Downloaded 11/18/25 to 150.146.205.185 . Redistribution subject to SIAM license or copyright; see https://epubs.siam.org/terms-privacy

SIAM J. MATRIX ANAL. APPL. @ 2024 Society for Industrial and Applied Mathematics
Vol. 45, No. 4, pp. 2339-2359

PARA-HERMITIAN RATIONAL MATRICES*

FROILAN M. DOPICOf, VANNI NOFERINI¥, MARIA C. QUINTANA!, AND
PAUL VAN DOORENS$

Abstract. In this paper, we study para-Hermitian rational matrices and the associated struc-
tured rational eigenvalue problem (REP). Para-Hermitian rational matrices are square rational ma-
trices that are Hermitian for all z on the unit circle that are not poles. REPs are often solved
via linearization, that is, using matrix pencils associated to the corresponding rational matrix that
preserve the spectral structure. Yet, nonconstant polynomial matrices cannot be para-Hermitian.
Therefore, given a para-Hermitian rational matrix R(z), we instead construct a #-palindromic lin-
earization for (14 z)R(z), whose eigenvalues that are not on the unit circle preserve the symmetries
of the zeros and poles of R(z). This task is achieved via Mdbius transformations. We also give a
constructive method that is based on an additive decomposition into the stable and antistable parts
of R(z). Analogous results are presented for para-skew-Hermitian rational matrices, i.e., rational
matrices that are skew-Hermitian upon evaluation on those points of the unit circle that are not
poles.
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1. Introduction. Rational matrices R(t) play a fundamental role in systems
and control theory [12, 19], where they typically represent the transfer function of
a linear time invariant system. In some important applications, they have certain
symmetries—called self-conjugacy—that need to be preserved for solving the under-
lying problem. For instance, such self-conjugate matrices may represent the spectral
density function of a stochastic process or play an important role in problems such
as spectral factorization, Wiener filtering, or optimal control. The most common
instances of self-conjugate properties that one finds in the literature are rational ma-
trices R(t) that are Hermitian (or skew-Hermitian) for every point ¢ (that is not a
pole of R(t)) on one of the following three curves: the real axis R, the imaginary axis
iR, and the unit circle S'. To emphasize the distinction between these three cases,
we will use the variable x in the real axis case, the variable s in the imaginary axis
case, and the variable z in the unit circle case; when discussing results that hold for
every arbitrary rational matrix, we will use t as the generic variable.

In this paper, we focus on para-Hermitian and para-skew Hermitian rational ma-
trices. To be more precise, these are square rational matrices that satisfy the following
entrywise properties (see, e.g., [4] for the para-Hermitian case).
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TABLE 1.1
The structured rational matrices studied in this paper.

Symmetry with respect to Hermitian: Skew-Hermitian:
the real line R R*(z) = R(x) R*(z) = —R(x)
Symmetry with respect to *-even: x-odd:

the imaginary axis ¢{R R*(s) = R(—s) R*(s)=—R(—s)
Symmetry with respect to Para-Hermitian: Para-skew-Hermitian:
the unit circle S* R*(2) = R(1/z) R*(z)=—R(1/z)

DEFINITION 1.1. Let F C C be a field. A rational matriz R(z) € F(z)™*™ is
para-Hermitian (resp., para-skew-Hermitian) if, for all i and j,

(11) R(Z)” = R(E_l)ji (T@Sp., R(Z)” = —R(E‘l)ji )
If R(z) satisfies the property in (1.1), we shall write
R*(z)=R(1/2) (resp., R*(z)=—-R(1/z)).

Para-Hermitianness is one of various possible self-conjugate properties of rational
matrices. Other common such properties are mentioned in Table 1.1, where we also
recall the name associated with each property. Note that, in the notation R*(¢),
the superscript * means that the coefficients of R(t) are implicated in the Hermitian
conjugation but not the variable t; hence, R*(t) := [R(f)]*. Depending on the self-
conjugate property of each class of rational matrices R(¢), it is easy to see that its
poles and zeros will be distributed with certain symmetries that can be described,
respectively, as mirror images with respect to the real line R, the imaginary axis iR,
or the unit circle S'.

In particular, the poles and zeros of a para-Hermitian (or para-skew-Hermitian)
rational matrix R(z) which are not on the unit circle S' appear in pairs (,1/X),
symmetric with respect to S!'. In other words, each such pair have the same phase
and reciprocal modulus. Moreover, if the coefficients of R(z) are real, then the poles
and zeros that are not real, also come in complex conjugate pairs (\,)), implying
that they come in quadruples (X, 1/A,\,1/)) if they are not on S'. This property
is very important and ought to be preserved when computing the poles and zeros of
R(t). Para-Hermitian matrices, not necessarily rational, that are analytic on the unit
circle are extremely relevant in signal processing [4, 21]; see, in particular, [21] and
the references therein for an extensive survey of their applications in various fields of
engineering.

Remark 1.2. There is some inconsistency in the literature about the name para-
Hermitian. The most prevalent custom (see, e.g., [4, 21] and the references therein)
is to call simply “para-Hermitian” those matrices that depend on a variable z and
are equal to a Hermitian matrix for all z on the unit circle (except possibly on their
singularities). However, in some papers [10] these are called “discrete-time para-
Hermitian” or “para-Hermitian on the unit circle,” to distinguish them with matrices
that depend on a variable s and are Hermitian on the imaginary axis (except possible
singularities), which are called “continuous-time para-Hermitian” or “para-Hermitian
on the imaginary axis.” In this paper, we opt for the first option, which is both less
pedantic and more common in the literature; we use instead the word “even rational
matrix” for the case of Hermitianity on the imaginary axis, analogously to what is
done in the polynomial case [1]. We point out that x-even rational matrices are called

Copyright (© by SIAM. Unauthorized reproduction of this article is prohibited.



Downloaded 11/18/25 to 150.146.205.185 . Redistribution subject to SIAM license or copyright; see https://epubs.siam.org/terms-privacy

PARA-HERMITIAN RATIONAL MATRICES 2341

para-Hermitian in [8]; this clarification can be helpful to readers, as some of the results
in [8] will be used in some proofs.

Poles and zeros of rational matrices can be computed via linearizations, which
ideally should preserve the structure of the original rational matrix. In section 2, we
review some facts about the structural data of rational matrices and of their linear
system matrices. In particular, we recall the notion of strongly minimal linearization
[5, 7, 8]. In section 3, we show that it is impossible to linearize a para-Hermitian
rational matrix R(z) with a x-palindromic linear system matrix. We instead show,
in section 4, how to construct strongly minimal *-palindromic linearizations for the
rational matrix (14 z)R(z), via Mobius transforms, if R(z) is para-Hermitian. In sec-
tion 5, we introduce an additive decomposition for rational matrices in terms of their
stable and antistable parts and show how to construct *-palindromic strongly mini-
mal linearizations for (1 + z)R(z) based on this decomposition. Finally, in section 6,
we pay particular attention to the construction of *-palindromic strongly minimal
linearizations from the Taylor expansion around infinity (subsection 6.1) and from
the partial fraction decomposition (subsection 6.2) of the stable part of R(z). Some
conclusions and lines of future research are discussed in section 7.

