and AN — [
the infinite elementary divisors of AE — A. The blocks L, and Lf'j contain

the singularity of the pencil. In fact, for L, there exists a polynomial column
vector such that

L[t » - x}'=[0 - o], (2.3)
while for Lf, there exists a polynomial row vector such that
[1 A -+ WM]II=[0 --- 0] (2.4)

The sizes of these blocks characterize them completely. Therefore they are
given special names [5]. The ¢, and 7, are called Kronecker column and row
indices, respectively (¢; and 7; are afso called the right and left Kronecker
indices.) Notice that the indices may be zero, corresponding to constant
(degree zero) nulling vectors. The pencil AN — I is completely determined by
the degrees 8, of the infinite elementary divisors, and AI — J by the finite
elementary divisors (A — a;)/.

In [18] it is explained that in order to compute the Kronecker canonical
form, it is recommended from a numerical point of view to compute instead
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the following quasitriangular form, also called the generalized Schur form:

AE - A, X X X
. AE_— A, X X
AE — AU ., (2.5)
NE,— A, X
AE,— A,

which can be obtained under unitary transformations, and where

(1) AE;— A/ is a square regular pencil containing the finite elementary
divisors of AE — A;

(2) AE,_ — A_ is a square regular pencil containing the infinite elemen-
tary divisors of AE — A;

(3) AE, — A, and AE_— A_ are singular pencils containing the Kronecker
row and column structure, respectively.

Moreover, the finer details of each diagonal block (i.e. the so-called staircase
structure) in (2.5) completely reveal the structural elements of the Kronecker
canonical form [18].

In order to obtain this decomposition we repeatedly use unitary row
transformations to reduce an arbitrary m X n matrix A to the form

A,

o }", (2.6)

a-|

where A, has p linearly independent rows (thus p is the rank of A). Such a
transformation is called a row compression of matrix A. Analogously we use
the name column compression for the unitary column transformation

AQ=[0] A,], (2.7)

p

where the columns of A are linearly independent. The resulting matrices A,
and A, are said to have full row rank and full column rank, respectively.
There are a number of methods available for computing these expressions
in a numerically reliable way [6]. Among them we mention the singular value
decomposition and QR factorization with pivoting [6]. In this paper we
mainly use methods quite similar to the latter, which we briefly recall here.
Let A be an m X n matrix of rank p. Then there exist a unitary transforma-
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tion P and a permutation Q such that

X x x| X x
A=PAQ= x oz ; ; (2.8)
I 0 [0 Jm-s
p n—p

where the x’s are nonzero and hence p =rank(A). From this, one easily
obtains (2.6) by postmultiplying A by Q. A dual decomposition with P a
permutation and Q a unitary transformation also leads to the result requested
in (2.7).

If one wants to avoid the (intermediate) permutation altogether, then one
can make use of an echelon form of A, which we give now below for the case
of column transformations. There always exists a unitary transformation Q
such that

[ X X x_
R X X . <
A=aQ=| o : : 29)
X R
| 0 x | <—;,,
—_—_———
n—p P

where the x’s are the last nonzero elements in each column of A and have
increasing row indices 1 < i, <iy < --- <i, < m. This column echelon form
directly yields (2.7), and there also exists a dual row echelon form corre-
sponding to (2.6).

ReMARK 2.1. Due to roundoff in a computer, one should always expect
to find full rank matrices (i.e. p = min{m, n}) unless a threshold & is chosen
below which elements of A will be considered zero. Since with unitary de-
compositions of the type (2.8), (2.9) roundoff errors are of the order ¢||A||
[22] (where e is the relative precision of the computer used), one must choose
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8 > €¢||A||r. When elements below the threshold & are set to zero, one has
then that (2.8) and (2.9) are in fact decompositions of a “nearby” matrix
A + E with (|E||p <8 [22]. Moreover, the x’s in (2.8) and (2.9) are then all
larger in magnitude than 8. It should also be noted here that the above
decompositions do not guarantee that one finds the smallest possible rank of
A + E for some 6-perturbation E (the so-called 8-rank), but counterexamples
[13] are not likely to occur frequently.

ReEmMark 2.2. If one uses Givens rotations to perform the QR decomposi-
tion (2.8), then one needs

plp+1
pm — ——(2—) rotations (2.10)
and
+1
pn— p(_pz___) rotations (2.11)

for the dual decomposition. The number of “flops” involved (one flop is the
work needed for one addition and one multiplication) is roughly equal to

4pmn — 2p*(m + n — 2p) flops (2.12)

for both (2.8) and the dual decomposition (we have neglected lower order
terms here). Moreover, the above numbers of rotations and flops are also the
maximum numbers required by the corresponding echelon forms.

3. A NEW ALGORITHM FOR THE GENERALIZED SCHUR FORM

3.1. The Basic Step

In the following subsections we propose an algorithm which is related to
the “staircase algorithm” described in [18], in the sense that it constructs the
same decomposition (2.5) and also uses unitary transformations only. The
most important difference is that a preliminary transformation of E to a
“condensed form” (namely the echelon form) is performed and that this form
is then exploited in the subsequent staircase reduction. It turns out that
keeping E in condensed form can be done very efficiently. Roughly speaking,
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our new algorithm requires O(n®) operations, in contrast to O(n*) in the
worst case for the staircase algorithm of [18] (here n is supposed to be the
maximum dimension of AE — A). The reduction of the complexity from
O(n*) to O(n®) is completely due to the following decomposition of a pair of
m X n matrices (A, E), where E has rank pp and is in column echelon form:

[A | E]=[A; | A, |10 | E] =

n - ep °p n - pp e

(3.1.1)

Notice here the special notation [A || E] we introduce for a pencil AE — A
(the constant term A is always on the left) in order to display better the fine
structure of both A and E in the development of our algorithms. The factors
appearing left and right of [A|| E] are thus applied to both A and E. We
now show that there exist unitary transformations P and Q, and a permuta-
tion Q, such that

P[A; | Ay, |1 O] Ez]diag{Ql,Qz}

~—

|

I T (312

n - PE pE n- pE pE

i.e., where A is row compressed and E, is maintained in column echelon
form (though not necessarily with the same pivot indices). For this decom-
position we use a product of Givens transformations P;_, , operating only on
two successive rows i —1 and i in order to form the transformation matrix
P. This is in fact classical when performing the QR decomposition with
pivoting (accumulated in Q,)—in this case of the matrix A,—via Givens
transformations [6]. Each time such a Givens rotation affects the echelon
form of E,, this is restored via an appropriate column transformation which
also turns out to be a Givens rotation. Together, these then constitute the
column transformation Q,. The details are now discussed by looking at the
different cases that may occur when a Givens rotation P,_, ; operates on
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rows ¢;_, and e¢; of a matrix E in echelon form. Let G;_; ; be the 2X2
Givens rotation embedded in P,_, ;. We can distinguish four different cases

i-1

of pairs |—— [ as shown in Figure 1 (the “nonzero” elements are marked
€
by x).
We then have
€i-1
G. — =
z—l,t{ eil
0 0(x =« x
G“"‘[O 0' 0 «x x]
0 O(x » - «x
_[O 0|l » -- x] ),
G 0 0| x
-Lifg 0|0
o .- O0!x x -+ «x
2
R P IS
={or ,
-O “ e 0 x x - X
PO R I
0 Olx «x x
G““[O O|x x ]
0 Olx - «x
_{O Ofx x - xl 3),
0 Oix «x x
c{-l»f[o le x x]
O LRI 0 x x R x
[0 ();x x - x] (4a)
={or
0 .. O x x DY x
[ B I

(3.1.3)
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(1) l x X X X X X
X X X X
(2) ‘ X X X
(3) l X x X
(3) l x x x
(4) I X X X

(1) I X X X

F1c. 1. The four different boundary cases for [e—'i ]

€;

We see that in each of the four cases the rows e;,_; and e; are
transformed to a pair of rows also belonging to an echelon form. Moreover,
only in the cases (1), (2b), and (4b) do the transformed rows have a different
from than the original pair. It is easily seen that only in case (1) is the
(complete) transformed matrix not guaranteed to be in echelon form any

€1

longer. However, in this case the “leading” nonzero 2 X2 matrix of [-——

€
has rank 2. Therefore, we can find a Givens transformation Qj, i-1 affecting
columns j—1 and j (where j is determined by the “boundary” of the

echelon form) such that

M R o

€i—1 o --- 0
Ci—l.:’[?i]oj,j—l=[0 0!

Thus, in case (1) we recover an echelon form by an extra column
transformation Q; ;_,. In all other cases we can take Q; ; =1,

z] (3.1.4)

Remark 3.1.1. The cases (a) and (b) in (2) and (4) are distinguished via
a test on the bottom element of the relevant column: if this element is smaller
in magnitude than a threshold §, then it is set equal to 0. The same comments
hold here as in Remark 2.1.

Before giving the complete algorithm we first illustrate in Figure 2 these
different cases in the elimination of the kth column of A, (stage k). At the
beginning of stage k we have a (k — 1) X (k — 1) triangular submatrix in A,.
In substeps (1) and (2) zeros (denoted by [0]) are created in A; by row
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(1)
—

F1c. 2. Stage k in the reduction process.

rotations, and the nonzero elements just introduced in E, (denoted by [ X])
are annihilated subsequently in steps (1’) and (2’) by column rotations. In
step (3) a third zero is created in A,. Hereby we have assumed that this
rotation also introduces a zero in E, [see case (4b) in (3.1.3)]. Hence no
restoration is done on E,. At this moment we have found a new echelon
form of E,. We proceed in step (4) with creating a zero in A, plus
introducing a nonzero element in E,. After restoration of E, in step (4') we
finally obtain a k X k triangular submatrix in A, while E, is in echelon form
(different from the original one). Repeating such a procedure for all columns
of A, one finds the rank p, of this matrix and the decomposition (3.1.2).
This is now summarized in the following algorithm written in Algol-like
notation.

