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Abstract— We consider the problem of comparing
two directed graphs with nodes that have been
subdivided into classes of different type. The match-
ing process is based on a constrained projection
of the nodes of the graphs in a lower dimensional
space. This procedure is formulated as a non-convex
optimization problem. The objective function uses
the two adjacency matrices of the graphs where the
nodes are adequately numbered. The constraints on
the problem impose the isometry of the so-called pro-
jections. An iterative algorithm is proposed to solve
the optimization problem. As illustration, we give
an example of graph matching for graphs with two
types of nodes. Finally, an extension for comparing
both groups of nodes in a directed bipartite graph is
presented.

Index Terms— Graph matching, Optimization,
Typed nodes

I. INTRODUCTION

Graphs are a powerful tool for many practi-
cal problems such as pattern recognition, shape
analysis, image processing and data mining. A
fundamental task in this context is that of graph
matching. Many approaches have been proposed
for graph matching, but one can distinguish be-
tween two broad classes : the first one tries to find
a one-to-one correspondence between some of the
vertices of the two graphs (exact graph matching);
the second one allows inexact matching and looks
for an optimal match even if the considered graphs
are structurally different (a survey can be found in
[1]). In practice, the second class of methods is the
most interesting one because it is more flexible and
often gives rise to algorithms that are cheaper to
implement.

In this paper we consider an inexact graph
matching method to compare two graphs with
nodes that have been subdivided into classes of
different type. The nodes of the same type in the
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two graphs are compared to each other, but taking
into account the complete interconnection pattern
of the graphs. The proposed method is based on
the optimization of a certain cost function. The
method specializes to the spectral method of Caelli
and Kosinov in the case that the graphs to be
compared are undirected and contain only one type
of nodes [2]. It is also an extension of the method
described in [3] which handles the directed graph
case for nodes of one type only, which in turn is a
low rank approximation of ideas developed in [4].
The computational technique that we propose is
also very similar to that of the above two methods
and is essentially a modified power method with
special correction applied at each step of the iter-
ation. Since the basic operation to be performed
at each step is that of multiplying certain bases
with the adjacency matrices of the two graphs, the
basic step of the computational procedure can be
implemented at low cost for large sparse graphs.

We illustrate the comparison technique with an
application to graphs that are essentially bipartite,
and for which there are clearly two groups of
nodes in each graph. We also use this example to
illustrate the convergence behavior of our proposed
algorithm.

Finally, we propose a modified problem for
comparing both groups of nodes in a directed
bipartite graph.

II. COST FUNCTION

Let R denote the real field and R™*"™ denote the
set of all m x n real matrices. X' represents the
transpose of X. For X, Y € R"™*", the Frobenius
inner product is defined by

(XY= 303K,
i=1 j=1
and its corresponding norm by

IX1] = (X, X)1/2.
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Let f : R™*™ — R be a differentiable (real-
valued) function with matrix argument X. Then
the first-order approximation of f at a point X
can be expressed as

FX+4) = f(X) +(VF(X),A) +o(]|Al])

where the gradient Vf(X) is the m X n matrix
whose (i,7) entry is %];f(j). Related to this, we
provide some gradients needed in the rest of the
paper

V(A XTX) = X(A+ AT), (L1)
V(XTAX,B) = AXBT + ATXB. (11.2)

The approach presented in this paper is an
extension of the work on inexact graph matching
proposed by the authors [3] for graph matching
of two arbitrary directed graphs. In that work
two graphs G4 and Gp of dimensions m and
n, respectively, were compared by projecting the
two graphs into a k-dimensional space, where k <
min(m, n) is typically very small (for visualization
purpose, one chooses e.g. kK = 2, 3). The projected
nodes are obtained as follows: each node i of G4
is mapped to the normalized row ¢ of a matrix
U € R™*%, and each node j of G is mapped to
the normalized row j of V € R"*¥. The projected
nodes are thus mapped on the unit sphere in a
k-dimensional space, and can then be compared
using any preferred matching technique on that
manifold (e.g. using nearest-neighbor ideas). We
give an example of this in Section V.

The matrices U and V' are obtained from the
optimization of a cost function which uses the
adjacency matrices A and B of the two graphs.
It is given by

maxU,V{<UTAU, VTBV> :

U€QmuiVeEQuit (IL3)

where O, . denotes the set of m X k matrices with
orthonormal columns :

Qi ={X eR™F . XTX =1,}.

