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STRUCTURED BACKWARD ERROR ANALYSIS OF
LINEARIZED STRUCTURED POLYNOMIAL
EIGENVALUE PROBLEMS

FROILAN M. DOPICO, JAVIER PEREZ, AND PAUL VAN DOOREN

ABSTRACT. We start by introducing a new class of structured matrix polyno-
mials, namely, the class of M 4-structured matrix polynomials, to provide a
common framework for many classes of structured matrix polynomials that are
important in applications: the classes of (skew-)symmetric, (anti-)palindromic,
and alternating matrix polynomials. Then, we introduce the families of M 4-
structured strong block minimal bases pencils and of M 4-structured block
Kronecker pencils, which are particular examples of block minimal bases pen-
cils recently introduced by Dopico, Lawrence, Pérez and Van Dooren, and show
that any M 4-structured odd-degree matrix polynomial can be strongly lin-
earized via an M 4-structured block Kronecker pencil. Finally, for the classes
of (skew-)symmetric, (anti-)palindromic, and alternating odd-degree matrix
polynomials, the M 4-structured framework allows us to perform a global
and structured backward stability analysis of complete structured polynomial
eigenproblems, regular or singular, solved by applying to a M 4-structured
block Kronecker pencil a structurally backward stable algorithm that computes
its complete eigenstructure, like the palindromic-QR algorithm or the struc-
tured versions of the staircase algorithm. This analysis allows us to identify
those M 4-structured block Kronecker pencils that yield a computed complete
eigenstructure which is the exact one of a slightly perturbed structured ma-
trix polynomial. These pencils include (modulo permutations) the well-known
block-tridiagonal and block-antitridiagonal structure-preserving linearizations.
Our analysis incorporates structure to the recent (unstructured) backward er-
ror analysis performed for block Kronecker linearizations by Dopico, Lawrence,
Pérez and Van Dooren, and share with it its key features, namely, it is a rig-
orous analysis valid for finite perturbations, i.e., it is not a first order analysis,
it provides precise bounds, and it is valid simultaneously for a large class of
structure-preserving strong linearizations.

1. INTRODUCTION

Matrix polynomials with special algebraic structures occur in numerous applica-
tions in engineering, mechanics, control, linear systems theory, and computer-aided
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graphic design. Some of the most common of these algebraic structures that ap-
pear in applications are the (skew-)symmetric [36, [54], (anti-)palindromic [50, (3],
and alternating structures [50} 52]. Palindromic matrix polynomials appear, to
name a few applications, in the study of resonance phenomena of rail tracks under
high frequency excitation forces [38] 56] [75], in the numerical simulation of the
behavior of periodic surface acoustic wave filters [39] [76], in passivity tests of a
linear dynamical system [I2], and in discrete-time linear-quadratic optimal control
problems [19]. Symmetric (or Hermitian) matrix polynomials arise in the classical
problem of vibration analysis [34] [35] [45] [71], and alternating matrix polynomials
find applications, for instance, in the study of corner singularities in anisotropic
elastic materials [6l [7) 58], in the study of gyroscopic systems [30, 45} [46], and in
continuous-time linear-quadratic optimal control problems [19]. Further details of
different applications of (structured and unstructured) matrix polynomials can be
found in the classical references [35] (43} [66], the modern surveys [8, Chapter 12]
and [59, [71], and the references therein, and in the reference [50].

Structured matrix polynomials present rich symmetries in their spectra, which
are discussed in detail, for example, in [24] 62| 53] [54]. These spectral symmetries
reflect specific physical properties, as they originate usually from the physical sym-
metries underlying problems arising from applications. Hence, the importance of
their preservation in computed solutions. However, general unstructured polyno-
mial eigensolvers may destroy these spectral symmetries due to rounding errors. As
a consequence, the development and investigation of polynomial eigensolvers that
are able to exploit and preserve the structure that the matrix polynomials might
possess, have been the focus of an intense research during the last decade (see, for
example [8, Chapters 1, 2, 3, and 12], and the references therein).

Square regular matrix polynomials are usually related to polynomial eigenvalue
problems (PEPs), while singular matrix polynomials are related to complete poly-
nomial eigenvalue problems (CPEs), since in the singular case the so called minimal
indices have to be considered in addition to the eigenvalues. When the spectral sym-
metries of structured matrix polynomials are taken into account (i.e., they have to
be preserved in the computed solution), those problems receive the names of struc-
tured polynomial eigenvalue problems (SPEPs) and structured complete polynomial
eigenvalue problems (SCPEs), respectively. The standard approach to solve a PEP
or a CPE (or a SPEP or a SCPE) associated with a matrix polynomial P()) is to
linearize P()) into a matrix pencil (i.e., a matrix polynomial of degree 1). Lineariza-
tion transforms the original polynomial eigenvalue problem into an equivalent gener-
alized eigenvalue problem, which can be solved by using mature and well-understood
generalized eigensolvers such as the QZ algorithm and the staircase algorithm
[61L, [72, [73], or their structured counterparts [20] [44] [5T] [67) [69]. For this reason,
one of the preferred approaches to develop structured numerical methods for solving
SPEPs and SCPEs associated with structured matrix polynomials starts by devising
structure-preserving linearizations [5l, (13}, 14} 16}, 17, 18], 23] 31, (36 [37, 47, 50, [64), [65].

The theory of linearizing structured matrix polynomials in a structure preserv-
ing way is already well-understood [24] 52| 53] 54]. Tt is well-known that any odd-
degree structured matrix polynomial in the classes listed in the first paragraph of
this section can be linearized in a structure-preserving way, regardless of whether
the matrix polynomial is regular or singular. However, some even-degree struc-
tured matrix polynomials in these classes do not have any linearization with the
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same structure due to some spectral subtle obstructions [24, Section 7.2]. This phe-
nomenon suggests that for even-degree structured matrix polynomials linearizations
should sometimes be replaced by other low degree matrix polynomials in numerical
computations [42]. Due to this even-degree/odd-degree dichotomy for the existence
of classes of structure-preserving linearizations, we only consider in this work nu-
merical methods based on structure-preserving linearizations for solving SPEPs or
SCPEs associated with odd-degree matrix polynomials.

One interesting recent advance in the theory of linearizations of matrix poly-
nomials has been the introduction of the family of (strong) block minimal bases
pencils [28], since many of the linearizations that have appeared previously in the
literature are included in this family of pencils [15] and, in addition, allow a sim-
ple, concise, and unified theory [28]. A particular but very important subfamily
of strong block minimal bases pencils is the family of block Kronecker pencils [2§].
Block Kronecker pencils include (modulo permutations) all Fiedler linearizations
[22, 28], but infinitely many more linearizations are also included in this family.
All the linearizations belonging to the family of block Kronecker pencils have the
following properties that are very desirable in numerical applications:

(i) they are strong linearizations, regardless whether the matrix polynomial is
regular or singular;

(ii) they are easily constructible from the coefficients of the matrix polynomials;

(iii) eigenvector of regular matrix polynomials are easily recovered from those
of the linearizations;

(iv) minimal bases of singular matrix polynomials are easily recovered from
those of the linearizations;

(v) there exists a simple shift relation between the minimal indices of singular
matrix polynomials and the minimal indices of the linearizations, and such
relation is robust under perturbations;

(vi) they guarantee global backward stability of polynomial eigenvalue problems
solved via block Kronecker linearizations.

Additionally, block Kronecker pencils have been generalized to allow one to con-
struct strong linearizations for matrix polynomials that are expressed in some non-
monomial polynomial bases [47, [65].

Another key advantage of the family of strong block minimal bases pencils is
that one can find easily in it structure-preserving strong linearizations for odd-
degree structured matrix polynomials in relevant structured classes [65, Section
5]. This observation has led to the introduction of the family of structured block
Kronecker pencils [31]. Linearizations based on structured block Kronecker pencils
share with block Kronecker linearizations properties (i)—(vi), listed above, together
with the property that they preserve a number of important structures that an
odd-degree matrix polynomial might possess.

Once a structured matrix polynomial P()\) is linearized via a structure-preserving
strong linearization £(\), a structured method (i.e., a method preserving the spec-
tral symmetries of the spectrum of the polynomial) can be applied to the pencil
L(A) to solve the SPEP or SCPE associated with P(\). There are many available
structure-preserving methods for computing the eigenstructure of certain struc-
tured matrix pencils. For example, for regular palindromic or anti-palindromic
matrix pencils we have a URV-like method [68], a Jacobi-like method [3§], the
palindromic-QR algorithm [44] [69], doubling methods [48], or the QZ algorithm
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with the Laub trick [5I]. For singular palindromic or anti-palindromic matrix pen-
cils there is a structured version of the GUPTRI algorithm (a structured staircase
form), that deflates the singular part of palindromic pencils [67]. All these meth-
ods can also be applied to alternating matrix pencils as well, since any alternating
pencil can be transformed into a palindromic or anti-palindromic pencil via a Cay-
ley transformation [50]. Methods for other structures can be found in [57, [60], for
example.

Some of the structured methods for structured pencils mentioned in the para-
graph above are structurally global backward stableﬂ [44, [67], and others behave in
practice in a structurally global backward stable way. This means that if the com-
plete eigenstructure of a structured matrix polynomial is computed as the complete
eigenstructure of a structure-preserving linearization of the matrix polynomial, then
the computed complete eigenstructure is the exact one of a nearby matrix pencil
with the same structure as the given matrix polynomial. However, it has been
an open problem to determine whether or not these methods compute the exact
complete eigenstructure of a structured nearby matrix polynomial. We only know
one reference where this problem is addressed in the case of skew-symmetric matrix
polynomials [29]. Nonetheless, the analysis in [29] is only valid for infinitesimal per-
turbations and it does not provide precise bounds. Only precise “local” structured
backward error analyses valid for each particular computed eigenvalue or eigen-
pair have been developed so far. See, for example, [3, @ 10, 1], or [I 2] for the
case of the structured linearizations in the vector spaces L (P), L2(P) and DL(P),
introduced in [49] [50] and [36].

The main goal of this work is to perform for the first time a rigorous struc-
tured global backward error analysis of SPEPs or SCPEs associated with odd-
degree structured matrix polynomials of certain important classes solved by ap-
plying a structured algorithm to a structured block Kronecker linearization. The
backward error analysis that we present here takes its inspiration from the (un-
structured) global backward error analysis of PEPs and CPEs solved via block
Kronecker linearizations carry out in [28, Section 5]. As a consequence, our error
analysis shares with the analysis in [28] Section 5] its novel properties with re-
spect to previous global backward error analyses: (1) it is valid for perturbations
with finite norms, (2) it delivers precise bounds, and (3) it is valid simultaneously
for a very large class of structure-preserving linearizations. As a corollary of our
results, we solve the open problem of proving that the famous block-tridiagonal
and block-antitridiagonal structure preserving strong linearizations presented in
B, 23, 52, 53, [54] yield computed complete eigenstructures of structured matrix
polynomials that enjoy perfect structured backward stability from the polynomial
point of view.

The rest of the paper is organized as follows. In Section [2] we review some
basic concepts and results, and summarize the notation used through the paper.
In Section [3] we recall Mobius transformations of matrix polynomials and their
relation with structured matrix polynomials. The concept of M 4-structured matrix
polynomial is also introduced in this section with the aim of providing a common
framework for the classes of (skew-)symmetric, (anti-)palindromic and alternating
matrix polynomials of odd degree. In Section {4} we recall the family of (strong)

1Structurally global backward stable algorithms are called strongly backward stable algorithms
in [44 [67).
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block minimal bases pencils, and state some of its most important properties. We
also introduce the new family of M 4-structured strong block minimal bases pencils,
which is a subfamily of strong block minimal bases pencils. This family is used
to show that any odd-degree M 4-structured matrix polynomial can be strongly
linearized in a structure-preserving way. In Section [5] we introduce the family
of M 4-structured block Kronecker pencils, review the family of structured block
Kronecker pencils, and recall how structure-preserving strong linearizations for odd-
degree (skew-)symmetric, (anti-)palindromic or alternating matrix polynomials can
be easily constructed from structured block Kronecker pencils. Finally, in Section
[l we perform a rigorous structured and global backward error analysis of SPEPs
or SCPEs solved by means of structured block Kronecker pencils. Our conclusions
are presented in Section [7]

2. BASIC CONCEPTS, AUXILIARY RESULTS AND NOTATION

Throughout the paper we use the following notation. By F we denote either
the field of complex numbers C or the field of real numbers R. We also consider
the involution ¢ — @, that is, the identity map when F = R, or, when F = C,
the bijection that maps any complex number to its complex conjugate. By F()\)
and F[\] we denote, respectively, the field of rational functions and the ring of
polynomials with coefficients in F. The set of m X n matrices with entries in F[}]
is denoted by F[A]"*". Usually, we refer to this set as the set of m x n matriz
polynomials, and any P(\) € F[A]"™*" is called an m X n matrix polynomial. Row
and column vector polynomials refer to matrix polynomials with m =1 or n = 1,
respectively. The set of m x n matrices with entries in F()) is denoted by F(X)™*".
The algebraic closure of the field F is denoted by F.