AvrcoritaM 3.1.1 (Row compression of A, while keeping E, in echelon
form).
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comment Initialization. P and Q;,Q, are the row and column transforma-
tions;

k=1, zerotest = false; py,+=0; P:=1,; Q;=1,_ ; Qy:=1,;

comment Iteration process;

while k < min(m, n — p;) and zerotest = false do

begin
a;= A(k:m; j) (j=k,....,n—pg);
Determine smallest index ! such that |la;|| =max{|lal|j=k,....,n

—Pe);
if ||a,|| < tol then begin A (k:m, k:n — pg):=0; zerotest := true end else
begin
if 1+ k then Interchange columns k and ! of A, and update Q;
for i=m step — 1 until k+1 do
begin
comment Annihilate A (i, k) by row rotations P¥} .
Also apply these to A, and E;
A =P A Ay=P%) ;A Ey=P%) Ey; result A (i, k) =0;
Determine boundary type of transformed rows i — 1 and i of E,;
if type # 1 then Qff) ;;_ =1, else
begin
comment Annihilate Ey(i, j(i) — 1) by column rotations Q]((k,)) )1
Also apply these to A,;
52 = Ezo,((k;)) jiy-1 Ag= A2Q}(ki)),j(i)—l; result Eo(i, j(i) —1)=0;
end;
comment Update matrices P and Q,;

P:= Pi(—k)l,:'P; Qp = QzQ,((k.)) j)-1

end;
pa=patl;
end;
k=k+1;

end;
comment End of Algorithm 3.1.1;

ReEmark 3.1.2. If requested, one could restore the original order of the
columns in A,. In this case Q, in (3.1.2) equals I,_, and P A, in (3.1.2) is
still row compressed but without particular zero pattern, as was commented
in (2.6), (2.8). Since this is not essential in the sequel, we shall hereafter
denote the column transformation by Q (= diag{Q,,Q,}) and leave open
whether or not @, =1,,_, .
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3.2. The Recursive Algorithm

Let us now present the new algorithm, which consists of several steps.
The starting point is a pencil AE — A where A and E are constant matrices
both of dimensions m X n. Let p = rank(E). We perform the following steps.

Step 0. Transform E to column echelon form, ie., determine unitary
matrices P, and Q, such that

X X X
m-=p
X X X
E;==PEQ,=[0]| E,, ]=| © x x - x (3.2.1)
‘p” X : ,

and compute A, = PyAQ,; set p;:==p, p,'=n—p,.

Step 1. Consider the pencil AE,— A,. Partition A, conformally with
E, ie.,

A= [ A1,1 | A1,2 ] }'"’ E1=[ 0 | El,z ] }m (3-2~2)
——— S —— S—
By P1 L} f1

The matrix A, is then compressed to full row rank while keeping E, , in
echelon form. This is done by applying Algorithm 3.1.1 given above. Let the
accurnulated row and column transformations in the reduction process of
(A, E)) be represented by the m X m matrix P, and n X n matrix Q,,
respectively. Then, at the end of step 1 we have (after reusing block names)

><|0

PI[AI Il E1]01=P1[A1,1 f As IO | E1,2] Q=
0 X 0

Au| A 0 | Euo ] bn }
= " (3.2.3)

o A 0 E | }m

31 ng My ng
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where n,=p,, n=p,+n, and

(1) A, has full row rank »,,

E s

2) . has full column rank p;,
2

Eio

E,

r

®) [

1
J and E, are in echelon form.

In (3.2.3) the rank properties just mentioned are visualized by horizontal and
vertical lines indicating full row and column rank, respectively.

Step 2. 'We repeat the above procedure for AE, — A,. So we start with
partitioning A, conformally with E, such that the zero and nonzero columns
are separated. We then have for the complete matrices A and E

P[A, || E\]Q

[Al,l | Awe| 0] E]

o] 4 Jo] E

_ |:A1,l | A1.2 ’ Al,3 O| E1.2‘ El,3
0 [ Apo| AwsfjO] 0 | Egy

]. (3.2.4)

(Note that we have reused the names A, , and E, , for submatrices of the
original matrices having these names.)

The matrix A, , is now compressed to full row rank by row rotations plus
column pivoting while E, ; is kept in an echelon form by column rotations
(see step 1). Now all column transformations are performed on the whole
matrices A and E (thus not only on A,, and E, ;). Notice that if column
pivoting is needed in A (i.e., in A, ,), then applying these transformations to
the corresponding columns in E will destroy the echelon form of E, ,. If one
insists on preserving this echelon form, one has to restore the original order of
columns in A, ,, A,,, and E, , (see Remark 3.1.2). However, this is not
essential for the sequel. Let the accumulated row and column transformations
acting on A, and E, be represented by the m, X m, matrix P, and ny, X n,
matrix Q~2, respectively. Then at the end of step 2 we have (after reusing
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block names)

B[ A, || E,]Q; =P2[A2,2 | Ags 10| Eg3] 0,

A A E v
=[ 2,2| 2‘3” 0 | 2,3 :| } 2 (3’2.5)
0] Al 0] E5 | }m
[ n3 Mg N3 =py
where
(1) A, has full row rank,
Ey 4
2) . has full column rank,
3
Eys ,
3) . and E, are in echelon form.
3
Defining
P,=diag{1,.P,},  Q,=diag{1,.0,}, (3.2.6)
we have
Al A0 || O
P2P1[A1 Il E1]0102=[ | = < ”
0 | BAG, | 0
x | x
= 0 X
0 0 X
Ay | Ag| Ausl| O | Ep| Eg }v
= 0 [ Ay | Apslf O 0 Eys | }ve
0] 0| 4] 0| 0| E |Im

(3.2.7)
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where

(1) A, and A, , have full row rank,

E
(2) E,, and =23 | have full column rank,
1,2 E
3

Eyq :
3) £ and E; are in echelon form.
3

Step j (Induction Step). Repeat the procedure for the pencil AE; — A,
until the m; X n; matrix E; has full column rank by applying Algorithm 3.1.1
to the pair (A, E).

The procedure for row compression of A while keeping E in an echelon
form can be summarized by the following algorithm.

ALGORITHM 3.2.1

Step 0: comment Transform E to column echelon form, displaying its rank p;
Result E,:== PLEQ,=[ 0 | E;, |}m;

S——— g
n—p p

comment Initialization. P and Q are the row and column transformations;
Pi=Py; Q=0Qp j=1 Ay:=FAQy m=m; n;:=n; p;=p; i, :=n~py
Step j: comment Induction step for j > 1;

comment Partition A i conformally with E P

Result A].=[AM IA,',,'H]}’",'; Ej=[ 0 |E,~,,~+1]}m,~§

—— S—— S—— ———
Ky Pj

if p;=0 then begm l: —] 1; exit; end;

comment Compress A; ; to full rank »; while keeping E; in echelon form.

The resulting transformation matrices are P] and Q

] i ) - A],] Aj,]+1 }"1
Result P;A;Q0;=Pj[A; ;14; 111]0;= | —; Aper | by
Py
) ) . . 0 Ej,j+1
PEQ;=F[0|E; ;.,]0;= 0| E;i, ;
j

comment Update and partition blocks with column index j;

for i =1 step luntll ]—ldo

begm [A: let ]+1 l jQ]’ [Et jIEt ;+1] =Ly ]Q] end;
Determine p;,, = ra.nk(E j1)s

comment Update

sy=X{ 'w; t;=Z{" up P:=diag(I, , P} P; Q= Qdiag(1,, 0;};
mj+1’—mj Vj’ N =n;— R § "]+1
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go to step j; :
comment End of Algorithm 3.2.1;

Note that the algorithm stops when E; has full column rank (then p; = n;
and ! = j —1). Furthermore, since E; is in echelon form, E i1 is also in such
a form. Hence, the determination of rank(E,, ) is trivial. The algorithm
reduces AE — A to the following form (for some X):

P(AE-A)Q
->\E£°°'— A(oo | X
i 0 | AE;, — A,
— Ay, )‘El,z —Ape| o >‘E1,l ~ Ay >‘E1,l+1" Al | },,l
0 —Ags s | AEg =~ Ag | AEg i~ Agyir | ),
0 — Ay >‘E1,1+1 A }”'
B 0 0 N — A, | Jme
138 Bo i LOESY
(3.2.8)
where AE,,, — A}, =AE, — A and
(1) E,,, has full column rank and is in echelon form,
(2) the A, ; have full row rank 7, (i=1,...,1),
(3) the E,_, ; have full column rank p; (i=2,..., 1),
E
“) [?”il-] has full column rank and is in echelon form.
1+1
From this it follows (putting p,, ; = 0) that
e;=p,—v,20 for i=1,...,1,
d;=v,—p;;, 20 for i=1,., L (3.2.9)

We note that this form is exactly the same—after permuting block rows and
columns—as the one obtained after applying Algorithm 4.1 in [18] to
AE — A. Hence, the following lemma stated in [18] is also valid here.
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Lemma 3.2.1. The indices {¢|i=1,...,1} and {d;|i=1,...,1} com-
pletely determine the Kronecker column indices {¢;} and the infinite elemen-
tary divisors with their degrees {38;} as follows:

(1) there are d, infinite elementary divisors of degree i (i=1,...,1);
(2) there are e; Kronecker blocks L;_, of size (i—1)Xi (i=1,...,1).

Proof. See proof of Lemma 4.3 and Corollary 4.4 in [18]. m

We emphasize that Algorithm 3.2.1 separates recursively the structure
elements of AE — A whose coefficient matrix of A has defective column rank
from the others. Clearly, we can formulate the dual algorithm that acts on the
row rank of the coefficient of A. Thereby the row Kronecker indices are
detected together with the structure at infinity. The dual algorithm is simply
obtained by interchanging the row and column compressions in Algorithm
3.2.1 (see also [18]). In the interest of brevity we do not work this out. We
refer to this algorithm as Algorithm 3.2.1-D. It reduces AE— A to the
following form [compare this with (3.2.8)]:

P(AE - A)Q ]
>‘Ek+1_Ak+1 >‘Ek,k+l”Ak.k+1 X X }mlk+1
0 - Acx o | REax = Agu | MEri—Avk | i
0 —Agg AE o — Ay | I
0 0 0 ~ A, o
L Bk e 5
(3.2.10)
where

(1) E, ., has full row rank and is in row echelon form,
(2) the A, ; have full column rank p} (i =1,..., k),

(3) the E,_, ; have full row rank »; (i=2,...,k),
(4) [E;, | E; x4,) has full row rank and is in row echelon form.