The mathematical properties of the non convex
optimization problem (II.3) are presented in [3].
In general, there is no closed form for the optimal
value, except for special matrices A and B (e.g.
if A or B is symmetric). For arbitrary matrices,
only an upper bound to the problem is obtained.
This value is an adequate combination of the
eigenvalues of the symmetric and skew-symmetric
parts of A and B.

If we now have graphs with different types of
nodes, we assume that they have been relabelled
such that in the corresponding adjacency matrices

A A Axe
Az As Az

A= . . . )
An Ap Ao
Bi1 Bio B
B Bao By

B = . : . )
Bon B B

the nodes of the same type ¢ = 1, - - - , £ correspond

to the same blocks in both matrices A and B.
The blocks Ai,j € R™:*™i and B;; € R™ixmg
thus describe the edges between nodes of type ¢ to
nodes of type j in both A and B.

The rationale behind cost function (II.3) is that
the so-called projections U and V describe the
dominant behavior of both adjacency matrices A
and B, but in terms of a joint cost function (11.3),
which emphasizes the correlation between both
projected matrices. Since our projections U and V'
should not mix nodes of different types, we will
constrain them to have a block diagonal form :

Uy 0 ... 0
g | 0 U : |
0 0 U@
Vi 0 0 ]
V= 0 V2 . (114
o 0 ]

where U; € Q. xk;, and V; € Q,.«k,, which
implies that k; < min(m;,n;). Notice that this
is essentially the same optimization problem as
in (IL.3) except for the additional constraint that
U and V are block diagonal projections, which
of course prevents the mixing of types in the
projected nodes. We will subsequently have to
match nodes within each type ¢, using again a
preferred matching algorithm, on a sphere in a k;-
dimensional space, and this for ¢ = 1,--- ,£. In
the rest of this paper, we will assume for ease of
notation that £ = 2, i.e. that there are only two
different types of nodes. All results extend trivially
to the case of arbitrary number of types ¢.
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III. THEORETICAL ASPECTS

The mathematical properties of the optimization
problem (IL.3) were presented in [3] for £ = 1. We
give here a very short proof for the extension to
the constrained case with ¢ = 2 blocks. We thus
consider two graphs with partitioned adjacency

matrices
} ’ B B {

-

with 4; ; € R™*™i and B, ; € R™*™ and or-
thogonal matrices U; € Qyy,, xk, and Vi € Q. wk,,
for + = 1,2 and 7 = 1,2. The optimization
problem (I1.3) then becomes

All
A21

A12
A22

Bll

B12
BZl

B22

Ul AnlUi U{ AUy
maXUi,\/i{<{ UFAxy Uy UT AUs |7

VWBuVi ViiBils |,

Vo' BaVi Vi BV |77

Ui € Qi ks Vi € Qniky» @ = 1,2} (1ILS)

which is a continuous function on a compact
domain. Therefore, there always exists an optimal
solution (U;,V;),7 = 1,2 such that the first order
conditions are satisfied. By using some of the trace
properties', the objective function becomes

UL AUy, ViE B )
UT A2oUs, Vi BaaVa)
UL A12Us, ViT B1oVa)
UT 431Uy, VI Bay V1),

o~~~

+
+
+

—~

(I1L.6)

The first-order derivative conditions can be derived
from the Lagrangian:

LUy, Uz, V1, Vo, X1, X5, Y1,Ys) =

(U AUy, Vi B Vi)

(U 412U, Vi B13Vs)

(UF Aoy Uy, Vi Ba1 V1)

(U AgoUs, V3 BaoVa)

(X1, (I = U'D)) + (X2, (I — U3 Usy))
(Y1, (I = VW) + (Yo, (I — V5 Va))

+ + + o+ o+

where X; and Y; are symmetric matrices of
Lagrange multipliers for the orthogonality con-
straints. By setting the partial gradients of this
Lagrangian to zero (using (II.1) and (I1.2)), the first

ltrA = tr AT,
trB.

trAB = trBA, tr(A+ B)=1trA+

order conditions are found to be :

U X, = [AnUVIBE + AT UV By,
+ AUV BL, + AL ULV By Vi,
WY, = [BuWiUL AT, + BELviUuT Ay
+B1oVoUL AT, + BILVLUT Agy U,

Us Xy = [ApUs Vol BE, + AL ULV Byy
+ A U1 VIEBY + AT, U VT By Vs,
VaYs = B VaUL AL, + BLVLUT Ay
+By ViU AL + BLVIUT Ay)Us,

where X; = Y; are symmetric matrices. Clearly
the cost in (II1.5) does not change if one multiplies
each pair U;, V; by a common k; x k; orthogonal
matrix ;. That degree of freedom can also be used
to impose that X; = Y; are also equal to diagonal
matrices A; (see [3] for more details).

