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Abstract

In this paper we study the backward stability of running a backward stable eigenstruc-
ture solver on a pencil S(A) that is a strong linearization of a rational matrix R(A)
expressed in the form R(L) = D(L) + C(AI; — A)~!'B, where D(}) is a polyno-
mial matrix and C(A Iy — A)’1 B is a minimal state-space realization. We consider the
family of block Kronecker linearizations of R(A), which have the following structure

M@) KIc KIo
SA):=| BKy A—rl, 0 |,
Ki(})) 0 0

where the blocks have some specific structures. Backward stable eigenstructure
solvers, such as the QZ or the staircase algorithms, applied to S(A) will compute
the exact eigenstructure of a perturbed pencil §(A) = S(}) + As(A) and the special
structure of S(1) will be lost, including the zero blocks below the anti-diagonal. In
order to link this perturbed pencil with a nearby rational matrix, we construct in this
paper a strictly equivalent pencil S(A) = (I — X )§(A)(1 —Y) that restores the original
structure, and hence is a block Kronecker linearization of a perturbed rational matrix
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ﬁ(k) = 5(%) + 5(A1g - Z)’IE, where 5(A) is a polynomial matrix with the same
qvegree as DN(A). Moreover, we bound appropriate norms of D(A) — D(A), C — C,
A — A and B — B in terms of an appropriate norm of Ag(L). These bounds may be,
in general, inadmissibly large, but we also introduce a scaling that allows us to make
them satisfactorily tiny, by making the matrices appearing in both S(1) and R(X) have
norms bounded by 1. Thus, for this scaled representation, we prove that the staircase
and the QZ algorithms compute the exact eigenstructure of a rational matrix R(})
that can be expressed in exactly the same form as R(A) with the parameters defining
the representation very near to those of R(A). This shows that this approach is back-
ward stable in a structured sense. Several numerical experiments confirm the obtained
backward stability results.

Keywords Rational matrix - Rational eigenvalue problem - Linearization - Matrix
pencils - Perturbations - Backward error analysis

Mathematics Subject Classification 65F15 - 15A18 - 15A22 - 15A54 - 93B18 -
93B20 - 93B60

1 Introduction

It has been known since the 1970s that the zeros of a rational matrix are also the
eigenvalues of an appropriately defined pencil of matrices, i.e., a polynomial matrix of
degree at most 1, and that its poles are the eigenvalues of a principal submatrix of such
a pencil. This connection was established in the influential book of Rosenbrock [18].
About 10 years later numerical algorithms were proposed in [21, 22] to construct such
a pencil in a numerically stable way. Not only the zeros and poles can be determined
via these pencils, but also their structural indices, or partial multiplicities, as well as the
minimal indices of the left and right null-spaces of the rational matrix, see e.g. [26].
Together, these are called the eigenstructure of the rational matrix, and the pencils
considered in [26] are called system matrices of a strongly irreducible generalized
state-space realization.

Polynomial matrices can be viewed as special cases of rational matrices, which
happen to have all their poles at infinity. The notions of generalized state-space real-
izations and corresponding (strongly) irreducible system matrices therefore apply to
polynomial matrices as well. But in the classic reference [10] a new notion of strong
linearization is introduced for polynomial matrices which is consistent with that of
strongly irreducible system matrix of [26] for the finite eigenvalues and their struc-
tural indices. But for the structural indices at infinity, these two definitions differ by a
constant shift, which means that the structural indices at infinity can easily be recov-
ered from one definition to the other. Moreover, the definition of strong linearization
introduced in [10] does not guarantee any relationship between the minimal indices of
the linearization and those of the polynomial matrix [5], in contrast with the pencils
in [26] for which the minimal indices are equal.

Even though the definition of strong linearization in [10] was originally given for
polynomial matrices, there have been several attempts to extend it to rational matrices
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Structural backward stability in rational eigenvalue problems Page 3 of 45 7

[2, 4], including in these extensions also the concept of (non-strong) linearization [1,
2]. Thus, inspired by previous results for polynomial matrices [7], a wide family of
strong linearizations called strong block minimal bases linearizations is proposed in
[2, Theorem 5.11] for any m x n rational matrix R(A) with coefficient matrices in an
arbitrary field F. These linearizations are based on the splitting of R(A) into its strictly
proper part R, (A) and its polynomial part D(A) and in the representation :

d
R(A) :=R,(A) + D(A) = C(A Iy —A)—IB+ZD,-A", (1.1)
i=0

where C(1I; — A)~! B is a minimal state-space realization of the strictly proper part
R, (A), represented in what follows by the triple {A, B, C}, and d > 1 is the degree of
the polynomial part. Then R (1) is represented by the quadruple {A/, — A, B, C, D(})}.
We emphasize that this representation of a rational matrix is one of the most commonly
used in applications and that it is valid for any rational matrix [18]. Since in this paper
we are analyzing perturbations related to backward errors of eigenvalue solvers of
pencils with real or complex matrix coefficients, we restrict I to be the real field R or
the complex field C.

A particular case of the strong block minimal bases linearizations in [2, Theo-
rem 5.11] of any m X n rational matrix R(A) represented as in (1.1) are (modulo block
permutations) the pencils of the form

M@y KIc K1)
S(A):=| BKy A—xIl; O , (1.2)
Ki(d) 0 0
with M (1) a pencil whose properties are described below,

Ki() =LcM) ® I, Ki =€l ® I, K2(1) :=Ly(A) ® I, Kz =€}, ® I,

and where ® denotes the Kronecker product, e = [0---0 117 is the standard kth
unit vector of dimension k and L (1) is the classical Kronecker block of dimension
kx (k+1)

L)) =

Moreover, the pencil M (A) in (1.2) is related to the polynomial part D(A) in (1.1) by
the “dual basis” vector Ay (1) of powers of A,

AF ) = [ak 221,
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which satisfies L (1) Ax(A) = 0 and also
D) = (Ay(MN) & L) M) (Ac () ® ).

Thus, d = € + n + 1 (see [7, eq. (4.5)]). We emphasize that the values ¢ = 0 or
n = 0 are allowed in the definition of S(A) in (1.2). If € = 0, then the last block row
of S(A) is omitted and K 1 = I, while if n = 0, then the last block column of S(1) is
omitted and I’(\z = I,. As we explain below, the parameters € and 1 determine how
the minimal indices of S(1) are related to those of R()). The results in this paper will
show that the backward error bounds are better when choosing € and n (almost) equal.

The strong linearizations (1.2) are inspired by the so-called “block Kronecker lin-
earizations” that were introduced in [7, Section 4] for an arbitrary m x n polynomial
matrix D(A). Therefore, we use the same name in the rational setting. For polynomial
matrices, such linearizations are obtained by omitting the second block row and the
second block column in S(A) and, for e = 0 or n = 0, they include the classical second
and first Frobenius companion forms [ 10], among many other linearizations. However,
taking € = 0 or n = 0 does not allow to construct structure preserving linearizations
of structured polynomial matrices. For this purpose, one should take ¢ = 1 # 0 [8].
The representation of R(A) in (1.1) and the block Kronecker linearizations S(\) of
R(A) (1.2) are the two fundamental ingredients of this paper.

As explained in [2, Section 3.1], the finite eigenvalues, together with their partial
multiplicities, of S(A) (resp. A — Aly) coincide with the finite zeros (resp. poles) of
R(A), together with their partial multiplicities. Moreover, the eigenvalue structure at
infinity of S(X) allows us to obtain via a simple shift rule the pole-zero structure at
infinity of R()\),1 In addition, as proved in [3, Section 6], the right (resp. left) minimal
indices of S(}) are those of R(A) plus € (resp. ). Thus, S(X) comprises the complete
eigenstructure of R(X). Observe that the application to S(1) of the QZ algorithm [16],
in the regular case, or of the staircase algorithm [21], in the singular case, gives the
zeros and the minimal indices, in the singular case, of R(A), but not the poles, which
arein A — Aly.

It is worth mentioning that although the families of block Kronecker linearizations
of polynomial [7] and rational [2] matrices are very recent, some particular examples
of strong linearizations in these families appeared much earlier in the literature. For
instance, it was shown in [24] that a valid “realization” for the polynomial part D(A)
in (1.1) is given by the following minimal Rosenbrock polynomial system matrix [18]

I, —\I,
L, .
Sp(A) = . = [4‘77”()‘) _U(A):| ,
o=, Vv W)
I, -\,
ADg ... ... ADy|AD1+ Dy

1 More precisely, according to [2, p. 1683] if r is the normal rank of R(1) and ej < --- < ¢, are the r
largest partial multiplicities at infinity of S(1), then ey —d < --- < e, — d are the structural indices at
infinity of R(A).
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which means that D() = W) +V )T W)~ 1U(1). Ttis easy to see that after moving
the bottom block row of Sp(A) to the top position, a block Kronecker linearizarion
of D(A) is obtained with K, (A) empty [7, Section 4]. Combining the minimal state-
space realization C (Al; — A)~! B and the polynomial system matrix Sp () yields the
following minimal polynomial system matrix for the rational matrix R(X) in (1.1):

A-Me | _B_
VI, =l
|
! L, Tr(M) —UR()\):|
Spr()) = | n = s
w2 ‘ o EaEae
N n
l I, —1,
L C Ide <o+ -+ ADy [AD1 + Dy |

i.e, RAA) = Wr(M)+Vr(M)Tg ()»)’1 URr(A). A pencil with a structure similar to Sg (1)
can also be found in [19]. Observe that if the bottom block row of Sg(A) is moved
to the top position and the leftmost block column is moved to the rightmost position,
then the following reordered pencil is obtained

[ADg --- -+ ADy AD;+ Dy C
B A— Al
I, —Al,
I, ’
=,
L I, —Aly, |

which is a particular case of the block Kronecker linearizations appearing in (1.2) for
R(}) with n = 0, i.e., with the last block column omitted, 1?2 =Iy,ande =d—1.In
fact, it can be proved that what has been shown above for Sg (1) holds for all the block
Kronecker linearizations of R(A) in (1.2), since all of them can be seen as minimal
Rosenbrock polynomial system matrices of R(A) when we permute them to

Sk(A) = AO 0 Ki(h)
KJC 'KI() M)

and, then, we partition them appropriately, since the bottom right submatrix is a lin-
earization for D(X). This approach based on the block Kronecker linearizations for
polynomial matrices, also contains the companion forms as a special case.

It was shown in [7] that perturbations of the block Kronecker linearizations of a poly-
nomial matrix D()) can be mapped to perturbations of the coefficients of D (i) without
significant growth of the relative norms of the perturbations under mild assumptions
that require to scale D(A) to have norm equal to 1 and to use linearizations with the
norm of M (L) of the same order as the norm of D(X) (see [7, Corollary 5.24]). As a
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corollary of this perturbation result, we obtain that under such assumptions the compu-
tation of the eigenvalues and minimal indices of a polynomial matrix by applying the
QZ or the staircase algorithm to one of its block Kronecker linearizations is a back-
ward stable method from the point of view of the polynomial matrix. In this paper we
show that this can be extended to rational matrices as well, considering as coefficients
of the rational matrix those in the quadruple {AI; — A, B, C, D(})}. However, we
emphasize that the perturbation analysis for block Kronecker linearizations of ratio-
nal matrices is considerably more complicated than the one in [7] and, therefore, we
limit ourselves to perform a first order analysis. We also remark that the scaling needed
to get satisfactory perturbation bounds is more delicate than the one in [7]. As far as
we know, this is the first structural backward error analysis of this type performed in
the literature for linearizations of rational matrices.