A matrix polynomial P(\) € F[A]™*"™ is said to have grade g if it is written as

(2.1)  PA)=PN + PN+ -+ PN+ Py, with Py,..., Py € F™",

where any of the coefficient matrices P;, including the leading coefficient P,;, may be
the zero matrix. The degree of the matrix polynomial is denoted by deg(P())),
and it refers to the maximum integer d such that P; is a nonzero matrix. Notice
that a polynomial of degree d can be considered as a polynomial of grade g > d. In
this work, when the grade of a polynomial is not explicitly stated, we consider its
grade as the degree of the polynomial.

For any g > deg(P())), the g-reversal matriz polynomial of P(\) is the matrix
polynomial

rev, P(\) := M P(A71).
Notice that the g-reversal operation maps matrix polynomials of grade g to matrix
polynomials with the same grade. However, the degree of rev,P(\) may be different
than the degree of P()).

The normal rank of a matrix polynomial P(X) € F[A]™*™ is defined as the rank
of P(\) over the field F(\), and it is denoted by rank(P). In other words, the normal
rank of P()\) is the size of the largest non-identical zero minor of P(X) (see [33],
for example). By rank(P(\g)) we refer to the rank of the constant matrix P(Ag)
obtained by evaluating the matrix polynomial P()) at A\g. We say that P()\g) has
full row (resp. column) rank if rank(P (X)) = m (resp. rank(P(Xg)) = n).

In this paper we use the following operations on a constant matrix A €
AT denotes the transpose of A and is used both when F = R or F = C, A* denotes

]men.
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the conjugate transpose of A and is used only when F = C, A* denotes either the
transpose when F = R or the conjugate transpose when F = C and is used in order
to state concisely many results, and, finally, A is a matrix whose entries are the
conjugate of the entries of A. Thus, A = A when F = R. Based on these operations
on constant matrices, we introduce the following definitions for matrix polynomials.

Definition 2.1. Given a matrix polynomial P()) as in (2.1), we define P(A\)T :=
PIXN 4.+ PIX+ P, PO == P;A +-- -+ PYA+ Py, PO\ =P+ +
PN+ Py, and P(\) = PyA9 + -+ -+ P1A + By. Moreover, when the dependence on
A is omitted, we use P, P, P*, P*, and P to denote P()\), P(\)T, P(\)*, P(\)*,
and P()), respectively.

We focus in this work mainly on square matrix polynomials (that is, m = n)
with one of the following algebraic structures:

(i) x-symmetric: P(A\)* = P(\),

(ii) *-skew-symmetric: P(A)* = —P()),

iii) *-palindromic: P(A)* =rev,P(\),
)
)
)

=

(
R

iv) *-anti-palindromic: P(\)* = —rev,P(\),
(v) x-even: P(\)* = P(=)\),
(vi) *-odd: P(A)* = —P(=M),

where g denotes the grade of P(\). A matrix polynomial is said to be x-alternating
if it is either x-even or x-odd. When F = C, a x-(skew-)symmetric matrix poly-
nomial is usually called a (skew-)Hermitian matrix polynomial [4]. However, we
do not employ that terminology in this paper. Also, most of the times we drop
the “x-” in the notation, and just say (skew-)symmetric, (anti-)palindromic or al-
ternating matrix polynomials. Additionally, we denote by #(P) € {symmetric,
skew-symmetric, palindromie, anti-palindromic, even, odd} the structure that the
structured matrix polynomial P()) possesses.

An important distinction in the theory of matrix polynomials is between regular
and singular matrix polynomials. A matrix polynomial P()\) is said to be regular if
it is square and the scalar polynomial det P(\) is not identically equal to the zero
polynomial. Otherwise, the matrix polynomial P(\) is said to be singular. The
complete eigenstructure of a regular matrix polynomial consists of its elementary
divisors (spectral structure), both finite and infinite, while for a singular matrix
polynomial it consists of its elementary divisors together with its right and left
minimal indices (spectral structure+singular structure). The singular structure of
matrix polynomials will be briefly reviewed later in the paper. For more detailed
definitions of the spectral structure of matrix polynomials, we refer the reader to
[24, Section 2].

An important feature of structured matrix polynomials are the special symme-
try properties of their spectral [36] 50, [52] 53, [54] and singular structures [21]. As
we mentioned in the introduction, the problem of computing the complete eigen-
structure of a structured matrix polynomial using an algorithm that preserves its
spectral and singular structure symmetries in the computed solution is called in
this work the structured polynomial eigenvalue problem (SPEP), for regular matrix
polynomials, or the structured complete polynomial eigenvalue problem (SCPE), for
singular matrix polynomials.
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Minimal bases and minimal indices play a relevant role in this work, so they are
reviewed in the following. When a matrix polynomial P(X) € F[A]™*" is singular,
it has nontrivial left and/or right rational null spaces

No(P) == {y(\)T e FON)™™  such that y(\)T P()\) = 0},
N (P) :={z(\) € F(\)™*!  such that P(\)z(\) = 0}.

These two spaces are particular instances of a rational subspace [32]. Any rational
subspace V has always bases consisting entirely of vector polynomials. The order
of a vector polynomial basis of V is defined as the sum of the degrees of its vectors
[32, Definition 2]. The minimal bases of V are those polynomial bases of V with
least order [32] Definition 3]. Although minimal bases are not unique, the ordered
list of degrees of the vector polynomials in any minimal basis of V is always the
same [32, Remark 4, p. 497]. This list of degrees is called the list of minimal indices
of V. Then, the left (resp. right) minimal indices and bases of a matriz polynomial
P()) are defined as those of the rational subspace N;(P) (resp. N,.(P)).

To work in practice with minimal bases the following definition will be useful,
where by the ith row degree of a matrix polynomial Q(\) we denote the degree of
the ith row of Q(\).

Definition 2.2. [25] Definition 2.3] Let Q(\) € F[A]"*™ be a matrix polynomial
with row degrees di,ds, ..., d,. The highest row degree coefficient matrixz of Q(\),
denoted by Qp,, is the m x n constant matrix whose jth row is the coefficient of A%
in the jth row of Q(A), for j = 1,2,...,m. The matrix polynomial Q()) is called
row reduced if Q);, has full row rank.

(2.2)

Theorem 2.3 is a useful characterization of minimal bases. This theorem can be
found in, for example, [32 Main Theorem-Part 2, p. 495]. However, for conve-
nience, we present here the version in less abstract terms in [26, Theorem 2.14].

Theorem 2.3. The rows of a matriz polynomial Q(N\) € F[A]™*" are a minimal

basis of the rational subspace they span if and only if Q(No) € F™" has full row
rank for all \g € F and Q(\) is row reduced.

Remark 2.4. Since all of the minimal bases that appear in this work are arranged
as the rows of a matrix, with a slight abuse of notation, we say that an m x n
matrix polynomial (with m < n) is a minimal basis if its rows form a minimal basis
of the rational subspace they span.

Another fundamental concept in this paper is the concept of dual minimal bases,
which is introduced in Definition 2.8

Definition 2.5. (see [43] or [25] Definition 2.10]) Two matrix polynomials K (X) €
F[A]™>*™ and N(A) € F[A]™2*" are called dual minimal bases if K(X\) and N())
are both minimal bases and they satisfy m; +ms = n and K(A\)N(A\)T = 0.

Remark 2.6. Following the convention in [28], we will sometimes say “N(\) is a
minimal basis dual to K(X)”, or vice versa, to refer to matrix polynomials K(\)
and N()) as those in Definition

We illustrate in Example the concept of dual minimal bases with a simple
example that plays a key role in this paper (this example can be also found in [28]
Example 2.6]). Here and throughout the paper we occasionally omit some, or all,
of the zero entries of a matrix.
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Example 2.7. Consider the following matrix polynomials:

-1 A
-1 A
(2‘3) Lk()\) = ) ) c F[ka(k-s-l)’
-1 A
and
(2.4) AT = [N oo X 1] e BN GD),

Using Theorem [2.3} it is easily checked that Lj(\) and Agx(A)? are both minimal
bases. Additionally, Ly, (\)Ax()\) = 0 holds. Therefore, Lj(\) and Ax(\)T are dual
minimal bases. Also, from [28, Corollary 2.4] and basic properties of the Kronecker
product ®, we get that Ly(\) ® I,, and Ap(\)T ® I,, are also dual minimal bases.

Notice the following property of the matrix polynomials Lz (\)®1I, and Ap(\)T ®
I,, in Example Both are minimal bases whose row degrees are all equal (equal
to 1 in the case of Ly()\) ® I,,, and equal to k in the case of Ax(\)T @ I,,). Those
are the minimal bases that we are interested in this work, and, sometimes, we will
refer to them as constant-row-degrees minimal bases.

In Lemma [2:8| we present a simple characterization of constant-row-degrees min-
imal bases. This result is an immediate corollary of Theorem together with
the obvious fact that if the leading coefficient of a matrix polynomial has full row
rank, then its leading and highest row degree coefficients coincide, so its proof is
omitted.

Lemma 2.8. The matriz polynomial K(\) = Ef:o K\ of degree { is a constant-
row-degrees minimal basis if and only if K(X\o) has full row rank for all \g € F and
its leading coefficient Ky has full row rank.

We now recall the definitions of unimodular matrix polynomials and (strong)
linearizations of matrix polynomials. A unimodular matriz polynomial U()N) is a
matrix polynomial whose determinant det U(\) is a nonzero constant. A matrix
pencil L£(\) is said to be a linearization of a matrix polynomial P()) of grade g if
for some s > 0 there exist unimodular matrices U(X) and V(A) such that

0 PO

In addition, a linearization L£(\) is called a strong linearization of P(\) if revi L()\)
is a linearization of revyP()\). We recall that the key property of any strong lin-
earization £(A) of the matrix polynomial P(A) is that P(A) and L£(A) share the
same finite and infinite elementary divisors and the same number of left and right
minimal indices. However the minimal indices of £(\) may take any value [24]
Theorem 4.11]. For this reason, in the case of singular matrix polynomials, the
identification of those strong linearizations with the additional property that their
minimal indices allow one to recover the minimal indices of the polynomial via some
simple rules has been the focus of an intense research [211 22 23, 24] 28].

Given two matrix polynomials P(A) and Q(X) with the same size, we say that
P(A) and Q()) are strictly equivalent if Q(\) = UP(A)V, for some nonsingular
constant matrices U and V, and we say that P(\) and Q(X) are x-congruent if
Q(A) = XP()\)X™, for some nonsingular constant matrix X. Clearly, x-congruence

ULV (A) = {IS 0 }
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is a particular case of strict equivalence. We recall that strict equivalence preserves
both the spectral and singular structures of matrix polynomials [24, Definition 3.1].

Another simple concept that plays an important role in this work is the concept
of coninvolutory matrix [41], which is introduced in Definition

Definition 2.9. A matrix A € F*"X" is said to be coninvolutory if A- A = I,,.

Coninvolutory matrices when F = R are just known as involutory matrices, and
any real n X n involutory matrix A satisfies A- A = I,,. In this work, we will make
use of 2 X 2 coninvolutory matrices. When F = R, there is a nice characterization
of 2 x 2 involutory matrices. This is shown in Example 2.10]

Example 2.10. Any 2 x 2 real involutory matrix is of the form

+1 0 or +v1 —be b
0 =41 c FV1—bc|’

where b, ¢ € R satisfy bc < 1.

The backward error analysis in Section [f] requires the use of norms of matrix
polynomials and their submultiplicative-like properties. Following [28], we choose
the simple norm in Definition [2.11

Definition 2.11. Let P(\) = >7 ) P;A* € F]A\|™*"™. Then the Frobenius norm of
P(\) is

g
IPOF = | D IR

i=0

Notice that the value of the norm ||P(\)||p does not depend on the grade chosen
for P(X). This property allows one to work with || P(\)||r without specifying the
grade of the matrix polynomial P()\).

As it is pointed out in [28], the norm || - ||F is not submultiplicative, that is,
PN QNr < IPN)|F|QN)||F does not hold in general. However, Lemma
shows that the norm || - || p satisfies some submultiplicative-like properties.

Lemma 2.12. [28, Lemma 2.16] Let P(\) = >27_, PN, let Q(\) = Y/_, Qi\Y, and
let A, (AT be the vector polynomial defined in (2.4). Then the following inequalities
hold:

@) 1PV QNIF < Vg+1-| > IPI3- 1@MNF
=0

() [P QMW < VE+T-[PW|r- | D 1Qill3
=0

A) QA
(c) IP(N) QN)[lp < min{\/g+T1,Vt+1} H_P(A)IIF 1RMNIF .
(d) [IP(A) (Ax(N) @ L) || < min{y/g + L, VEk + 1} [|P(A)||r,

(e) (AT @ L) QM) |lr < min{vt+T,VE+ 1} |QN)]lF,

where we assume that all the products are defined.