Let us now return to the pencil having the form (3.2.8), being the result
of applying Algorithm 3.2.1 to AE — A. In the transformed pencil the bottom
block AE;.,— A;,, has only Kronecker row indices and finite elementary
divisors as structure elements. Only the first of these two elements has
defective row rank in the coefficient of A. Hence, applying Algorithm 3.2.1-D
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to )\Efn —Ap yields the separation of these two structure elements, i.e.,

NE;—Af| X
0 | AE,-4,]|

(3.2.11)

Pl(}\Efn - Af'n)Ql = [

Similarly, the left upper block AE, — A, in (3.2.8) is transformed by
Algorithm 3.2.1-D to

AE, - A, X
0 | NE,—A,

%QEW—AMK5=[ } (3.2.12)

Here the infinite elementary divisors are separated form the remaining
AE,— A, (see also [18]). In Section 3.3 we present new algorithms that
transform the pencil (3.2.8) into the forms (3.2.11) and (3.2.12) with another
algorithm than Algorithm 3.2.1-D. The transformation matrices involved
consist again of Givens rotations and permutations but fully exploit the
special structure of the submatrices in (3.2.8). These algorithms are also more
efficient than Algorithm 3.2.1-D. Finally, we note that in the resulting forms
the blocks AE,— A, and AE_ — A, will be upper triangular, which is not
guaranteed by earlier algorithms.

3.3. Refined Algorithms for Further Reduction to Schur Form

In this section we show how to exploit the structure obtained by
Algorithm 3.2.1 in the pencils AE, — A, and AE, - A, in order to
obtain more refined algorithms of lower computational complexity (i.e. less
flops). Section 3.3.1 is a refinement of Algorithm 3.2.1-D applied to AE,, —
A, and the next two subsections yield improvements with respect to
algorithm 3.2.1-D applied to AE,, — A, Along the way a useful triangular
form (see the concluding remarks) is also obtained.

3.3.1. Separation of NE;— A, and AE, — A,. By applying Algorithm
3.2.1-D to AE;, — A, no advantage is taken of the fact that E, is in column
echelon form. We now present a better alternative for transforming AE,, —
A, to its Schur form.

We start with the pertranspose (AE;, — A.,)F of AE;, — A/, Then Ef)
has full row rank and is in row echelon form. Ef, is then reduced to upper
triangular form E, by applying Givens rotations or Householder transforma-
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tions to its columns. If the same transformation Q, is applied to A;, we have

. e a x
EliE;’nooz 0 " N B
: (3.3.1)

]
e

A= A’},’ -

By applying Algorithm 3.2.1 (without step 0) to AE; — A, we then find

\NE-A| X ] (3.3.2)

Pl(}\El"Al)Q1=[ 0 | AE;— A >

where E is square and invertible. Finally, transforming back to the original
pencil gives

(AEs—As)P \ X*
| (\E-A)

P(AE;,— Af)Q= (3.3.3)

Remark 3.3.1.  Note that E, is in echelon form. (The reduction of E, to
E, can be done a little faster than applying step 0 of Algorithm 3.2.1 to E,
by exploiting its echelon form.) Hence we may apply Algorithm 3.2.1 to
AE, — A,. Moreover, a refined version of Algorithm 3.2.1 can be used, since
E, is upper triangular. For example, in this case one does not have to keep
track of the structure of the transformed E;, since they are all upper
triangular as a consequence of Algorithm 3.2.1 (see also [18]).

3.3.2. Triangularization of the Pencil AE. — A,,. Here we consider
the pencil AE, — A, in (3.2.8), which only contains the infinite elemen-
tary divisors and Kronecker column indices. Instead of applying Algorithm
3.2.1-D, we develop in the next subsection a new algorithm for separating the
two structural elements of AE,, — A, . Hereby the special properties of this
pencil are exploited throughout the algorithm. But first the “staircases” of
AE, — A, have to be triangularized, which is explained now.

The starting point here is the m X n,, pencil AE_ — A, baving the
form indicated in (3.2.8). For notational convenience, we will write AE — A
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instead of AE, — A, . We thus have

Ay | AL - | - : A ]y,
Az,z Az,s : ’ ) }"2
A=
Ao | Asy }VH
| A ] }"'
[ Ho M- By (334)
[ 0 E1,2 E, ] },l
0 | Eyp } s
0
E=
0 | E_yy]| }os
| 0o |
" 2] Br-1 Ay

The algorithm consists of triangularizing the blocks E; , ; (i=2,...,1) and
A, (i=1,...,1) by row and column rotations, respectively. These unitary
transformations can be carried out in such a way that the structure of the
blocks already treated is not destroyed when transforming the next ones.

The algorithm consists of I steps. It starts with the triangularization of the
blocks in the order (A, , E,_; ;) up to (A, E, ;) followed by A, ,. The
matrices P, and Q; corresponding with A, ; and E,_, ; are defined recur-
sively by the following algorithm.

AvrcorrreM 3.3.1 [Reduction of AE— A (=AE— A,_,) to triangular
form).

comment Perform ! reduction steps;
for i =1 step —1 until 2 do
begin
comment Reduce A, ; to upper triangular form by a column transformation

Q, using a QR decomposition. Also update blocks with column index i
of A;
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for k=1step luntil i do A; ; = A, ,O;

comment Apply this transformation to the same columns in E;

for k=1step 1 until i—1do E; ;:==E; ,Q;

comment Reduce E,_, , to upper triangular form by a row transformation
P,_, using a QR decomposition. Also update blocks with row index i —1
of E;

for j =i step 1 until ldo E,._l’j== P,._IE,,_L].;
comment Apply this transformation to the same rows in A;
for j=i—1step 1 until [ do Ai_l,j== P_ A
end

comment Perform the final transformation of A, | using a QR decomposition;
A=A ,05
comment End of Algorithm 3.3.1;

i-1,§

At the end of this algorithm we have constructed unitary matrices
P = diag{ P\,..., P;} with P;=1 and Q=diag{Q,,...,Q;} such that
P(AE — A)Q has the form shown in Figure 3. Notice that all diagonal

elements of the upper triangular matrices are nonzero because all A; ; and
E;_, ; have full row and column rank, respectively.
[A | E,J=P[A || E]Q (3.3.5)

Fic. 3.

3.3.3. Separation of AE,— A, and AE_— A_. Consider the m_, X
n., pencil AE,— A =P(AE, — A, )Q having the form (3.3.5). We now
describe how the decomposition (3.2.12) can be obtained in a numerically
stable and efficient way without applying Algorithm 3.2.1-D. The pencil
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AE, — A, is transformed by unitary matrices U and V such that

E—-A

€

; X
0 |AE,-A

UME,— A,)V=UP(AE, — A, )QV=

o0

(3.3.6)

where A_ is an upper triangular matrix having full row rank and E,_ is a
strictly upper triangular matrix having full row rank. The matrix A is
invertible and upper triangular, and E_ is strictly upper block triangular
with zero diagonal elements. Thus E_ is nilpotent. In Figure 4 an example of
the resulting pencil (3.3.6) is given that illustrates the properties just men-
tioned.

We note that all triangular matrices in Figure 4 have nonzero diagonal
elements from which their rank properties directly follow. The transforma-
tions used in the reduction process are all row or column Givens rotations
applied in a judiciously chosen order. Before describing these transformations
in full detail, we shall first sketch the reduction process. This process consists
of | —1 steps, where [ is the number of nontrivial blocks A, ; in (3.3.5). In
each step I—k+1 (k=1,...,2) a »,_, Xp; block E,_,; in (3.3.5) is
reduced to a square upper triangular matrix. Thereby A,_, ,_, is also
reduced, while in the meantime blocks of AE_ — A are generated.

Initially, the pencil AE_ — A has zero dimensions. The reduction of an
E,_,; is done row by row, starting with the bottom row. Thereby all
elements in the bottom row of the blocks A;_, ; (j>k)and E,_ ; (j > k)
are annihilated. Let i, be the row index of this row in A (and E). The
transformations for annihilation can be chosen such that there is no fill-in in
row i, in A and E. We note that the matrix A, ; is affected by these
transformations, but it remains upper triangular with nonzero “diagonal.”
Consequently, row i, in A has then only one nonzero element, say p, being
the bottom diagonal element of A, ;. Row i, in E is now completely zero.

Hereafter cyclic row and column permutations are carried out that move
this nonzero element p to the right bottom comer of A. Of course, the same
transformations are applied to E.

Fic. 4. Example of the final structure of the decomposition (3.3.6).
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Let us now outline the remainder of this section. First we discuss the
starting situation of the pencil to be transformed. Next the first step of the
algorithm is described by means of an example that is typical for the general
situation. Moreover we prove that the “diagonal” elements of the E-block
transformed in step 1 remain nonzero (see Lemma 3.3.1). This property will
be of crucial importance in the next steps. Hereafter we consider the general
step | —k+1>1, which is much more complicated than the first one.
Therefore we start with indicating the general situation and summarizing the
properties of the transformed matrices (see Theorem 3.3.1). Next the trans-
formations are described in detail. Then we are ready to prove Theorem
3.3.1. The proof is given in parts by the Lemmas 3.3.2 and 3.3.3. Hereafter
we note that the procedure can be modified so that pure permutations can be
avoided without any extra computational effort. We present the algorithm
describing the whole procedure including these modifications.

Starting situation for the pencil to be transformed. As stated before, we
consider the m, X n,, pencil AE; — A, having the form (3.3.5). Clearly, we
assume ! > 1 and g, > 0. We distinguish two cases, namely »;# 0 and »,= 0.