We assume throughout the paper that £ > 0 since, otherwise, R(A) in (1.1) is a
polynomial matrix and this case was studied in [7]. Except in Sect. 4.6, we also assume
that at least one of the parameters € and 5 in (1.2) is larger than zero since, otherwise,
none of the blocks Ki(}) and K>()\) appears and block Kronecker linearizations
collapse to much simpler pencils. Note that max(n, €) > 0 implies that the degree d
of the polynomial part D(X) of R()) is larger than 1. The simple case d < 1 is studied
in Sect. 4.6.

In order to measure perturbations, we need to introduce appropriate norms for
pencils, polynomial matrices and rational matrices expressed as in (1.1). For any pair
of matrices X and Y of arbitrary dimensions (that might be different), we will use the
following norms

D=

16D = (1X1F +1Y1F) 7 = 1l Ivee(OT, vee) T 2,

)

1
2

2
F
16612 = (IXI3 +1¥13)

where || X || and || X ||, are, respectively, the Frobenius and spectral matrix norms and
vec(X) is the operator that stacks the columns of a matrix into one column vector [11].
For a pencil S(1) := A — AB we define the corresponding norms via the two matrix
coefficients:

ISMIF == 1A, B)llF, IS 2 := [I(A, B)|l2-

More generally, for a polynomial matrix D(}) := Z?:o D; ), we will use the norm

IDM[F =
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and for a list of polynomial matrices (D (%), ..., D,()), the norm

p
(D1, DDl = | D IDi W
i=1

Finally, for a rational matrix R(A), represented by a quadruple {Al, — A, B, C, D(1)},
asin (1.1), we use the “norm”

IR F = (AL — A, B,C, D) F

d
= [C+AIZ+1BIZ+ICI%+ D 1Dill3-
i=0

That is, the “norm” of a rational matrix R(}) is defined as the norm of an associated
polynomial system matrix P (1), in this case,

(1.3)

IRMIIF == PG)|F where P(L):= [M@ —A -B } |

C D)

We remark that ||R(A) || is not rigorously a “norm” for R(A) because, for instance,
R(A) is zero if B = 0 and D(A) = 0, but || R(A)|| r is not. Despite this fact, and with a
clear abuse of nomenclature, we will use the terminology “norm of a rational matrix”
in the sense explained above.

The paper is organized as follows. After this introductory section, we describe in
Sect. 2 the basic systems of matrix equations we will use in this paper, and, in Sect. 3,
some bounds for the singular values of certain matrices related to these systems of
matrix equations. In Sect. 4 we explain how to restore the structure of block Kronecker
linearizations of rational matrices after they suffer sufficiently small perturbations, and,
in Sect. 5, we derive a scaling technique that allows us to guarantee structured back-
ward stability for (regular or singular) rational eigenvalue problems solved via block
Kronecker linearizations. Finally, in Sect.6 we give a number of numerical results
illustrating our theoretical bounds and, in Sect.7, we establish some conclusions.

2 Generalized Sylvester equations

In order to restore the structure of perturbed block Kronecker linearizations of rational
matrices, we will need to guarantee that some matrix equations have solutions and to
bound the norm of their minimal norm solution. The matrix equations that we will
encounter are particular cases of the generalized Sylvester equation for m; x n; pencils
of matrices A; — AB;, i = 1, 2, which is the following equation in the unknowns X
and Y:

X(A1 —AB1) + (A2 — AB2)Y = Hy — AHp, 2.0
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that is assumed to hold for any A. It is easily seen to be equivalent to a linear system
of equations, when rewriting it as

XA+ A = H,,
XB1 + ByY = Hp,

or, when using Kronecker products and the vec(-) notation, as

|:A1T ® Iy |1, ® Az} |:vec(X)] _ [vec(Ha)} _ 2.2)

Bl ® I, |1n, ® By | | vec(Y) vec(Hp)

The dimension of the unknowns X and Y are my x m| and ny x n1, respectively, and
those of the right hand sides H, and H}, are each m> x ni. These equations will be
used in this paper in two contexts, which we briefly recall here.

Block elimination. Let A; — AB; be two m; x n; pencils, i = 1,2, that have
respectively full column normal rank 71 and full row normal rank 7, . Then the problem

.. .. . 0 A1 — ABy . .
of block anti-diagonalizing the pencil [ Ay — 3By Hy — \H, i| that is, finding X and
Y such that
Imy O 0 A1 — AB; In, =Y | _ 0 Ay —AB; (2 3)
=X I, Ay —ABy Hy; — AHp 0 In, | [A2—2By 0 ’ ’

amounts to finding a solution for the generalized Sylvester equation (2.1). It is known
that there exists a solution (X, Y) € F"2X™1 x F"2>" for a particular right hand side
(Hg, Hp) € T2 5 F™M2XM if and only if the pencils

0 A; — AB; d 0 Ay —AB;
Ay —aBy Hy—2Hy | ™™ | Ay—2aBy 0

are strictly equivalent (i.e. have the same Kronecker structure) [6]. But in order to have
a solution for any right hand side H, — ). Hp one requires the stronger condition that
the pencils A; — AB; and A, — AB> have no common generalized eigenvalues (see
[23]). We recall here the result proven in [23] that is relevant for our work.

Theorem 2.1 ([23]) Let the pencils A; — AB; of dimensions m; x n;,i = 1,2, be
respectively of full column normal rank ny < m1 and of full row normal rank m, <
no, and let these two pencils have no common generalized eigenvalues. Then there
always exists a solution (X, Y) to the system of equations (2.3), for any perturbation
H, — L Hp. Moreover, the generalized eigenvalues of the pencil (2.3) are the union of
the generalized eigenvalues of the pencils A; — AB;, i = 1,2.

The system is underdetermined if either of the two inequalities m; > nj and
ny > my, is strict. Under the hypotheses of Theorem 2.1, the system (2.2) must be
compatible for any right hand side, and hence the Kronecker product matrix in the
left hand side of (2.2) must have full row rank 2mjni. A bound for the minimum
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Frobenius-norm solution (X, Y) is then obtained in terms of the smallest singular
value 02,,,,, of the matrix in (2.2):

| (Ha, Hp)llF
oy ({A{ ® Ly |Iny ® AzD
MA\LB & Ly |1, ® By

Equivalent pencils. The second problem in this paper where a generalized Sylvester
equation as in (2.1) arises is that of strictly equivalent pencils (see e.g. [9]). Let the
pencils A; — AB;, i = 1,2, be both of dimension m x n, then they are strictly
equivalentif and only if there exist invertible matrices S and 7" such that S(A1 —AB;) =
(A2 — ABy)T. Such pencils must then have the same Kronecker canonical form [9].

We are interested in finding the solution where S and T are as close as possible to the
identity matrix. This can be achieved by writing the transformation matrices as

(X, VlF <

(2.4)

S=1+X, T=1-Y

and then minimizing the Frobenius norm of the pair (X, Y). The corresponding equa-
tions are then

(I +X)(A1 —AB)) = (A — AB)(I = Y)
or, when putting H, — AHj := (A2 — ABy) — (A1 — AB1), we finally obtain
X(A; —ABy) 4+ (A2 —ABy)Y = H, — LHp, 2.5)

which is again solved by using (2.2). We will use this to “restore” a slightly perturbed
pencil (Ay — AB2) := (A1 — AB}1) + (H; — AHp) to its original form (A; — ABy)
using a strict equivalence transformation

(I +X) Ay —AB)(I —Y) = A — AB, (2.6)

that is very close to the identity, when we are sure that both pencils have the same
Kronecker canonical form. The bounds for the norm of X and Y are in fact given by
(2.4) for which we derive exact expressions in the next section. Notice that we can
not apply Theorem 2.1 to prove existence of a solution for equation (2.5), since in this
case both pencils must have the same generalized eigenvalues and the same normal
rank. A sufficient condition for the consistency of (2.5) is that A; —ABj and Ay —A B>
have the same Kronecker canonical form.

The condition that the Kronecker canonical form of a pencil does not change under
arbitrary sufficiently small perturbations only holds for very special pencils. In partic-
ular, it holds for the Kronecker product of Kronecker blocks times identity matrices,
i.e., for Ly (A) ® I,. This is a consequence of the results in [25], because L (1) ® I has
full-Sylvester-rank by [25, Theorem 4.3(a)] and, then, [25, Theorem 6.6] guarantees
that L; () ® I + (H, — A Hp) has the same Kronecker canonical form as Ly (A) ® I, for
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7  Page 10 of 45 F. M. Dopico et al.

all the perturbations (H,, Hp) whose norms are smaller than the bounds in [25, Theo-
rem 6.6]. Since we will solve (2.5)—(2.6) only in the case Aj —AB| = Ly(A)® I, these
results prove that (2.5) has a solution for all sufficiently small perturbations (H,, Hp)
in the cases of interest in this paper.

3 Singular value bounds

In the analysis of Sect. 4, we will need upper bounds for the minimum norm solutions
of the generalized Sylvester equation (2.1) for pairs of pencils (A; — AB;), i =1, 2,
which all involve Kronecker blocks L ()) := Ey — A Fy, where the k x (k+ 1) matrices
Ey and Fy, are given by

To find such upper bounds is equivalent to find lower bounds for the singular values in
the denominator of the right hand side of (2.4). We consider the generalized Sylvester
equations for the following list of pencil pairs with their smallest singular value of the
corresponding linear maps:

1. Ay —ABi=A—Aljand A, —AB, =L} ® I:

@3.1)

AT®Ien1e®E€®1n]

w] ‘= O
! 2E€n|:1£®16n12®F5®1n

2. Ay —AB =LI (W) @I, and Ay —ABy = A — ALy

3.2)

En®1m£]7]m®A:|

w2 = 02yme |:F'7 ® ]mﬁ‘lnm ® I

3. A —AB] = Lg(,\) ®@Iyand Ap —ABy =LA ® I;:

(3.3)

Ey ® Inmen|Iym ® Ec ®1n]

w3 = O
3 = O2nmen [F,, ® Lnen | Iym ® Fe ® I,

4. Ay —ABi=Ly(AM) ® I, and Ay —ABy =L (L) ® I,:

(3.4)

E]Zw Q Ly ‘I(k-l-l)r ® Er ® 1ri|

W4 1= 02 (k+1)rk
(k+Drkr |:FkT®1rkrI(k+l)r®Fk®Ir

In Lemma 3.1 we analyze the first problem and give a lower bound for w;.
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Lemma 3.1 Let w| be the singular value in (3.1). Then

1

_ . 35
@r = 1 + 2e max(1, |A|l5) )

Proof It follows from the properties of singular values of Kronecker products that w;
is also equal to

AT®IGIE®E6:|

wl:tme[lg@IEI@@Fg

and using perfect shuffle permutations we also get

o1 = ooy | L @AT[Ec® I
“Iren|Fel]

The smallest singular value oo, is larger than the smallest singular value of any

2el x 2t submatrix. Let us take for this the submatrix obtained by dropping the last

block column:

01
oAl | o exe
M_[Ie@)ll el | where J. = o e e,

0

We can factorize this matrix as

v [Le®AT |l 1] [ L] 0 I @L|J® L
"l L®L] 0 0 |lee — Je ® AT 0 |I.®I |

Therefore its inverse equals

M_1:|:16®IE_J€®I£i||:I€e 0 :||: 0 ‘ I.® 1 i|
0 [I®l || 0]|Ua—Je@AD) || @I]-I ® AT

I —Je®1 _
=[5 ot [Z2 -0 s,

It then follows that

1M < 1+ V214 AR [T+ Al + 1A + ..+ 1als™ ]

since
e—1 -
U —Je@ADH =" Ji0Al.
s
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7  Page 12 of 45 F. M. Dopico et al.