IV. COMPUTATIONAL ASPECTS

In this section we present an iterative algorithm
to find a critical point of (IIL.5). It is a simple
recursive algorithm based on the Singular Value
Decomposition, which provides interesting results.
A convergence is still missing but numerical ex-
periments always show linear convergence to an
equilibrium point, provided the shifts s;,7 = 1,2
are chosen appropriately.

The proposed iterative algorithm to compute a
critical point of (IIL.5) is as follows

U S14 Vi + U5 Vi =
A Vi BT + AT,V By
+A1,U,Vy B, + AL U,V Boy
+5.U0, VT (IV.7)

U S21 Valy + U5 V5l =
A UsVy B, + A3 Us Vi Boo
+ A U VBT + AL U VT By,
+52Ua V5" (IV.8)

where U, and V; are orthogonal complements of
U;— and V;_. The scalars s; are positive numbers
sufficiently large (see [3] for more details) and >;
are diagonal matrices. The updating of the matrices
U;,V; is done at each iteration according to

U1 = U1+, UQ = U2+7

Vi= V1+, Vo = V2+~ (Iv.9)

It is easy to see that UHEHVSF and U2+22+V27;
are the best rank k; approximations of the re-
spective right hand sides. In practice the previous
iteration is realized by the application of the SVD
algorithm to the right-hand side of the equation,
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which is a matrix of rank at most 5k;. This can
be exploited of course in the application of the
SVD algorithm to these right hand sides. For
sparse matrices A and B, the complexity of the
computation of one iteration step (IV.7), (IV.8),
(IV.9) is then only linear in m and n.

One can show that the critical points of the cost
function (IIL.5) are fixed points of the iteration
av.7), aAv.8), (IV.9) and vice-versa. The proof of
this is very similar to that of the one block case
[3] and is omitted here.

V. EXPERIMENTS IN TYPED GRAPH MATCHING

In order to apply this problem to graph match-
ing, we use it to compare two directed graphs, the
nodes of which have been divided into two types,
labelled group 1 and 2.

In Figure 1 we show two graphs that are essentially
bipartite in the sense that nodes from clusters A
and B (denoted as group 1 in Figure 1(c)) point
to nodes from clusters C and D (denoted as group
2 in Figure 1(c)), and vice versa. These are not
true bipartite graphs because within the clusters,
there are random connections between the nodes
of that cluster. But clearly one hopes to detect a
close connection between the groups of nodes of
type A and B in both graphs and those of type C
and D in both graphs. Indeed, when imposing the
constraint that only nodes of group 1 and 2 can
be compared with each other in both graphs, then
there is a clear distinction between the subgroups
of type A and B in group 1, on the one hand, and
those of type C and D in group 2, on the other
hand. This is also what is observed in Figure 2
when projecting both groups of nodes in a two
dimensional space.

When one zooms in on each of the four clusters in
Graphs A and B, one clearly sees in Figure 3 that
the nodes of these clusters are different, but quite
close to each other.

We also show the convergence behavior of our
algorithm for this example. We measured the con-
vergence by checking the maximal residual norm
at each step

Residual (step) :=
max(|U1 Vi = U Vi |2, [[U2 V2" — Ui Vol [J2)

which is what we plot in Figure 4(a) below.
One can clearly observe linear convergence of our
algorithm. Finally, we show in Figure 4(b) the
convergence of the actual value of the cost, as a
function of the iteration step.

Let us remark that we have presented one solu-
tion corresponding to a local minima of problem

(b) Graph B with four groups of 10 random nodes

Group 1 Group 2

(c) Bipartite partition

Fig. 1. Two essentially bipartite graphs

(II1.5). For this solution, the nodes of cluster A
in Graph A are compared to nodes of cluster A
in Graph B, and so on for the four clusters of
nodes. For another local minimum or solution, the
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(a) Projected nodes of Group 1 of both graphs
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. .| O nodes 31->40 (group D of Graph B) ;

-1 -0.8 -0.6 -0.4 -0.2 0 0.2

(b) Projected nodes of Group 2 of both graphs

Fig. 2. Closeness between nodes of the same clusters in each
group

nodes of cluster A in Graph A would have been
compared to nodes of cluster B in Graph B, the
nodes of cluster B in Graph A to nodes of cluster
A in Graph B, the nodes of cluster C in Graph
A to nodes of cluster D in Graph B and finally,
the nodes of cluster D in Graph A would have
been compared to nodes of cluster C in Graph B.
Depending on the initial condition for the iteration,
the solution will be different, but the nodes will
always be compared with nodes of the same type.