Case I: v;#0. If =1, then it can be readily verified that AE, — A,
already has the form (3.3.6) with AE, — A_ having dimension 0 X (g, —»;). It
contains u, —»,; Kronecker column indices equal to 0. Here the pencil
AE_—A_ is v, Xp, with A_ upper triangular and invertible and E_
completely zero. So we may now assume !> 2. Then we have the situation
shown in Figure 5. Let us partition A;; as A; ;= [OIAA,’,] where AA,,, is
square upper triangular. Then we partition all blocks A; ; and E; ; (1<i<
I — 1) conformably with A, , (see dashed lines in Figure 5). Thus these blocks
are split into two subblocks. Now all blocks A; ; and E; ; (1<i<l—1) are
redefined by only taking their left subblock. Then we have the form shown in
Figure 6, where AE — A has the form (3.3.5) but with », = 0 and g, replaced
by p, — »,. The square »; X », pencil }\(A),’, - A“ just separated in AE, — A,
becomes the right bottom block of AE_ — A (recall the properties of several

A1, Al—l,tJ O [Bpy,e
[ o | acflo] o
ﬂl_l ”l ”:l ”l

Heer  Hp g ™y

Fic. 5. Starting situation with », # 0.
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[A1||E1]—

II_|
L
-

—— —— — —— —— —— —

I | Ve M # Mp1

Fic. 6. Preliminary separation when v, # 0.

pencils mentioned in Section 2). In this situation we shall proceed with
AE-A,

Case II: v»;=0. If in this case [=1, then no transformations are
needed, since AE, — A, =AE,— A, We now proceed with AE — A.

Thus we see that in both cases I and II we may consider an m X n pencil
AE — A having the form (3.3.5) with », = 0 and I < 2. We are left with [ — 1
block rows and ! block columns. For notational convenience we will replace
1—1 by l. The starting situation for the remainder of this section is then
given in Figure 7.

Let us now turn to the algorithm description. The algorithm for reduction
to square upper triangular blocks E;_, ; consists of [ steps (one step per
block). Of course, when E,_, , is already a square matrix we can skip the
reduction step. The algorithm starts with the transformation of the bottom

n He M1 M M Hy a1

Fic. 7. Initial situation in this section.
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Mo [ Pear ||Be | Bren
. X x|l x| x £-1
Zvi
j=l
Aot Pec1,0e1]|Be-1,¢| Be-1,001
- 0xxxx |x x X X
el[Pee | Peeer |1Bee | Beent xxx {x x| 0| x|| v,
XX |xX X 0
Plxx 0
“e He1 M Pl Hg Feal Hyp a1

Fic. 8. Situation before reduction of E; ;.

block row in A and E. We shall now explain the first step. To this end,
consider Figure 8, which shows a typical situation. Here A, ; is a 7, Xy,
upper triangular matrix, E;; is completely zero, and E;,,, is a v, X p;,,
upper triangular matrix. We have taken »,=4, p;,=35, and p; ,=2.

Step 1. First we want to annihilate the p,,; elements in row », of
A, ;41 This is done by successively applying column rotations to the p;th
column of A;; and the ith column of A, ,,, (i=1,...,,,,). Hereby the
nonzero bottom diagonal element p, of A, is used as pivot. By construction
this element remains nonzero after each transformation. These transforma-
tions are applied to all the blocks above A;; and A, ;,,. They are also
performed on the corresponding columns in matrix E. Consequently, the
elements in the p;th column of the blocks E, ;, (i=1,...,1) are changed.
Thus these transformations may introduce new nonzero elements in E; ;. But
they do not disturb the triangular shape of E, | ,, because only its bottom
diagonal elements have been changed. Thus all diagonal elements (except the
last one perhaps) in E, |, are then zero. The matrix E,,,, also remains
upper triangular after the transformations. However, all its diagonal elements
have been changed. In Lemma 3.3.1 below we shall prove that after the
transformations all diagonal elements of E,, , are again nonzero. We
conclude from the above that the triangular structure of A;; and E; ;,, as
well as the fully nonzero diagonals of A;; and E;;,, are invariant under
these transformations. The procedure just described is illustrated in Figure 9,
starting from Figure 8. For clarity, the columns to be transformed are shaded.
Furthermore, in the figures the elements are marked with a prime after
transformation. However, elements already marked with a prime are indi-
cated without prime after transformation. Thus, in symbolic notation, ¢ —> ¢’
and ¢’ > c.
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o w owime W

x [x' x? x [x' x!

X .. X . .
x |x' x' X |x' x'
Oxxx x [x' x' OOOOxieix'
xx x |x' x' %y eé
x x {x' x' 0 0
121 01 02 0 0

Fic.9. Step 1 in the reductionof E; ;, ;.

Notice that each time a zero has been created in the last row of A, ;,}, a
(possibly) nonzero element has been introduced in column g, of E, , (i.e., x,
and x,). Furthermore, the elements in the y;th columnof E, , (i=1,...,1-1)
are also changed. Notice also that after all p,, , transformations at least the
last »;, — p,,, elements in column p, of E, ; are still zero. After annihilation
of the complete row », of A, ;, |, cyclic column permutations are carried out
such that the bottom diagonal element of A, ; becomes the top left element
of M, (see Figure 10). The same names for the reduced blocks and their
dimensions are used as before the transformations. For clarity, we have
marked the new blocks and dimensions by a prime in Figure 10. Here
pr=p—l=4 pi =m0 =2, v/=y—1=3.

Observe that for the newly defined A, , the numbers of rows and columns
are reduced by one, whereas for the new E, ;. , and A,,,, only their row
dimension is decreased by one. Clearly, the new submatrices A, ; and E, ;. ,
are both upper triangular with fully nonzero diagonal. Furthermore, the
newly defined submatrix E;_,; is equal to the old one without the last
column. We can thus conclude that the new matrices A, ;, E; ;. ), and E;_,
have the same form and fully nonzero diagonal property as the previous ones.
Now the whole procedure can be repeated until we obtain a square E, ., .
Clearly the procedure consists of d;=»,—p,,, stages, since E, ;. , was
originally a »; X u;, , matrix. Let us indicate the dimensions g; and »; at the
end of stage j by p,(j) and »(j), respectively. We define p,(0)=p; and
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x! x'|x x! x'|x
> DRSO | S I
x' X'ix x' x'Ix
—> | Oxxxix’ x’|x 0000 e] x! xi
xx|x’ x’ix eé x, \.rz
wwlet x' X 0 9 )
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My e vy Mg
X x
X X X X )
X x
X1
At | Brn °  |E,tu1 :2 A
X
0...0 00 Hl 0..0f 00 N,
) Ppa1 By Hp
Fic. 10. Elimination of one rowin E; ;.
»0) = », for all i. Then we have for 1 < j <d,
p(i)=pm(i-D-1 p(j)=pi-1) for i+,
(3.3.7)
v(j)=»(ji-1)-1, V,-(]')=V,~(j——l) for i#l.
Hence for 1 < j<d,
F’l(j)=p'l_j’ F,(j)=}l, for i*l,
(3.3.8)

v(j)=vi—j, »n(j)=v» for i+l

Notice that in Figure 10 we have indicated p (1) as p/ and »,(1) as »/.
The procedure is illustrated in Figure 11 (starting from the last situation
given in Figure 10). Note that in this case d; = 2. Moreover, for typographi-
cal reasons we have used the notation p/’ and »/” instead of p,(d,) and
v{d,). Here py =p,—d,=3, piyy=p =2, v/ =»,—d;=2.
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x|x X
x|x x
XX X —> 4
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"
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Fic. 11. Situation after reduction of E; ;.

ReMARK 3.3.2. It is easily seen that the order of the triangular matrix M,
just built up in the right bottom comer of A is equal to d;=»,— ;. All its
diagonal elements are nonzero because originally they were diagonal ele-
ments in A, , Furthermore, it can be seen that the corresponding square
submatrix N, in E is completely zero. Indeed, at the end of each stage j
(1< j<d,), when reducing the »,(j—1)Xp;, (j—1) block E,,,,, the
permuted column in E has at least its last 8, =p(j—1)—p;\(j—1)
elements equal to zero. Using (3.3.8), we see that 8j =p—pma—-(G-1)=
d, — (j — 1). Furthermore, at the start of stage j the matrix E already has its
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1 -1 1)
A7 (A Bt

B He+1 e fen
Fic. 12. The situation before annihilating y,.
. 12, The situation b f

last j—1 rows completely zero by construction. Thus, we have N,=0.
Hence, the pencil AN, — M, contains »; — p,, ; infinite elementary divisors of
degree 1 of the original pencil AE — A in accordance with Lemma 3.2.1 in
Section 3.2. Consequently, AN, — M, is equal to the current AE_— A .

As claimed above, in each stage j (1 < j <d;) the diagonal elements of
E,,,, and A, are nonzero after annihilating the last row of A, ;. Since
the transformations in any stage j do not change the structure of the
matrices, it is sufficient to prove the properties of the blocks involved in an
arbitrary stage j. This is done in Lemma 3.3.1 below. However, to avoid
notational complexity we do not index the blocks and their dimensions with j
any more.

Lemma 3.3.1. We have for i=1,...,p,,, (defining AD;=A, ;, and
EOM=E,  forj=11+1)

Proposition P(i): The situation just before annihilation of y,=
A, 11(v), 1) is as indicated in Figure 12 The bottom dzagonal element p of
A" D and the diagonal elements e, (i=1,..., p;, ) of E{'1,}] are all nonzero.

Proof. By induction. Clearly, Proposition P(1) is true.

Next, suppose proposition P(7) is true for some i > 1. Hence p # 0. In the
next annihilation step a column Givens rotation G is constructed such that
(p,y,)G =(p’,0) with p’# 0. Here p # 0. In the matrix E we then have
0,¢,)G =(x;,¢/). Suppose ¢/ = 0; then G= £ _ 0 (1) . This would imply
that (p, y,)G = +( —y,, p), which contradicts the construction of G. Thus,
e/ # 0. So we can conclude that after transformation all diagonal elements of

E, ;. are nonzero again, i.e., Proposition P(i + 1) is true. This completes the
proof. [ ]
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Step I —k+1 (k<l). Let us describe the general step [ —k+1>1
with 1 <k <1 - 1in which E, ,,, is reduced. Clearly we assume I > 2, since
otherwise we are ready (see step 1). It will turn out that this step is more
complicated than step 1 described above. Before giving more details, we first
note that before reducing E, , ., the dimensions of some blocks in A and E
have been changed in the preceding steps. Furthermore, during the reduction
of E; ;., some block dimensions will be changed again. Since the block
dimensions are of crucial importance, we introduce a special notation for
them in order to keep track of their changes. To be precise, by adding the
superscript > 1 to the usual dimension notations », and p; (viz. Vf" and

p7*) we indicate that these are the dimensions of the jth block row and
column in A and E after reducing the blocks in E with row index > i (i.e.,
E ,.yupto E ;) For example, the matrix E, ; ., has the dlmensmns
pZ*+ I pzkil and »2¥xpzk before and after its reduction in step
I — k +1, respectively. We emphasize that in the sequel the symbols »; and
P without superscript are strictly reserved for the situation just before step 1,
unless otherwise stated. Now we can formulate

TuEoREM 3.3.1. We have for k =0,...,1 — 1 (interpreting “the situation
before reduction of E, ,” as the situation after reduction of E, ,)

Proposition G(k). The general situation before reduction of E; ;. to a
square block is as indicated in Figure 13. To be precise, the blocks E, ;|
(i=k+1,...,1), A, (i=k,...,1), and M, , are upper triangular with
nonzero diagonal elements. Moreover, the blocks E; ;. , (i=k+1,...,1),
M, .., and N, are square. The matrix N, , is an upper triangular block
matrix with all its diagonal elements zero.

