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Abstract

Positivepolynomialmatricesplay a fundamentalrole in sys-
temsandcontrol theory. We give herea simplifiedproof of
the fact that the convex setof positive polynomialmatrices
canbeparameterizedusingblockHankel andblockToeplitz
matrices.Wealsoshow how to deriveefficientcomputational
algorithmsfor optimizationproblemsover positive pseudo
polynomial matricesover the real line, over the imaginary
axisandover theunit circle.

1 Intr oduction

Positive transferfunctionsplay a fundamentalrole in sys-
temsand control theory: they represente.g. spectralden-
sity functionsof stochasticprocesses,show up in spectral
factorizations,andarealsorelatedto the Riccati equations.
Whensuchtransferfunctionsarerational, it is known since
the work of Youla [11] that they possessrational spectral
factorizations.Lateron, it wasshown that,usingstate-space
modelsof positive transferfunctions,onecouldexpressthe
conditionof positivity in termsof linear matrix inequalities
(seee.g.[10]).

Positive transferfunctionsobviously form a convex set,
andrecentlythey werealsobeingstudiedin theconvex opti-
mizationliterature[2], [7]. In orderto optimizeover theset
of positive functions,it is importantto have a compact(say
“minimal”) parameterizationof thesefunctionsandrecently
sucha parameterizationwaspresented[7], [3]. In this pa-
perwederive this resultfrom simplerideasandalsodevelop
thealgorithmicaspectsof fastalgorithmsin a morerigorous
manner.

First of all, we recall the basicresultsof para-hermitian
transferfunctions,a conceptwe needwhen looking at the
matrix caseof positive transferfunctions,sincepositive ma-
trices inherentlyrequiresomekind of symmetry. Thenwe
recall thespectralfactorizationresultsfor positive functions
andderive theparameterizationfrom this basicresult. Con-
nectionswith thepositivereallemmaarerevisitedin thisper-
spective in a laterchapter.

Theoptimizationproblemover theconvex setof positive
pseudo-polynomialmatricesis considered.Weshow thatthis
problemcanbe solved by fastalgorithmsfor matriceswith
blockHankel or Toeplitzstructure.

2 Para-hermitian transfer functions

Para-hermitiantransferfunctions������� playanimportantrole
in systemstheory. They aredefinedwith respectto acurvein
thecomplex plane,which is typically theimaginaryaxis(for
continuous-timesystems)or theunit circle (for discrete-time
systems),but we will considerhereaswell the caseof the
realaxis.

Imaginaryaxis
This curve is the boundary of the stable region for
continuous-timetransferfunctionsin the complex variable	 (which is also the variable of the Laplacetransformof
suchdynamicalsystems).We denotethe imaginaryaxis as	�
��� .

Unit circle
This curve is theboundaryof thestableregion for discrete-
time transferfunctionsin the complex variable � (which is
alsothevariableof theso-called� -transformof suchdynam-
ical systems).We denotetheunit circleas � 
������ .

Realaxis
This curve occursin the standardtreatmentof the classical
momentproblem[1], [6]. We will choosethecomplex vari-
able� in this caseanddenotetherealaxisas� 
�� .

When we want to stressthat a result holds for a partic-
ular curve we usethe variableassociatedwith that curve.
Otherwisewe usethe variable� . We considerin this paper
only the caseof squarerational transfermatrices������� , i.e.����� matrices������� whoseentriesarerationalfunctionsof
thevariable� .
Definition 1 Thepara-conjugatetransferfunction �� !�"��� of
a giventransfermatrix ������� is definedasfollows:�� �� 	 �$#&% ����' 	 �)(  for theimaginary axis�� ����*�+#,% ���.-0/ ���)(  for theunit circle�� ����1�$#,% ��� �2�)(  for therealaxis,
where 3  is theconjugatetransposedmatrixof a matrix 3 .

We point out that the para-conjugate�� ������ is againa ra-
tional transferfunctionof thecomplex variable� . Fromthis



definitionwethendefinepara-hermitiantransferfunctionsas
follows.

Definition 2 A square transfer function ���"�4� is para-
hermitianif it is equalto its para-conjugate: �� !�"�4�+#5������� .