2. Preliminaries. Below, F denotes either the field of real numbers R or the
field of complex numbers C; F[¢]™*™ and F(¢)"™*™ denote the sets of m x m matrices
whose entries are in the ring of polynomials F[t] and in the field of rational functions
F(t), respectively. The elements of F[t]™*™ and F(¢)™*™ are called, respectively,
polynomial matrices (or matrix polynomials) and rational matrices. A rational matrix
is proper (resp., strictly proper) if, for each entry, the degree of the numerator is at
most (resp., less than) the degree of the denominator. A rational matrix M(t) €
F(¢)™*™ is said to be invertible at A € C if the constant matrix M (\) € C™*™ exists
(i.e., no entry of M(t) has X as a pole) and is invertible.

Polynomial matrices can have finite zeros (i.e., finite eigenvalues) but no finite
poles, while a rational matrix R(t) € F(¢)™*™ can have both finite poles and zeros.
These are defined as follows via the local Smith-McMillan form [2, 6, 20]. Given
X € C, there exist rational matrices M, (t) and M, (t) invertible at A such that

(2'1) M@(t)R(t)MT(t) = diag((t - )‘)d17 [ERE) (t - )‘)dr7 O(me')X(TnfT‘)%

where di <dp <--- <d, are integers and r is the normal rank of R(¢). The diagonal
matrix in (2.1) is unique and is called the local Smith—-McMillan form of R(t) at A
(see, e.g., [5]). The exponents d; are called the structural indices or invariant orders
of R(t) at A. If there are strictly positive indices 0 < dp < --- < d, in (2.1), then X
is a zero of R(t) with partial multiplicities (dp,...,d,). If there are strictly negative
indices dy <+ <dy <01in (2.1), then A is a pole of R(t) with partial multiplicities
(—di,...,—dq). The structural indices of R(t) at infinity are defined as those of R(1/t)
at zero. The list of structural data of a rational matrix is not only formed by its finite
and infinite pole and zero structures but also by its left and right minimal indices.
Minimal bases and indices were introduced by Forney in [9]. The minimal bases
and minimal indices of a rational matrix R(t) are those associated with the following
rational vector subspaces:

N (R) = {=(t) e C(t)™*": R(t)=(t) = 0},
Ne(R) ={y(t)" € C(t)*™ :y(t)T R(t) =0},

(
which are called the right and left null-spaces of R(t), respectively. If R(t) is singular,
then these null-spaces are nontrivial. If N,.(R) (resp., N¢(R)) is nontrivial, it has
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minimal bases and minimal indices, which are called the right (resp., left) minimal
bases and minimal indices of R(t).

Rosenbrock’s polynomial system matrices associated with a rational matrix R(t)
contains its pole and zero information whenever minimality conditions are satisfied
[5, 6, 19]. In order to linearize a rational matrix R(t), one can thus consider linear
polynomial system matrices associated with R(¢). These are block partitioned pencils
of the form

=1 b

where A(t) is square and regular, i.e., det A(t) #0, and

(2.2) L) = —tA; + Ao tBl—Bo]

tCl — CQ tDy — DQ

(2.3) R(t) = D(t) + C(t)A() " B(1);

i.e., the Schur complement of A(t) in L(t) is R(t). Then, R(t) is said to be the transfer
function of L(t). One can obtain the finite pole and zero structure of R(t) from the
eigenvalue structures of the polynomial matrices A(t) and L(t), respectively, provided
L(t) is irreducible or minimal, meaning that the matrices

—A(t)
(2.4) [—A(t) B(t)] and [ c) ]
have, respectively, full row and column rank for all ¢y € C [6, 19]. In the special case
that L(t) is minimal and B(t), C(t), and D(t) are constant matrices, (2.3) is said to
be a minimal generalized state-space realization of R(t). Minimal polynomial system
matrices in subsets of C and at infinity are defined and studied in [5]. It was shown
in [7] that one can recover both the finite and the infinite polar and zero structures of
R(t) from the pencils A(t) and L(t), provided the pencils in (2.4) have full rank also
at infinity. Minimality at co means that the matrices

[-A; Bi] and [_Cfﬂ

have, respectively, full row and column rank. If L(t) is both minimal (in C) and
minimal at oo, then L(¢) is said to be strongly minimal [5, 7] or, also, a strongly
minimal linearization of R(t). Moreover, in this situation, the eigenvectors, root
vectors, and minimal bases of R(t) can be easily recovered from those of L(t), and
their minimal indices are the same [8, 18].

We aim to linearize para-Hermitian rational matrices with structured linear system
matrices, as in (2.2), in such a way that the chosen structure preserves the pole and
zero symmetries of the original rational matrix. However, a nonconstant polynomial
matrix P(z) and, in particular, a nonconstant pencil cannot satisfy Definition 1.1.
That is, given a para-Hermitian rational matrix R(z), it is not possible to construct
a nonconstant para-Hermitian linear system matrix of R(z).

Given a polynomial matrix P(t) of degree d, the reversal matrix polynomial of
P(t) is rev P(t) := tYP(1/t). Recall that a matrix polynomial P(z) is *-palindromic
(vesp., *-antipalindromic) if it satisfies [14]

rev P*(z) = P(z) (resp., revP*(z)=—P(z)).

Then, one could try to construct a *-palindromic linear system matrix of R(z), whose
eigenvalues also have the same symmetries, i.e., they also appear in pairs (A, 1/X),
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symmetric with respect to S*, and to apply to such a linear system matrix a structure-
preserving algorithm for computing its eigenvalues [13, 15]. But, as we show in sec-
tion 3 below, it is impossible to linearize a para-(skew-)Hermitian rational matrix with
an (anti)-+-palindromic system matrix. However, if one considers the rational matrix
H(z):=(1+ z)R(z) instead of R(z), then we show how to construct a *-palindromic
(resp., *-antipalindromic) linear system matrix for H(z) when R(z) is para-Hermitian
(resp., para-skew-Hermitian). Ultimately, the point is that if R(z) is para-Hermitian,
then H(z) satisfies

(2.5) revi H*(z) = H(z), where reviH(z):=zH(1/z),

and, as we show in Theorem 3.1(a), the transfer function of a *-palindromic linear
system matrix satisfies (2.5). Analogously, if R(z) is para-skew-Hermitian, then H(z)
satisfies revy H*(z) = —H (z).

3. It is impossible to linearize a para-Hermitian rational matrix with a
palindromic system matrix. We will show in this section that it is impossible to
construct a -palindromic (resp., *-antipalindromic) linear system matrix of a para-
Hermitian (resp., para-skew-Hermitian) rational matrix R(z). First, observe that
Theorem 3.1(a) and Corollary 3.2 do not assume any minimality on the structured
linear system matrix. See Theorem 3.1(b) for a result on minimality.

THEOREM 3.1. Consider a x-palindromic (resp., x-antipalindromic) linear system
matriz L(z). Then the following statements hold:
(a) The transfer function H(z) of L(z) satisfies revi H*(z) = H(z) (resp.,
revi H*(z)=—H(z)).

(b) L(z) is minimal if and only if it is strongly minimal.