The dimensions in Figure 13 are specified by

vi>k+l=vi(i<k), ”i>k+1—l-":>k+l (k+l<i<l),

..

>k+1

>k+1
K

=p; (i<k), ¥ =p;—d>"! (k+1<i<l+1),

where

dZivt=p2itt—p2it= Z(V P‘j+1) (k<i<l),
]—l
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Fic. 13. The situation just before the reduction of Ei 1v1 (K<)
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The order of the matrices M, and N, | is given by

l

l
Ye41= Z (">'+1 V‘?—«-Tl) Z (i_k)(”i_l"i+1)-

i=k+1 i=k+1

Proof. We prove this by induction. Clearly, Proposition G(k) is true for
k=1-1 (see Remark 3.3.2 and Lemma 3.3.1 in step 1). Notice that in this
case the matrix N, is a completely zero square matrix of order d;,=»,—
P =dz"™! Furthermore after reductlon the matrix E, ;. has indeed the
dimensions v !Xl = e X pi = i X ey (see step 1). Suppose
now G(k) is true for some k <. We shall show that then G(k —1) is also
true. To this end, we first describe step I — k +1 for the reduction of E; ; ;.
Hereafter we indicate the situation after this step. Moreover, in Lemmas
3.3.2 and 3.3.3 below we formulate and prove the properties of the trans-
formed matrices after reducing E; ., ,, i.e., before reducing E; _, ;. This will

prove the validity of G(k — 1). [ ]
Notice that in Figure 13 we have pZ**!> pZ 1> pzktl> 2kl =
pekt> - > w2k =p2 XL Thus the blocks E, ;,, (i=k+1,...,1) are

square before reducing E; ;.. Furthermore, the sequence {d ?‘“} of the
orders of diagonal blocks in M, and N, is decreasing.

We now start with the description of the transformations. We have

pZkrls y2 k1 [ p2ktl= 2 k¥l then we can skip step [ — k + 1. There-
fore we now assume »Z**1> u2 51 The procedure consists of dZ**! =
pZ k1 —pzkt1 stages. Below we describe the transformations in stage q
with 1< g<dZ**!. To avoid notational complexity, we shall not use a
special notation for the blocks and their dimensions to indicate that we are in
stage g, unless confusion might arise. Moreover, for the time being we also
drop the superscript > k +1 in the dimension notation. So, from now on we
assume we are in the gth stage of the reduction process of E; ;. ;.

Our aim is to annihilate all nonzero elements in the bottom row of the
blocks E; ; (j =k +2,. sI+1)and A, ; (j=k+1,.. .,1+1) in such a way
that the properties of the submatrices already treated remain valid. For
simplicity we will only describe the transformations performed on the blocks
indicated in

Av | x |E®| x

3.39
o Mo 0 | Bens (3.3.9)

instead of those in Figure 13. This will sufficiently illustrate the general idea.
Here A® and E) are submatrices of A® and E® specified in Figure 14.
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Fic. 14. Some blocks to be transformed when reducing E; ;. ;.

For the time being, we restrict ourselves to transformations in [ A || E(®],
That is, we take [ = k +2. Clearly, we have k < —1, as is required in step
l—k+1.If k=1-1, then the rightmost block column and the bottom block
row in A% and E® are not present. However, the same transformations as
described are then carried out on the remaining blocks.

It should be noted that in fact all transformations are performed on the
complete rows or columns in A and E. In Figure 14 we have assumed that
both blocks Ay} ;,; and Ay, o are nonsquare (fy,;> fyyp and pyg
> fyi3)- It will turn out that there are p,,,; — prrp and
Brio— Brss €xtra transformations needed in this case compared to the
situation in which these blocks are square.

We start with constructing p;,, — ;.. column Givens rotations to
annihilate the elements A, ., (¥i,1) (i=1,..., pp ) — Bis2)- The bottom
diagonal element of A, ; is used as pivot (see Figure 14). These transforma-
tions are also applied to the matrix E. This may introduce p; ., — pyio
nonzero elements in the rightmost column of E, ,. Analogously to Lemma
3.3.1 in step 1, we then have that the bottom diagonal element of A, ; and
all diagonal elements of E, ; ., are nonzero again (see Figure 15). Notice that
when A, | ;. is square then p; ,, =y, ,. Clearly, the number of transfor-
mations is then zero.
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Frc. 15.  After the first transformations in case A, ;,; is nonsquare.

We now proceed with the transformations to annihilate the remaining
By 4o elements of A, ;. and the p; ., elements of E, , , , in the »;th row of
these blocks. This is done by applying row and column rotations alternately
to both matrices E and A. The nonzero diagonal elements of the upper
triangular matrix E; ., , ., and the nonzero bottom diagonal element of A, ,
are successively used as pivot. Each pair of row and column rotations may
introduce a possibly nonzero element in the last column of the blocks A, , , ;
and E, ,, respectively. Clearly, p; , , such pairs are needed. This means that
after these transformations the last column of A;.,, may be completely
nonzero. Since the last column of E; ;, may already have p;,,—p;.,
nonzero elements, it then may contain g, , nonzero elements. Hence, there
are still at least », —p,,, zeros in this column. This fact will play an
important role for achieving our goal. With respect to the transformations just
mentioned we note that they do not disturb the structure of any triangular
matrix in A or E. Furthermore, they maintain the fully nonzero diagonal
property of the triangular matrices involved (see Lemma 3.3.2).

After all transformations described above we have the situation shown in
Figure 16. An analogous procedure is used to annihilate all elements in the
v;th row of the blocks A, ; ., and E, ;3. To be more precise, we start by
applying p,, o — ity 3 column Givens rotations to annihilate the first p, , , —
B+ elements in row »; of A, ;,, using the bottom diagonal element of
A, i as pivot. Obviously, if A, o ;.3 is square (i.e., ;o= fis,3), then the
number of transformations is zero. Note that application of the rotations may
introduce nonzero elements in the last column of E, ; as well as of E; ,, 4,
but the last element in column p; of E; , remains zero, since the bottom row
of E; ;.. is zero. Hereafter we alternately apply row and column rotations to
annihilate the remaining nonzero elements in the ».th rows of E; ., and
Aj i+2- The pivots to be used here are the bottom diagonal of A, ; and the
diagonal element of E; ,, ;5. Again the transformations do not change the
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Fic. 16. Situation after transforming A, ., and E; ;.
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Fic. 17. Situation after transforming A, ., and E; ;.-

structure or the fully nonzero diagonal property of the triangular matrices in
A and E. We find then the situation as indicated in Figure 17. Note that
after these transformations column p; of A, ,,, may be nonzero. Since we
have taken =k +2, block E; ;.5 is in the rightmost block column of E.
Thus we now have a complete row of zeros in E. We still have to create a
zero bottom row in A; ;..

This is done as follows. The nonzero elements in the »;th row of A; ;.3
are annihilated by column Givens rotations using the bottom diagonal
element of A, ; as pivot. Applying these transformations to the matrix E
may change all elements in column g, of the blocks E; ;, E;., and
E,. s k except the bottom right element of E, ,, which remains zero due to
the zero row in E; ;.5 The structure and the fully nonzero diagonal
property of the triangular matrices are again unchanged (see Lemma 3.3.2
below).

We note that up to now we have only transformed blocks in [ A || E®)].
But from now on, the matrices M, , and N, , will also be involved when
proceeding with the transformations. Therefore, we have also indicated these
blocks in Figures 18 and 19.
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Fic. 18. Situation after the transformation of A, ;. ;.
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Fic. 19. Final situation after reducing E; , ., by one row.
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At this point we have created a complete row of zeros in E*) and a row
A™ having all but one element (say p) equal to zero (see Figure 18). These
two rows in A and E are permuted by cyclic row permutations to the row
just above the top row of M, , and N, ,, respectively. Then by cyclic
column permutations the column in A containing the element p and its
corresponding column in E are permuted to the column just before the
leftmost columns of M, and N, _,, respectively (see Figure 19). Note that
thereby the row dimension of all blocks A, ; and E; ; (j=1,...,1+1) as
well as the column dimension of the blocks A; ; and E, ; (i=1,...,1) is
decreased by one. Furthermore, a new first row and column are added to
M, ., and N, ;. Here we have

M’ _ p x-..x NI 0 x"'x
= | T | N | 6s10)
pe=me— L pi=u; (G#k),  vi=v -1, vi=v (j*k),

and

Yie1 =Y 1 (3.3.11)

All blocks A’ ;, E{, M{,,, and N/ , are now renamed to their original
names. Notice that the redefined matrices have the same structure as before
the transformations. Moreover, the upper triangular matrices, including M, _ |,
have the fully nonzero diagonal property again (see Lemma 3.3.2 below).
This is the end of stage gq.

The whole procedure is repeated until the matrix E; ;,, is square.

Clearly, the procedure for reducing E, ;,, consists of p2*+!—pzk!
stages, since E; ;. has the dimensions »Z**! X pZ /! at the start of step

I — k + 1. After we have obtained a square matrix E, ;,,, the matrices M; .,
and N, are renamed to M, and N,, respectively. Here the description of
the transformations in step [ — k + 1 ends.

At the end of the reduction of E, ,,, we then have the structure for
[A®) E®] given in Figure 20.