Finally, since in Section |§| we need to consider pairs of matrices (C, D) where C
and D may have different sizes, and, thus, (C, D) cannot be considered as a matrix
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pencil, we introduce the corresponding Frobenius norm as:

(2.5) I(C, D)llr = \/IICIIE + I DIl

3. MOBIUS TRANSFORMATIONS AND STRUCTURED ODD-GRADE MATRIX
POLYNOMIALS

The goal of this section is to introduce a unified framework for the most im-
portant classes of structured matrix polynomials of odd grade considered in the
literature, namely, (skew-)symmetric, (anti-)palindromic and alternating odd-grade
matrix polynomials. This requires to introduce the concepts of Mobius tranforma-
tion and M 4-structured matrix polynomial.

3.1. Mébius transformations of matrix polynomials. Md&bius transforma-
tions of matrix polynomials were formally introduced in [55] as a broader the-
ory for different transformations that had appeared previously in the literature
[4, 37, [49] 50} 52, 53], and since then, they play an increasingly important role as a
useful tool in the theory of matrix polynomials.

Definition 3.1. [55], Definition 3.4] Let A € GL(2,F). The Mébius transformation
of B(\) := >.7_, B;\" induced by A is defined by

g
L ] i g—i . a b
M4[B](\) := ; Bi(aX +b)i(cA+d)97", where A= [C d] .
We recall that Md&bius transformations are special cases of rational transforma-
tions of matrix polynomials [63]. Indeed, a Mobius transformation can be calculated
via the rational expression

cA+d c d

In Example we illustrate the effect of Mobius transformation on matrix
pencils.

Example 3.2. Let L(A\) = AF + E and let A = [2¢}] € GL(2,F). Then,
M[L](A) = A(aF + cE) + bF + dE.

3.1)  Ma[B](\) = (cA+d)B (“A‘Lb), where A:[“ b]

The g-reversal of a matrix polynomial operation is a well-known example of a
Moébius transformation of matrix polynomials. We show in Example how to
formulate this operation as a Md&bius transformation.

Example 3.3. Let P(\) = > 7_ P\, and let Ry := [9}]. Then, revyP(\) =
Mg, [P](A).

Many important properties of M&bius transformations of matrix polynomials fol-
low easily from Definition or its rational transformation formulation in . In
Proposition[3.4] we state without proofs those that will be relevant in this work. For
a thorough study of the properties of M6bius transformations of matrix polynomials
we refer the reader to [55].

Proposition 3.4. For any A, B € GL(2,F) the following statements hold.

(a) MA[P+Q](A\) = Ma[P](A)+M4[Q](N), for any m x n matrix polynomials
P(X) and Q(A) both of grade g.
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(b) Let P(A) and Q(A) be two matrix polynomials of grades g; and gs, respec-
tively. If P(A\)Q()) is defined, then MA[PQ](A) = M4 [P](A)M4[Q](N),
where P(A)Q()) is considered as a matrix polynomial of grade g1 + go.

) QN = P(A) ® Iy, then M 4[Q](A) = M4[P](N) ® L,.

) Ma[PT](X) = Ma[P](N)T.

) If F = C, then M4[P](\) = M%[P](A) and M4[P](A\)* = Mz [P*]()).

) Mobius transformations act block-wise, i.e., [Ma[P}(N)],, = Ma[Pu:](A),
for any row and column index sets p and «, and where [P(\)],, has to be
considered as a matrix polynomial with a grade equal to the grade of P()\).

(2) M [Ma[P]] (\) = Mas[P)(N).

Mobius transformations play well with the constant-row-degrees dual minimal
bases that will be involved in the construction of the strong block minimal bases
pencils in Section [4] (see Definition . More precisely, we have Theorem
Some of the results in Theorem can be obtained from [55, part (f) of Theo-
rem 7.4], where the effect of Mdbius transformations on minimal bases is studied.
Nonetheless, for the sake of completeness, we provide a proof of Theorem here.

Theorem 3.5. Let A € GL(2,F). Then, the following statements hold.

(a) If K(\) = Zf:o K\ is a minimal basis with all its row degrees equal to ¢,
then M A[K](A) is also a minimal basis with all its row degrees equal to £.

(b) If K(X) and N(X) are a pair of dual minimal bases with all the row degrees
of K(\) equal to € and all the row degrees of N (\) equal tot, then M o[K](X)
and M 4[N](X\) are also a pair of dual minimal bases with all the row degrees
of M4[K](X) equal to £ and all the row degrees of M 4[N](\) equal to t.

Proof. Proof of part (a). In the proof we use the notation I?(/\) = Zfzo K\ =
M4 [K]()), and denote the entries of A as A = [2]. We first show that K(Xo)
has full row rank for all A\ € F. The proof proceeds by contradiction. Assume
that K (Xo) is rank deficient for some g, that is, there exists a vector x # 0 such
that x*f/(\'()\o) =z* Zf:o Ki(aXo +b)*(cho +d)*~% = 0. We have to distinguish two
cases. First, assume that c\g + d # 0. In this situation we get :v*[?()\o) = (cho +
d)fz*K ((aho +b)/(cho +d)) = 0 which implies 2*K ((aXg +b)/(cXo +d)) = 0,
contradicting that K () has full row rank for all 9. Assume, now, that cAg+d = 0.
Notice that the nonsingularity of A implies aAg + b # 0. Then, we get o K (M) =
(ao + b)'z* K;, which implies 2* K, = 0, contradicting that K, has full row rank.
Therefore, K (Ao) has full row rank for all Ag.

Next, we show that K, has full row rank. Notice that the leading coefficient of
K ()\) can be computed as K; = revy [M4[K]] (0) = Mg, [K](0) = Zf:o Kialc™,
where Ry = [{}] (recall Example [3.3). The proof proceeds by contradiction. As-
sume that IAQ has not full row rank, that is, there exists a vector x # 0 such that
x*f{g = ¥ Zf:o Kia'c™ = 0. Again, we have to distinguish two cases. First,
assume that ¢ # 0. Then, we get 2% K, = c'z*K(a/c), which implies 2* K (a/c) = 0,
contradicting that K (1) has full row rank for all py. Assume now that ¢ = 0.
Notice that the nonsingularity of A implies, in this situation, a # 0. In this case,
we get oK ¢ = a‘2* K, = 0 which implies 2* K, = 0, contradicting that K, has full
row rank. Therefore, K ¢ has full row rank.
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Since M 4[K]()\o) has full row rank for any \g € F, and its leading matrix coef-
ficient has full row rank, by Lemma we conclude that M 4[K]()) is a minimal
basis with all its row degrees equal to £.

Proof of part (b). From part (a) we get that M4[K](\) and M[N](\) are
minimal bases with all the row degrees of M 4[K](\) equal to £ and all the row
degrees of M 4[N]()\) equal to t. Then, from K(A\)N(\)T = 0 together with prop-
erties (b) and (d) in Proposition we get M a[K](A)M4[N](A\)T = 0. Therefore,
M4 [K](A) and M4[N](\) are constant-row-degrees dual minimal bases. O

3.2. M s-structured matrix polynomials. Mobius transformations of matrix
polynomials can be used to introduce a new class of structured matrix polynomials
that generalizes most of the classes that have been considered in the literature for
odd-grade matrix polynomials. This is done in the following definition, where we
introduce the concept of M s-structured matrix polynomial.

Definition 3.6. Let P(\) = Y7 ( P,A" € F[A|"*™ and let A € GL(2,F). Then,
the matrix polynomial P () is said to be M 4-structured if M 4 [P] (A) = P(\)*.

We illustrate in Example [3.7] the concept of M 4-structured matrix polynomials
in the simplest case, that is, for matrix pencils.

Example 3.7. Let L(A\) = AF + E, and let A= [2}4] € GL(2,F). If
F*=aF +cE and E*=0bF +dE,
then L()) is an M 4-structured matrix pencil, and vice versa.

Remark 3.8. The classes of (skew-)symmetric, (anti-)palindromic, and alternating
structured odd-grade matrix polynomials are particular examples of M 4-structured
matrix polynomials. In Table[I]we summarize the values of the entries of the matrix
A for these structures.

TABLE 1. The classical structured matrix polynomials of odd
degree as M g-structured matrix polynomials: entries of the
matrix A = [ab; cd] for the classes of (skew-)symmetric,
(anti-)palindromic, and alternating matrix polynomials.

’ Structure \ a \ b \ c \ d ‘
Symmetric 1 0 0 1
Skew-symmetric -1 0 0 -1
Palindromic 0 1 1 0
Anti-palindromic 0 -1 -1 0
Alternating (even) -1 0 0 1
Alternating (odd) 1 0 0 -1

A key feature of the M 4-structure introduced in Definition [3.6] is that it is
preserved under x-congruence, as it is stated in the following proposition. The
proof of this result is straightforward, so it is omitted.

Proposition 3.9. Let P(\) € FIA"*", let A € GL(2,F), and let X € F"*" be a
constant nonsingular matrix. Then, the matrix polynomial P()) is M 4-structured
if and only if the matrix polynomial X*P(A)X is M 4-structured.
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We establish in Theorem [3.10|relationships between right and left minimal indices
and bases of singular M 4-structured matrix polynomials. In particular, we show
that the sets of right and left minimal indices of a singular M 4-structured matrix
polynomial are equal. This theorem is a generalization of [21, Theorems 3.4, 3.5 and
3.6] for M 4-structured matrix polynomials. In the proof of Theorem we will
use the following notation. For any set of polynomial vectors B = {z1(A),...,z,(A\)}
and any A € GL(2,F), we denote by M 4[B] the set {Ma[z1](A),...,Mua[zp](N)},
where each M&bius transformation M 4[x;](A) is taken with respect to the degree
of z;()\), and by B the set {Z1(\),...,T,(\)}.

Theorem 3.10. Let A € GL(2,F) and let P(\) € F[\™*™ be a singular M 4-
structured matrix polynomial. Then, the sets of right and left minimal indices of
P(X\) are equal. Furthermore, if {z1(\),...,z,(N)} is a minimal basis for N,.(P),
then {M#[Z1](N), ..., Mz[Zp](N)} is a minimal basis for Ny(P) (modulo transposi-
tion).

Proof. Recall that left minimal indices and bases of P(\) can be computed as right
minimal indices and bases of P(\)”. Then, notice that the M 4 structure of P())
implies P(A\)T = M [P](\), that is, the left minimal indices of P()) are equal to
the right minimal indices of M+[P]()\), and any left minimal basis of P()) can be
obtained as a right minimal basis of M4[P]()). Clearly, the right minimal indices
of P()\) and P()) coincide, and if B is a right minimal basis for N,.(P), then B is
a right minimal basis for A,.(P). Finally, from [55, Theorem 7.5] together with the
previous argument, we obtain that the sets of right minimal indices of P()\), P(\)
and M[P]()\) are equal, and that if B is a minimal basis for N,.(P), then B is a
basis for the right null space of P()), and, therefore, M[B] is a basis for the right

null space of M4[P](\). O

Notice that the matrices in Table 1| are coninvolutory (recall Definition [2.9).
For this class of matrices, we consider in the following two sections the problem
of linearizing an M 4-structured matrix polynomial of odd degree in a structure-
preserving way. To achieve this task, we need to introduce the concept of M 4-
structured strong block minimal bases pencil, which is an important example of
the recently introduced class of strong block minimal bases pencils [28].

4. STRONG BLOCK MINIMAL BASES PENCILS AND M 4-STRUCTURED STRONG
BLOCK MINIMAL BASES PENCILS

In this section, we start reviewing the family of strong block minimal bases
pencils introduced in [28] and, then, introduce the subfamily of M 4-structured
strong block minimal bases pencils.

Definition 4.1. [28| Definition 3.1] A matrix pencil

(41) L0 = [}]\é(())x\)) KQE;\)T:|

is called a block minimal bases pencil if K1(\) and K3(\) are both minimal bases.
If, in addition, the row degrees of K7()) are all equal to 1, the row degrees of Ks(\)
are all equal to 1, the row degrees of a minimal basis dual to Kj(\) are all equal,
and the row degrees of a minimal basis dual to K3(\) are all equal, then £()) is
called a strong block minimal bases pencil.
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Any (strong) block minimal bases pencil is a (strong) linearization of a certain
matrix polynomial that can be expressed in terms of the pencil M (A) and any dual
minimal bases of K;(A) and K5(\). Moreover, the minimal indices of the strong
block minimal bases pencil and the minimal indices of the matrix polynomial for
which the pencil is a strong linearization are related by uniform shifts.