Proof. We only discuss in detail the x-palindromic case, since the *-antipalindromic
one is analogous. A *-palindromic linear system matrix has the form

L(z)_z[Bf} g]+[c‘4: g*},

where zA + A* is regular. For (a), it is easy to check that revy H*(z) = zH* (1/z) =
H(z), where H(z) = (2D + D*) + (:B* + C*)(zA + A*)~1(2C + B). To prove (b),
first note that strong minimality implies minimality by definition. For the converse,
assume that L(z) =: zL§ + Lo is minimal. In particular, the first block row and the first
block column of L(0) = Ly have full rank. But, taking conjugate transposes, the same
property holds for L, implying minimality at co and therefore strong minimality. O

COROLLARY 3.2. Let R(z) € F(2)™*™ be a nonzero rational matriz. If R(z) is
para-Hermitian (resp., para-skew-Hermitian), then there is no x-palindromic (resp.,
x-antipalindromic) linear system matriz whose transfer function is R(z).

Proof. Again we only treat the #-palindromic case, as the x-antipalindromic one
is analogous. Suppose by contradiction that R(z) is the transfer function of a -
palindromic linear system matrix. Then, by Theorem 3.1(a), zR* (1/z) = R(z). But,
since R(z) is para-Hermitian, R* (1/z) = R(z), and thus zR(z) = R(z), which is a
contradiction since R(z) # 0. O

While in sections 4 and 5 we make statements that cover both the para-Hermitian
and the para-skew-Hermitian cases, we give proofs only for the para-Hermitian case,
as the para-skew-Hermitian one is completely analogous and left as an exercise.
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4. Para-Hermitian rational matrices and Mobius transform. In this sec-
tion, we consider the following Mobius transform [16, 17] T and its inverse T~

1—2z
142

Note that the Mobius transformation 7' is the negative of the Cayley transform. We
will use the fact that T maps z € R to T(xz) € S' and, conversely, its inverse T—!
maps z € S* to T~!(z) € R. Given a para-Hermitian rational matrix R(z), we can
apply the change of variables z =T(z) in R(z). Namely,

(4.1) T: ar—z2=""" and T7': zv—a=i
1+

R(2) > R(T(z)) =: G(x).

Then, we obtain that G(x) is Hermitian, i.e., G*(z) = G(x). Analogously, if G(z) is
a Hermitian rational matrix, then the change of variables x = T~ *(z) maps G(x) —
G(T~*(z)) =: R(2) and R(z) is para-Hermitian. We formalize this discussion in
Lemma 4.1.

LEMMA 4.1. A rational matriz R(z) € C(2)™*™ is para-Hermitian (resp., para-
skew-Hermitian) if and only if G(z) := R(T(z)) € C(z)™*™ is Hermitian (resp.,
skew-Hermitian), where T is the Mdbius transformation in (4.1).

Proof. Suppose that R(z) is para-Hermitian, ie., R*(1/2) = R(z) for all 2 €
C. Then, for any z € C, G*(z) = R*(=%) = R(:=%) = G(z) and hence G(z) is

—i+x i+x
Hermitian. Conversely, assume now that G(z) is Hermitian, i.e., G*(x) = G(z) for all
€C. Then, for any 2 € C, R*(1/2) = G*(—i752) = G(i15%) = R(2). 0

Now, we can state and prove Theorem 4.3, which is one of the main results of
this paper. Before proceeding with the proof, we explain the key ideas. Observe that,
given a para-Hermitian rational matrix R(z), and taking into account Lemma 4.1,
we can linearize the Hermitian rational matrix G(z) := R(T(z)) with a Hermitian
pencil S(z). For that, we can construct a Hermitian strongly minimal linear system
matrix S(z) of G(x) as in [8]. We can now consider the M&bius transformation
T~ then the rational matrix Q(z) := S(T~!(z)) must be para-Hermitian with least
common denominator (1 + z). Finally, if we multiply Q(z) by (1 + z), we obtain
that (14 2)Q(z) =: L(z) is a #-palindromic (see Remark 4.2) linear system matrix for
(1 + 2)R(2).

Remark 4.2. Note that if a rational matrix Q(z) is para-Hermitian, that is,
Q*(1/2) =Q(z), and L(z) := (1+2)Q(z) is a pencil, then L(z) must be *-palindromic.
Indeed, rev L*(z) = L(z) by (2.5).

THEOREM 4.3. Let R(z) € C(2)™*™ be a rational matriz. R(z) is para-Hermitian
(resp., para-skew-Hermitian) if and only if there exists a strongly minimal
s-palindromic (resp., x-antipalindromic) linearization of (1+ z)R(z).

Proof. To prove the necessity, assume first that R(z) is para-Hermitian; then we
follow the next steps:
1. Counsider the change of variables z = T'(z), where T is the Mdbius transfor-
mation in (4.1), and set G(x) := R(T'(x)) = R(zjri) By Lemma 4.1, G(z) is
a Hermitian rational matrix.
2. Linearize G(x) with a Hermitian strongly minimal linear system matrix

S(z)= |2~ *0 Vz—wvl]:[U(w) V(x) ]

Vot —aVys Wo — W) Y(z) W(zx)
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with U(z) € Clz]"*" nonsingular, Y (z) = V*(z), and Uy, Uy, W1, Wa Her-
mitian matrices. Strong minimality means that

(4.2) rank {)U/E;Oﬂ =rank [U(zg) V(zg)]=n forall zpeC
0
and that
(4.3) rank {‘[/]i] =rank [U; Vi]=n.
1

It is always possible to construct such a Hermitian pencil S(z) by [8].
3. Consider the inverse Mobius transformation z =7T~1(2) to obtain the follow-
ing para-Hermitian rational matrix Q(z):

U(z) V()

Q@ =sT = | S el N o

Moreover, W (z) — Y (2)U(2) "V (2) = R(z).
4. Finally, we set

L _ (1+Z)U2—’L(1—Z)U1 (1+Z)V2—’L(1—Z)V1
L(z):=(1+2)Q(2) = [(1 AV —i(l— )V (14 2)Wa — (1 — z)WIJ

which is a *-palindromic (see Remark 4.2) linear system matrix for (z41)R(z).
In addition, L(z) is strongly minimal. To see that, consider first any A € C
with X\ # —1; then by (4.2) we have that

—i(1 =N U (it
i) <o

and
rank [(1 + )\)Ug — ’i(l — )\)Ul (1 + )\)Vg — i(l — )\)Vl]
=rank {U (z};—i) 1% (z};—f\‘)] =n,

so that L(z) is minimal at A. Minimality at —1 follows from the fact that

S(z) is minimal at oo, that is, by (4.3). Finally, minimality at oo follows from

the fact that S(z) is minimal at —i.
For the para-skew-Hermitian case, we obtain that G(z) is skew-Hermitian by
Lemma 4.1. Then, we instead construct a skew-Hermitian strongly minimal lineariza-
tion S(x). For that, we can use [8]. Finally, by following the steps above, we obtain
a strongly minimal s-antipalindromic linear system matrix of (1 + z)R(z).