Now we recall Theorem 3.3.1 stated at the beginning of the description of
step [ —k+1. In this theorem the general situation before reduction of
E, ., was given. However, we still have to complete the proof of this
theorem, i.e., we have to prove Proposition G(k — 1) assuming Proposition
G(k) is true. This is done below by the Lemmas 3.3.2 and 3.3.3. For
convenience, we recall
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Fic. 20. Final situation after reducing E; . ;-

Proposition G(k — 1) in Theorem 3.3.1 (k>1): Before reducing E; _, ;
(i.e., after reducing E; ; . ,) we have:

(1) the blocks E, ;.\ (i=k,....,1) and A, ; (i=k—1,...,1) are upper
triangular with nonzero diagonal elements;

(2) the blocks E, ;. (i= , 1) are square;

(3) M, is a square upper tnangular matrix with a fully nonzero diagonal,

(4) N, is a square upper triangular block matrix with zero diagonal
elements;

(5) the block dimensions are given by

v>h=v, (i<k-1), vh=p2  (k<ixl),

pk=p, (i<k-1), pPr=p,—d?" (k<i<li+l),

where

)
A7 =Y (n—pj)  (k-1l<i<])
i=1
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and

1
= 'gk(i_k+l)(vi—l“'i+l)‘ (3‘3'12)

First, the properties of E, ;,, and A, ; are summarized and proved.

LemMma 3.3.2.  The procedure for the reduction of E; ,, (k=1,...,1) to
square upper tn'angular form does not disturb the triangular form of the
blocks A, ,E, ;,, (i=1,...,1). Moreover, the diagonal elements of these
blocks remain nonzero.

Proof. By induction. Obviously, the statement is true for k =1 (see step
1).

Now consider the reduction of E,; , . ,. We leave out the superscript
indicating dimensions. The procedure consists of d;=v,~pu,,, stages.
Clearly, we assume d; > 1. We consider stage g with 1 <g<d,. In the
sequel we do not indicate this stage explicitly. The induction assumption is
that all diagonal elements of A, ; and E, ;. (i=1,..., ) are nonzero before
starting reducing E, ; ;. The procedure annihilates all elements in row »; of
the blocks Ak,; (j=k+1,...,1) and Ek,]. (j=k+2,...,1). Without loss
of generality we only consider the effects of the procedure on the blocks of
[A®|| E®] in Figure 14 consisting of the blocks A, ; and E, ; (i=k,k+1;
j=k,k+1,k+2). All other blocks of [A®) || E®)] involved can be treated
analogously. Furthermore we may assume that matrix A, , ;,; is square,
i.e., ppri =75, (See the discussion after Figure 14.) Thus p.k 2V > U=
Vii1= Brsg We have the following propositions P(i) (i =1,..., ;. 5).

ProposiTioN P(i). The situation for the blocks [ A®|| E®] just before
annihilating the ith element x, (i=1,..., 1t} ,) in 10w v, of E; ;. , is given
in Figure 21, where the diagonal elements of the triangular blocks are
nonzero.

We prove this proposition by induction. By assumption, P(1) is true.

Next, suppose P(i) is true for some i > 1. Hence, the elements p, a,, ¢,
and ¢, are all nonzero. We start with constructing a row Givens rotation G,
such that G(x;,¢,)"=(0,¢/). Clearly, ¢/ #0. Now G, is applied to the
matrix A. We then have '

P Yy ’ !
Gl[ a]=[z Z] (3.3.13)

i
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(i—1) (i—1) i—1) i—1 i-1 i—1
ALY | A | AL | BGO| RG] EGR ()

0 | 0 ‘ E{ T ie }F‘k+2

i—1) i1
A(I:+l,k I A(k'+1,)k+1

i—1
AS:+1,)k+2

Fic. 21. Intermediate situation when reducing E, , . ,.

and rank(M,; ) = 2, since p and a, are both nonzero. Moreover, p’ and u; are
not both zero. Otherwise, G,(p,0)" =(0,0); but this is impossible, since
p # 0. Suppose p’# 0. Then u, # 0. Hence
_ 0 1
Ci=t [ -1 o]’
since G(p,0)" =(p’,4,)" =(0, u,)". Thus Gy(x,,¢,)" = +(e;, —x,)7, which
contradicts the construction of G, since e, # 0. So we can conclude p’# 0.

Now a column Givens rotation G, is constructed such that (p’, y/)G, =
(p”,0). Then

'

. i’ ’? 0
M2=M102=[Z{ Zi]cf[’z{ a:’]' (3.3.14)

Clearly, det(M,) = det(M,), i.e. pa;, = p”a.. Hence p” # 0 and a} # 0.
Applying G, to the matrix A gives (0,¢,)G, = (v;,t/). Suppose t/ = 0;

then G, = + —(l) (1) since G, is a Givens rotation and ¢; # 0. This would

imply that (p’, /)G, = £(— y/, p"). This contradicts the construction of G,,
since p’# 0. Thus t/ #0. So we have proved that the bottom diagonal
element p of A, ; and the diagonal elements a;, ¢;, and ¢ in Ag ) ¢y
E;. ) x+1 and E; ;. are all nonzero after the transformations G, and G,,
and that possibly nonzero elements u; and v, have been introduced. In other
words, P(i +1) is true. We now conclude that all propositions P(i) (i=
1,..., ux, ) are valid. Finally, we note that the blocks A, ; (i=1,...,k—1)
and E, ,,, (i=1,..., k — 2) are not affected. In E,_, ; only the last column
may then be changed, but this column is no longer in E,_,; after the
reduction of E, ;. by one row. This completes the proof. n
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Remark 3.3.3. Notice that Lemma 3.3.2 proves statements (i) and (ii) of
Proposition G(k — 1) [see (3.3.12)]. Furthermore, at the end of the reduction
of E, ;. the matrix M, ,, (ie. the matrix M, before reducing E,_, ;) is
square and upper triangular by construction. In each stage of the reduction

process of E, ;.,, the transformed bottom diagonal element p” of A,
becomes the ton left diagonal element of M’/ . (see Figure 'IR\ Rv Temma

DOLUIATS a0 0P 10AL LRpiriial TITAAATAL VL PR 41 \O0T F AT 20, Dy LU

3.3.2 we have p” # 0. Hence, statement (iii) in (3.3.12) is also true. Further-
more, the correctness of statement (iv) can easily be verified.

Now we shall prove statement (v) in (3.3.12) concerning the dimensions
of the transformed matrices. To this end, we note that at the end of stage g
when reducing E; ;. , the redefined matrices have a similar structure (but
with possibly different dimensions) to that at the beginning of stage gq.
Clearly, this is true for all ¢ with 1<g<d2**"! Let us now explicitly
indicate the current stage in the dimension notation as follows. The column
and row dimension of E; ; (and A, l) at the end of stage g (g > 0) when
reducing E; ., are denoted by p?**!(q) and »>**(q), respectively.
F urthermore, we define

k+1(0) ”>k+1’ —p.,>k+1(dk>k+l) k<igl+l,
(3.3.15)
>k+1(0) “>k+l v;k_y>k+1(dk k+1) k<i<l
Using this notation, we can rewrite (3.3.11) as
pZ Y q)=pz* gD -1, p2*Ne)=p?* g1, i#k,

V,?k+1(q)=11k>k+l(q—1)—1, Vi>k+l(q)_v/k+1(q 1) i?ék,

Yier(9) = Yeri(lg -+ 1, (3.3.16)

valid for all q with 1 <q<dZ**L
We can now formulate

LemMa 3.3.3.  Assuming Proposition G(k) in Theorem 3.3.1, the block
dimensions in A and E after reducing E, , ,, are given by

pf=p (i<k=1), p2r=p,-d>" (k<i<l+l),

vZE=yp, (i<k-1), pZk=p2k (k<igl),



50 TH. BEELEN AND P. VAN DOOREN

where

1
d,?Hl: E(Vj_l"j+l) (k<i<l+l)'
j=1

Furthermore, the order v, of the matrices M, and N, (i.e., the matrices M, |
and Ny, after reducing E; ;. ,) is given by

l

!
Ye = Z di>i+1= 2 (i_k+1)(”i—ﬂi+1)-
i=k i=k

Proof. See Appendix A. [ ]

Remark 3.34. It is easily seen that all formulas in statement (v) of
Proposition G(k — 1) in (3.3.12) except the formula for d2¥ are proven by
Lemma 3.3.3. However, using some results of Lemma 3.3.3 we find

l

dl?—k1é ”l?—kl_”'k;k= V-1~ (p‘k_dk}k_'-l) = Z ("i _”‘i+l)'
i=k+1

This completes the proof of validity of statement (v) in (3.3.11).
Recalling Lemmas 3.3.2, 3.3.3 and Remarks 3.3.5, 3.3.6, we can now
conclude that the proof of Theorem 3.3.1 is complete. |

Situation after steps 1 to l. The situation for the pencil AE; — A, after
all transformations performed in steps 1 to [ is completely described by
Proposition G(0) in Theorem 3.3.1. Since the transformations in the above
algorithm are all unitary, we have, using Theorem 3.3.1,

AE,— A, X
0 |AE,—A,]

PI(AEtao - Atoo)Ql =

where AE,— A, =AE®—A® and AE_— A, =AN,— M, Cleary the
pencil AE_ — A, is regular, since M, is regular. The matrix E, is nilpotent,
since N, is upper triangular with all its diagonal elements zero. Hence we
have:

The pencil AE_ — A, only contains infinite elementary divisors.
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As stated in Theorem 3.3.1, all blocks A, ; have full row rank and all E,
zero. Hence the pencil AE, — A, has full row rank for all A € C. Moreover
E, has full row rank, since all blocks E, ;. are invertible. Hence:

The pencil AE, — A, only contains Kronecker column indices.

Thus the transformations in steps 1 to [ separate the Kronecker structure of
AE, - A, into two disjunct Kronecker structures of AE, — A, and AE_ —
A, respectively. Moreover, the dimensions of the blocks in these two pencils
completely determine their Kronecker structure.

An algorithm for the separation of AE,— A and AE_— A in AE
A... A minor disadvantage of the procedure sketched above is the presence
of cyclic row and column permutations. However, the procedure can be
modified so that these permutations can be avoided without any extra
computational effort. To this end, we determine Givens rotations identically
as above but when applying them to a pair of rows (or columns), all elements
involved are interchanged simultaneously.