In particular, for |A]|> < 1 we obtain the bound [M~Y> < 142¢, whilefor [|A]» > 1
we obtain the bound [|[M ||, < 1+ 2¢|A [I5. This finally yields the inequality

1
> .
=T 2 max (1, [|A[[$)

O

The second generalized Sylvester equation is essentially a shuffled version of the
first equation and the analysis is therefore completely analogous. This immediately
yields Lemma 3.2.

Lemma 3.2 Let wy be the singular value in (3.2). Then

1
wy = -
1 +2nmax(1, [[All,)

(3.6)

The third generalized Sylvester equation was analyzed in [7] and its associated
smallest singular value is exactly equal to w3 = 2sin(/(4 min(e, n) + 2)) if € # n,
and to 2 sin(r /4n) if € = 7n. Notice that we can assume min(e, ) > 1 since otherwise
the equation is void. For € # 1 we then obtain w3 > W since sinx > 3x/x

for 0 < x < /6, and for € = n we then obtain w3 > V2 since sin x > Zﬁx/n for
0 <x <m/4. We have also that 2n = € + nif e = nand 2min(e, n) + 1 < e + nif
€ # n, which finally yields the lower bound in Lemma 3.3 for w3.

Lemma 3.3 Let w3 be the singular value in (3.3). Then

232

(e+n)

w3 =

3.7
In Lemma 3.4, we give a lower bound for the smallest singular value w4 corre-
sponding to the fourth generalized Sylvester equation.

Lemma 3.4 Let w4 be the singular value in (3.4). Then

3
4k — 1

w4 =

(3.8)

Proof We prove first that ws = 2 sin(;r/(8k — 2)). This is obtained as follows. We can
again use the properties of Kronecker products to prove that

El' ® Ik‘](k+1) ® Eki|

W4 = O2h(k+1
(k+D) [FkT®1k](k+l)®Fk

This matrix can be transformed by row and column permutations to the direct sum of
smaller matrices:

MM EM3BEM3B--- B Ma—1® Moa—1 ® Nog,
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Structural backward stability in rational eigenvalue problems Page 13 of 45 7

see A, where the blocks

11 11
My = e PR, N = - e FHxk+D (39
1 11

have as smallest singular values 2sin 7% and 2sin 57, respectively (see [7,
Proof of Proposition B.4]). The smallest singular value therefore corresponds to Moy _1
and equals wq = 2sin(xw/(8k — 2)). For k > 1, we use again that sinx > 3x/m for

0 < x < 7/6, to obtain the bound w4 > %. O

4 Restoring the rational structure of the linearization after
perturbations

We now consider perturbations of the following block Kronecker linearization intro-
duced in (1.2)

S11() S12(4) S13(0) M) KIc KIm)
S == | $1(1) Sn() 0 =| BK; A—xl;, 0 . 4D
S31(0) 0 0 Kiv) 0 0

where S13(X) is (n + 1)m x nm and has full column rank nm, Sy (A) is £ x £ and
is a regular pencil, S31(}) is en x (¢ + 1)n and has full row rank en, and where no
two of these three pencils have common generalized eigenvalues. As explained in
the introduction, if the state-space triple {A, B, C} is minimal, then S(}) is a strong
linearization of the m x n rational matrix

RV =COly — A" B+ (A;(0) & L) M) (Ac(W) ® I). (4.2)

Except in Sect. 4.6, we assume in this section that max(n, €) > 0. This means that the
degree d = € +n+1 of the polynomial part D(A) = (A, (1) ® I)T M) (AW,
of R(X) is greater than 1 and that at least one of the blocks K(A) or K2(}) is not
an empty matrix. The degenerate case in which ¢ = 0 and n = 0 will be studied in
Sect. 4.6.

Since S(A) is a strong linearization of R(X), S(1) has the exact eigenstructure of
the finite zeros of R(A), and its infinite zero structure as well as its left and right null-
space structure can be correctly retrieved from the pencil via simple constant shifts,
as explained in the introduction. In order to compute this eigenstructure, we make
use of the staircase algorithm [21], followed by the Q Z algorithm [16], on S(A). The
backward stability of these two algorithms guarantees in fact that we computed the
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7  Page 14 of 45 F. M. Dopico et al.

exact eigenstructure of a slightly perturbed pencil

R A App() Ai(d)
S =8+ As(A), As(h) = | A (A) Axnn(A) Axz(A) |, (4.3)
A31 (L) Az (A) Azz()

where the pencil Ag(}) has a norm which is much smaller than the norm of S(L).
More precisely, |[As(M) || F = O(epm) |S(MV) || F, where €y is the machine precision of
the computer. But even for very small perturbations, the structure of the pencil S(}) is
lost, and therefore also the connection between §(A) and some rational matrix Ri (A)is
lost. In this section, we will show that this structure can be restored, without affecting
the computed eigenstructure. For this, one needs only to find a strict equivalence
transformation that is close to the identity and restores the structure of §(A) to a new
pencil S(1) that is a block Kronecker linearization, with the same parameters € and n
as S()), of a rational matrix R A):

N MOJ KTC KT
S = —-X)(SW) +As)UI —Y)=| BKy A—1I, 0 . (4.4
Ki(D) 0 0

We w111 see that if ||[Ag(})| F is sufficiently small, then the perturbed system tr1ple
{A B,C } is very close to the unperturbed minimal one {A, B, C} and, so, {A B,C }
is still minimal, since minimality is a generic property equivalent to the controllability
matrix having full row rank and the observability matrix having full column rank [14,
Chapter 6]. Observe that according to [2], or the discussion in the introduction, §(A)
is a strong linearization of the m x n rational matrix

R :=COde = 7B+ (4,0 ® L) MO (A () ® 1) “s)
= Cly—A'B+DM). '
Since the eigenstructures of the pencils §(A) and §(A) are identical, the results in this
section prove that the computed finite eigenvalues of S(A) and their partial multiplic-
ities are the exact finite zeros and their partial multiplicities of R(%), the computed
right (resp. left) minimal indices of S(}) minus € (resp. 1) are the exact right (resp.
left) minimal indices of ﬁ(k), and, if a number v, of right minimal indices of S()
have been computed, then the computed n — v, largest partial multiplicities at infinity
of S(A) minus d are the exact structural indices at infinity of R (A). This is a very strong
backward error result for the computation of the eigenstructure of R(%) in the case we
are able to prove that ||A AllF, ||B Bl F, ||C C|F and ||D(A) D())|| F are
very small.

The restoration of the structure in §(A) will be done in three steps, each of them
involving a strict equivalence transformation close to the identity:

— Step 1: We restore the block anti-triangular structure of the perturbed pencil §(A),
i.e., the blocks (2,3), (3,2) and (3,3) are transformed to become 0.
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Structural backward stability in rational eigenvalue problems Page 15 of 45 7

— Step 2: We take care of the anti-diagonal blocks (1,3), (2,2) and (3,1), by restoring
their 0 and I block matrices.
— Step 3: We restore the special structure of the blocks (1,2) and (2,1).

At each step k, for k = 1, 2, 3, we obtain a pencil
Sk == (I = X S-1 WU = Yi) 1= S 1 (M) + A, (4.6)
where Sp(1) := S(1) and Ag(A) := Ag(L):

+A0(A) — +A1(0) _ +A2(0) _ +A3(0) _ ~
S(A) —> SA) = So(A) —> S1(V) $2(A) S$3(A) = S(A).

We will compute bounds for || (X, Yx)| r as a function of ||§k_1 (M) || 7, where the
Frobenius norms are computed as defined in the introduction. Moreover, we define
the cumulative errors:

k—1

A% () = Z A;(L), and
i=0 (4.7)

k
AR () = AP + A =Y A,
i=0

and we will also compute bounds for the Frobenius norm of these error pencils. In our
analysis, we will assume that § := ”Iﬁs(%f‘”: is very small, since in practice it is of the
order of the machine precision €, and we will neglect, when appropriate, terms of
order larger than 1 in § to simplify our bounds. Moreover, we will assume that § is
sufficiently small for guaranteeing that all the steps in the analysis can be performed, for
instance, for guaranteeing that some perturbed matrices are invertible. In particular,
we have Lemma 4.1 for computing bounds of the growth of the cumulative errors

ATV (3).

Lemma 4.1 At each step k of our method, the perturbation A} (1) can be bounded
by

LAY O F < V20181 W2l (Xk, YOl e + 1AZL 00| F + O,

assuming that ||(Xg, Yi) | F is of the order of | As(A) || F-

Proof At step k, we have S¢(A) = (I — Xx)Sk—1(A)(I — Yy). Therefore
AR (R) = AP = XiSk-1 () — Skt (WDYe + XiSe1 (W) Y.
It then follows that the increment (up to O(8?%) terms) is given by
—XiSa = SaYi + M(XSp + SpYi) + O(8%),
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7  Page 16 of 45 F. M. Dopico et al.

where S, — 1S, = §k_1 (1). We then use the inequalities

2 2 2 2 2 2
I XkSa + SaYille < 20Sallz Xk, YOl 1 XkSp + SpYillE < 21Sp 1211 (Xk, Yl
and the definition for ||§k—1 (M) |l2, to finally get the required bound. O
4.1 Step 1: Restoring the block anti-triangular structure

For step 1, that is, restoring the block anti-triangular structure of S(1) in the perturbed
matrix pencil (4.3), we apply a strict equivalence transformation of the type:

Iggeym 0 0 . Ieqyn —Y12 Y13
— X021 Iy 0 |SQ) 0 Iy —Yx 4.8)
—X31 —X32 Iy 0 0 Iym

in order to eliminate the perturbatlons A23 A), Az (A) and A3z3()) of the error matrix
pencil Ag(A). The notation S“ — AS = SU = Sl] (A) will be used in this section to

refer to sub-blocks of SO(A). Let us wr1te down the equations that we get by setting
the blocks (2,3), (3,2) and (3,3) of the matrix in (4.8) equal to zero:

Ax () 1= A5 — )\Ag3 = X21513 4 $21Y13 + $22Y23 — X21811 Y13 — X21S12 Y23,
A3 (X)) == A, — )»Aé’z = 53112 4 X31812 + X305 — X31811 Y12 — X328 Y12,
A33() 1= A%y — 1A% = X31813 + S31 Y13 + X32403 + Az ¥o3
— X31511Y13 — X351 Y13 — X31812Y23 — X328 V23
(4.9)

This is a system of nonlinear matrix equations for the six matrix unknowns
X»51, X31, X327, Y12, Y13 and Y>3. We will show that it is consistent and that it has
a solution for which the norms of the unknowns are of the order of || Ag(A)|| p, which
implies that there are many terms in the above three equations that are of second order.