To prove the sufficiency, let L(z) be a strongly minimal *-palindromic (resp.,
x-antipalindromic) linearization of (14 z)R(z) =: H(z). Then, Theorem 3.1(a) implies
that z (1+ 1) R* () = £(142)R(z), where + stands for the palindromic case and —
for the antipalindromic. Thus, R* (1) = +R(z). O

z

Since in Theorem 4.3 we obtain a linear system matrix L(z) for (z + 1) R(z) instead
of R(z), it is important to know how to recover the structural data of R(z) from those
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of L(z). The minimal indices are the same [8, Theorem 2.9], since multiplication by
(24 1) does not change the left and right rational null-spaces of R(z). For the same
reason the minimal bases can be recovered as described in [8, Theorem 2.10]. The
recovery of the invariant orders requires some analysis. For any finite A £ —1 the
invariant orders of (z + 1)R(z) and those of R(z) at A\ are the same and are related
to those of L(z) as in [5, Theorem 3.5]. Moreover, it is easy to recover the invariant
orders at —1 and at co of R(z) from those of L(z) as we state in Proposition 4.4.

PROPOSITION 4.4. Let R(t) € C(t)™*™ be a rational matriz with normal rank r,
and let
—A(t)  B(t)

L) :_[ C(t) D(t)}e(c[t]“”m)x(p*”),

with A(t) nonsingular, be a linear system matriz of (1 +t)R(t). Then, the following
statements hold:

(a) Assume that L(t) is minimal at —1. Let dy <--- <dg be the partial multiplic-
ities of A(t) at —1, and let dy < --- < d, be the partial multiplicities of L(t)
at —1. Then, we have the following:

(a.1) The invariant orders at —1 of (1+t)R(t) are

—d57—ds_1,...7—d1,0,...70,(’;1,(;2,...7&;‘
——

r—8S—u

(a.2) The invariant orders of R(t) at —1 are

—dg,—ds_1,...,—d1,0,...,0,dy,da,....dy | —(1,1,...,1).
T
(b) Assume that L(t) is minimal at co. Let e; < --- < e, be the partial multi-
plicities of revy A(t) at 0, and let €1 < --- <&, be the partial multiplicities of
revy L(t) at 0. Then, we have the following:
(b.1) The invariant orders of (1+t)R(t) at co are

—637—63_1,...,—61707...,0,617627...,6u — (1,1,,1)
N —

r—8S—u

(b.2) The invariant orders of R(t) at co are

—637—65_17...,—61,0,...,0,61,627...,6u
——

r—S—u

Proof. Statement (a.l) follows from [5, Theorem 3.5]. For (a.2) we consider the
local Smith-McMillan form at —1 of (1+¢)R(¢). That is, there exist rational matrices
M;(t) and Ms(t) invertible at —1 such that

(44) (1 + t)R(t) =M (t)diag((t + 1)(h [ (t + 1)qr70(m—r)><(n—r))M2 (t)7

where ¢;, fori=1,...,r, are the invariant orders at —1 of (1 +¢)R(t). If we divide (4.4)
by (1+t), we obtain that the invariant orders at —1 of R(t) are ¢; — 1 fori=1,...,r.

Copyright (© by SIAM. Unauthorized reproduction of this article is prohibited.



Downloaded 11/18/25 to 150.146.205.185 . Redistribution subject to SIAM license or copyright; see https://epubs.siam.org/terms-privacy

PARA-HERMITIAN RATIONAL MATRICES 2347

This, together with (a.1), proves (a.2). Statement (b.1) follows from [5, Theorem 3.13].

For (b.2) we consider [5, Theorem 3.5] applied to the linear system matrix revy L(t)

that is minimal at 0, and we obtain that (—es, —es—_1,...,—€1,0,...,0,€1,€a,...,€,)
——

are the invariant orders of ¢(1 + 1/t)R(1/t) = (1 +t)R(1/t) at 0. ﬁnally, note that
the invariant orders at 0 of R(1/t) are equal to those of (1+¢)R(1/t), since (1 +1¢) is
invertible at 0. O

4.1. Alternative approaches: The choice of the Mdbius transform. We
note that the use of the Mobius transform 7' in (4.1) involves complex arithmetic
when the rational matrix R(z) has real coefficients. To avoid this, we can instead
consider the Mdbius transform B and its inverse B~!:

1+s

-1
(4.5) B: s z=T— and B7l: z——s=2
—s

z4+1"

The Mébius transformation B is also called bilinear transformation (see [3, sec-
tion 4.3.3]) and maps the open left half of the complex plane onto the inside of the
unit disk and the imaginary axis onto the unit circle. Given the transfer function of
a discrete-time system, we can use the bilinear transformation to obtain the transfer
function of a continuous-time system. In addition, if the transfer function is para-
Hermitian, after the transformation it will be *-even, as we prove in Lemma 4.5.

LEMMA 4.5. A rational matriz R(z) € C(2)™*™ is para-Hermitian (resp., para-
skew-Hermitian) if and only if G(s) := R(B(s)) € C(s)™*™ is x-even (resp., x-odd),
where B is the Mébius transformation in (4.5).

Proof. If R(z) is para-Hermitian, i.e., R*(1/z) = R(z) for all z € C, then, for
any s € C, G*(s) = R*(1£2) = R(152) = G(—s). Conversely, if G(s) is =-even, i.e.,

1+s
G*(s) = G(—s) for all s € C, then, for any z € C, R*(z) = G* %) = G(%) =
G(FHE) = R(1/2). D

Remark 4.6. Theorem 4.3 can be also proved by using the bilinear transformation
B instead of minus the Cayley transform 7', since x-even (resp., *-odd ) rational
matrices admit *-even (resp., *-odd ) linearizations [8].

Remark 4.7. Both proofs of Theorem 4.3 are constructive so that one can obtain
a strongly minimal *-palindromic (resp., *-antipalindromic) linear system matrix of
(14 2)R(z) from it. However, the linear system matrices that one obtains from the
proofs are not unique and will depend on the linearization that one constructs after
the corresponding Mobius transformation for the Hermitian (resp., skew-Hermitian)
rational matrix G(x) or for the *-even (resp., *-odd) rational matrix G(s). As we men-
tioned above, we can consider the linearizations for Hermitian (resp., skew-Hermitian)
or x-even (resp., *-odd ) rational matrices constructed in [8], but this implies com-
puting the matrix coefficients of the Laurent expansion around infinity of G(x) or
G(s). In the next sections, we give alternative methods that do not involve such
computations when the corresponding rational matrix has no poles on the unit circle.

To optimize the accuracy of numerical algorithms, it might also be desirable to
make a choice of the Mobius transform so that the invariant orders at A = —1 are not
“shifted,” as it is explained in Proposition 4.4, if A= —1 is a pole or a zero of R(z).
To avoid this, we can instead consider the Mébius transform B,, and its inverse B

a+as _
= and By': z+——s=

4.6 B, : —z=
(4.6) ot 8 = E—as az+a’

with @ € C, @ #0. Then, analogous to Lemma 4.5, we have Lemma 4.8.
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LEMMA 4.8. A rational matriz R(z) € C(z)™*™ is para-Hermitian (resp., para-
skew-Hermitian) if and only if G(s) := R(Bya(s)) € C(s)™*™ is x-even (resp., x-odd),
where By, is the Mébius transformation in (4.6).