Thus, when annihilating the component x of the vector (x, y)* by Givens

rotations, we now determine ¢ and s such that ¢?+ s2=1 and

5 Clgl-[5) meaer [0 5] [0) o

Clearly, both transformations require the same number of operations. Notice
that now in each step Givens rotations are performed on a pair of successive
rows or columns. This feature may speed up the implementation of the
procedure in a computer program. The algorithm describing the transforma-
tions just mentioned is given below.

Arcorrram 3.3.2 (Separation of AE,~ A, and AE_— A_ in AE,_,
A)

comment Initialization;
P=IQ0:=1I
comment Start of the reduction process;
for k=1 step —1 until 1 do
begin comment Reduce E, ; ., to square matrix;
while E; , ., is nonsquare do
begin
for p=k +1 step 1 until [ do
begin
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comment Annihilate the elements originally present in the last row of
the blocks E; ,.; and A, . Use original bottom diagonal element of
A, x as pivot. Starting position of pivot in A is (r,,c,);
Zl--l Vis CA= E:’=1p‘l’
for j=1lstepuntil p,—p ., do
begin
comment c]t“ = current column index of pivot in A. Annihilate
A(ry, c]f“) by applying column rotations QZ;A,C}A +1» also interchang-
ing the elements. Apply the same transformation to E and up-
date Qs
cl =c,+j—1;
A= AQCA c"+l’ E:= EQCA ef+1 Q QQCA cf+ 15
result A(rA, ¢ Ay=0;
end j-loop;
comment Annihilate the remaining elements originally present in the
last row of E; ,,, and A, , by alternately applying row and column
rotations also interchanging the elements. Use diagonal elements of
E, ,.1 and original bottom diagonal elements of A, ; as pivots,
respectively. Starting positions of pivots in A and E are (r,,c,) and
(re; cg);
re=rtat L cp=14+L01pp ca=X0o i~ i
for j=1step 1 until p,,, do
begin
comment (rf,cf)=current position of pivot in E. Annihilate
E(rg, c; Ey by applymg row rotations P} JrE-1 also interchanging the
elements Apply the same transformatlon to A and update P;
th=r+j-Lcf=cg+j-Lcf=c,+j-1;
E=P}f ,s_lE A= P]E ,s_lA P:= Ps ,s_lP
result E(rE,c] )=0;
comment Annihilate A(rf,c{') by applying column rotations
Q:}A’c}ﬁ +1 also interchanging the elements. Apply the same transfor-
mation to E and update Q;
A= AQcA A+l’ E:= EQCA cA+l’ Q QQCA c;‘+1’
result A(r ,cA)y=0;
end jloop
end p-loop;
comment Annihilate the elements originally present in the last row of
Ay 14
Ta=Li_ s Ca=Lio s
for j=1 step 1 until y,,, do
begin
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comment Annihilate A(ry, ¢ A) by applying column rotations O, At
also interchanging the elements Apply the same transformation to E
and update Q;
c] =c,+j-1
AQCA cf+ 15 E:= EQcA ct+13 Q QQC‘ cf+ 13
result A(rA, A) 0;

end j-loop;

comment Reduce A and E by leaving out their last row and rightmost

column. Redefine blocks in new A and E;

ne=vne—Lp=p—L

comment End while clause. Now block E; , ., is square;

end k-loop;
comment End of Algorithm 3.3.2;

3.4. Numerical Aspects

In this subsection we look at the numerical aspects of the algorithms
developed earlier in this section. We give an operation count of the various
algorithms, and we discuss the numerical stability of these algorithms.

3.4.1. Operation Count for Algorithm 3.2.1. A Givens transformation
acting on a pair of vectors having ¢ elements requires 4¢g flops (neglecting
lower order terms; see [22]). Using this, we obtain the following operation
count for Algorithm 3.2.1. With respect to step 0 of Algorithm 3.2.1 (reduc-
tion to echelon form) we refer to Remark 2.2 of the preliminaries. Let us now
consider step j (j > 1) in more detail. Here we have

Aj=[Aj,j |Aj,j+l]}'"j’ Ej=[ Y IEj,j+l]}mj (3.4.1)
[ | —— S—— -

n;—p; LT ny— P Pj

The matrix A; ; is compressed to full row rank »; while keeping E;
echelon form l,)y Algorithm 3.1.1. In Figure 22 the situation for the paJr
(A}, E;) just before the kth stage of this algorithm is indicated.

In the kth stage we perform Givens rotations on m; — k pairs of rows of
length n, — k+1in A and of length at most p; in E. This results in at most
4(m; — k)(n;—k +1+ p;) flops. Furthermore, there are at most p, — 1 col-
umn Givens rotatlons needed for restoring E; ) to echelon form. It should be
noted that these column transformations are carried out on the whole
matrices E and A. For the column transformations in E and A, we need at
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k-1 {

(k) | k) g o
: A I £ ] mj—k+1

k-1

I e D N T

Fic. 22. At the start of stage k in Algorithm 3.1.1.

most

Pj_]-
4 Y (m-1+1) and 4(p;—1)m (3.4.2)
=1

flops, respectively. With »; =rank(A; ;), the algorithm takes v; stages for
transforming (A, E;). Thus, the overall number f; of flops needed for
transformation of] (A}, E;) is less than

v; pj—l
fi=4 X {((m=k)(n;—k+1+p)+ ¥ (m=1+1)+m(p;—1)}.
k=1 1=1
(3.4.3)
We now have (using m;<m, n;<n, v;<m, p;<n;<n)
it
fi<4 ¥ {2mn;+2m(p,— 1)} <16v,mn. (3.4.4)

k=1

So, the reduction of an m X n pencil AE— A to the form (3.2.8) using
Algorithm 3.2.1 takes at most

Y f,<16mn) »,=16m mn (3.4.5)
i i

flops, where m,, is the number of rows of the subpencil AE, — A, which
was “deflated” by this algorithm.

3.4.2. Operation Count for Algorithm 3.3.1. Consider step i of this
algorithm in more detail. We first assume that Givens rotations are used. In



KRONECKER’S CANONICAL FORM 55

this step A, ; is reduced to upper triangular form using the QR decomposi-
tion. At the beginning of the kth stage in the reduction of A, ; we have the

following situation for the blocks A i and E Aj=1..., )
(k) (k)
ALill Bii
5i-1 X
(k) (k) =
Bi1,il|Bin1,4 (3.4.6)
(k) (x) v;-k+1 {
\)i Ai,i E , el 0o
3 uy py~k+l k-1 #y
where s,_, =Xi_{»; In A%} we now perform rotations on p, -k pairs of

columns of length », — k + 1. The column transformations needed for reduc-
ing A, are also apphed to the blocks A;; and E;; (j+1,...,i—1).
Therefore, reduction of A, ; plus updating the blocks 1n A and E requires

A =4 (him k) — k41425,
k=1

<4 Y p(v,+2s,_,)<4 Y 2n,m, <8vn,m, (3.4.7)
k=1

iveoo
k=1

flops, where m,_  and n,,  are the dimensions of the pencil AE— A
(=AE,, — A_,). The transformed matrix E, | , (which has still full column
rank) is then reduced by row transformations using a QR decomposition. We
have the following situation for the blocks E,_, ; and Ay (G=L....0)

k k k k
[A(ik—)l,l"'A(i—)l,i—l"‘A(i—)l,l | E® - E®, "E:(——)l.l]
=0 X b x| o
ﬂl /li_l Ili ”l /ll
Y1 . '

(3.4.8)
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where ¢, -—):’ it ;. Here the blocks A, _; ; (j<i—-1and E,_, ; (j<i—1)
are zero. The row transformatlons needed for the reduction of E, L ; are also
applied to the blocks E,_, ; (j=i,...,l)and A,_, ; (j=i-1,...,1), which
requires

M
fi)=4 Z (o= k) (g — k148, 4+t )
k=1
4 E 2m(oo €00 SMim(oon(oo (349)

flops (since »,_; <m , B; <N, ;) < N ). Algorithm 3.3.1 thus requires
less than

l

I
Z {fl(l)+fé(l)} <8 MeooMeoo Z (V +I“‘ ) 8(m +n<oo)meoo L

i=1 i=1

(3.4.10)

flops. It is obvious that this is a very generous upper bound. If instead of
Givens transformations one had used Householder transformations, the oper-
ation count would be divided by 2.

3.4.3. Operation Count for Algorithm 3.3.2. Because this algorithm is
very involved, we prefer here to give an operation count per loop in the
algorithm. We recall that the dimension of the pencil to be transformed is
mtoo X ncoo'

First, consider the two inner j-loops in the loop (for p =k +1 step 1 until
I):

(1) Loop (for j=1step 1 until p, —p,. ;). The rotations in A and E
are applied to columns of length r, (row index range [1: r,]). Hence, the
number of flops is less than

2X4(p‘p—“p+l)rA<8(p‘p_p'p+l)mcoo' (3411)

(2) Loop (for j=1step 1 until p,, ). For each j the row transforma-
tions in E and A are applied to the rows rE and 7f — 1 The corresponding
column 1ndex ranges in E and A are [ «) and [ respectively.
Thus with ¢f=cg+j—1 and ¢} —cA+] lwefmcithatthe number of
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flops is less than

4n,—cg+1—(j—1)]+4[n,—ca+1-(j—D]. (3.4.12)
For each value of j, column transformations in A and E are applied to the

« N . e . re e v Y E
columns ¢;* and ¢;* + 1 with row index range [1: r*]. Hence, with 7% = r; +
j — 1 we need less than

2x4(r,+j—1) (3.4.13)

flops. Thus, at the end of this loop we have needed less than (using »; <,
and p,>p,,,2>1)

4”P+1{(n£w - CE+1)+(ncoo_CA)+1+2rE}

1+1 1+1 p—1
=4I‘p+1{ Z Bt Z I"i+l~“p+1+3+2zl’i

i=p+1 i=p+1 i=1
I+1 p~1

<8ppal X omit Lo tap,(n,.,+3)
i=p+1 i=1

= 8-“"p+l(n(oo - ”p) +4“‘p+l(""p+l +3)
< 8""p+ln€00 + 12"'p+l - 4“%4—1 < 8"Lp+l(n(oo + 1) (3414)

Consequently, after the p-loop we find, using (3.4.11), (3.4.14), and m__ > 1,

1
f;a < Z {S(P‘p —”‘p+l)m(oo +8p‘p+l(n<oo +1)}
p=k+1
)

<8 L {Meeliy+ Nl ) (3.4.15)
p=k+1

(3) Loop (for j=1step 1until u,,,;). Here for each j, column transfor-

mations for A and E are applied to the columns c? and c? +1 with row
index range [1: r,]. Hence, for this jloop we need less than

fi<pi 8 <8m (3.4.16)
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flops. Combining (3.4.15) and (3.4.16), we find that eliminating one row in
E; x4+ requires

l
f;+f;<8 Z {mcoo""'p+ncco""p+l}+8m<oo”l+l

p=k+1
1+1 [+1
=8m,, Y p,+8n, Y p,<8n,(m,+n,). (3.4.17)
p=k+1 p=k+2

(4) Loop (for k=1 step —1 until 1). The reduction of E; ;,, to a
square matrix (i.e. the while loop) consists of eliminating », — p,,, rows.
Using (3.4.17), we thus need less than

fwhile<8(yk—"‘k+l)n£oo(mzoo+ neoo) (3418)

flops.