Using Kronecker product and the vec(-) notation, the system of matrix equations
(4.9) can be rewritten as:

vec(Af;) vec(Xo1) vec(Zy)
vec(A%3) vec(Ya3) vec(Z2)
vec(AS,) | vec(X3p) vec(Z3)
Vec(Aé’z) =T +AT) vec(Y12) vec(Zy) |’ (4.10)
vec(AS3) vec(X31) vec(Zs)
Vec(A§3) vec(Y13) vec(Ze)
=c =X =z

where
Zi = X21 81, Y13 + X218 Va3, Zo := X180, Y13 + X218%, Va3,
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Structural backward stability in rational eigenvalue problems Page 17 of 45 7

Z3 = X380, Y12 + X385, Y12, Za := X3180, Y12 + X328, Y12,
Zs = X3157,Y13 + X3285, Y13 + X3151, Y23 + X325%, Y23,
Zg = X315{’1 Yi3+ stSgl Yi3+ X315{’2Y23 + X3zS§2Y23,

FALT @I Lyiw® A%, 0 0 0 Lm®AYT]
All)gT &Iy Iym ® A]272 0 0 0 Lym ® Agl
AT — 0 0 Agzi ® len It ® AS, Aﬁlz; @Iy 0
0 0 A @I, LAy AL @I, 0 ’
0 Lim® A% ALT @1, 0 AL @ Iy Iym ® A
L 0 5n®a% AL @l 0 AL @k Ly ® AL
and
TiitTio 0 0 0 Tie
o)1 T, 0O 0 0 O
T — T33 T34 T35 O
T3 Tags 0 0 7
Ts5 Ts6
Tss Tes
with

T | _ Ey® Lue|Iym ® A T33 Taa | _ AT®IEn‘IZ®Ee®In
DT | | Fy®ne|lym ®1e | | Tas Tua |- L@l [l @F®1, |’
Tss Tso | ._ [ Ey ® Inen|Iym ® Ec ® I Tig = Iyn ® ¢/ ® B

Tos Too |~ | Fn @ lnen|[Iim @ Fe® 1y | | s i=el, , @ CT @Iy

We emphasize that the matrices in the two lines above are precisely those appearing in
equations (3.2), (3.1) and (3.3), respectively. Observe also that the matrix AT encodes
those linear terms of the nonlinear system (4.9) related to blocks of the perturbation
pencil Ag(A) in (4.3), while the matrix 7 encodes those linear terms of (4.9) related
to blocks of the unperturbed block Kronecker linearization S(X) in (4.3).

The smallest singular value of 7 and the 2-norm of AT will be needed in the
analysis of the bound for the structured backward errors. More precisely for proving
that (4.9) is consistent and bounding the norm of one of its solutions. A lower bound
for omin (T') and an upper bound for ||AT ||, are given in Lemma 4.2 and Lemma 4.3,
respectively.

Lemma4.2 Let T be the matrix in (4.10). Let a := 1 4 2e max(l, [[A[l5), B =

L+2nmax(1, |All3). y = 52 and s := max(@, B, y) +v (Bl Bl2 +|[Cl2) then

v | —

omin(T) >
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7  Page 18 of 45 F. M. Dopico et al.

Proof If we partition the matrix 7" as a block triangular matrix

T, 0 Tg
T = L Te |,
T3

then the diagonal blocks have full row ranks because their smallest singular values are
strictly larger than zero according to Lemmas 3.2, 3.1 and 3.3, respectively. Therefore,
they are right invertible, with Moore—Penrose pseudoinverses 7;" satisfying T; T/ = I,
fori = 1,2,3. Moreover, T[]l = o', |75l = o; ' and |T{]> = w3, with
w1, w and w3 as in (3.1), (3.2) and (3.3). A right inverse 7" for T is given by

TV 0 —T/TT}
T = Ty —TiTcT]
T

since TT" = I. It then follows that the smallest singular value of 7 is lower bounded
by IT715 ! This i ght inverse can be written as the sum of three matrices (one of them
being diag(7}, T2’ , T3’)), and the 2-norm of each of them can be upper bounded using
the results of Sect.3 and the fact that || 7|2 = ||B]l2 and ||T¢c|l> = ||C|l2. We then
obtain the bound:

1

omin(T) =1/ [max@; |, 03, 03 + 05 @3 1Bl + o7 1)

>1/[max(e, B, ¥) +y (BlIBl2 + I Cl2)],
by taking into account inequalities (3.5), (3.6), (3.7). O

Lemma4.3 Let AT be the matrix in (4.10) and let Ag()) be the pencil in (4.3). Then
1AT |2 < V3] As () 2

Proof We consider a permutation matrix P such that

AL 0 0 0 Lym ® A%y Iym ® A%,
AL @1 0 0 0 |Ipm ® AL, Iy ® AL,
AT — 0 [ ®AY Agzi ® Iep A72; ® Iep 0 0 »
0 L ®A5|4% ®1, AL, ®I,] O 0
0 0 AgsT ® len A{f3T ® len | Inm ® A%, Iym ® A3,
Lo 0 (28" @ Iy AL & Ien| Iy ® AL, L ® AL,
=[TT2|15] P.

Using properties of norms and Kronecker products (see [13, Chapter 4]) we have that
ITill2 < [|As(A) |2 fori = 1, 2, 3. Finally, by [12, Lemma 3.5],
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Structural backward stability in rational eigenvalue problems Page 19 of 45 7

1AT |2 < V3max{|ITi |12, I Tall2, 1T3]12) < V3l As(W)2.

O

In order to prove that the system of nonlinear matrix equations (4.9) is consistent,
first, we remove quadratic terms in X;; and Y;; of these equations and we get the
following system of linear equations:

Ap3(A) = X21813 4 $21 Y13 + San Va3,
Ay (M) = 83112 + X31812 + X328,
A33(0) = X31813 4 S31V13 4+ X324 4+ Az Yas.

This linear system of matrix equations can be rewritten as the underdetermined linear
system:

(T + AT)x = c, A.11)

with the same notation as in (4.10). Next we prove that (4.11) is consistent for any
right hand side if AT is sufficiently small. From the minimum norm solution of (4.11),
we obtain in Theorem 4.1 that there exists a solution for the quadratic system (4.10)
under certain conditions and bound its norm.

Lemma4.4 Let (T + AT)x = c be the underdetermined linear system in (4.11), and
let us assume that onin(T) > ||AT||2. Then (T + AT)x = c is consistent and its
minimum norm solution (XO, YO) = (Xgl, Xgl’ X(3)2, Yloz, Y103, Y%) satisfies

1
1x0, YO F < (A3 (1), A3 (), A3z,

where 0 1= omin(T) — || AT ||>.
Proof Analogous proof as for [7, Lemma 5.6]. O

The notation ¢ := omin(T) — || AT ||2 has been chosen to remind that o is a lower
bound for the smallest singular value of T + AT, since omin(T + AT) > omin(T) —
|AT ||» by Weyl’s perturbation theorem for singular values [13, Theorem 3.3.16].
Lemma 4.5 gives a sufficient condition on ||Ag(A)|» that guarantees ¢ > 0 and,
hence, that allows us to apply Lemma 4.4.

Lemma 4.5 Consider the real number s defined as in Lemma 4.2. Let T and AT be
the matrices in (4.11), and let Ag()) be the pencil in (4.3). If | As(M) |2 < % then

2—4/3
2f>0.

0 = omin(T) — [|1AT ||2 >

Proof If || As(M) ]2 < % we have, by Lemmas 4.2 and 4.3, that oyin (T) — || AT ||2 >

L V3las@l: > 5L >0, o
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7 Page 20 of 45 F. M. Dopico et al.

Theorem 4.1 establishes conditions in order the system of matrix equations (4.9) to
have a solution as we announced. Moreover, it gives an upper bound for the Frobenius
norm of this solution. We remark that Theorem 4.1 is similar to [7, Theorem 5.8],
though the involved systems of matrix equations are very different from each other.
Therefore, some details in the proof of Theorem 4.1 are omitted since they can be
found in [7].

Theorem 4.1 There exists a solution (X,Y) := (X21, X31, X32, Y12, Y13, Y23) of the
quadratic system of equations (4.10) satisfying

0

X, VlF <2—,

o

whenever
T (4.12)
o > and — < —, .
o2 4

where o == |[(M(X), A — Ay, B,C)llF + [[1AsM)llF, 0 = [[(A23(), A32(2),

A3(M) |l F, and 0 = omin(T) — ||AT 2.

Proof Since o > 0, we can apply Lemma 4.4 and consider (X, Y°) the minimum
norm solution of (4.11). Let

T
Xo 1= [Vec(Xgl)T vec(Y203)T Vec(ng)T vec(Yloz)T vec(Xgl)T Vec(Y103)T ] .

Let us define the sequence {(X', Y7 := (X5, X%, X%,, Yi,, Y5, Yi3)}%2, such that,
foreachi > 0, (X iyt ) is the minimum norm solution of the linear system

vec(X5,) _VeC(Zi_l)_
vec(Yiy) vec(zy™h)
vec(Xh) vec(Zih
T + AT 27 = 3 ; 4.13
T +A4D) vee(Y],) T ez (4.13)
vec(X5)) vec(Z’S_*I)
vec(Y|3) | vec(ZE™) |

where

i—1 i—1Ga yi—1 i—1Ga yi—1 i—1 . i—1Gb yi—1 i—13h yi—1
Zy =Xy ST Yy + Xy ShYas . Zy = Xo0 S)\Yis 4+ Xo ShYas
i—1 i—15a yi—1 i—1Ga yi—1 i—1 . i—15h yi—1 i—13h yi—1
Zy =Xy SN Y, Xy SY . Zy =Xy S0 Y+ Xy S Y,
Zs = Xa S XSS Y 4 Xay ShYay 4 X5 S and

i—1 . yi—13b yi—l i—13b yi—1 i—1Qb yi—1 i—1gb yi—1
Zg =X S0V + X5 S Yy + X5 ShYyy + Xy S5V
Note that the minimum norm solution of (4.13) is obtained by multiplying the right

hand side of (4.13) by the Moore-Penrose pseudoinverse of T + AT, denoted by
(T + AT)T, and that xg = (T + AT)"ec.
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Now we assume that Z—%’ < 4—1‘ holds. Then we can prove that the sequence

(X1, Yi)},?io converges to a solution (X, Y) of the quadratic system of equations
(4.10) analogously as it ig done in [7, Theorem 5.8]. For that, we have to take into
account that, if [|[(X'~!, YI=1)||F < pi_1, then

Xorn 0 7S Se] ! v
X5 X5, S21 S22 0 Y3

I, YO F

< 1X°, YO F + 11T + AT |2

F
<po+o 'l w=pi,

where |[(X°, YO)||r < 6o~ := po. Therefore, we can define the same fixed point

iteration as in the proof of [7, Theorem 5.8] and we obtain that the sequence is bounded,
ie, (XY, YH|F < P, With p < 20__10_, for all i > 0. In addition, if we define the
sequence {C; := (X', Y+1) — (X1, Y")}%°, then

. Xt 0 [8, 8 Yi, vi
ICiIF < (T + AT |1 R el | P R
L X351 X5 ILS21 S22 L 0 Y3y

[ yi—1 Trs. < i—1 yi—1
_| X, 0 Si §12} {le Y3 } )
F

—1 yi—1 i—1
| X357 X5 |LS21 S22 0 Y53
BY% i—1 S T i vi
<||<T+AT)*|2< ST 1][5“ 512][% Y‘?]
= i — i —
| X31 = X31 X3 — X3 S21 521 0 Yy

i—1 <. i i—1 i i—1

+ [Xlzl1 iol}[ﬁlﬁ‘?][yfz_ylz Yll}_ypl} )
L L 3

X5 XYy S$21 S22 0 Yiy —Yi3 -

<20~ pollCizilF.

The above inequality implies that {(X’, Y")}, is a Cauchy sequence, since
20! pw < 1. Thus, taking limits in both sides of (4.13), we see that { (X', ¥*)}?°,, con-
verges to a solution (X, Y) of the system of equations in (4.10) with ||(X, Y)||F < p.

O

F

Theorem 4.1, together with Lemma 4.5, allow us to prove in Theorem 4.2 that
there exists a solution (X, Y) of (4.9) which is of the order of the perturbation Ag(A)
whenever || Ag(A)|| F is properly upper bounded.