By using the M6bius transformation B, in (4.6) and Lemma 4.8, we can construct
a *-palindromic linearization for H,(z) := (v +@z)R(z), as we state in Theorem 4.9.
Then, we can choose a in B, such that —a?/|a|? is neither a pole nor a zero of
R(z), to avoid the invariant orders of finite poles and/or finite zeros of R(z) to be
“shifted.” Theorem 4.9 can be proved by following steps similar to those in the proof
of Theorem 4.3. Note that if R(z) is para-Hermitian, then H,(z) satisfies (2.5), i.e.,
revi HX(z) = Hy(2).

THEOREM 4.9. Let R(z) € C(2)™*™ be a rational matriz, and let o« € C, o # 0.
R(z) is para-Hermitian (resp., para-skew-Hermitian) if and only if there exists a
strongly minimal *-palindromic (resp., *-antipalindromic) linearization of (a+az)R(z).

4.2. Parametrizing para-Hermitian rational matrices. The definition of
para-Hermitian (resp., para-skew-Hermitian) rational matrices does not provide an
explicit method for constructing all the matrices in this class. As a direct corollary of
the results, in this section we present in Corollary 4.10 different ways to generate all
the matrices in this class. Observe that this result does not assume any minimality
of the involved matrices.

COROLLARY 4.10. Let 0 # o € C. Then, R(z) € C(2)™*™ is para-Hermitian
(resp., para-skew-Hermitian) if and only if there exist constant matrices A € C**™,
C,BeC™ ™ and D€ C™ ™ such that the pencil zZA+ A* (resp., zA— A*) is reqular
and

(A7) R(z)=——[(zD+ D)+ (:B* + C*)(2A+ A*) (=C + B)]

o+ az

(4.8) <T€Sp., R(z)= [(2D — D*) + (2B* = C*)(zA— A*) "1 (2C — B)]) .

a+az

Proof. Tt is easy to check that (4.7) (resp., (4.8)) is para-Hermitian (resp., para-
skew-Hermitian). The fact that any para-Hermitian (resp., para-skew-Hermitian)
rational matrix can be written as in (4.7) (resp., (4.8)) follows from Theorem 4.9 and
the structure of any *-palindromic (resp., *-antipalindromic) pencil. ]

5. Decomposition into stable and antistable parts. Every rational matrix
R(t) can be written with an additive decomposition as in Lemma 5.1, where the
rational matrices R;,(t) and Rg.:(t) are called the stable and antistable parts of
R(t), respectively; here, a rational matrix is called stable (resp., antistable) if all its
poles have moduli strictly smaller (resp., strictly larger) than 1. If ¢t = z and R(z) is
para-Hermitian, the proper rational matrix R,(z) defined in Lemma 5.1 is also para-
Hermitian. Then we will see in Theorem 5.3 that we only need to perform a Mdbius
transform on R,(z) to construct a strongly minimal *-palindromic linearization L(z)
of (14 2)R(z). In particular, if R(z) has no poles on the unit circle, we can construct
L(z) without considering a Mdbius transform, as we state in Theorem 5.2.

LEMMA 5.1. Let R(t) € C(¢)™*" be a rational matriz. Then, there exists an
additive decomposition of the form

(5.1) R(t) = Rm(t) + Rout(t) + Rg1 (t) + Ry,
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where R, (t) is a strictly proper rational matriz that has all its poles inside the open
unit disk and is therefore stable; Royi(t) is such that Ryt (0) =0 and has all its poles
(infinity included) strictly outside the unit circle and is therefore antistable; Rg:(t)
is a strictly proper rational matriz that has all its poles on the unit circle; and Ry
is a constant matriz. Moreover, the decomposition in (5.1) is unique. In addition,
R(z) € C(z)™*™ is para-Hermitian (resp., para-skew-Hermitian) if and only if

(5.2) Ri,(2) = Rout(1/2)  (resp.,  Rj,(2) = —Rour(1/2)),
and the proper rational matriz Ry(z) == Rg1(z) + Ry is para-Hermitian (resp., para-
skew-Hermitian).

Proof. Consider the (unique) partial fraction expansion

d(})

R(t)=P +ZZ AAJ,

AeC j=1

where P(t) is a polynomial matrix, d(\) denotes the degree of the pole A, and A, ; €
C™*™ are constant matrices. We can now define

d(\) d(X)
Z Z A,j and RSI Z Z
|Al<1j=1 IA|=1j= 1

It is clear that R;,(t) and R (t) are strictly proper and that the poles of U(t) :=
R (t)+ Rg1(t) are those poles of R(t) that are in the closed unit disk; the uniqueness
of R;,(t) and of Rg1(t) follows from the uniqueness of the partial fraction expan-
sion. Moreover, S(t) := R(t) — U(t) is analytic at 0, because the coefficients of the
Laurent expansion around ¢ = 0 with negative indices of R(t) and U(t) are equal by
construction. Hence, we can (uniquely) define Ry :=.5(0) and Rout(t) :=S(t) —

We assume now that R(z) is para-Hermitian. Then, since R*(z) = R(1/z), we
have that

(5.3) Rin(2) + Boue(2) + By (2) = Rin(1/2) + Rous(1/2) + Bp(1/2),

where R,(z) := Rg1(z) + Ro. We note that lim,_, Royt(1/2) = Rout(0) = 0. Thus,
both R}, (z) and R,y (1/z) are strictly proper rational matrices that have all their
poles in the open unit disk. Since the decomposition in (5.3) for R*(z) is unique, this
implies that R}, (z) = Rout(1/z). Then, the rational matrix H(z) := R;n(2) + Rout(2)
is para-Hermitian and, therefore, R,(z) = R(z) — H(%) is also para-Hermitian.

Finally, let us assume that (5.2) holds and that R,(z) is para-Hermitian (resp.,
para-skew-Hermitian). Then,

R*(2) = Rjy, (2) + ROy (2) + Ry (2) = £ Roui(1/2) + Rin(1/2) + Rp(1/2) = £ R(1/2),

where + stands for the para-Hermitian case and — for the para-skew-Hermitian. This
concludes the proof. ]

Next, we assume that R(z) is para-Hermitian (resp., para-skew-Hermitian) and
has no poles on the unit circle. That is, the additive decomposition in (5.1) is of the
form

(5.4) R(z) = Rin(2) + Rout(2) + Ro,  with R}, (2) = Rou(1/2) and R§ = Ry
(resp, R(2) = Rin(2) + Rowt(2) + Ry,  with R}, (2) = —Rout(1/2) and Ri= —Ry).