Finally, we conclude that the operation count for the whole algorithm is
11
Z {S(Vk - p’k+l)ncoo(m(oo + ntoo)} < (m2 N + m(ocn(oo) (3 4. 19)
k=1

3.4.4. Numerical Stability. An important property of Algorithm 3.2.1
is its backward stability. For the transformations performed in Step j the
following result can be proved (see [22]). In the presence of rounding errors,
we have for the computed matrices in step §

Aji| Ara ][ 0] Ejinr

0 | Ay, O] =P[A1E];, (3.4.20)

where P and Q are still unitary. Let [A;| E;] be the matrix pair at start of
step j, and let P’ and Qj’ be the computed transformatlon matrices in step
j. If € is the machme precision of the computer and a threshold § of the
order of ¢ is used, then

N[a;E] = [A;1E)] |, <100 80 A 1E]

B/ - Plle<Ty 8,  110] - Qe <y 8, (3.4.21)
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where II; ;, IT, ; and II, ; are polynomial expressions in the dimensions of
the corresponding matrices. Let AE’— A’ be the computed pencil obtained
at the end of Algorithm 3.2.1. The final computed matrices P’ and Q" are the
products of computed Givens rotation matrices. With respect to the accumu-
lation of rounding errors in AE’'— A’, P/, and Q" we can say that there exist
a pencil AE — A and unitary matrices P and Q such that

~ A

I(E147 - [E1A] || < TLBILE AT,
IP'=Plle<TL3,  )IQ—Qlls <, (3.4.22)

where II,, II,, and II, are constants depending on the dimensions of the
corresponding matrices. In other words, the computed transformation matrices
P’ and Q' are nearly unitary, and the computed pencil AE’ — A’ can be seen
as the exact result when applying the algorithm to a slightly perturbed pencil
AE— A,

Let us now discuss the numerical stability and the efficiency of the other
algorithms of this paper. It is clear that the same type of unitary transforma-
tions are used as in Algorithm 3.2.1. Therefore, using the same arguments it is
clear that Algorithms 3.3.1 and 3.3.2 are numerically backward stable as well.

4. CONCLUDING REMARKS

In this paper we have given a new method to compute the generalized
Schur form of a singular pencil which has a complexity that is an order of
magnitude lower than earlier methods based on orthogonal transformations
{18, 8]. This was achieved by using a technique inspired by similar algorithms
where some kind of condensed form was preserved during subsequent steps
of the algorithm [15, 4].

The obtained generalized Schur form and the corresponding algorithm to
compute it are particularly relevant to the area of systems and control theory
where several applications and /or variants can be discerned. We name here a
few:

(1) Staircase form of a generalized state space system (GSSM). For a
GSSM {AE—A,B,C,D}, one is looking for a new coordinate system
{AE,— A,,B,,C,,D,} = {Q(\E — A)U,QBV,CU, DV }, where Q, U, and V
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are unitary and such that:

Q-[B|/\E—A].[g 3]

[ B, | AE, - A, X X X X ]
0 B,  AE;-A, X X X
0 0 B, AE; ~ A, : :
-1 ST x
0 0 0 B, AE - A, X
Lo 0 0 0 0 AEp 1~ Acsy |
(4.1)

Here the B; (i =1,..., k) have full row rank r, and the E, (i=2,..., k) have
full column rank c;. This form displays the controllable subspace of the
GSSM and is of crucial importance in several applications. Dual forms can of

A
course also be obtained for the pencil [

] [18, 19]. In principle these

forms can be computed with the algorithms described in this paper provided
some minor modification are made (see [2]).
(2) Computing the zeros of a GSSM. The pencil
B|AE-A
S(A) = 4.2
= |EREA (42
is usually called the system matrix of a GSSM {AE— A, B,C,D}, and its
finite generalized eigenvalues are the transmission zeros of the system. In [4],
an algorithm is given to derive the following decomposition of S(A) (for
E=1I):

Q1| Qs [B| }\E—A] vV o
Qs' Q4 Dl -C 0 U
&, 3
X
Rs
= AE;— Ay . (43)
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where the R, (i=1,..., s) have full row rank and the L, (i=1,...,t) have
full column rank. The algorithm could very well be adapted to general E
using the principles explained in this paper. This would then be an alterna-
tive algorithm to compute the finite eigenvalues of a general pencil (see [2]).

(8) Deadbeat control of a GSSM. For deadbeat control of a pair (AE —
A, B) one has to construct a state feedback F such that the eigenvalues of the
pencil AE — (A + BF) are all at A =0, which of course implies that E is
regular and (E™!A, E7!B) controllable [16]. In this case the form (4.1) has
square E, matrices and a vanishing AE,, , — A, ,, pencil. Deadbeat control
could then be performed directly on the pair (E~'A, E™!B), and an al-
gorithm for this is developed in [20] where the minimum norm feedback
solution F is constructed in a recursive manner. But the inversion of E
should be avoided if possible for numerical reasons. Using the above form
(4.1) a recursive algorithm can be derived which constructs unitary transfor-
mations Q and U and a feedback matrix F such that

AE; - X
Q-[AE-(A+BF)]-U= R (4.4)
0 AE;

where the E; matrices are square and invertible. The matrices U and F can
be shown to be the same as those derived by the method described in [20]
when applied to (E™!A, E™!B), and therefore we also find here the mini-
mum norm solution F (see [2]).

(4) Reduced observer of a GSSM. Assume we have a system {AE —
A, B,C,0} with C having full row rank p and (AE — A, C) observable (i.e.

AE-A E

[ C ] full column rank for all finite A, and [E] full column rank [21]).
We then want to construct a reduced observer [14, 20] having the form

ASz=Fz+ Pu+ Dy (4.5)

which uses the input « and output y of the system {AE— A, B,C,0} to
reconstruct its state x when the initial state is unknown. In [21] it is shown
that the controllability condition implies that then the matrices E,
(i=2,...,k) in (4.1) are square invertible and the pencil AE,, ,— A,
vanishes. A recursive solution is then derived to solve this problem by passing
via the (generalized) Sylvester equation in X:

SXA — FXE = DC (4.6)
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with the constraint that el is invertible. This is a normal generalization of

the equation used by Luenberger for standard state space models [14]. The
new method uses the staircase form (4.1) to yield a recursive algorithm for
constructing the solution.

(5) Embedding a polynomial matrix into a unimodular one. Given a
p X n polynomial matrix P(A) (p < n) which has full row rank p for all finite

A, one wants to find an embedding which is unimodular, i.e. which

A
has nonzero determinant independentoo(f }3 . In [3] it is shown that this can be
reduced by a straightforward technique to a similar problem but where now
P(A) is replaced by a pencil [AE — A|B] with [A|B] full row rank but E
possibly singular. Using the staircase form (4.1) of this pencil, one then finds
that AE,,; — A, is already unimodular, while the remaining part is easily
embedded by adding a number of rows of the type

[0 -~ 0 ¢ X - X] (4.7)
to each corresponding block row
[0 -~ 0 B AE-4 X - X]. (4.8)

Using this solution, one then easily works back to the solution for the
polynomial P()A). As a by-product one also derives solutions for the null space
of P()\) and its (right) generalized inverse (see [2)).

APPENDIX A. PROOF OF LEMMA 3.3.3

Proof. By repeatedly applying (3.3.16) and using the definitions in
(3.3.15) we find

Mfké”?ku(dk;kn)=#>k+1_dk>k+1, (A-1)

pPEE PR n) S pzke o) = 2kl (%K), (A2)
Analogously,

”l?ké Vk>k+1(dk>k+1) =ppk+l_ dk>k+1 =”?+kl+1’ (A-3)

V'>kévi>k+l(dk>k+l)=Vi>k+1(0)=vi>k+l (i;ﬁk). (A—4)

1

(The last equality in (A-3) follows by definition of d2**1)
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Since the block columns and rows with index i < k — 1 are not reduced
when transforming E, ; , ,, we have

“?k=“?k+l’ y',>k=l!i>k+l (iSk—l). (A‘5)

By assumption, the formulas stated in Proposition G(k) in Theorem 3.3.1 are
correct. Combination of (A-5) and Proposition G(k) gives

pef=p, v2r=u (i<k-1). (A-6)
It follows from (A-1), (A-2), and Proposition G(k) that
prf=p,—dZt (ixk). (A7)
Using (A-4), Proposition G(k) and (A-2), we find

>k _ 2k+1 >k+1 _

v; =Hhiv "nuiikl (i>k+1)' (A'S)

1

Combination of (A-3) and (A-2) gives

=p2h (A-9)

[Notice that Equation (A-8) is also true for i = k.]
Finally, let us prove the formula for y,. By construction we have

Y=Y A2 (A-10)

where v, denotes the order of the matrix M,_, (and N,_ ;) before reducing
E; ;). Combination of (A-10) and Proposition G(k) gives

! ) 1 1
Y= E di>i+l+dk>k+l= Zd?Hl: Z Z(”j‘l‘j+1)

i=k+1 i=k i=kj=1i
i
= 2 (f=k+1)(v=pju0)- (A-11)
i=k

This completes the proof. [ ]
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