Theorem 4.2 Consider the real number s defined as in Lemma 4.2. Let S()\) be a block
Kronecker linearization as in (4.1), and let Ag(X) be a perturbation of S(A) as in (4.3)
such that

2
2= ﬁ) ! (4.14)

AsW|lF < ’
AsM)IIF < 4s 1+ ||(M(A),A—Aly, B,O)|lF

Then there exists a solution (X, Y) := (X21, X31, X32, Y12, Y13, Y23) of the quadratic
system of matrix equations in (4.9) that satisfies

4s|AsM)|

X, Y —_—.
106l = ==

(4.15)

@ Springer
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Proof We have

2—«/?)2 1 1

[AsMIF < ( 15 >

<
1L+ [[((M(), A=Al B,C)llFr — 2s

since s > 1. Then, by Lemma 4.5, 0 = omin(T) — [|AT |2 > %g > 0. In addition,

using the same notation as in Theorem 4.1,

bo _[AsWIrUIMQA). A=Ay, B, Ollr +[1AsM)llr) _ 1
2 —_—

(2) N

by (4.14). Therefore, the conditions (4.12) hold and, by Theorem 4.1, there exists a
solution (X, Y) of the system in (4.9) satisfying

0 _ 4slaslr
X, Y <2—< .
1Dl 20 s = =020

O

After restoring the block anti-triangular structure of S(A), we get the perturbation
error A’llew (1) definedin (4.7). The following first order bound for the norm of A% (1)
in Corollary 4.1 follows from Lemma 4.1 and Theorem 4.2.

Corollary 4.1 Let us define the scalar f1 := 4*/? Then

1AT O) < 11+ AlSoM 21 1 As 1 F + O(6%)
<[+ fAillSMWI21 1 AsW) I F + O).

4.2 Step 2: Restoring the Kronecker blocks K1 (1), K>(1) and the identity /,

At this stage we have obtained a pencil Si (L) = S) + A" (1) of the type

R M(,\) C(A) KT(,\)
Si(V) = B(A) A—Al, O , (4.16)
Kiw) 0 0

where the zero blocks below the anti-diagonal are exact and S (%) is strictly equivalent
to §(A) In this subsection, we will use A“] — )»Ab] to denote the corresponding
blocks of the updated perturbation matrix A”"’w (2). We assume that the norm of the
perturbation A} (1) is small enough for K 1 (A) and K2 (A) to be also minimal bases
with row degrees all equal to 1 and the row degrees of their dual minimal bases all
equal to € and 7, respectively [7, Corollary 5.15]. Thus, I/(\1 (A) and I’(\Q(A) have the
same Kronecker canonical forms as Kj(1) and K>(}), respectively, and are strictly
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equivalent to them. We will then perform step 2, that is, an updating block-diagonal
strict equivalent transformation of the type

I(n+])m — X11 0 0 R I(e+l)n - 0 0
0 Iy — X2 0 S1(h) 0 Iy — Y2 0
0 0 Ien — X33 0 0 Ir]m — Y33
(4.17)
such that

(I — X3)Ki)(I — Y1) = Ki(h), (I — XiDKI ) - Ya3) = KT (),
and
(I — X))y (I — Yao) = .

In the last three equations the sizes of some identity matrices are not specified for
simplicity. Clearly, these three problems are independent from each other and can be
treated separately.

Let us first look at the equation restoring K1()). As pointed out in Sect. 2, this can
be reduced to the solution of a Sylvester equation. Let

Ki) = K1)+ Ak, (W) = L) @ I + Ak, (L)
i= (Ec — AF) ® I + (A4, — 2A5)).

Then, making the change of variables Y11 := Y and X33 := X(I + X)~!, it suffices
to solve

(K1) + Ak, (W)Y + XK1 (M) = Ak, (),
or, equivalently,

| vee(As)
- Vec(Agl)

|:EET ® Inen‘l(e—ﬁ—l)n Q(Ec® Iy + Agl):| [VCC(X)]

. (4.18
FgT ® Inen‘l(e—kl)n @ UFe @I + Aé’]) vec(Y) :| ( )

By Lemma 3.4, the smallest singular value of the unperturbed problem satisfies

EGT ® Inen‘l(e-i-l)n ® Ee 0y Ini| > 3
— 4

. .
2en(e+Dn I:FeT ® Inen‘l(é-i-l)” ®Fe® 1y €—1

Then, by using Weyl’s perturbation theorem for singular values [13, Theorem 3.3.16],
one obtains the following bound for the minimum norm solution of (4.18)

1
(A%, A5)]IF,

(X, V)lF < [46 —

— 1A%, 12 — 1145, |I2}
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assuming that the perturbation is small enough for satisfying % — 145,112 —
1A%, 1l> > 0. In addition,

(X33, YiDllr < I(X, V) [F/(1 = [[(X, V) F).

Since || A4, |l> and || A5, ||> are of the order of &, this finally yields

4e — 1
3

(X33, Y1)l F < 1A%, ASDIIF + O(8?), (4.19)

by regrouping the quantities of the order of O(8?).
The problem for restoring K»(}) is clearly dual to the problem of K{(A) and will
therefore yield the bound

4n

—1
(A%, AL F + O8?). (4.20)

1(X11, Y33)lF < 3

The problem of restoring I, amounts to solving (I, — X22) (I, +A12’2)(Ig —Y») =1,
with 7, = Iy + Agz. There are many possible solutions. A very simple one is to take
Yoo =0and I, — Xpp = (Iy + Agz)’], assuming AIZ’Z is small enough for the inverse
to exist. This means that X, = A}z’z + (9(||A}2’2||%) and

I(X22, Y2)lIF = 14511 + O?). 4.21)

We summarize this discussion in the following Theorem.

Theorem 4.3 Letthe pencil §1 (1) have the block anti-triangular form given in (4.16). If
max(e, n) > 0, then the updating strict equivalence transformation (I — X)S1(A)(I —
Y) detailed in (4.17) exists and can be bounded by

4max(e,n) —1 ..
II(X,Y)IIFS+IIA1 WIF +OEH.

Proof The bound for ||(X, Y)| ¢ follows directly from the identity
1, DT = (X1, Yaa) 7 + 1(X22, Yo I + (X33, Y1)l
from the inequality
1A, 51T + 14517 + 1A%, A5D1F < 147 )IIF

and from the individual inequalities (4.19), (4.20) and (4.21). O

The following first order bound in Corollary 4.2 for the norm of the perturbation
error AZ¢" (1) follows from Lemma 4.1, Theorem 4.3 and Corollary 4.1.
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Corollary 4.2 Let us define the scalar fr := M Then

145 0l < 1+ AISIG) 2] AT Wl + O6?)
<[+ AISW 21 14T WIlF + O).

4.3 Step 3: Restoring the constant B and C matrices

From steps 1 and 2, described in the previous subsections, we have obtained a pencil
S$2(A) = S(A) + AZY(A) of the type

R M(A) C(/\) KT
S5\ :=| B A—Al, 0 (4.22)
Ki(x) 0 0

strictly equivalent to §(k). We emphasize that the blocks M A), B A), C (A) and the
matrix A are obviously different in (4.22) and in (4.16). We use the same symbols for
avoiding a cumbersome notation. In this subsection, we will use A;; (1) = Aa — kAb

to denote the corresponding blocks of the updated perturbation matrix A"“’w ). In
this third step, we will restore the pencil SZ(A) to one where the blocks

B() = BK\ 4+ Ay (1), and CO)=KIC+ Ap®)
are transformed to BK; and K. 2T C, respectively. We recall that
KiW) =L ®1L,, Ki=el @@L KM =L,W)®L, Kr=el &I,
where ey is the standard kth unit vector of dimension k and Lj()) is the classical

Kronecker block of dimension k x (k+ 1), as introduced below (1.2). We will construct
for this a strict equivalence transformation of the type

Lo+ =X12. 0| Ine+1)
Iy —Xo3 | S2(0) | =Y Iy
Lie 0 =Y3 Ly

M(,\) KTC KT (423)

= BK] A— My 0
Ki()) 0 0

The problems for B (1) and c (1) can again be treated separately. Let us first focus on
the subsystem

[1m<,7+1> —Xlz] [fw LI e Im] [ Iy }

Iy A—)\ly 0 =Y32 Iy
_[epr1®C LT @ I
A — Al 0 '
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If we partition the matrices X2, Y32 and c (1) as follows:

Eq F Co1 Cri
Ey P Co2 Ci
X = : s Y=o ], CO) = : - : A,
Ey F Cop Ciy
Eyt ! Cowm+1) Ci+1)

where all blocks have dimension m x £, then we need to solve the following system
of equations

[Ei Fi Ey ... Fy Epp1 | Uy+1e + N)
=[Ci1 Co1 Cia .. Coy Crgzany ],

where
Iy Iy
Iy A
Iopynye + N = _— ,
Iy I
L Iy |
and C = Cog+1) — E,7+1X. Clearly
I[E1 FI E2 ... Fy Eng1]llr = 1(X12, Y32l F,

I[C11 Cot C12 ... Coy Cigpsy | IIF < 1AM ]IF,

and, since the matrix N is nilpotent with N27+1 =0,
2n
U+ + N1 = Z(—N)’~
i=0

In addition, N has even powers N 2i of 2-norm || Al 2 < |i A ||5, whereas the odd powers
N?="have 2-norm max (|| A"~ |2, | A7 ||2) < max(]|A]|5~", |A]|}). Since both of them
can be bounded by max(1, ||A ||§), it then follows that

1(X12. Ya)llp < A2 (1 + 2 max(1, | All2) + - - + 2 max(1, || A]|

n
~ 2)84.24)
< [1+2npmax(1, [AlD] 1AM F.

The discussion for the B (1) block is clearly analogous and will yield the bound

1(X23, Ya)llF < [1+ 2 max(1, [|AI$)]] A21 ()| - (4.25)
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We can thus summarize this discussion in the following Theorem.

Theorem 4.4 Let the pencil §2 (1) have the anti-triangular form given in (4.22). Then
the updating strict equivalence transformation (I — X)S>(A)(I —Y) detailed in (4.23)
exists and can be bounded by

1(X, V)l F < [1+ 2 max(y, €) max(1, | AT 1AL )]l £
Proof The bound for ||(X, V)| follows directly from the identity
(X, V)% = 1(X12, Y32) I3 + [(X23, Yan)l|%,

from the inequality [ A2 (M) (13 + [ A21 (W) 15 < 1A% (M) |3, and from the individual
inequalities (4.24) and (4.25). O

The following first order bound in Corollary 4.3 for the norm of the perturbation
error A5 (1) follows from Lemma 4.1, Theorem 4.4 and Corollaries 4.1 and 4.2.

Corollary 4.3 Let us define f3 := ~/2(1 + 2max(n, €) max(l, ||X||?ax("’€))). Then

1A OO F < [+ £S5 121 145 (Wl 4+ O5?)
<[+ BISWI1 145 W) F + O6?).

4.4 Putting it all together

In this subsection, we combine the obtained results regarding the strict equivalence
transformation that restores in §(A) of (4.3) the special structure of the unperturbed
block Kronecker linearization S(A) defined in (1.2), in such a way that the eigen-
structure of :§(A) can be linked to that of a particular rational matrix R (A) as in
(4.5). The final goal is to bound the norms of the differences between the quadruples
{A\My —A,B,C,D(\)} and {11, — A, B,C, 5(A)} that are used for representing the
unperturbed rational matrix R(A) and the perturbed one R(M), respectively.