Then, we have the following result.
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THEOREM 5.2. Let R(z) € C(z2)™*™ be a para-Hermitian (resp., para-skew-
Hermitian) rational matriz having no poles on the unit circle. Consider an additive
decomposition of R(z) as in (5.4), such that Rgi(z) =0, and a minimal generalized
state-space realization of Ry, (z):

(55) Rm(z) = B(ZAl — A0)7107
with Ay invertible. Then,
Rout(2) = 2C" (A} — ZAS)_IB* (resp., Rout(z) =2C*(zAf — AT)_IB*)

is a minimal generalized state-space realization of Rout(z), and the following pencil
L(z) is a strongly minimal *-palindromic (resp., x-antipalindromic) linearization of
(1+2)R(z):
0 AO — ZAl C
L(z)= | zAf— A7 0 B*(1+z)
zC* B(1+z) | Ro(1+2z)

0 AO - ZAl C
resp., L(z)=| Aj —zA§ 0 —B*(1+2)
—zC* B(1+42) | Ro(1+2)

Proof. The expression of the realization of R, (2) follows directly from R}, (z) =
Rout(1/2) in (5.4). The minimality of the realization of R,.(z) at z # 0 follows from
the minimality of the realization of R;,(z) and at z = 0 from the invertibility of A;.
It is clear that L(z) is *-palindromic and that its transfer function is (1 4 z)R(z).
Then, the minimality of L(z) at any finite z # —1 follows from the fact that R;,(z)

and Ryyt(z) have no poles in common. The minimality at z = —1 follows from the
fact that —1 is not a pole of R(z) by assumption. Finally, the strong minimality of
L(z) follows from Theorem 3.1(b). O

In section 6, we show how to construct a strongly minimal *-palindromic lin-
earization of (1 + z)R(z) for a para-Hermitian rational matrix R(z) without poles
on the unit circle from the Taylor expansion of R;,(z) and from the partial fraction
decomposition of R;,(z), instead of directly from a minimal generalized state-space
realization (5.5), as we did in Theorem 5.2.

If there are poles on the unit circle, we can consider a Mdobius transform for
the para-Hermitian proper rational matrix R,(z), as we described in section 4, to
construct a strongly minimal -palindromic linearization L, (%) for (1+2)Ry(z). Then,
as we state in Theorem 5.3, we can combine Ly(z) with a *-palindromic linearization
constructed from the stable and antistable parts, to construct a strongly minimal
«-palindromic linearization for (1+2z)R(z). In Theorem 5.3, whose proof is immediate
and left as an exercise to the reader, we only consider for brevity the para-Hermitian
case, but the para-skew-Hermitian case is analogous.

THEOREM 5.3. Let R(z) € C(z)™*™ be a para-Hermitian rational matriz ex-
pressed by the additive decomposition in Lemma 5.1. Consider a strongly minimal
x-palindromic linearization of (14 2)[Rin(2) + Rout(2)],

0 AO — ZAl C
Lin/out(z) = ZAS _A){ 0 B*(1+Z) ’
2C* B(1+2z) | 0
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as in Theorem 5.2, and a strongly minimal *-palindromic linearization of (14+2)Rp(2),

~4,(2) By(2) |

L= ¢ Dy

Then, the following pencil is a strongly minimal *-palindromic linearization of

(14 2)R(2):

0 Ao - ZA1 0 C
z Al — A} 0 0 B*(1+2)
(5.6) L(A) = 0 0 ~A,(2) | Bu(2)

20* B(1+2) cp(z)‘ Dy(2)

6. Construction of linearizations from different representations of
R;n(2). In this section, we assume that R(z) is a para-Hermitian rational matrix
having no poles on the unit circle. That is, R,(z) in the additive decomposition (5.1)
is a constant matrix Ry and R(z) can be written as in (5.4). Otherwise, we can con-
sider a Mobius transform for the para-Hermitian proper rational matrix Rp(z) and
use Theorem 5.3. Our first goal is to complement the construction in Theorem 5.2
by showing how to construct explicitly a minimal generalized state-space realization
of R;,(z) as in (5.5) from a Taylor expansion of R;,(z) around the point at infinity.
Observe in this context that there are infinitely many realizations as in (5.5) of any
R;n(z). In the second place, we explore explicit constructions of strongly minimal
x-palindromic linearizations of (1 4 z)R(z) from the partial fraction decomposition
of R;n(z). We omit in this section stating results for para-skew-Hermitian rational
matrices for brevity. They can be easily deduced as in previous sections.

6.1. Construction from the Taylor expansion of R;,(z). The strictly
proper rational matrix R;,(z) in (5.1) can be represented via its Taylor expansion
around the point at infinity. Namely,

(61) Rm(z) = R_12_1+R_22_2—|—R_3Z—3+"' .

In this section, we construct a strongly minimal *-palindromic linear system matrix
as in Theorem 5.2, when R;,(z) is represented as in (6.1) by using the algorithm in
[11, section 3.4] or [8, Theorem 5.1]. For that, let us consider the following block
Hankel matrix H and shifted block Hankel matrix H, associated with R;,(2):

(6.2)

R, R .. R Ro R ... Ry,
R_5 o R4 R_3 0 R_p_o
H = . ) , Hy :=
Ry Rg1 ... Roogpr Rgi1 Ryp2 ... Rogg

Then, for sufficiently large & the rank r¢ of H equals the total polar degree of R;, (%),
i.e., the sum of the degrees of the denominators in the Smith-McMillan form of R, (2)
[12]. We assume in what follows that we are taking such a sufficiently large k. The
algorithm in [11, section 3.4] for strictly proper rational matrices or [8, Theorem 5.1]
implies that the linear system matrix in Lemma 6.1 is a strongly minimal linearization

for Rin(2).
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LEMMA 6.1 (see [8, Theorem 5.1]). Let R;,(z) € C(2)™*™ be a strictly proper
rational matriz as in (6.1). Let H and H, be the block Hankel matrices in (6.2), and
let ry:=rankH. Let U := [Ul Ug] and V := [Vl Vg] be unitary matrices such that

(6.3) UHV = { H 0 }

UsHV, 0
00 :

0 0

where H is ry x ry and invertible. Let us now partition the matrices Uy and Vi as
follows:

Ui

Ua1

(6.4) Uy = { Vi

| o =] .

where the matrices U1 and Vi1 have dimensions m X ry and n x ry, respectively.
Then,

UrH,Vi —2H | HVp,
Uy [ ‘ 0

(6.5) Lsp(z) :=

is a strongly minimal linearization for R, (z). In particular,
(6.6) Rin(2)=Un H(zH — Uy H, Vi) HVY,.

Then, we have the following result for the construction of a strongly minimal
#-palindromic linear system matrix of (1 + z)R(z), which follows from Lemma 6.1
and Theorem 5.2 just by replacing (5.5) by (6.6).