Theorem 4.2. [28, Theorems 3.3 and 3.6] Let K1(\) and N1(X) be a pair of dual
minimal bases, and let Ko(\) and Na(A\) be another pair of dual minimal bases.
Consider the matriz polynomial

(4.2) QM) = N2(ANM AN (M),
and the block minimal bases pencil L(X) in (A.1)). Then:

(a) L(A) is a linearization of Q(N).

(b) If L(N) is a strong block minimal bases pencil, then L(X\) is a strong lin-
earization of Q(N), considered as a polynomial with grade 1+ deg(Ny(\)) +
deg(N2(A)).

(cl) If 0 < €1 < eg < --- <¢p, are the right minimal indices of Q(N), then

e1 +deg(N1(N)) < e +deg(Ni(A)) < -+ < e+ deg(Ni(A))

are the right minimal indices of L(X), when L(X) is a strong block minimal
bases pencil.
(c2) If 0 <m <mo < --- <y are the left minimal indices of Q(N\), then

m + deg(N2(A)) < 2 + deg(Na(A)) < -+ < g + deg(N2(X))

are the left minimal indices of L(N), when L(\) is a strong block minimal
bases pencil.

For any A € GL(2,F), part-(b) in Theorem suggests that we may take
K3(\) = M%[K1]()\) and Na(A\) = M4[N1](\) as the second pair of dual minimal
bases in Definition [£.1] and Theorem [£.2] This motivates the concept of an M4-
structured strong block minimal bases pencil, which is introduced in the following
definition.

Definition 4.3. Let K(\), N(A) be a pair of dual minimal bases, with all the row
degrees of K(\) equal to 1 and with all the row degrees of N(A) equal, and let
A € GL(2,F) be a coninvolutory matrix. Then, an M 4-structured matrix pencil
of the form

(4.3)

L) = with Ma[M](\) = M(\)*,

K(\) 0 K(\) 0

is called a M 4-structured strong block minimal bases pencil.

M() MA[K](A)*] _ {M(A) Mz[K](\)*

Remark 4.4. Notice that any M 4-structured strong block minimal bases pencil
L(A) as in (4.3)) is, indeed, M 4-structured, that is, Ma[£](A) = L(A)* holds as a
consequence of A being coninvolutory.

An immediate corollary of Theorem is that any M 4-structured strong block
minimal bases pencil is always a strong linearization of a certain odd-grade M 4-
structured matrix polynomial. Furthermore, the minimal indices of this polynomial
and the pencil are related by a uniform shift. These results are stated and proved
in the following theorem. We only focus on right minimal indices, since the set
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of right minimal indices and the set of left minimal indices of an M 4-structured
matrix polynomial are equal (recall Theorem [3.10)).

Theorem 4.5. Let K(\), N(X\) be a pair of dual minimal bases, with all the row
degrees of K(\) equal to 1 and with all the row degrees of N(X) equal, let A €
GL(2,F) be a coninvolutory matriz, and let L(X\) be an M 4-structured strong block
minimal bases pencil as in . Then, the pencil L()) is a strong linearization of
the M 4-structured matriz polynomial

(4.4) Q(\) = Mz[NJ()M NNV,

of grade 2deg(N (X)) +1. Moreover, if 0 < €1 < ez < --- < ¢, are the right minimal
indices of Q(\), then

€1+ deg(N(A)) < ez + deg(N(A)) < -+ < ¢ + deg(N (X))
are the right minimal indices of L(\).

Proof. Notice that K(A)N(X\)T = 0 implies K(A\)N(\)T = 0. Since the operation
P(X\) — P()) applied to K()\) and N(\) does not change neither the rank of the
polynomial at any A\ € F, nor the degree of any of its entries, we have that K(\)
and N () are a pair of dual minimal bases with all the row degrees of K () equal to
1, and all the row degrees of N () equal to deg(N(\)). Then, from Theorem we
obtain that M[K](A) and M[N](\) are also a pair of dual minimal bases with all
the row degrees of M [K]()) equal to 1, and all the row degrees of M—[N](\) equal
to deg(N(A)). Therefore, the pencil E( ) is a strong block minimal bases pencil.
From Theorem we immediately obtain that £()) is a strong linearization of
Q(A) and that the minimal indices of £(\) are those of Q(A) shifted by deg(N())).

We still have to show that Q(\) is an M 4-structured matrix polynomial. Com-
puting the Mé&bius transformation of Q(A) associated with the matrix A and using
that the matrix A is coninvolutory, together with parts (b), (d), (e) and (g) in
Proposition [3.4], we get

M. [Q](A) =M [Mz[N]JMNT] ())

=M. [Mz[N]] () Ma[M](A) Ma[NT](})
=NA\)MA)*MAN]N)T = (NV)T)" M) Mz[N](\)* = Q).
Thus, the matrix polynomial Q(X) is M 4-structured. a

Theorem shows that given an M 4-structured strong block minimal bases
pencil, this pencil is a strong linearization of a certain odd-grade M 4-structured
matrix polynomial. We consider in Theorem [£.6] the inverse problem, that is, given
an odd-grade M 4-structured matrix polynomial Q(\), we show how to construct an
M 4-structured strong linearization for Q(\). Theorem relies on the availability
of a solution M\()\) of (4.4)), which needs not be M 4-structured, when Q(A) are N ()
are fixed. The availability of such solution is not a theoretical restriction because
this equation is always consistent, with infinitely many solutions, as a consequence
of the properties of the minimal basis N (), a result that has been proved in [27] in a
much more general setting. In addition, for some particular minimal basis N(\) and
coninvolutory matrices A that are important in applications such infinitely many
solutions can be easily found, as happens, for instance, in the case of Theorem
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Theorem 4.6. Let K(\), N()\) be a pair of dual minimal bases, with all the row
degrees of K(\) equal to 1 and with all the row degrees of N(X) equal, let A €
GL(2,F) be a coninvolutory matriz. Let Q(A) be a given M 4-structured matriz
polynomial with grade equal to 2deg(N(N)) + 1. If M(X) is any solution of the
polynomial equation (4.4)) (not necessarily M a-structured), then the pencil
1/~ —
M) = 5 (M) + Ma[M)(\))

is an M 4 -structured solution of (4.4), and the M 4-structured strong block minimal
bases pencil

M) MA[KKA)*]: 3 (M) +MAM](N)*)  MalK]()*
K(X) 0 K()\) 0

is an M 4-structured strong linearization of Q(X).

Proof. By using that Q(X) is an M 4-structured matrix polynomial, that A is con-
involutory, and that M()) is a solution of (4.4)), together with parts (b), (d), (e)
and (g) in Proposition we have

QM) = (MAQIN)" = (Ma [M4(NIINT] (1)
= (FOMAA M NI )
= (V™) MM NI )
=M[NV](3) M [M](A) NV

Thus, the matrix pencil M4[M](A)* is also a solution of ([@.4). Moreover, since
any affine combination of solutions of is also a solution, the M 4-structured
matrix pencil (]/\4\ (A) + My []/\4\ J(A)*)/2 satisfies (4.4). Therefore, by Theorem
the M g-structured pencil £(A) is a strong linearization of the matrix polynomial

QA). U

Despite its consistency, the polynomial equation might be very difficult to
solve for an arbitrary minimal basis N(A) and an arbitrary coninvolutory matrix A.
However, for some choices of N(A), when the matrix A is any of those in Table
this problem turns out to be particularly simple. This is the subject of the following
section.

5. M 4-STRUCTURED BLOCK KRONECKER PENCILS AND
STRUCTURE-PRESERVING STRONG LINEARIZATIONS

We focus in this section on the problem of constructing explicitly structure-
preserving strong linearizations for (skew-)symmetric, (anti-)
palindromic, and alternating matrix polynomials from some subfamilies of M 4-
structured strong block minimal bases pencils. This problem has been addressed
in [31] with a lot of detail for (skew-)symmetric matrix polynomials.

We start by introducing the family of M 4-structured block Kronecker pencils,
which are particular but important examples of M 4-structured strong block mini-
mal bases pencils.
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Definition 5.1. Let Lj(\) € F[AJ***+1D be the matrix pencil in (2.3)), and let
A € GL(2,F) be a coninvolutory matrix. Then, a pencil of the form

_ | M) MalLe](N)* @1,
is called a M 4-structured block Kronecker pencil. Moreover, the partition of £()\)

into 2 x 2 blocks in (5.1) is called the natural partition of an M 4-structured block
Kronecker pencil.

(5.1)  L(\) with My [M](A) = M(A),

Remark 5.2. The name M 4-structured block Kronecker pencil is motivated, first,
by the fact that one of the building blocks of L£(A) is the Kronecker product of
a singular block of the Kronecker canonical form of pencils with the identity (as
for block Kronecker pencils in [28]), and that the pencil £(\) is an M 4-structured
pencil, i.e. , M4 [L](A) = L(N)*.

As an immediate corollary of Theorem we obtain that any M 4-structured
block Kronecker pencil £()) is a strong linearization of an M 4-structured matrix
polynomial, and that the minimal indices of this polynomial and £()) are related
by a uniform shift.

Theorem 5.3. Let L(\) be an M 4-structured block Kronecker pencil as in (5.1)).
Then, the pencil L(X\) is a strong linearization of the M 4-structured matriz poly-
nomaal

(5.2) P(A) == (Ma[Ak](A)* @ L) M(A) (Ax(N) @ 1),
of grade 2k + 1, where Ag(\) is the vector polynomial defined in . Moreover,

the left minimal indices of L(X) are those of P(\) increased by k, and the right
minimal indices of L(N) are those of P(\) increased also by k.

Following the terminology introduced in [31], when the matrix A is any of those
listed in Table|l} the corresponding M 4-structured block Kronecker pencil is
called (skew-)symmetric, (anti-)palindromic, or alternating block Kronecker pencil,
depending on the case, or, for simplicity, just a structured block Kronecker pencil.
We list in Table [2] the minimal bases M 4[Ly]()) and the conditions on the pencil
M () for structured block Kronecker pencils.

TABLE 2. The minimal bases M 4[Lx](\) ® I,, and the conditions
on M(\) = AM; + M, for structured block Kronecker pencils.

structure ‘ condition on M(X) = AM; + M, | Mu[L](N) |
Symmetric AM; + My with M§ = My and M7 = M, Li(N)
Skew-symmetric M7 + My with M§ = —My and M7 = —M; —Lr(N\)
Palindromic AM; + My revLg(A)
Anti-palindromic AMy — My —revLi()\)
Alternating (even) AM; + My with M§ = My and My = —M; Li(=))
Alternating (odd) AM; + My with M§ = —My and My = M, —Li(—))

We know from Theorem [£.6]that one can always construct a structure-preserving
strong linearization of any M 4-structured matrix polynomial with odd grade g via
an M 4-structured block Kronecker pencil as in with k& = (¢ — 1)/2. Fur-
thermore, for the (skew-)symmetric, (anti-)palindromic or alternating structures,
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this construction turns out to be rather simple. In Theorem [5.4] we show what
conditions on M (A) are needed for a structured block Kronecker pencil to be a
structure-preserving strong linearization of a given odd-grade structured matrix
polynomial.

Theorem 5.4. Let P(\) = > 7_, PIA" € FI\]"*" be an odd-grade structured ma-
triz polynomial, let #(P) be the structure of P(\), and let A be one of the ma-
trices in Table |1, depending on .7 (P). Additionally, let M(X) = MMy + My €
R\ BHDnx (DR ith | = (g — 1)/2, be a matriz pencil, and let us partition the
matrices My and My into (k+ 1) x (k+ 1) blocks each of size n X n and let us de-
note these blocks by [Mi)j, [Moli; € F™*™ fori,j =1,2,...,k+ 1. If the following
condition holds, for £ =0,1,...,g,

(5.3) Po= Y [Mii+ > [Moly,

i+j=g+2—£ i+j=g+1—£

when .7 (P) € {symmetric, skew-symmetric}, or

(5.4) P= Y M+ > [Moli

i—j=l—k—1 i—j=l—k

when . (P) € {palindromic, anti-palindromic}, or

(5.5) Pi= > (-DMTM+ 0 Y (DR My,

i+j=g+2—¢ i+j=g+1—L
when 7 (P) € {even, odd}, then the matriz pencil

(M) +Ma[M](N)*) Ma[L](\)* @1,
L(N) = |: Li(N\) g—rn e 0 ]

is an M 4 -structured block Kronecker pencil such that:

(i) L(N) is a strong linearization of P(X),
(ii) L£(A) and P(X) share the same structure, i.e., /' (P) = (L), and
(iil) the left minimal indices of L(X\) are those of P(X) increased by k, and the
right minimal indices of L(X) are those of P()\) increased by k.