If we suppress the types in the previous example.
Clusters of nodes will now be compared without
any constraints of type. One then automatically
obtains four local minima that correspond to cyclic
permutations of the clusters A, B, C and D in
graphs A and B.

VI. CASE OF BIPARTITE GRAPHS

A directed bipartite graph of dimension m is a
special graph where the set of nodes can be divided
into two disjoint sets { M1, My} of dimensions m4

Fig. 3.
and B
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Fig. 4. Convergence behavior

and msy, with m1 +me = m, such that no edge has
both end-points in the same set. A bipartite graph
has then the following adjacency matrix

0 A
=i o)
with A1, Ay € R™*™2_]n this section, we treat
the problem of bipartite graph matching, in the
sense of comparing together both sets of nodes, i.e.
comparing nodes of group M; with nodes of group
M. In this case, we will see that the problem is
reduced to a smaller one.
In problem (I11.5), we choose A = Ag and B =
AL and the projections U and V are constrained
to have the block diagonal form (I1.4)

Ug 0
0 Us

where U; € Qum, xk;» @ = 1,2, with k; < m,;. By
using some of the trace properties, the objective
function becomes

2UT A U, UL A3US)

(VL10)

U:V:{ (VL11)

where UlT Ui = I and UQT U, = Ii. The optimiza-

tion problem can be formulated
maxy, v, (U A1Us, U A5Us) :

Ul S le,kla U2 S ng,k2}~

Let us remark that, for m; = ki = mg =

ko, this optimization problem is equivalent to the

problem presented in [5]. The first-order derivative

conditions can be derived from the Lagrangian

L(UL, Uy, X,Y) = (UL A1Uy, UL AyUs)
(X, Iy = U U) + (Y, I = Uy Un)

(VL12)

where X and Y are symmetric matrices of
Lagrange multipliers for the orthogonality con-
straints. By setting the partial gradients of
L(Uy,Us, X,Y) to zero, the first-order conditions
are found to be:

U1 X = [A UUS AT + A,U,UT AT U,
U,Y = [ATUUT Ay + AT U UT AU,

In this case the matrices X and Y are not equal but
satisfy tr X = trY. These symmetric matrices X
and Y could be chosen diagonal and are denoted
Dx and Dy respectively. A proposed iterative
algorithm to compute a critical point of (VI.12)
is the following:

Ui Ax+ UL + Ui Ax UL =
A1ULUS A + AUsUS AT
+sUUT, (VL13)

Usy Ay +USy, +Us_ Ay _UJ_ =
ATUWUT Ay + ATULUT Ay
+sU UL, (VL.14)

where U,y are orthogonal complements of U;_,
t = 1,2. The scalar s is a positive number
sufficiently large (see [3] for more details) and
Axy, Ay, are diagonal matrices. These iterations
correspond to the iteration (IV.7) for one type of
nodes (I = 1), where we have replaced the matrices
A, B, U and V according to (VI.10) and (VL11).
The role of the shift s is to select the adequate part
of the spectra. The updating of the matrices Uy, Us
is done at each iteration according to

U1 = U]_+7 U2 = U2+. (VI.]S)

In practice the previous iteration is realized by
application of an eigendecomposition to the right-
hand side of the equation. The dominant spaces
correspond to the rightmost part of the spectra.
One can easily see that a fixed point (Uy,Us) of
(VIL.13) and (VI.14) is a critical point of (VI.12)
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with Dx = Ax —sI and Dy = Ay —sI. There is
no proof of convergence but numerical experiments
always converge to an equilibrium point.

VII. CONCLUSION

In this paper, we extend the projected correlation
method described in [3], which can be used to
perform graph matching between two graphs repre-
sented by their adjacency matrices A and B. The
proposed extension constrains the matching such
that the nodes of both graphs can only be compared
when their types are the same : both graphs are
thus assumed to be partitioned in subgraphs of
equal type. The proposed cost function never-
theless uses the connectivity between nodes of
different type in the global cost, to be minimized.
A modified problem for bipartite graphs is also
presented.

The problem of matching graphs with nodes of
different types could be extended for graphs with
different types of edges. The case of graphs with
different types of nodes and edges could then be
obtained by combining both approaches.
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