THEOREM 6.2. Let R(z) € C(2)™*™ be a para-Hermitian rational matriz having
no poles on the unit circle. Consider an additive decomposition of R(z) as in (5.4)
and a minimal generalized state-space realization of R;n(z) as in Lemma 6.1. Namely,

Rin(2)=Un H(zH — UrH, Vi) HVY,.
Then,
(6.7) Rout(2) = 2Vi  H* (H* — 2V H:U,) " H* U,

is a minimal generalized state-space realization of Rout(z), and the following pencil
L(z) is a strongly minimal *-palindromic linear system matriz of (1 + z)R(z):

0 UrH, Vi — zH HVp
L(z)= | 2VyH: U, — H* 0 H* U (14 2)
Vi1 H* UllH(1+Z) | R0(1+Z)

6.2. Construction from the partial fraction decomposition of R;,(z).
Let us assume that €2;,, is the set of poles of the para-Hermitian rational matrix
R(z) € C(z)™*™ inside the unit circle, that Q,,: is the set of poles of R(z) outside
the unit circle, and that R(z) has no poles on the unit circle. We also assume that
the strictly proper rational matrix R;,(z) in (5.1) is expressed via its partial fraction
decomposition. Namely,

S

0
(6.8) Rin(2)= ) Ra(2), with Rki(z)zzz(z?&)j’

Ai€Qin j=1
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where d; denotes the degree of the pole \;. Since Royi(2) = R}, (1/2), we have that

d; J *
2 R
6.9 Roui(z) = R} (1/z), with R} (1/2)= —J
(69 = X R0/ /=)
1€Qn Jj=1
Let us first assume that R(z) has only one pole X inside S!. That is, taking into
account (5.4), R(z) can be written as

(6.10)
R(z)=Rx(z) + Ro+ R3(1/2), with Ry(z)= Zl B _J/\)j and Rj=Ry.
=
We set
()‘ - Z)Im Rd
I, A=2)1n Ry
Fy(z) = e e Cpimeim po |
L, (A=2)I, Ry

Then, by assuming that Ry is invertible, we obtain the following result.

THEOREM 6.3. Let R(z) € C(2)™*™ be a para-Hermitian rational matriz as in
(6.10) with X inside the unit circle S* and Ry invertible. Then, the following pencil
Ly (2) is a strongly minimal x-palindromic linearization for (1+ z)R(z):

____0___i___f_ﬁ_(€>___*____F _____

(6.11) Ia(z)i= | TevE}(2) 0 (14 2)(ea ® Im)
: (1+2)(el @ L) ‘ (14 2)Ro

where eq is the last canonical vector of C¢ and @ denotes the Kronecker product.

Proof. Tt is easy to see that L,(z) is *-palindromic, and the strong minimality
follows from the fact that |A\| < 1 and Ry is invertible. To show that the transfer
function of Ly(z) is (1 + z)R(z), we can use [8, Lemma 3.1]. First, we set Ly(z) =

{ _Cft,(zj) ggig . Now, we consider the following rational matrix:
1+ 2)z471 1+ 2 '
HG) = | (<1_—x>d1 L2 ) ||,
where Zj(z) := Z?:k @7—&%7 for k=1,...,d. Then, by [8, Lemma 3.1],

[C(z) D(2)] H(z)" =(1+42)R(2)
is the transfer function of Ly(z), since [-A(z) B(z)] H(z)T =0, H(z) has full row
normal rank, and the right-most block of H(z) is I,,. O

We now construct a linear system matrix equivalent to Ly(z), which is also a
strongly minimal *-palindromic linearization for (14-z)R(z), where R(z) is as in (6.10),
when Ry is invertible. For that, we consider the following block Hankel matrix:

Ry
7 Rgq
(612) H .= . ) c (Cdm,xdm,7
Rd . :
Ry R4q—1 ... Ry
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and we set
Sa(2) Ry
Rg+ Sq_1(z RY_
My(z) := ! _d 1(2) , G = -t ,
Sa(z) . : :
Si(z) Ra+ Sq—1(z) --- Ry + S1(2) Ry

with S;(z) := (A — 2)R;. Then, we obtain the following result.

THEOREM 6.4. Let R(z) € C(2)™*™ be a para-Hermitian rational matriz as in
@.10) with A inside the unit circle S' and Ry invertible. Then, the following pencil
L (z) is a strongly minimal *-palindromic linearization for (1 + z)R(2):

I 5N € I I
(6.13) Ta(z)=| TevMi(z), 0O (1+2)G
2F* : (1+2)G* | (1+2)Ry

Proof. Observe that L A(2) satisfies the following identity:

R Idm Idm
(6.14) Iy(z) = H* Ly(2) H ,
I, I,

where L (z) is the strongly minimal *-palindromic linearization in Theorem 6.3. Note
that ZA(z) is also #-palindromic. In addition, since Ry is invertible, Ly (2) is also
a strongly minimal linearization for (1 + z)R(z), since the transformation in (6.14)
preserves the transfer function of Ly(z) [19, Chapter 2, Theorem 3.1] and the (strong)
minimality in that case. ]

_ If R4 is not invertible, we can construct a trimmed linear system matrix from
L (z) that is a strongly minimal *-palindromic linearization for (14 z)R(z), as we
show in Theorem 6.5. The proof of Theorem 6.5 is inspired by the proof of [8, Theorem
3.2], a result which is valid only for (unstructured) polynomial matrices.

THEOREM 6.5. Let R(z) € C(2)™*™ be a para-Hermitian rational matriz as in
(6.10) with X\ inside the unit circle S* and Rq#0. Let H be the block Hankel matriz
in (6.12), and let r := rank(H). Consider unitary matrices U = [Ul UQJ and V =
[Vl ‘/2} that “compress” the matriz H as follows:

s [0 0 [0 o
(6.15) UHV_[O UQ*HVQ}_'[O ﬁ]

where H is of dimension r X r and invertible. Now, we set

where Ly(z) is the linear system matriz in Theorem 6.4. Then, Ly(z) is a “com-
pressed” pencil of the form
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o 0 0 0 0
B 0 0 10 Al F.,
(6.16) Ly(z)=:|0 0 0 0 | 0o |,
0 revAi(z) .0 0 (1+2)G.
0 zEr 10 (1+2)G | (1+2)R,

where Aq(z) € C[2]"™" is a regular pencil, and

0 A.(2) F.
(6.17) L.(z):=| revA%(z) 0 ‘ (1+2)G.
2FE* (142)G: | 1+ 2)Ro

c

is a strongly minimal *-palindromic linearization for (1+ z)R(z).
Proof. We define the following pencils based on submatrices of (6.11):

-

K)\(Z)
(z+ 1)(65 @ Im)

and [Yi(z) Ya(z)] =K (2) | ea® I |.

Then, we have that

(6.18) {Xl(z)]H—[( MA(Z)] and  H[Yi(2) Ya(2)]=[Mi(z) F].

Xo(2) 14 2)G*
Note that [(1]\12()2*] and [My(z) F| have rank r for all zyp € C and at co, because

[))28] and [Yi(z) Ya2(2)] have full column rank and full row rank, respectively, for

all zg € C and also at oo; i.e., the matrix coefficients of z of these two pencils have
full rank. Moreover, the right null-space of [(f\fz ()2] is spanned by the columns of V;
and the left null-space of [M A\z) F ] is spanned by the rows of U;". Analogously, we
set

X1(z)
z(eq © In)

Xy(z)

_ l (rev K5(2))" ]

and
[171(2) }72(2)} ::[ rev K3(z) | (14 2)(eq ® In) ]7

and we obtain that

(6.19)

lif:(;g;] H*:[revﬁi(z)} and H* [171(z) f’g(z)}:[reij{(z) (1+2)G].

Observe that [? 8

respectively, for all zop € C and at co. Then, [re"%g(z)] and [revM;(z) (1+2)G]
have rank r for all zp € C and at co. Moreover, the right null-space of [revzf‘P@(Z)]
is spanned by the columns of Uy and the left null-space of [rev M3 (z) (1+2)G] is
spanned by the rows of Vj*.