Proof. Clearly, the structured block Kronecker pencil £(A) and the matrix polyno-
mial P()) share the same structure, that is, part (ii) holds. To prove parts (i) and
(iil), we just need to check that holds for (M(X) + M4[M](AN)*)/2 (up to a
sign), since the desired results would follow from Theorem together with the
fact that any strong linearization of —P(\) is also a strong linearization of P(\),
and the sets of right and left minimal indices of P(A) and —P(\) are the same.
Several cases have to be distinguished. For brevity, we focus only on the case
S (P) € {symmetric, skew-symmetric}. The proofs for the other cases are very
similar, so we invite the reader to complete the proof. First, assume that #(P) €
{symmetric}. Then, we have M4[Ax](A) ® I, = Ax(A) ® I, and M4 [M](A)* =
M(N)*, so, in this case, the structured block Kronecker pencil £(A) is a strong lin-
earization of Q1(\) := (Ax(\)T @ L) (M(A) + M(A\)*)(Ax(\) ®1,,)/2. A direct mul-
tiplication, some basic manipulations and the condition yield P(A) = Q1(A).
Therefore, the result is true in this case. Now, assume . (P) € {skew-symmetric}.
In this case, we have Ma[Ax](A) @ I, = (—=1)*A,(\) ® I, and M4[M](\)* =
—M(X\)*. Therefore, £()) is a strong linearization of Q2(A\) := (=1)*(Ay(M\)T ®
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L)(M(A) — M(A)*)(Ax(N) ® I,)/2. Tt is not difficult to check that the condition
(5.3)) implies that Q2(\) = (—1)¥P(A). Thus, the result is also true in this case. [

We illustrate Theorem in Examples and where we construct
structure-preserving strong linearizations for grade-7 symmetric, palindromic and
even matrix polynomials, respectively.

Example 5.5. Let P(\) = ZLO P,\* € F[A]™*" be a symmetric grade-7 matrix
polynomial, and consider the following matrix pencil

AP, 0 0 0
APs+Ps Py P3s 0

My () = 60 ’ 04L pi 0
0 0 P, P

It is easy to check that the pencil M () satisfies (5.3) with g = 7. In this case, we
have A = [} 9], so the pencil (M;(X) + M4 [M;](N\)*)/2 is given by

AP, APs+P5)/2 0 0

1 o | (APs+ P5)/2 P, P3/2 0
i(Ml()‘) + Ml()‘) ) - 0 P3/2 P2 P1/2 y

0 0 P /2 PR

which is a symmetric pencil. We conclude, by Theorem that the symmetric
block Kronecker pencil

AP, (APs+P)/2 0 0 |-, 0 0
()\P6+P5)/2 Py P3/2 0 M, -1, 0
0 P2 P P2 0 A, —I,
0 0 P1/2 Py 0 0 M,
-1, A, 0 0 0 0 0
0 -1, A, 0 0 0 0
0 0 L, M, | 0O 0 0 |

is a symmetric strong linearization of P(\).

Example 5.6. Let P(\) = Y./_ P,A* € F[A]"*" be a palindromic grade-7 matrix
polynomial, and consider the following matrix pencil

0 0 P B

|0 Py P, 0

M () = APs APs+P, 0 0
APy 0 0 0

It is easy to check that the pencil My () satisfies (5.4) with ¢ = 7. For the palin-
dromic structure we have A = [ 1], so the pencil (Ma(X)+M4[Ms](N)*)/2 is given
by

0 0 Py Py
1 | 0 (P4 Py)/2 AP2+P, 0
3 (Mo(N) +revidb (V) = |y b \p 4 /o 0 0l
AP; 0 0 0
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which is a palindromic pencil. Then, from Theorem [5.4] we obtain that the palin-
dromic block Kronecker pencil

0 0 P Py | =M, 0 0
0 (APy+P3)/2 AP3/2+P, 0 | I, =M, 0
AP APs+ Py/2 0 0] o I, =\,
AP, 0 0 0] o 0 I,
—T, M, 0 0] 0 0 0
0 —I, A, 0] o 0 0
0 0 —I, M, | 0 0 0|

is a palindromic strong linearization of P(\).

Example 5.7. Let P(\) = ZZ:O P\" € F[A\]" ™ be an even grade-7 matrix poly-
nomial, and consider the following matrix pencil

AP, 0 0 0

AP; APs+P, P 0

Ms(A) = 06 50 ! —Jz% 0
0 0 0 AP, + P,

It is easy to check that the pencil M3(\) satisfies (5.5) with ¢ = 7. For even-
structured matrix polynomials, we have A = [Bl (1)], so the pencil (M3(\) +
M 4[Ms3](A)*)/2 is given by

AP, —AP;/2 0 0
1 o |APs/2 AP+ P, P3/2 0
i(MS(A) + MS(_)‘) ) - 0 —P3/2 _P2 0 )
0 0 0 AP+ Py

which is an even pencil. We conclude, by Theorem that the even block Kro-
necker pencil

[ AP, —APs/2 0 0 ~I, 0 0
APs/2 AP+ P, P3/2 0 M, -I, 0
0 —P3/2  —P 0 0 A, -I,
0 0 0 AP +P| 0 0 =\l
—1, A, 0 0 0 0 0
0 ~I, A, 0 0 0 0
0 0 ~I, A, 0 0 0 |

is an even strong linearization of P(\).

We now focus on the famous block-tridiagonal and block-antitridiagonal structure-
preserving linearizations introduced in [Bl 52, 53] [54]. We show in Example for
a small-grade case, that (modulo permutations) they are structured block Kro-
necker pencils. The extension of this result to any odd-grade matrix polynomial is
straightforward.
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Example 5.8. Let Z?:o P\ € F[]A]™™"™ be a grade-5 structured matrix polyno-
mial, and let o € {—1,1}. Consider, first, the block-tridiagonal pencil

)\P5 + P4 7O'In 0 0 O
-1, 0 A, 0 0
El(/\) = 0 oAl, NP3+ P, —ol, 0
0 0 -1, 0 A,
0 0 0 O')\In APl + Po

This pencil is a strong linearization of P()A) that for ¢ = 1 is symmetric when
P()) is, or for 0 = —1 is skew-symmetric when P(X) is [5]. Then, consider the
block-antitridiagonal pencil

0 0 0 —oXl, AP+ Py
0 0 -1, 0 A,
ﬁQ()\) = 0 —oMl, AP3+ P, ol, 0
-1, 0 M, 0 0
APs + Py ol, 0 0 0

The above pencil is a strong linearization of P(\) that for o = 1 is palindromic
when P()) is, or for 0 = —1 is anti-palindromic when P()) is [53]. Finally, consider
the block-tridiagonal pencil

APs+ P, —ol, 0 0 0
~I, 0 A, 0 0
L3(\) = 0 —oM, -AP3—Py —ol, 0
0 0 -1, 0 A,
0 0 0 —oM, AP+ Py

This pencil is a strong linearization of P(A) that for o = 1 is even when P(])) is,
or for 0 = —1 is odd when P()) is [52]. Moreover, it is not difficult to show that
there exist permutation matrices I, 11y, IT3 such that

APs; + P, 0 0 —ol, 0
0 AP; + P, 0 o\l, —ol,
I, £, (AT} = 0 0 AP +Py | 0 oA, |,
-1, AL, 0 0 0
0 -1, AL, 0 0
0 0 AP+ Py | —oAl, 0
0 AP; + P 0 ol, —o M,
LoV = | APs + Py 0 0 0 ol, |, and
-1, A, 0 0 0
0 -1, AL, 0 0
)\P5 + P4 0 0 —O‘In 0
0 —)\P3 — P2 0 —U)\In —O'In
I L5 (MITf = 0 0 AP+ By | 0 —o),
-1, AL, 0 0 0
0 -1, AL, 0 0

In other words, the block-tridiagonal and block-antitridiagonal structure-preserving
linearizations are (up to a permutation) structured block Kronecker pencils.
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The next section is devoted to the backward error analysis when the structured
complete polynomial eigenvalue problem is solved via a structure-preserving lin-
earization obtained from a structured block Kronecker pencil, and a structurally
global backward stable generalized eigensolver.

6. GLOBAL AND STRUCTURED BACKWARD ERROR ANALYSIS

As we mentioned in the introduction, the structured complete polynomial eigen-
value problem consists of computing all the eigenvalues, finite and infinite, and all
the minimal indices, left and right, of a structured matrix polynomial P()) using
an algorithm that preserves the spectral symmetries of P()A) in a floating point
arithmetic environment. For example, for palindromic or alternating matrix poly-
nomials, the structured version of the staircase algorithm for pencils developed in
[67] can be applied to any structure-preserving strong linearization of the matrix
polynomial whose minimal indices are related to those of P()\) via simple rules.
When the palindromic matrix polynomial is regular, the problem consists just of
computing finite and infinite eigenvalues. In this case, the preferred method is the
palindromic-QR algorithm [44] [69].

Some of the structure-preserving generalized eigensolvers, such as the structured
version of the staircase algorithm mentioned above and the palindromic-QR. algo-
rithm, are structurally backward stable. This means, that if they are applied to any
structure-preserving strong linearization £(\) of a structured matrix polynomial
P(X) in a computer with unit round-off u, then the computed complete eigenstruc-
ture of L(\) is the exact complete eigenstructure of a matrix pencil L(\) + AL(A)
such that

ALV »

L O(u) and S (AL)=.7(L),
which for the structures considered in this work, that is, (skew-)symmetric, (anti-)
palindromic and alternating, is equivalent to . (L+AL) = . (L). However, it is not
obvious whether or not guarantees that the computed complete eigenstructure
of P()) is the exact complete eigenstructure of a nearby matrix polynomial P(\) +
AP()) of the same grade as P(\) such that

w =O0(u) and (AP)=.(P)(=7(L)).
[PA)[7

The goal of this section is to study this question for the family of structured block
Kronecker pencils, and its answer can be found in Theorem [6.13]and Corollary [6.15]
Before proceeding, we remark that our structured backward error analysis follows
closely the unstructured analysis in the recent work [28, Section 5]. However, there
are some very important differences in our analysis that we will highlight. Also,
to help the reader to follow the argument that leads to Theorem [6.13] we start by
sketching the main ideas and the three steps in which the backward error analysis
is split.

(6.1)

(6.2)

Initial data. A structured ((skew-)symmetric, (anti-)palindromic or alternating)
matrix polynomial P(A) = Y9_, P\ € F]A\]"*" and a structured block Kronecker
pencil £(A) as in (5.1)), where A is one of the matrices in Table [[] and it is chosen
to guarantee . (P) = .(L), such that

(63)  PO) = (Ma[AJO)* ® L) MO) (Ae(N) © 1), with 2k +1 =g,
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are given. A perturbation AL(A) of the pencil £(\) with Z(AL) = (L) is also
given. We will partition the perturbed pencil £L(A\)+AL(\) into blocks conformable
to those of the natural partition of £()\), that is,

(6.4)

AMy 4+ My + ALy (A) | MA[Le](A\)* @ L, + MA[ALy](M)*

A =
LN+ AN = | L@ I + AL (V) | AL () ’

where the relation between the blocks (1,2) and (2, 1) of the pencil AL(\) is forced
by MA[AL](A) = AL(A)*Y, and AM; + My := M ().

First step. We establish a bound on ||[AL(A\)||F that allows us to construct an
*-congruence transformation that puts the (2,2)-block of the perturbed pencil back
to zero, preserving simultaneously the structure of the pencil (recall Proposition

3-9):

{I(kﬂ)n 0 ] (L) + ALO)) [I(kﬂ)n X*}

X Ikn 0 Ikn
(6.5) AMy + My + ALy (N) ‘ MLy ])(N)* @ I, + MA[AZm]()\)*
Le(N) @ I + AL () | 0
=L(\) + AL(N).

The construction in is equivalent to solving a nonlinear system of x-Sylvester-

like equations whose unknown is the matrix X. Further, we obtain detailed bounds
on | X||p and AL (A)||F in terms of |AL(N)| . It is important to remark that
the pencils £(A) + AL(A) and £(A) + AL(A) have the same complete eigenstruc-
ture, since x-congruence transformations are strict equivalence transformations. We
emphasize that the key reason to use an x-congruence transformation, instead of
the strict equivalence transformation in [28, Section 5], is that the structure of the
pencil is preserved under x-congruence, that is, .#(AL) = .%(AL).
Second step. By using the main results in [28, Section 5.2], we obtain bounds on
|AL21 (N)||F that guarantee that £(A)+AL()) in is an M 4-structured strong
block minimal bases pencil. As the second step in the analysis in [28] Section 5],
this requires two sub-steps: (i) to prove that K(A\) = Lp(\) ® I, + ALy (N) is a
minimal basis with all its row degrees equal to 1, and (ii) to show that there exists
a minimal basis

N = AN @I, + AR (M)
dual to K(\) with all its row degrees equal to k. Notice that the sub-steps (i)
and (ii), together with Theorem (3.5 imply that M 4[K]()\) and M 4[N]()\) are dual
minimal bases with all its row degrees equal, respectively, to 1 and k.