Recall that we were given the pencil S(A) of which we want to compute the eigen-
structure, since it gives the one of the rational matrix R(A) in (4.2). Instead, our
backward stable algorithm applied to S(A) computes the exact eigenstructure of a
slightly perturbed pencil §(A) with additive error Ag(}) which is induced by the
eigenstructure algorithm and is bounded as:

[AsMIF = c(€, mn, ne) - ey - [[SA) I,

where € is the machine precision of the used computer, and c (¢, mn, ne) is amoderate
function depending only on the size of the matrix pencil. We then constructed in three
steps a new modified block Kronecker linearization

S = =X)SMU=Y):=(I—X3)I—X2)(I — X)SW)U — Y1) — Y2)(I — Y3)
(4.26)
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asin (4.4), strictly equivalent to §(A), where both | X || and || Y || 7 are also of the order
of the machine precision times some factors and such that the corresponding rational
matrix R(X) (4.5) has a similar representation as R(1). Since §(A) and §(A) are strictly
equivalent pencils, they have exactly the same eigenstructure, which implies that we
have computed the exact eigenstructure of the nearby rational matrix R r).
For convenience, the blocks of S(A) will be expressed in the sequel as M A) =

M)+ AMA), A=A A + AA, B:=B+ ABand C := C + AC. In the previous
subsections, we rewrote S (A) as an additive perturbation

SO) = S() + A% (1)

and derived a first order bound for the norm of the error pencil A’;e“’ (A) in Corollar-
ies 4.1,4.2 and 4.3:

145" )T E < (14 £ISOI ) A+ LIS [2) (14 1S ) 1) As )| - +OS2).
(4.27)

This implies, in particular, that if || As(})|| f is sufficiently small, then the norms of the
perturbations AA, AB and AC are sufficiently small to guarantee that COdy— g)’l B
is a minimal state-space realization, as announced. Ihen, according to [2], S(A) is
indeed a strong linearization of the rational matrix R()) in (4.5). Moreover, (4.27)
also implies that if || Ag(X)|| F is sufficiently small, then 5(A) = Zfizo(Di + AD)M
in (4.5) is a polynomial matrix with the same degree d = 1 + € + 1 as the polynomial
part D(X) of R()) (recall that we are assuming that d is the degree of D()) or,
equivalently, that Dg # 0).
Notice that R(%) in (4.5) is the transfer function of the following perturbed poly-
nomial system matrix
_|AMe—A —-B —AA —AB
PA) 4+ AP = |: c D(A)] |: AC Z?:oADi)»i] , (4.28)
where P (}) is a polynomial system matrix of the original rational matrix R(}). Recall
that || R(L) || F is defined in (1.3) as || P(A) || . This motivates us to define the norm of
the perturbation of R(A) as

d
IARMWIF == IAPMIF = [IAAI% + [ABI} + |ACIE + > 1 AD;[13.
i=0

After this discussion, we present our main perturbation results in Theorems 4.5
and 4.6. The first one focuses on block Kronecker linearizations and the second one
on the corresponding rational matrices.

Theorem 4.5 Let R(A) be the m x n rational matrix in (1.1) and let S(A) be a block
Kronecker linearization of R()) as in (1.2). Let us define o := 1 + 2e max(1, ||A[),
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B = 142nmax(1, |All3), y := ef/ﬂ and s := max(a, B, y)+y (Bl Bl2+alCl2).
Assume that max (e, n) > 0 and consider the functions dependent on the initial data

4\/§S

= 10 1All2, | Bll2, [ICll2) = ,

Jir:= file,n, [All2, [IBll2, ICl2) IV
V2 (4max(e, n) — 1)

= fle,n) = 3

f3 = f3(e,m, IAll2) == V2 [1 + 2max(y, €) max(1, Ay )],

Let §(A) = S(A)+ As(A) be aperturbed pencil as in (4.3). If | As (M) || F is sufficiently
small, then §(A) is strictly equivalent to a block Kronecker linearization S()) as in
(4.4) with the same parameters € and 1 as S(A), i.e., the transformation (4.26) exists.
Moreover, E(A) = S(A) + A5V (M) with

1A% W) < A+ A IS ) A+ HISGI )L+ HISM 1)1 AsW) | F+O(82),
(4.29)

1AsMIF

where § = T

Proof This follows directly from (4.27), except that we have replaced the 2-norm of
A in f3 in Corollary 4.3 by that of A, because the difference can be absorbed in the
O(8?) term. o

Theorem 4.5 does not provide directly bounds on the norms of the differences
between the quadruples representing the rational matrices R(A) and R(L) corre-
sponding to the block Kronecker linearizations S() and S(). The reason is that
the polynomial parts D(A) = (A4,(}) ® Im)TM(A)(A (A) ® I,) and D(A) =
(A MR, )TM(A) (Ac(M)® 1) of R(A) and R(A) are not directly visible in S(A) and
S (1). For this reason, we will need Lemma 4.6, that follows from [7, Lemma 2.15, The-
orem 4.4 and Lemma 5.23(b)].

Lemma 4.6 Let M(A) beam(n+1)xn(e+1) pencil and let Ay (X) := [Ak Y| ]T .
If we define the polynomial matrix Q (1) as

O() = (Ay(W) ® In)" M(1) (Ac(N) ® L), (4.30)

then we can bound its norm as follows

IOMWIIF < v/2min(e + 1,7+ 1) [MW)]| .

Moreover, for every polynomial matrix Q (L) of degree at most d = € + n + 1,
there exist infinitely many pencils M ()\) satisfying (4.30). For each of these pencils
IMM)F = 1QA) I F/~2d and there exist pencils such that || Q(AM) || F = |M (V)| F.

As commented in [7], Fiedler and proper generalized Fiedler pencils (modulo permu-
tations) of a polynomial matrix Q(A) satisfy |Q(A)||r = [|M(A)||r in Lemma 4.6.

@ Springer



7  Page 30 of 45 F. M. Dopico et al.

On the other hand, it might be worth to remind that there exist pencils M ()) satisfying
(4.30) with norm arbitrarily larger than the norm of Q(}).
We are finally in the position of proving the main perturbation result of this paper.

Theorem 4.6 Let R(\) = C(0M I, — A~ !B+ Z?:o D\l be an m x n rational matrix,
where C(AIy — A)~'B is a minimal state-space realization of the strictly proper
part of R()), let S(A) be a block Kronecker linearization of R(}) as in (1.2) with
max(e, n) > 0, and let f1, fa, f3 be the functions defined in Theorem 4.5. Let §(A) =
S(A) + As(A) be a perturbed pencil as in (4.3). If || As(V) || F is sufficiently small, then
:S’\()») is strictly equivalent to a block Kronecker linearization :S;()\) as in (4.4), with the
same parameters € and 1 as S()), of a rational matrix

d
RO =COl;— A "B+ > DiAl,

where c Al — A) 1B is a minimal state-space realization of the strictly proper part of
R(A) Moreover, zfA = A+ AA, B:= = B+ AB, C:= C+ACanle = D;+AD;,
i=0,1,...,d, then

JIAAR+IABI+lACIE+X2, 14D jastle
= ,R
IRGII7 1SGoll

+ 0%,
(4.31)

where

Ksg:=y2min(e + 1+ 1) (1+ fil S + ISR [2)

ISMIIF
1 S —
1+ £l ()Ilz)”R()\)”F

AsGD I F
and § = S5y

Proof Since S(A) and S(A) have the same structure according to Theorem 4.5,

~ M@)—M@) KI(C€-C)0
A) =S -SW=| (B-BK A—A 0
0 0

(e

and | A3 W)F = \/||AA||%+||AB||2F+||AC||2F+||A7(A>—M(A)||%. Next,
we combine this expression of [|AZ“(A)[|F with Z;‘i:() D) = A, ®

L)TMO) (A ® L), Yy Didt = (A;(0) ® L) MW (Ac(h) ® I,) and
Lemma 4.6, and we get

d
J IAANZ + 1ABI% + 1ACI3 + Y I1AD; |1} < 2min(e + 1, n+ 1) | AT W) -
i=0
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The rest of the proof follows from (4.29). O

The strength of the new structured backward error analysis that we present in
this paper for the computation of the eigenstructure of a rational matrix R(A) by
applying a backward stable generalized eigenvalue algorithm to a block Kronecker
linearization S(A) of R(A) is that we can interpret the computed eigenstructure as
the exact eigenstructure for a slightly perturbed rational matrix R (1) corresponding
to the nearby quadruple {Al, — Z E, C , 5(A)}, and that we have a bound on the
error because we have a specific coordinate system in which we can describe both the
original rational matrix R () and its perturbed version R(1), namely by the quadruples
{(Aly — A, B,C,D(}\)} and {\I; — C D(k)} It still remains to analyze under
which conditions this bound is satlsfactory. This is the purpose of the next subsection.

4.5 Sufficient conditions for structural backward stability

The goal of this section is to establish sufficient conditions on R(A) and S(X) that
guarantee that Kg g in (4.31) is moderate and, thus, that guarantee structural backward
stability. We advance that these conditions are the following

max([|Allr, [ BllF, ICIF, IDMIIF) =1 and [MM)||F = D) F, (4.32)

where the notation introduced in the previous section is used. Observe that the first
condition is a condition on R(A) while the second one is on S(A). According to
Lemma 4.6, the second condition can be satisfied simply by choosing an adequate
block Kronecker linearization S(A). In addition, we will see that the conditions (4.32)
are essentially necessary for Kg g to be moderate, though this does not mean that they
are necessary for structural backward stability since (4.31) is an upper bound. For the
sake of clarity, the discussion in this section focuses on identifying the key ingredients
for structural backward stability instead of on providing precise bounds. There exist,
obviously, rational matrices which do not satisfy the first condition in (4.32). We will
discuss in Sect. 5 how to proceed in such cases.

In the first place observe that each of the essential four factors of K g, that is,
(I + fill S, (1 + AISMW2), (1 + f51S3)[12) and JFEE, s larger than 1.
This is obvious for the first three factors. For the fourth factor, it follows from the
equalities

ISCINIF = IAIE + I BIF + ICIF + MO + €+ 2(mn + ne) and(4 33)
IROINIF = IAIF + IBIIF + ICIF + I1DOIF + €.

To find upper bounds for the three factors (1 + f1||S(M)2), (1 + f2IIS(V)]2),
1+ fISA)|2) of Ks r requires to upper bound each f; and ||S(1)||2. For this
purpose, we consider Lemmas 4.7 and 4.8. Lemma 4.7 provides a bound on the function
/1 that allows us to identify its most relevant dependencies. Moreover, Lemma 4.7
emphasizes the key role of ¢ := max(n, €) in our perturbation analysis. Lemma 4.8
bounds || S(X)]|2.
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Lemma 4.7 Let us define M, := max(l, ||All2), Mp := max(||B|l2, |Cll2) and t :=
max(n, €) > 0 and consider the functions fi, f» and f3 in Theorem 4.5. Then

1< f1 <2201 4+2tM)(1+2iMy), 1< f

V2
= @—, 1<f= V2(142:M)).
Proof 1t follows by taking into account the inequalities y < JLE and s < (1 +
2ML)(1+ /2t Mp). o

Lemma 4.8 Let S(L) be the block Kronecker linearization (1.2). Then

max (1, [[All2, [|Bllz, ICll2, IMM)]l2) < ISA) ]2

and

M) KT C

ISWlz < V2 + | [ BK, 4

] la < v2+ \/HAIIZF + Bl + ICI% + 1M ()15

Proof The first inequality follows from the definition of the 2-norm of a pencil given
in the introduction and the fact that the 2-norm of a matrix is larger than or equal to
the 2-norm of any of its submatrices. The second inequality follows from applying the
triangular inequality to

M) KIco 0 0 KIo
SA)=| BKy A 0|+ 0 —xl, O
0 0 0 Kix) 0 0

Note that the 2-norm of a pencil as defined in the introduction is indeed a norm and,
so, the triangular inequality can be applied. O

We remark that Lemmas 4.7 and 4.8 imply that the conditions (4.32) are essentially
necessary for K s, g to be moderate. This can be seen as follows. First, from Lemma 4.6,
we have [M)llF = IDMW)IIF/v/2(e +n + 1). Thus, max([[Allr, [|BllF, ICllF,
ID(A)||F) > 1implies ||[S(X)|l2 > 1, which in turns implies Ks g > 1, since f; > 1
fori = 1,2, 3. Moreover, if [|[M(A)|lF > [DM)|F, then [SQ)IIp/IRM)(F > 1
may happen, according to (4.33), and Kg g > 1 in that situation. We emphasize
that the condition ||M(X)||r = ||D(X)||r was also used in the analysis in [7, Corol-
lary 5.24].