Then, (6.18) and (6.19) and the observations about the null-spaces and the ranks

imply the compressed form (6.16), and that the first and second block columns and

| and [¥i(2) Y2(2)] also have full column rank and full row rank,
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that the first and second block rows of the 3 x 3 partitioned pencil L.(z) in (6.17)
each have full rank r for all zp € C and at oo. This implies that L.(z) is a strongly
minimal linear system matrix, provided A(z) := [, 122 ) ACO(Z)] is regular and that
Ac(z) and rev A%(z) have no eigenvalues in common. Indeed, we now prove that
A.(z) is regular, which implies that rev A%(z) and, thus, A(z) are regular. We will
also prove that A.(z) and rev A%(z) do not have eigenvalues in common (finite nor
infinite). Observe that

[8 A:zz)} — U*K\(2)HV.

Since K (z) is invertible for all zg € C, zp # A, and at co, we get that A.(z) € C[z]™*"
is invertible for all zg € C, zp # A, and at oco. Therefore, A.(z) is regular and has at
most one eigenvalue equal to A. The equality

[8 Loy 2:(2)} =V*H"rev K (2)U
proves analogously that rev A%(z) is regular and has at most one eigenvalue equal to
1/X. Since A is inside the unit circle, A # 1/X and A.(z) and rev A%(z) do not have
eigenvalues in common.

Since L.(z) is clearly #-palindromic, it only remains to prove that the transfer
function of L.(z) is (1 + z)R(z). For that, we define the rational matrix

(1+2)z971 1+z _ , 1 1 ]
N = T g tm ~im Im _Im Im )
(2) (1 —2z\)d L—zx ' (z=N)d z2—A
which satisfies that
0 0 ' 0 0 0
u 0 0
|
-g---g--kg-’@co(-zl --ZSC--- 0 V* 0|NET=0

' 0 I

0 revAi(z)'0 0 (1+2)G. m

0 Ac(2) F. T
{' rev Az‘(zﬂ Sl e } M{(z)” =0,
o LU o 0
where M(2)T:=[ o [0 1Jv® o ]N(2)T. Then, we have by [8, Lemma 3.1] that
0

the transfer function of the system matrix Le(2) is

[2FF (1+2)GE (142)Ro] M(2)" = [2F* (1+2)G* (1+2z)Ro| N(2)"
=(1+2)R(z). 0
Remark 6.6 (multiple poles). If the para-Hermitian rational matrix R(z) has more
than one pole inside S, i.e., Qi = {\1,...,A,} and

P

(6.20) R(z)=> Ry(2)+Ro+ Y R3 (1/2),

i=1 i=1

where Ry, (z) and R} (1/2) are as in (6.8) and (6.9), we can construct a strongly
minimal x-palindromic linearization from each pole \; and combine them, to obtain a
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strongly minimal *-palindromic linearization of (1 + z)R(z). More precisely, if Ly, (z)
is a strongly minimal *-palindromic linearization of (1 + 2)[Rj,(2) + R} (1/z)], for
i=1,...,p, of the form

(6.21) Ly, (z):= | revP(z) 0 (1+2)G; |,
2E; (1+2)G; | 0

constructed by using Theorem 6.3, Theorem 6.4, or Theorem 6.5, then

0 Pl(Z) ; ; F1
rev Pf(2) 0 [ [ (1+2)Gy
T T T T T [ N
Lz)=|.____________ R N S
\ \ 0 P,(2) F,
| 1 rev P (2) 0 (1+2)G)
G (120G T 2k (112G [ (1+2)R

is a strongly minimal *-palindromic linearization of (14 z)R(z).

Remark 6.7 (polar sections at 0 and co). We can consider an alternative decom-
position for rational matrices that does not require knowledge of their stable and
antistable parts, based on the polar sections at 0 and co. Namely, if a para-Hermitian
rational matrix R(z) € C(z)™*™ is not proper, then it must have a pole at z = oo
and a pole at z =0, with the same partial multiplicities. Hence, one can decompose
R(z) as follows:

d d
(6.22) R(z)=Rp(z) + Ro(z) + Roo(2), Ro(z)= Z R_iz%, Ruo(2)= Z R;2",

where R, (z) is a proper para-Hermitian rational matrix, and Ro(z) and Ro(2) are the
polar sections at z =0 and z = oo, respectively, in the Laurent series of R(z) around
infinity. The fact that their highest degree coefficient d is the same follows from the
para-Hermitian property. Moreover, this also implies that R_; = R}, i=1,...,d.

If we also assume that the proper rational matrix R,(z) in this decomposition
(6.22) is a constant matrix Ry, then R(z) is a para-Hermitian rational matrix of the
form

1 1
(6.23) R(z):Rdzd+~-+R1z+R0+R_1;+---+R_dg,

with R} = R_;, for i =1,...,d, and Rj = Ry. Then, if R_; is invertible, we can
apply Theorem 6.3 or 6.4 with A =0 to construct a strongly minimal *-palindromic

linearization of (14 z)R(z). If R_4 is not invertible, we can apply Theorem 6.5 with
A=0.

Ezample 6.8. We consider here the representation in (6.23) in the simplest case
d=1. That is, R(z) is an m x m para-Hermitian rational matrix of the form

1
R(Z) = Rlz + Ro + R,1;7
meaning that R = R_; and R§ = Ry. Let us first assume that R_; (and hence

also R;p) is invertible. Then, the following linear system matrix L(z) is a strongly
minimal *-palindromic linearization for (1+ z)R(z):
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0 —z1Iny, R
Liz)=| —1In 0 In(1+2)
zRy In,(1+2z) | Ro(1+2)

Observe that L(z) above can be obtained from the pencil (6.11) taking d = 1 and
A =0. If R; is not invertible, i.e., rankR; = r < m, then we can write Ry = L1U7,
with L1,U; € C™*" and rankL; = rankU; = r. And, since Rf = R_1, we have that
R_1=U;Lj. We can thus construct the following trimmed pencil:

N 0 —2I, L:
L(iz)=| —I, 0 Ur(l1+2) |,

which is a strongly minimal *-palindromic linearization for (1 + z)R(z).

7. Conclusions and future work. Given a para-Hermitian (resp., para-skew-
Hermitian) rational matrix R(z), in this paper we show how to construct a strongly
minimal *-palindromic (resp., *-antipalindromic) linearization for H(z) := (14+2z)R(z2),
whose eigenvalues preserve the symmetries of the zeros and poles of R(z), and its min-
imal indices preserve the equality of the left and right minimal indices in the singular
case. In some cases, the proposed techniques require some computations to be per-
formed to construct the linearization; these computations can be performed by using
reliable tools such as the SVD. However, a full analysis of the possible stability of
the method is left as an open problem. To obtain our main results, we develop sev-
eral other results on para-Hermitian and para-skew-Hermitian matrices that are also
interesting by themselves, such as the structured properties of several Mdbius trans-
forms acting on these classes of matrices, the properties of additive decompositions
into stable and antistable parts, and ways to parameterize explicitly para-Hermitian
and para-skew-Hermitian matrices.
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