Third step. The results in the first and second steps, together with Theorem
imply that the M g-structured pencil £(A)+AL()) in (6.4) is a strong linearization
of the M 4-structured matrix polynomial

(6.6)

P(A) +AP(N)

= (Ma[Ag](A)" @ I + Ma[AR(A)") (M(A) + AL (V) (Ax(A) @ I + ARk (),
and that the right and left minimal indices of £(A) + AL(A) are those of P(\) +
AP()) shifted by k. Then, combining the bounds obtained in the first and second
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steps, we obtain a bound on [|[AP(N)||r/||P(N)||F in terms of [|AL(MN)||g/||LN)] #-
Finally, the consequences of this bound are discussed.

In the following three subsections we develop in detail the three steps that we
have outlined above. One final remark before continuing is that, since the matrices
in Table [1| are all real, we will use without saying it explicitly that A = A (except
in Theorem m which is true for any coninvolutory matrix).

6.1. First step: solving a system of quadratic *-Sylvester-like matrix
equations for constructing the x-congruence. Here and thereafter, we use a
notation similar to the notation introduced in [28, Section 5.1] for the (2,1)-block of
a structured block Kronecker pencil , thisis, Ly(\)®I, =: \Fy®1I,—E,Q1, =:
AFyn — By, where

(67) Ey, = [ I Opx1 ]®In, and Fy, = [ Opx1 Ik ]@In

In addition, the natural blocks of the perturbation AL(A) in (6.4) are denoted by
(6.8)

AE()\) . )\ABll + AAll ‘ A((ZABgl + CAAQl)* + (bAB21 + dAAQl)*
| AABo 4+ AAyy ‘ AABgs + AAss ’

where recall that A = [’cl Z] is the matrix defining the Mobius transformation M4,
and we introduce the following two matrices

(6.9) Fin = Fp + ABoy, and  Epp = —Ejn + AAgy.

We start with the simple Lemmal6.1] where we show that the construction of the
*-congruence in (6.5 is equivalent to solve a system of nonlinear x-Sylvester-like
equations. The proof is a direct algebraic manipulation and is omitted.

Lemma 6.1. There exists a constant matriz X € FF»<k+Dn sqtisfying (6.5) if
and only if

(6.10) [ X L ] (£ +ALOY) [ in } —0.

Moreover, with the notation introduced in (6.7)), and , the equation ((6.10))

is equivalent to the following system of quadratic x-Sylvester-like matriz equations

(6.11) { X(b@” +dEpn)" + Een X* = =AMz — farraa, (X)

X (aFyn + cEgn)* + FynX* = —ABas — far,4ap, (X)
for the unknown matriz X, where fp(X) is the following quadratic matriz function
(6.12) Far(X) = XMX*.

Our goal is to establish conditions on ||[AL(N)| F that guarantee the existence of
a solution X to (6.11) with | X||r < [JAL(N)||F. Such a solution will be obtained
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in Theorem [6.7] via the following fixed point iteration:
Solve for Xy the system of linear x-Sylvester equations:
(6.13) Xo(bEjn + dEgn)* + En X§ = —AA
' Xo(aFkn =+ CEkn)* + Fang = _AB22
For i > 1, solve for X; the system of linear x-Sylvester equations:

(6.14) Xi(b@vn + d@m)* + Eani* = —AAx — fro+aa, (Xio1)
Xi(aFgn + cEgn)* + Fin X} = —ABas — fa+aB,, (Xic1)

This fixed point iteration idea, whose origin can be traced back to the work by
Stewart [70], is similar to the one for proving [28, Theorem 5.8]. However, we
emphasize that the corresponding matrix equations are rather different.

Notice that at every step of the fixed point iteration — we have to
solve a system of linear x-Sylvester equations. To help us to solve those equations
we present Theorem where we relate the solution of a kind of systems of -
Sylvester equations with the solution of certain systems of Sylvester equations.

Theorem 6.2. Let E,F € F™*" et A = [24] € GL(2,F) be a coninvolutory
matriz, and let C(A) = ACy + Cp € F[A]™*™ be an M a-structured pencil. Let
Tia,p,r)(X) be the linear operator
T(A,E,F) S EmxXn IE‘QWX’"L
Xy [DXO)] _ [XOF +dB) + EX*]
T (X) X(aF + cE)*+ FX*
and let Sca,p,r) (Y, Z) be the following bilinear operator

S(A,E,F) S XN EmXn ]F2m><m

So(Y, Z)] - [Y(bF +dE)* + EZ*}

¥.2) — [Sl(Y, 2)| T Y (aF + cE)* + FZ*

If the pair of matrices (Yo, Zo) is a solution of the system of Sylvester equations

SaemnY,Z) = [g‘l’], then Xo = (Yo + Zo)/2 is a solution of the system of *-
: e

Sylvester equations Tia g ) (X) = [C‘;]

Proof. Assume that there exist matrices Yy, Zy € F"™*" satisfying the linear system

of matrix equations S(4 g ) (Y, Z) = [g‘l’], ie.,

(6.15) Yo(bF +dE)* + EZ] = Cy,

Applying the (-)* operator on both sides of (6.15) and (6.16]), and using that the

pencil AC; + Cj is M 4-structured, we obtain that the pair of matrices (Yp, Zy) also

satisfies

(6.17) ZoE* + (bF + dE)Y; = bCy + dCy,

(6.18) ZoF* + (aF + cE)Yy = aCy + cCy.

Let Xo = (Yo + Zo)/2. To prove the desired result, we have to check that Xy
satisfies the equations Ty(Xo) = Cp and T1(Xo) = C;. For the first equation, using
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(6.15), we obtain

2 2
Then, from we get bZoF* = abCy +cbCo—abFYy — cbEYy, and, from ,
we get dZpE* = bdC) + ddCy — bdFY; — ddEYy. Substituting these expressions
for bZoF* and dZyE* in the above equation, we obtain

1 _ _
To(Xo) = (bF+dE)*+E =3 (Co 4+ bZoF* + dZyE* + EYY) .

To(Xo) = = (Co + bZoF* + dZyE* + EY{) = Co,

1
2
where we have used ab + bd = 0 and ¢b + dd = 1, which follows from AA =
I. Therefore, the matrix Xy satisfies the first matrix equation Tp(Xy) = Cp.
Proceeding in a similar way, it is not difficult to show that

Yo + Z, Yo+ Zo)*
Ty (Xo) = Fo+ %) 5 0)(aF+cE)*+F7( 0 5 o) .
Thus, we conclude that T4 g, ry(Xo) = [g(l’ }, as we wanted to prove. O

To apply Theorem [6.2 for obtaining solutions of the systems of x-Sylvester equa-
tions and solving, instead, a linear system of Sylvester equations,
their right-hand-sides need to be the trailing and leading coefficients of an M 4-
structured pencil. It is clear that this is the case for the right-hand-side of ,
since AABas + A Asy is by assumption the (2,2) block of an M 4-structured pencil.
In Lemma we show that this is also true for the right-hand-side of .

Lemma 6.3. Let A € GL(2,F) and X € FF»xE+Dn  If the pencils A\M; +
My, \ABy1 4+ AAy; € FIAJFHDUnx(40n - and XA Boy + AAgs € F[AF™ <7 gre M 4-
structured pencils, then the pencil A\(ABas + X (M1 + AB11)X*) + AAgs + X (Mo +
AA1)X™* is also M g-structured.

Proof. Let us introduce the notation C; := ABgs + X (M; + AB11)X* and Cp :=
AAgy + X (Mo + AA11)X*. The proof is immediate from the fact that the pencil

)‘(M1+A3113+M“+AA11 /\ABQ;:_AAM] is M 4-structured, and the fact that the pencil
AC1 + Cy is the (2,2) block of
|:I(k+1)n 0 } P(M1 + AB11) + Mo+ AAn 0 } |:I(k+1)n X*]
X Tin 0 AABgy + Ay 0 Ten |’
which is also M 4-structured by Proposition 3.9 (I

Theorem [6.2] together with Lemma [6.3] allows us to replace the fixed point

iteration (6.13])-(6.14) for getting a solution of (6.11]) with the new iteration

Solve for (Yp, Zp) the system of Sylvester equations:

(6 19) YO(bEkn + d?kn)* + E;knza = _AAQQ
. Yo(aFyn + cEgn)* 4+ FinZi = —ABagy

and set X := (Yo + Zo)/2.
For ¢ > 1, solve for (Y;, Z;) the system of Sylvester equations:
(6.20) Yi(bFhn + dEgn)* + ExnZf = —AAsy — fargran, (Xic1)
Yi(aFun + cEgn)* + FrnZ} = —ABay — far o, (Xic1)
and set X; := (Y; + Z;)/2.
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Observe that the linear systems of Sylvester equations (6.19)—(6.20) are under-
determined since the number of entries of the pair (Y;, Z;), i.e., the number of scalar
unknowns, is 2k(k + 1)n? while the number of scalar equations is 2k?n2. Of course,
this does not imply that the systems are consistent, so the next step is to obtain
conditions on the norm of the perturbation pencil ||[AL(N)||r that guarantee that
the operator S, 7 ﬁm)(y’ Z) introduced in Theorem is surjective. With this
aim in mind, let us notice that a system of Sylvester matrix equations of the form
(6.21) { Y (b(Fin + ABay) + d(—Egn + AA21))* + (= Erp + AA21) Z* = Cp

Y (a(Fin + ABo1) + ¢(—Egn + AA21))* + (Fep + AB21) Z* = (1,
can be written, using the Kronecker product ® and the vec(:) operation, as the
underdetermined standard linear system (T4 + AT4)x = b given by
(6.22)

(bFin — dBgn) ® Iin | —Iin @ Egn, n
(aFkn - CEkn) ® Ikn ‘ Ikn ® Fk:n

=:T4

(bABs1 + dAA3) @ Ijy | Inn ® AAgy [ vec(Y) } B [ vec(Cp) }
(aABa1 + cAAy) ® Iy ‘ Iin @ ABoy vec(Z*) vec(Ch) |7
—:ATa =z =:b

where we have also used that all the entries of the matrices Ey,, and F},, are real.
Then, the bilinear operator S( A B, ﬁkn)(Y, Z) is surjective if and only if the matrix
Tx + ATy has full row rank.

In Lemma @ we show that the matrix T4 has full row rank. Additionally, we
also provide a formula for its minimal singular value. The proof of Lemma [6.4] is
rather long, so it is postponed to Appendix [A]

Lemma 6.4. Let A € GL(2,F) be any of the matrices in Table , Then, the
matriz Ty in (6.22) has full row rank, and its minimal singular value is given by
Omin(Ta) = 2sin(n/(4k)) > 2v/2/g, where g = 2k + 1.

Lemma implies that if ||AT4||2 is small enough, then T4 + ATy has also
full row rank and the linear system is consistent for any right-hand-side,
or, equivalently, the bilinear operator S( A B, ﬁk_")(Y, Z) is surjective. In Lemma
we bound the norm of the minimum 2-norm solution of (6.22) or, equiv-
alently, of the minimum Frobenius norm solution of the equation , since
|[[vec(Y) T, vec(Z*)T]T||2 = (Y, Z)||F (recall the definition of the Frobenius norm
of a pair of matrices in (2.5)). We omit the proof of Lemma[6.5] since it is identical
to the proof of [28, Lemma 6.6].

Lemma 6.5. Let (T4 + ATa)x = b be the underdetermined linear system (6.22)),
and let us assume that omin(Ta) > ||ATall2. Then (Ta + ATa)x = b is consistent
and its minimum norm solution (Yo, Zo) satisfies

1
(6.23) 1Yo, Zo)llF < 511(Co, C)llr,
where 6 := omin(Ta) — ||AT4]|2.
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Since the quantity omin(Ta) — ||ATal|2 plays an important role in the rest of our
analysis, we obtain in Lemma a tractable lower bound on it. The proof of this
lemma is almost identical to the one for [28, Lemma 5.7], so it is omitted.

Lemma 6.6. Let T4 and AT, be the matrices in (6.22)) with A € GL(2,F) any of
the matrices in Table[d], let AL(N) be the pencil in (6.8). If [AL(N)||F < 1/g, then

Omin(Ta) — |ATa|l2 > 2(\/5_ 1)/g >0,
where g = 2k + 1.

Finally, we show in Theorem [6.7] and its corollary Theorem [6.8] that the fixed
point iteration 7 or, equivalently, the iteration 7 by choosing
minimum norm solutions (Y;, Z;) at each step converges to a solution X of the
system of quadratic x-Sylvester-like matrix equations such that || X||r <
IAL(N)|| F, whenever ||AL(N)|| F is properly upper bounded. The proof of Theorem
follows closely those by Stewart [70, Theorem 5.1] and Dopico, Lawrence, Pérez
and Van Dooren [28, Theorem 5.8].