Next, we prove the announced result that conditions (4.32) are sufficient for Ks
to be moderate and, thus, for structural backward stability.

Corollary 4.4 Under the hypotheses and with the notation of Theorem 4.6, assume, in
addition, that (4.32) holds and let t := max(n, €) > 0. Then,

Ksr < gtivm+n,
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where g = 5, ifn > 0ande > 0,q =9/2,ifn = 0ore =0, and g is a moderate
number (a constant that does not depend on n, €, m, n, £). Moreover

JIAAIL + I ABI% + 1ACIE + Yo 1ADi 1%

IR F
AsMW)IIF 2
q./ b AL
< gtiym+n Sl + 0.

Proof Note that (4.32) and Lemmas 4.7 and 4.8 imply [|S(L) |2 < 2442, f1 < git?,
fo < got, and f3 < g3t, with g1, g2, g3 moderate numbers. Moreover, from (4.33),
(4.32) and [|[R(V)||F = 1, we get that |S(V) || ~ ||R()L)I|% + 2(mn 4 ne) and

ISOII% < (1 +2(mn +ne) [ROIIE < 3(m +n)t |[RQ) |7

It only remains to analyze the factor «/2min(e + 1, n + 1) of Kg g, which is less
than or equal to o/2(f + 1), if n > O and € > 0, or equal to +/2,if n = O or € = 0.
Combining all these bounds with the fact that r > 1, the result follows as a corollary
of Theorem 4.6. O

Remark 4.1 Observe that (4.32) allow max(||Allg, |1BllF, ICllF, IDM)]F) < 1.
However, since the rational matrix R(}) in (1.1) can be multiplied by a nonzero
number without affecting at all its eigenstructure, it is natural and convenient to use
as sufficient conditions

max(|Allr, IBlr. ICllp. IDM)F) =1 and [[MM)[|F ~ D] F- (4.34)

Such conditions would have appeared as sufficient in the analysis if we had defined
the norm of R()) as

d
IRMIF = [IAI1%+1BI%+ I1CI% + D 1D 113 (4.35)
i=0

instead as in (1.3) (observe that we have removed the £ summand), depending only
on the free parameters of the representation of R(A) in (1.1). We have chosen to use
(1.3) because, first, it identifies the informal “norm” of R()\) with the formal norm
of the polynomial system matrix P (L) and, second, it corresponds to the particular
case E = I, of the more general representation R(A) = C(AE — A)"!B + D()),
with E nonsingular, when taking as norm the one of the corresponding polynomial
system matrix. Under the conditions (4.34), it is essentially equivalent to use (1.3) or
(4.35) as “norm” of R(}). The use of representations R(L) = C(AE — A 'B+DO)
for rational matrices is of interest in certain applications and the block Kronecker
linearizations in this case are obtained just by replacing A — Aly by A — AE in (1.2).
We will consider the analysis of this general case in the future.
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4.6 Restoring the structure when the polynomial part of the rational matrix is
linear

In this subsection, we consider the particular case of having a rational matrix with
linear polynomial part. That is, the case of having a rational matrix that can be written
in the form

RO =CIp —A)'B+ M),

where C(1I; — A)~! B is a minimal state-space realization and M (1) is a matrix pencil.
Then R(A) can be strongly linearized using the following linear polynomial system
matrix

M@y ¢ i| . (4.36)

S@*) :z[ B A—AilL

Notice that, in this case, the linearization does not have the block anti-triangular
structure as the block Kronecker linearization in (1.2) since K{(A) and K;(A) are
empty matrices. The strong linearization (4.36) can be seen as the limit case of (1.2)
whene =n =0.

If we compute the eigenstructure of S(A), the backward stability of the staircase
algorithm [21] and the QZ algorithm [16] guarantees that we computed the exact
eigenstructure of a slightly perturbed pencil

(4.37)

SO = SO + As(V), Asg(h) == [3;&; 328” .

The structure of (4.36) is lost in (4.37) since the off-diagonal blocks of §(A) are not
constant matrices and the identity block 7, is not preserved by the perturbation.

Notice that restoring in §(k) the original structure of S(%) is much simpler than
in previous sections, as we do not have to restore any anti-triangular zero block nor
the minimal bases K1 (A) and K»(A) in (4.1). We only have to take care of restoring
the identity matrix /, and the constant matrices B and C to obtain in two steps a new
strictly equivalent linear polynomial system matrix

S = = X)SOGNUI —Y) := (I — Xo)(I — X))SMWU — Y1) — Y2)
(4.38)

of the form

(4.39)

M@ C
B A-iL |’

§(A) = |: ~

where M (L) := M(A) + AM(A), A=A+ AA, B := B+ ABand C := C + AC.
For that, we consider the discussion in Sect. 4.2, for restoring Iy; and a simplified
version of the discussion in Sect. 4.3, for restoring the constant matrices B and C.
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In particular, from the bound in (4.21) and a counterpart of Theorem 4.4 we get the
following result.

Theorem 4.7 Let S(1) be a minimal linear system matrix as in (4.36). The trans-
Jormation (X, Y) in (4.38) exists and we can bound the corresponding perturbation
S(A) — S(A) as follows:

IS = SOIF < A+ V2150 12)* A5 | F + O). (4.40)
In addition, if || S(A) S(M) || F is sufficiently small, then the perturbedpenczl S(A) isa

minimal linear system matrix of the rational matrix R(k) C (A — A) 1B+ M Q)
and

.wMAﬁ+WAm&+wAa&+wAMaw% 1AV
1+ V28 [l2)? o 20E

IR F = R TTT
+O(8%),

where § = || As(M) | p /ISl F-

The simplicity of the bound in Theorem 4.7 is also a consequence of |S(A)||Fr =
IR F-

5 Scaling for obtaining structural backward stability

Once a block Kronecker linearization S(A) in (1.2) of R(A) in (1.1) satisfying
IMM) |l = |ID)||F is chosen and the staircase or the QZ algorithm is applied
to S(1), structural backward stability is guaranteed for the computed eigenstructure
if the first condition in (4.32) holds. However, there exist rational matrices which do
not satisfy max(||A||r, |BllF, ICllF, |D(A)||F) < 1 and, therefore, the computation
of their eigenstructure via a block Kronecker linearization might not be structurally
backward stable. In this section, we study how to proceed in these cases.

First observe that the eigenstructure of the rational matrix R(}) does not change at
all if it is multiplied by a positive real constant dg. Choosing appropriately dg, we get
easily a rational matrix such that max(||B|r, |[CllF, |D(X)||r) < 1. Even more, if
dg is an integer power of 2, this multiplication can be performed without introducing
any rounding error. This indicates that the crucial point is how to deal with rational
matrices with ||A||r > 1. For this, note that when representing a rational matrix R (L)
by a realization quadruple {Al, — A, B, C, D()\)}, where D(A) is polynomial,

R(A) = C( Iy — A)7' B+ Didl,
i=0

one can change the coordinate system of the state-space realization {A, B, C} of the
strictly proper part of R(1) by a diagonal similarity scaling T := diag(dy, ..., d),
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d; > 0, without changing R(A) since
Cxly— A 'B=crol, -1 'AT)"'T7!B.

Thus, before multiplying R(X) by dg, we can choose T to balance A, i.e., to minimize
its Frobenius norm under all diagonal similarities by making the 2-norms of the rows
and columns of T =1 AT become equal [17]. Moreover, at the same time, the Frobenius
norms of 7~'B and CT can be made equal by considering a positive scalar factor
multiplying 7. Observe, in addition, that if the entries of 7' are integer powers of
2, this process does not introduce rounding errors, though, in this case, the norm of
T~ AT is only approximately minimized. However, the effects of T are limited since
ITYAT || F > VA2 + - - - + |A¢|?, where A1, . .., A¢ are the eigenvalues of A, for
any invertible 7', i.e., diagonal or not. Therefore, other approaches are needed for
dealing with all instances of matrices A with large norms. It is important to emphasize

at this point that the influence of a large norm matrix A on the bound (4.31) is huge,
max(n,€)

because it contributes to ||S(1)[|2, but also the factor || A, is present in both f}
and f3.
The final solution comes from changing the variable A to A := djA and from

combining this with the multiplication by the constant dg and the diagonal scaling T
discussed above. Note that the change of variable transforms the zeros and the poles
of R(X) in a very simple way, preserving their partial multiplicities, and that does not
change at all its minimal indices [15, 20]. The combination of all these scalings yields
a new transfer function

R(3) :=DM) +CGdy — A)~'B :=dgR(\/dy) (5.1)
where
A:=d, T 'AT, B:=\/dydg T"'B, C:=/ddgr CT (5.2)
and
D; :==dgd; ' D;, forall i=0,1,...,d. (5.3)
Then, we can choose d; := min(1, ||T’]AT||;1), such that A has norm smaller

than or equal to 1. Note that the preliminary balancing will make this step milder,
in the sense that d; will be closer to 1. Finally, based on (5.1), we summa-
rize the following scaling procedure for obtaining a rational matrix k\(/):) with
max(||Allr, |BllF, ICllF, |DA)||F) = 1 from the data {A, B, C, Do, D1, ..., Dg}:

Step 1. Compute 7 = diag(dy, . .., d¢) to balance A and to make equal the norms
of T"'Band CT.
Step 2. Choose d; := min(1, |7~ 'AT|:").
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Step 3. Choose

dg =

- .
max([|vd,, T™' B}, IVd. CTII%. | > lld; " Dill3)
i=0

Step 4. Compute {A, B, C, Dy, D1, ..., Dy} as in (5.2)~(5.3).
This process can be easily arranged to use scale factors that are all integer powers of
two and, thus, can be implemented without any rounding error. Moreover, this scaling
can be applied directly to the pencil S(A). More precisely, the pencil

S(v) := D¢S(h/dy) Dy,

where the left and right diagonal scalings D, and D, are given by

1 1 1 1 1 1

Dy = diag(dpd; ", ..., dpd) Ly, d2d] " . did] Ay P dS T, . dg R d ),
1 1 1 1 _1 1

D, := diag(dpad, 1y, ..., djd) L, d2dy, ..., d}de,dg > d I, ..., dg d) 1),

is a block Kronecker linearization of the rational matrix Ri (/):) in (5.1).

6 Numerical experiments

In this section, we describe three experiments illustrating that the potential sources
of structural backward instability revealed by the bound (4.31) are indeed observed
in practice. More precisely, the experiments will illustrate that if a rational matrix
R(A) as in (1.1) does not satisfy the first condition in (4.32), then the computation
of the eigenstructure of R(A) by applying the QZ algorithm to a block Kronecker
linearization S(A) of R(A) that satisfies ||M(A)||r = ||[D(A)||F is not structurally
backward stable. Moreover, the experiments also illustrate that the scaling described
in Sect. 5 is effective and leads to structured backward stability for the scaled rational
matrices and linearizations.

A difficulty for performing fully reliable numerical experiments in this setting is that
to estimate the actual global backward error for the whole computed eigenstructure,
i.e., the left-hand side of (4.31), is a challenging optimization problem for which
we do not know yet a solution. Therefore, we will limit ourselves to computing a
lower bound for the backward error based on the “local” backwards errors of each
computed zero of the rational matrix, as we explain below. This lower bound might
severely underestimate the actual global backward error. Thus, we cannot check from
our experiments the sharpness of the bound (4.31), which, on the other hand, was
deduced through many potentially overestimating inequalities with the main goal of
getting a bound as clear as possible instead of optimizing its sharpness.

For simplicity, we will restrict our numerical experiments to square and regular
rational matrices R(A) with a corresponding quadruple {A, B, C, D(A)} of moderate
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dimensions and degree of its polynomial part: m = n =2, ¢ = 5, d = 3. The block
Kronecker pencil we choose for our computations is

AD3 + Dy 0 0 15}
. 0 AD1 + Dy (o -l
S@) = 0 B A-al 0 |
I -\ 0 0

which has 1 and € equal to 1, size 11 x 11 and satisfies |M (A)||r = |D(A)||r. We
also will look at the polynomial system matrix

_[A-x1, B . 5 3
P(A)._[ c D(k)}’ D(A) := Dy +ADy + 22Dy + A3D;

of R()\) because it allows us to estimate the backward errors of our algorithm
as follows. We look for a rational matrix R(}) corresponding to a quadruple
{A+AA, B+AB,C+AC, (D+ AD)(A)} such that all its finite zeros are exactly all
the computed finite eigenvalues obtained by applying the Q Z algorithm to S(A) and
such that [(AA, AB, AC, (AD)(L) )| F is as small as possible. As a consequence of
the classical results of Rosenbrock [18], this is equivalent to find a perturbed polyno-
mial system matrix P() + AP (L) of ﬁ(k), whose finite zeros are the computed
eigenvalues X; and such that ||(AA, AB, AC, (AD)(A))||r is as small as possi-
ble. Therefore, {AA, AB, AC, ADy, ADy, AD;, AD3} must have the property that
simultaneously, at each computed eigenvalue A;, the matrix

12+m

_ o TAAABJ0 0 [0 00 0 T Ailerm
PO+ APOG) =P + [Ac ADo|0 AD;|0 AD,|0 AD3] W2lpim
)\?Iﬁ+m

must be singular. To find the smallest possible Frobenius norm of all possible
{AA, AB, AC, ADy, AD|, AD>, AD3} that satisfy this property for all computed
A is not obvious, however to solve this problem for only one computed A; is easy. For
this purpose, let AW be the minimum Frobenius norm matrix that makes P (;) + A®
singular. Note that AY) can be computed through the singular value decomposition
of P(A;) and that, generically, it is a rank one matrix with Frobenius norm equal to
omin P (A;). Then, the linear system

i i IZ+m

A AV ADL TAA ABJO 0 [0 0 [0 0 Milom
T AD AD | T LAC ADo|0 AD1|0 AD2|0 ADs || A2 lrym
)‘1'3]8+m
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for the unknowns {AA, AB, AC, ADy, ADy, AD,, ADs3} is consistent and its min-
imum Frobenius norm solution is given by

. ‘ ‘ -
AA =AY AB =AY, AC:= Af), ADy =AY /g(n), k=0,1,2,3,

where g(A;) := (1 + |A; |2 + A |4 + X |6), and the Frobenius norm of this 7-tuple of
matrices is given by

(P, hi) i=

() (@)
A(l'l) (')A12
Azll Azlz /&)

F
This leads us to use in our experiments

r(P) :=maxr(P, A;) 6.1)

as an estimate for the structured absolute backward error induced by our algorithm,
i.e., as an estimate for the numerator of the left-hand side of (4.31). We emphasize
that this is a lower bound for the actual global structured backward error, since it
corresponds to a rational matrix that has only one of the computed eigenvalues as a
finite zero.

In the first experiment, we investigate the behavior of the structured backward error
for rational matrices with matrices A of increasing (large) norms, and with the rest of
the matrices in the quadruple {A, B, C, D(A)} having norms of order 1. The reason
why we pay first particular attention to the norm of A is because according to the
bound (4.31) the influence of A should be huge because it contributes to || S(1)[|2 and
also to f1 and f3. For this purpose, we generated with the Matlab function randn,
7 batches of samples of 50 random matrix-tuples {A, B, C, Dy, Dy, D, D3}, and in
each batch indexed with i, we multiplied the matrix A by 10°, with i going from 1
till 7, in each of the 50 runs of each batch. In each batch, we computed the average
of the absolute backward error estimators (6.1) for both the original matrix-tuples and
the scaled ones after applying the procedure in Sect.5. In Fig. 1, we plot the results
of these computations: the horizontal axis represents the index i defining each batch
and the vertical axis the logarithm of the average absolute backward errors. Ideally,
the absolute backward error should be of order € || R(X) || r, Where €, is the machine
precision, and, so, we also plot this magnitude for the unscaled original data taking in
each batch the average of all |R(A)|| ¢ (for the scaled data, this magnitude is always
of order €); and is not plotted). We observe that the absolute backward errors for the
unscaled problem grow very strongly with the index i, i.e., with the norm of A, and
that computing the zeros of a rational matrix by applying the QZ algorithm to the
block Kronecker linearization S(1) is highly structurally backward unstable for large
norms of A, as predicted by the bound (4.31). In contrast, when applying the scaling
procedure described in Sect.5, this growth is absent and we get perfect structural
backward stability for the scaled rational matrix, as predicted by (4.31).

In the second experiment, we investigate the behavior of the structured backward
error for rational matrices with matrices A of norms of order 1, and with the rest
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Effect of norm(A)

—&— Backward errors scaled system
—e— Backward errors unscaled system
ot —8— Norm(R)*eps ]

Log10 of backward errors

1 2 3 4 5 6 7
batch index

Fig.1 Experiment 1: behavior of absolute structured backward errors for increasing values of the norm of
A

of the matrices in the quadruple {A, B, C, D(A)} having increasing (large) norms.
The situation in this experiment is opposite to the one in the first experiment. The
matrices are generated following the same pattern of the first experiment except by
the fact that once the matrices {A, B, C, Do, D1, D>, D3} are generated with randn,
B is multiplied by 107/2, C by 10/3, Dy by 10¢, D, by 1072 and D3 by 10'/3, for
i =1,...,7. The results are plotted in Fig.2 and the conclusions are the same as in
the first experiment and are in agreement with our analysis. However, note that the
growth of the absolute backward errors of the original unscaled data is much smaller
than in the first experiment. This effect is qualitatively expected from the bound (4.31),
since f3 does not depend on the norms of B, C and D(A), but the observed very large
quantitative difference is not fully explained by (4.31). Possible reasons of this are
that, as we have emphasized before, our backward error estimator is a lower bound that
may underestimate severely the actual global backward error and/or that the bound in
(4.31) overestimates the actual error.

The last experiment we present combines the scalings used in the first and second
experiments. That is, once the matrices {A, B, C, Do, D1, D>, D3} are generated with
randn, A is multiplied by the factor used in Experiment 1 and B, C, D1, D>, and
D3 are multiplied by the factors used in Experiment 2. Taking into account that the
function f; appearing in the bound (4.31) includes a product of the norm of A times
the norm of B and a product of the norm of A times the norm of C, we expect backward
errors for the unscaled system larger than those of Experiment 1. The results are plotted
in Fig. 3. The errors for the unscaled system (red line) are indeed larger than those in
Fig. 1, but just a bit larger. The possible reasons of this small increment of the errors
are the same as in the second experiment.
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Effect of norm(R)

D :

ackward errors ed system
—E&— Backward scaled sys|

4 —Q—- Backward errors unscaled system g
—&— Norm(R)"eps

Log10 of backward errors

batch index

Fig.2 Experiment 2: behavior of absolute structured backward errors for increasing values of the norms of
B, C and D(A)

Effect of norm(R)
10 T T T T T
—G— Backward errors scaled system
—@— Backward errors unscaled system
5 —&— Norm(R)"eps

&
o
=
(]
2
E
o 5
©
Q
‘S i
S -0
g
= 4

-15Ch o 25 O o - %))

20 . . ) . .

1 2 3 4 5 6 7
batch index

Fig.3 Experiment 3: behavior of absolute structured backward errors for increasing values of the norms of
A, B, Cand D(})

The main conclusion of this section is that our main a priori structured backward
error bound (4.31) identifies correctly the sources of instability of computing the
eigenstructure of a rational matrix by applying the Q Z algorithm to its block Kronecker
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linearizations and that the scaling proposed in Sect.5 leads to structural backward
stability.

7 Conclusions and future work

We have developed the first structured backward error analysis for an algorithm that
computes the eigenstructure of a rational matrix. More precisely, the considered algo-
rithm starts from a rational matrix expressed as in (1.1) and computes its eigenstructure
by applying a backward stable generalized eigenproblem algorithm to its block Kro-
necker linearizations described in (1.2). As a consequence of this analysis, we have
identified the simple sufficient conditions (4.32) for structural backward stability. In
the case of rational matrices which do not satisfy these conditions, we have developed
a scaling procedure that transforms the original matrix in another one for which struc-
tural backward stability is guaranteed. A number of numerical experiments confirming
the predictions of the backward error analysis have been performed and discussed. The
results in this paper open new research problems in the area of structured backward
error analysis, since other representations used in applications of the given rational
matrix should be considered in the future, as well as other families of linearizations.

A Auxiliary result for Lemma 3.4

We prove in this appendix that the matrix

[A B] ,: |:E](T®Ik1(k+l)®Eki|
C T LR @ Illgyn ® Fi

appearing in the proof of Lemma 3.4 can be transformed by row and column permu-
tations to the direct sum of the following matrices:

MM SM3DM3D - D Mog—1 D Mog—1 D Nox,

where the blocks My and Ny are as defined in (3.9). Let us take for example k = 3,
then the matrix looks like

Iz E;
I3 Ej3
Iz E3

I

I F3
I3 F3
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There are three submatrices M, M3 and M5 that take elements a, b, ¢ and d in the
respective blocks A, B, C and D, as indicated below

ba

ba cd
M]:[b], M3 = cd |, Ms= ba
b cd

and they each start with a leading element in one of the E3 blocks. For instance,
M, = [b10,13], M3 starts with the leading element b7 9 in the third E3 block, and Ms
starts with the leading element in the second E3 block:

My = [bio,13].
bys a4
b19 a7z 7,4 d7,10
M3 = c10,7 dio,14 |, Ms = bg 10 ags
bi1,14 ci1,8 di,15

b12,15

Notice that the [ b a | and [ ¢ d | pairs have the same row index and that the |:[Cl:| and

d . . . . .
b] pairs have the same column index, which explains the permutation that has to

be constructed to extract the matrix. Also the transitions
b79 — bi1,14, and bs4s5 — bg 10 — b12,15

always go down to the next diagonal element in the next E£3 block. In a similar fashion,
one finds another set of submatrices M, M3 and M5 that take elements a, b, ¢ and d
in the respective blocks A, B, C and D in a different order, as indicated below

dc

dc ab
M]:[d], Mz = ab |, Ms= dc
d ab
d

and they each start with a trailing element in one of the first three F3 blocks. Finally,
the remaining matrix Ng takes elements in the blocks A, B, C and D in the following
order
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ba
cd
ba
cd
b a
cd

and starts with the leading element in the leading E3 block, and ends with the trailing
element in the trailing F3 block.
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