Theorem 6.7. There exists a solution X of the quadratic system of x-Sylvester-like
matriz equations (6.11)) satisfying

0
(6.24) 1Xlr <29,
whenever
Ow 1
(6.25) 0>0 and 52 <71

whereé = Umin(TA)anTA”% 0 .= ||(AA227AB22)HF, andw = ||(M0+AA117M1+
AB11)||F-

Proof. Lemma and the hypothesis § > 0 guarantee that the linear system of
matrix equations (6.21)) is consistent for any right-hand side. Let the minimum
norm solution of be denoted by (Yo, Zp), and set Xg := (Yo + Zp)/2. From
Theorem and Lemma we get that the matrix X is a solution of the matrix

equation (6.13)) such that

1
[ Xoll7 < (Yo, Zo)llF < 5|l

%
(AAs, ABy)|lr = 5 = Po:

Then, let us define a sequence {X;}$2, of matrices as follows: for ¢ > 0, the matrix
X; is defined as X; := (Y; + Z;)/2, where the pair of matrices (Y;, Z;) denotes the
minimum Frobenius norm solution of the underdetermined system . Clearly,
we have || X;||r < ||(Yi, Zi)||r. Moreover, vectorizing and using the matrix
T4 + AT, defined in , we get
(6.26)
VEC(Y’Z') _ VeC(Yo) VGC(Xifl(MO + AAll)X;_l)
[ vec(Z}) } o [ vee(Z¥) } — (Ta + ATy)! vec(X,;—1(My + AB11) X} )

We claim that the sequence {X;}32, converges to a solution X of (6.11]) satisfying
(6.24). To prove this, we first show that the sequence {||X;||r}$2, is a bounded
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sequence. If | X;_1||r < ||(Yic1, Zi—1)||lF < pi—1, then we have from (6.26) that
Xl <[I(Yi, Zi) |l < [|(Yo, Zo) |l
+ [[(Ta + ATA) |2 ll[|(Yie1s Zim) BN (Mo + AAw, My + AB) |
<po+ piwd =i p;.
The quantity p; in the equation above may be written as p; = po(1 + &;), where x;

satisfies the recursion

Kit1 = /€1(1 + /{02 .
As it is shown in the proofs of [28, Theorem 5.8] and [0, Theorem 5.1], if x; < 1/4,
then lim;_, o k; = Kk, where k is given by

. 2K1
k= lim k; =

<1,
i—o0 1—2Kk1++1—4kK1

and x; < k for all ¢ > 1. Thus, the norms of the elements of the sequence {X;}2,
are bounded as

(6.28) 1Xillr < pi= lim pi = po(1+ k).

We now show that the sequence {X;}°, converges provided that 26 lwp < 1,
which is guaranteed by (6.25). To this purpose, let S; := (Y; = Y;_1,Z; — Z;—1).
Then, notice that (6.26]) implies

ISill

X
< |(Ta + AT |2 Y

vec (X1 (Mo + AA) X! | —
vec (Xi—1 (M + AB11) X} | —

[vec E(Xi_l — X o) (Mo + AA1)X) )
vec ((Xi—1 — Xi—2)(My + ABy1) X} )

+vec (Xi_o(Mo + AA)(Xi1 — Xi—2)")
+vec (X;—o(M1 + AB11)(Xi—1 — Xi—2)*)

<207 wp| Xio1 — Xiallr < 26 wpl|Sial£-

io(My + AAH)Xi*Qg]
i—2(Mi + AB11) X},

2

<4t

2

Since 26 twp < 1, we get that {(V;, Z;)}2, is a Cauchy sequence and, therefore,
it has a limit (Y, Z) := lim; o (Y;, Z;). Thus, the matrix X := (Y + Z)/2 =
lim; oo (Y + Z;)/2 = lim; o, X; exists. Finally, we show that the matrix X is a
solution of (6.11)) satisfying (6.24). First, since the sequence {(V;, Z;)}22, satisfies
6.26) and, , we have that the sequence {X; = (Y; + Z;)/2}2,, satisfies
6.14)) as a consequence of Theorem and Lemma Then, by taking limits in

both sides of (6.14)), we get that X is a solution of (6.11). We conclude the proof
just noticing that (6.28) implies | X ||z < po(1 + &) < 2po = 257 146. O

We complete the first step of the structured backward error analysis with Theo-
rem Its proof follows from Lemmal[6.6] Theorem [6.7]and norm inequalities, and
it is identical to its unstructured counterpart [28, Theorem 5.9], so it is omitted.

Theorem 6.8. Let L(A\) be an M 4-structured block Kronecker pencil as in (5.1]),
where A is any of the matrices in Table |1}, let g = 2k + 1, and let AL(X\) be any
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pencil with the same size and structure as L(\) such that

V2 —1)2 1
92 1+||)\M1+M0||F

(6.29) IALWlF < ¢

Then, there exists a matriz X € FF»**+Dn that satisfies

g
V2 -1

(6.30) X < AL 7,

and the equality (6.5) with

(6.31) AL (N)[[F < [[ALA) || <1 + ﬁg 7 UAMy A+ Mol + IIAﬁ(A)llF)> ~
6.2. Second step: proving that £(\) + AL(\) in is an M 4-structured
strong block minimal bases pencil. The aim of this section is to obtain bounds
on ||AL(MN)||r that ensure the pencil is an M 4-structured strong block minimal
bases pencil. To prove this, we rely heavily on some important minimal bases
perturbations results in [28, Section 5.2]. In particular, we will use [28, Theorem
5.17], which is stated below for completeness.

Theorem 6.9. Let L (A\) and Ap(\)T be the pencil and the row vector polynomial
defined in (2.3) and (2.4), respectively, and let ALay () be any pencil of size kn X
(k4 1)n such that

1

(6.32) 1AL (V)| < k1)

Then, there exists a matriz polynomial AR,(N)T with size n x (k+ 1)n and grade
k such that
(a) Li(N) @I, + ALy (N) and Ay(\)T @I, + ARy (N are dual minimal bases,
with all the row degrees of the former equal to 1 and with all the row degrees
of the latter equal to k, and

(b) [ARKN)|r < V20k+ 1) [|ALor (V]1# < %

By using Theorem [6.9] together with Theorem and the definition of M 4-
structured strong block minimal bases pencils in Definition [£-3] we prove the final
result of this section.

Theorem 6.10. Let A € GL(2,F) be any of the matrices listed in Table |1, let
LX) + AL(N) be the pencil in (6.5), and let g =2k + 1. If
1

IAZaNle < 5o

then LX) + AL(X) is an M-structured strong block minimal bases pencil. More-
over, there exists a matriz polynomial AR, ()T of grade k such that Ai,(\)T ® I, +

AR, (NT is a minimal basis dual to Li,(\) ® I, + AL (\) with all its row degrees
equal to k, and

(6.33) IARKMle = IMa[ARIN)||F < V29 IALa(N]F <

-
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Proof. The hypothesis | ALy (A)||r < 1/(2¢%/2) implies [|ALx (N)||r < 1/(2(k +
1)3/2). Thus, by Theorem the matrix pencil Ly(A) ® 1, + ALy (A) is a minimal
basis with all its row degrees equal to 1, and there exists a matrix polynomial
ARy(N) such that Ay (\)T @ I, + ARk (N7 is a dual minimal basis of Lj(\) ® I, +
A£~21()\) with all its row degrees equal to k. Therefore, by Deﬁnition the pencil
L(A) + AZ()\) in is an M 4-structured strong block minimal bases pencil. To
finish the proof, we only need to prove the upper bound (6.33)). Indeed, the upper
bound for ||AR,(N)||F follows from part-(b) in Theorem Moreover, since A
is any of the matrices in Table [1} it is easily checked that ||[M4[ARg](N)|lr =
IARL(MN)||F, and the result is established. O

Remark 6.11. Note that the bound in Theorem [6.10]is pessimistic and that “¢g” can
be replaced in that result by “k+1”. However, the current version of Theorem [6.10)
allows as to reuse significant parts of the analysis developed in [28] and, so, to make
the analysis in the next section shorter. Since the replacement “g” by “k+1” only
improves some bounds by small factors, we have preferred to simplify the analysis.

6.3. Third step: Mapping structured perturbations to a structured block
Kronecker pencil onto the structured matrix polynomial. Combining the
results in Sections [6.1] and [6.2] in this section we finish the structured backward
error analysis of structured odd-grade polynomial eigenvalue problems solved us-
ing structured block Kronecker pencils. The main result is Theorem [6.13] whose
consequences are, then, discussed in Corollary and Remark

In order to simplify the proof of Theorem we present first the following
lemma.

Lemma 6.12. Let P()\) and P(\) 4+ AP()\) be the matriz polynomials in (6.3) and
, respectively, where A is one of the matrices in Table |1}, and write M(\) =
AMy + My. If the matriz polynomial ARy (N) satisfies | ARL(N)||F < 1/v/2, then

[APN)||F < g BIAL1 (M) ||F + 4[AM1 + Mo|pl[ARL(N) )
where g = 2k + 1.

Proof. First, following the notation introduced in the proof of [28, Lemma 5.19], for
brevity, we use the notation Ay, := Ag(A\)®1, and A}, = Ag(N)*®1,, and omit the
dependence on A of some matrix polynomials. Then, note that, since A is one of the
matrices in Table[l} we have ||[Ag, |7 = |[Ma[Akn]||F and |ARk||F = |Ma[AR]| F.

From (6.3) and (6.6)), we get that

AP()\) ZMA[ARk]*()\Ml =+ MO)Akn + MA[Akn]*AﬁllAlcn + My [ARk]*AﬁllAkn
+ MA[Akn]*(/\Ml + M())ARk + MA[ARk]*(AMl + Mo)ARk
(6.34)  +Ma[Ap]*ALLLARy, + MA[AR AL ARy, .

The result follows from bounding the Frobenius norm of each of the terms in the
right-hand side of (6.34), using Lemma together with |ARg||r < 1/+/2 and
IMA[ARL]|lF < 1/v/2 in those terms that are not linear in ALyy, ARy, and
M4[ARy] for bounding them with linear terms. In particular, note that Lemma
m implies that for any matrix polynomial Z(\) of grade ¢ and any A in Table
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we have
IMA[AR ] Z(W) [ = [Ma[ALMa- [Z]][[F <min{VE+1,VE+ 1} [ M [Z][|F
<min{vk+1,vVt+1}||Z| r.

With this observation, bounding all the terms of the right-hand-side of (6.34)) is
elementary but rather long, so we invite the reader to complete the proof. O

Finally, we are at the position of stating and proving the main result of this
section, namely, the perturbation of structured block Kronecker pencils result in
Theorem [6.13

Theorem 6.13. Let P(\) = Y_9_, P;A" € F[A]"*" be a structured ((skew)-symmetric,
(anti)-palindromic, or alternating) matriz polynomial and let L(X) be a structured
block Kronecker pencil as in , where the matriz A is one of the matrices in
Table |1 and it is chosen to guarantee that 7 (P) = (L), with g = 2k + 1 and
such that P(A) = (Ma[Ax](A)* @ L) (AM;1 + Mo)(Ax(N) ® I,,), where AM;y + My is
the (1,1)-block in the natural partition of L(X) and Ax(\) is the vector polynomial
in 2.4). If AL(X) is any pencil with the same size and structure as L(\) and such
that

1 1
g°/2 1+ |AMy + M|’

then L(X\) + AL(N) is a strong linearization of a matriz polynomial P(X) + AP(\)
with grade g and such that
AP 7 5/2 IEM)[ e 2\ 1AL P
T S 147 s (L [AMy + Mol p + [[AMy + Mol ) =A<
1PN F 1PN 7 e B VEOV] [
and S (AP) = .(P). In addition, the right minimal indices of L(X) + AL(N) are
those of P(\) + AP()) shifted by k, and the left minimal indices of L(\) + AL(N)
are those of P(\) + AP()\) shifted also by k.

Proof. Notice that the condition implies , so we can apply Theorem
to prove that the pencil £(A) + AL(A) is -congruent to the pencil £(A) + AL(N)
in . Since x-congruences are strict equivalences, both pencils have the same
complete eigenstructures. By using together with g|AL\)|lFr < V2 — 1,
which is implied by , we get the following upper bound

(6.35) AL F < (V2 -1)?

630 182l < 1800 (2+ <L 1AM + Mol )
<(V2-1) ! !

g3/2 < 2g3/2

The above upper bound allows us to apply Theoremto the pencil E()\)—I—AZ()\).
Thus, the pencil L(\) + AE(A) is an M 4-structured strong block minimal bases
pencil, which, by Theorem is a strong linearization of the matrix polynomial
P(\) + AP()) in with .Z(AP) = #(P). Furthermore, Theorem also
implies that the right and left minimal indices of £(\) + AL(\) and, since they are
strictly equivalent, the ones of L(A) +AL(N), are those of P(A) +AP(\) shifted by
k. It only remains to obtain the upper bound for ||AP(A)| r/||P(\)||F. But this
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follows from combining Theorem with (6.36] to obtain

V2
V2 -1

and, then, combining the above upper bound with Lemma [6.12 (I

[ARL(N) | r = [Ma[ARK(N)]r < G IALN[F (1 + [AMy + Mol F),

Recall that our main goal is to study whether solving a SPEP or a SCPE applying
a structurally backward stable algorithm (like the palindromic-QR or the structured
staircase algorithm) to a structured block Kronecker pencil is structurally global
backward stable from the point of view of the polynomial or not. In view of Theorem
[6.13] the structured backward stability is guaranteed when the constant
637  Cpeo= 142 LEONE a4 A0+ 0112

1PN 7

is a moderate number. To help us to study the size of , we present Lemma
Although Lemma is similar to [28, Lemma 5.23], we reprove it in a
simpler way that is more adequate in our structured setting.

Lemma 6.14. Let P(\) = >.9_  PA" € F[A]"*" be a structured matriz polynomial
and let L(X) be a structured block Kronecker pencil as in , where the matriz A
is one of the matrices in Table[1 and it is chosen to guarantee that .7 (P) = .7 (L),
with g = 2k +1 and such that P(A\) = (M4[Ax](A)* @ I,)(AM;y + M) (A (N) @ I,).
Then:

leWle (1AM 4 2\ e dnk '
=) P(A)HF‘\/ (PTome) + oo 2 NCICES

(b) IAMy + Mollp = [P(Mp/v2(k+1).

Proof. The equality in part (a) follows directly from the structure of L£(A) in
(5.1). On the other hand Lemma [2.12 and the related property [|(M[Az](A)* @
L)ZN)|r < min{vk + 1,Vt +1}[|Z(\)||r for any matrix polynomial Z(\) of
grade t, that we have already used in the proof of Lemma yield |[P(A)||r <
VE+ 1||(AMy + Mo)(Ar(N) @ I)||r < v/2(k + 1)||]AM; + My||p. This proves (b),
which implies the inequality in (a). O

The consequences of Theorem [6.13| and Lemma are the same as the conse-
quences of [28, Lemma 5.23] and [28, Theorems 5.21 and 5.22] in the backward error
analysis in [28]. If |[P(\)||r < 1, then Cp . is huge, since 4kn/|P(\)||% is huge.
Moreover, from and part-(b) in Lemma we see that if |[P(A\)||r > 1,
then Cp is also huge, since ||AM; + Myl||r is huge and ||[L(N)||r/I|PN)|lr >
1/4/2 (k+1). Therefore, it is necessary to scale P()) in advance in such a way
that ||P(A\)||r = 1 to have a chance Cp moderate. However, even in this case,
Cp, is large if ||AMy 4+ Myl|p is large. Therefore, to guarantee that Cp . is a
moderate number, in addition to scale P()\), one has to consider only structured
block Kronecker pencils with [|AM; + My||r = || P(N)||F-

As a consequence of the discussion in the previous paragraph, we finally state the
informal Corollary which establishes sufficient conditions for the structurally
backward stability of the solution of SPEPs and SCPEs via structured block Kro-
necker pencils. As it was done in its unstructured version [28, Corollary 5.24], for
the sake of clarity and simplicity any nonessential numerical constant is omitted.
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Corollary 6.15. Let P(A) = >7_, PiA" € F[A]"*" be a structured matrix poly-
nomial with [|[P(A)||lrp = 1. Let L£(X\) be a structured block Kronecker pencil as
in , where the matrix A is one of the matrices in Table [1| and it is cho-
sen to guarantee that 7 (P) = (L), with ¢ = 2k + 1 and such that P(\) =
(MA[AR](A)* @ L) (AM7 4+ My) (A (N) & I,), where AM; + My is the (1,1) block of
L(A). Let AL(X) be any pencil with the same size and structure as £(\) and with
IAL(N)|| F sufficiently small. If [|[AM7 + Mo||r = || P(N)||F, then L£(X) + AL(N) is a
strong linearization of a matrix polynomial P(\) + AP()\) with grade g and such
that

[APWN)|IF )HF g AL »
vn

P NS

In addition, the right minimal indices of £L(A) + AL()\) are those of P(A) + AP())

shifted by k, and the left minimal indices of L(A)+AL(\) are those of P(A\)+AP(X)
also shifted by k.

(6.38) with .Z(AP) = .#(P).

Remark 6.16. We emphasize that Corollary can be applied in particular to
the non-permuted block-tridiagonal and block-antitridiagonal structure preserving
strong linearizations in [5] [62] 53| [54] (see also Example in this paper), since the
Frobenius norm is invariant under permutations, permutations preserve strong lin-
earizations and minimal indices, and the structure of the pencils are preserved
under x-congruence. Therefore, given one of these block-tridiagonal or block-
antitridiagonal structure preserving strong linearization and a perturbation of it
with the same structure, we can permute both and transform the corresponding
perturbation problem into the problem we have solved in this section.

Remark 6.17. Notice the following rather surprising result. The constant (6.37),
which shows whether or not solving SPEPs or SCPEs applying a structured back-
ward stable algorithm to a structured block Kronecker pencil is structurally global
backward stable, is the same constant that shows whether or not the (unstruc-
tured) backward stability of solving PEPs and CPEs applying a backward stable
algorithm (like the QZ algorithm of the staircase algorithm) to a block Kronecker
pencil holds (see [28, Section 6.3]).

7. CONCLUSIONS

The numerical solution of a structured polynomial eigenvalue problem is usually
performed by embedding the associated structured matrix polynomial into a ma-
trix pencil with the same structure, called a structure-preserving linearization, and
then applying well-established algorithms for structured matrix pencils, like the
palindromic-QR algorithm or the structured versions of the staircase algorithm,
to the linearization. This approach guarantees that the computed complete eigen-
structure is the exact one of a nearby matrix pencil with the same structure as
the original matrix polynomial. However, it has remained an open problem to de-
termine whether or not the computed eigenstructure is the exact one of a nearby
structured matrix polynomial. In this paper, we have solved this problem for a
large family of structure-preserving linearizations, i.e., the family of structured
block Kronecker linearizations. More precisely, we have performed for the first
time a rigorous global and structured backward error analysis of structured com-
plete polynomial eigenvalue problems solved by using structured block Kronecker
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linearizations, when the associated matrix polynomial has odd degree and is (skew-
)symmetric, (anti-)palindromic or alternating. In order to perform our analysis for
the six considered structures in an unified way, we have introduced the formalism of
M 4-structured matrix polynomials, and the families of M 4-structured strong block
minimal bases pencils and M 4-structured block Kronecker pencils, which contains
as a particular subclass the family of structured Kronecker pencils. This analysis
has allowed us to identify a huge family of structure-preserving linearizations that
yield perfect structured polynomial backward stability in the solution of structured
complete polynomial eigenvalue problems. In particular, this family contains the
famous block-tridiagonal and block-antitridiagonal structure preserving strong lin-
earizations presented in [5, 23] 62 53] 54] and the symmetric and skew-symmetric
strong linearizations in [31].
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APPENDIX A. PROOF OF LEMMA

The goal of this appendix is the computation of the minimum singular value of
the matrix

Ta = (kan _ dEkn) ® Ikn ‘ —Iin @ By
A (aFkn - CEkn) ® Ikn ‘ Ikn & Fkn

when the matrix A = [(é 2] is equal to any of the following matrices

10 -1 0 01 0 -1
a=lo i a= [T O = g a8 T
-1 0 1 0
A5 :|:0 1],andA6 = |:0 _1:|

We start by reducing the problem of computing the minimum singular value of
T4 to the problem of computing the minimum singular value of a matrix T4 with
a size much smaller than the size of T4. First, notice that we may write the matrix
Ty as

T — (kan—dEkn)®Ik®In ‘ —Ipn @ B, ® 1,
A (aFpn — cErn) @ I, @ Iy | Tin @ Fr @1,
(bFjn — dEkn) ® I | —Iin ® Ey,
)

}@I =Ty ®1,.

_[ aFin — Epn) @ I | Iin @ Fi,

Thus, we obtain oy (Ta) = amin(TA). Then, we perform a perfect shuffle permu-
tation on each block of the matrix T4 to swap the order of the Kronecker products.
In other words, there exist permutation matrices S, Ry, and Ry (see, for example,
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[74]) such that
R

(S| (bF i — dEkn) ® I, | —Iin @ Ey,
‘ S (aFyn — cEgp) @ Iy, ‘ Ipn @ Fy,

Ry

[ Ik: & (kan - dEkn) ‘ _Ek ® Ikn

| I @ (aFrp — CEgn) | Fie @ Iin

[ 1 ® (bFp — dEy) | —Ex @ I,
i I ® (aFy, — cEy) ‘ Fi. ® I,

]®1n = Ta®1,.

Therefore, we obtain oy (T4) = amin(fA) = amin(fA).

We will denote by f, the matrix ZA“A when A = A;, for i = 1,...,6. The rest of
the proof consists in showing that the minimum singular value of the matrix ﬁ-, for
i1=1,...,6, is equal to the minimum singular value of the matrix

= I, FE, E,®I
Ok ®@Fy Fr® I
which, by [28, Lemmas 6.4 and B.1], is equal to 2sin(w/(4k)).
First, notice the following equalities
_[~Ie 0 ~ [ QE, | —Ex @ I
0 I» I ® Fy, ‘ F, ® I

_ [—Ikz o] [ I, ® By | —E,® I ] [—Ik(,m) 0 }
0 I L, @F | Fr®I 0 Ingeyny]

(A1)

T

~

Thus, we immediately obtain amin(ﬁ) = omin(T2) = amin(f) = 2sin(n/(4k)). In

addition, notice

{ L, QF | —Ey @1 ] _ { I, 9F, | —Ex®1I ] |:Ik(k+1) 0
I, ® E} ‘ F ® I —Ir ® Ej, ‘ F, @1 0 Ik(k+1)

|: 7Ik®Ek‘fEk®Ik ]:|:Ik®EkEk®Ik :l {Ik(k-i-l) 0 ]
—QF, | Fr® I L QF, | Fe@lI 0 To(kt1)

}, and

so we obtain amin(fg) = Umin(ﬁ) and opyin (ﬁ) = Umin(fg), and, therefore, we only
need to compute amm(fg) and omm(ﬁ)

Let us compute first the minimum singular value of T3 Recall that the s1ngu1ar
values of T3 are equal to the square roots of the eigenvalues of the matrix T3T3
The matrix Tng is equal to

foST_ 2Ik;“ _Wk,k :212k2 ’\OT Wk?k )
_Wk,k) 2Ik2 Wk,k‘ 0

where /th =1, ® FkEg + EkFg ® Ii. It is well known that the eigenvalues of the
matrix

0 Wk,k
W, 0
are ial(ﬁ/\k,k), R Y (ﬁ/\k k), Where crl(/V[7gC g) > > akz(Wk k) are the singu-

lar values of kak Therefore, the eigenvalues of T 3T 5 are 2+ Ul(Wk k)y--y 2%
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o2 (/V[Z%k), which implies

O—min(fS) = \/ 2 — Jmax(Wk,k)~

So we have to compute the largest singular value of the matrix ﬁ/\k,k. To this aim,
let us denote by Ry the k x k reverse identity matrix, i.e., the matrix

1
Ry = € RF*k,
1

Notice Ry FyEF Ry = EFT. Thus, we have (I ® Ri) Wi i (I ® Ry,) = Ly ® E,F +
ELF ,;F ® I, =: Wy . From [28, Proposition B4] and the previous argument, we get
amax(Wk,k) = Omax(Wi,k) = 2cos(m/(2k)). Therefore, using a simple trigonometric
identity, we obtain

amin(fg) =4/2—2cos (%) = 2sin (%) ,

which is the desired result. R
Let us compute, now, the minimum singular value of the matrix T5. To this
purpose, note that

— 12 A I, ®E, Ep,®I T
L | 7P | k@ (=Fy) Fu@I,|

and that fr) and Ts have the same singular values. If we define the diagonal matrices
Sy, = diag((=1)° (=D)L, ..., (=DF1) € R¥** and Spyy = diag(Sk, (—1)F) €
RF+DX B+ then S, EySptr1 = Erx and S Fj,Sp1 = —Fy. Therefore

I, ® Sk ~ (I ® Sk41
I, @S| °°

~

T,
Iit1 ® Sk]

where 7 is the matrix in (A.1). So the singular values of T5 and T coincide and

~

Omin(T5) = omin(T) = 2sin(w/(4k)), which completes the proof.
Finally, the inequality oumin(Ta) > 2v/2/g follows from sin(z) > 2v/2xz /7, for
0<z<m/4,and k < g/2.
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