Notice that this definitiondependson thechoiceof curve
weareconsidering.But for eachdefinition,apara-hermitian
transferfunctionevaluatedon thecorrespondingcurve, is a
Hermitianmatrix. Indeed, �� 6�"�4�7#8������� implies for each
case:�� !� �:9 �+#,% ��� �;9 �"(  for 	 # �;9 on theimaginaryaxis,�  � � �=< �+#&% ��� � �=< �)(  for �># � �=< on theunit circle,�  � 9 �+#,% ��� 9 �)(  for �?# 9 on therealaxis,
where9@
� is thusarealvariableparameterizingthecurve.

Sinceapara-hermitiantransferfunctionis aHermitianma-
trix whenevaluatedon the curve, it will have realeigenval-
uesandwecanthusimposeaconditionof positivity onthese
eigenvalues.This leadsto thefollowing definition.

Definition 3 A para-hermitiantransferfunction is positive
(non-negative)if it is positive(non-negative)whenevaluated
on thecurve: �������BADC ( ���"���BE@C ).

It turnsout thatnon-negativepara-hermitiantransferfunc-
tionsalwayspossessaso-calledspectral factorization:

�������$#GF  �"����F>�"�4�IH (1)

where the spectralfactor F>����� is again a squarerational
transferfunctionin � . This resultwasprovenin thesystems
theoryliterature[11], [9].

3 Positivepseudo-polynomials

Pseudo-polynomialmatricesarematriceswith afinite expan-
sionin positiveandnegativepowersof theindependentvari-
able� :

���"�4�$#
J

K*LNMPO � K �
K �

Dependingonthetypeof curveoneconsiders,thecoefficient
matricesof suchpseudo-polynomialmatricesmustpossessa
certainsymmetry.

Realaxis
For a para-hermitiantransfer function ���"�Q� that is non-
negative on the real axis � 
R� it follows from the para-
hermitiannaturethat the coefficient matricesof the expan-
sion

�����1�$#
J

KSLNMTO � K �
K

(2)

mustall be Hermitian : � K #U�  K . Moreover, since ��V is
non-negativeon therealaxis � 
?� , we caneasilymultiply

or divide by a power of �4V and then reducesuchpseudo-
polynomialmatricesto polynomialmatricesin � or in � MNW .
If onechoosespositivepowersof � onehase.g.

���"�1�X#
J
KSLZY � K �

K H
and it is easyto seefrom the non-negativity that the high-
estdegreecoefficient mustbe of even degree [\#�]!^ . For
polynomialmatricesin � M_W thehighestdegreecoefficient is
alsoof evendegree.Thestandardform we useherefor non-
negativepara-hermitianmatriceson therealaxisis thus

���"�Q�$# V�`
K*LaY � K �

K Hb� K #5�  K (3)

Unit Circle
For a para-hermitiantransfer function �����*� that is non-
negative on theunit circle � 
c� ��� it follows from thepara-
hermitiannaturethat the coefficient matricesof the expan-
sion

���I�0�+#
J

K*LNMPO � K �
K

(4)

must satisfy the condition: � MTK #U�  K and thus that such
a pseudo-polynomialmatrix musthave a symmetricexpan-
sion. Thestandardform we useherefor non-negativepara-
hermitianmatriceson theunit circle is thus

�����*�2# `
KSLNM `

� K � K Hb� MTK #G�  K (5)

Imaginaryaxis
For a para-hermitiantransfer function ��� 	 � that is non-
negative on the imaginaryaxis 	d
e��� it follows from the
para-hermitiannaturethat thecoefficient matricesof theex-
pansion

��� 	 �+#
J

K*LNMPO � K 	
K

(6)

areHermitianif f is evenandskew-hermitianif f is odd:

� V K #D�  V K Hb� V KSg_W #h'i�  V K*g_W �
This followseasilyfrom thechangeof variables	 # � � con-
verting the real axis in the imaginaryaxis. Onecan again
multiply by a power of ' 	 V (which is non-negative on the
imaginaryaxis)to obtaina polynomialmatrix in 	 or 	 MNW :

��� 	 �$#
J
KSLZY � K 	

K H
and it is easyto seefrom the non-negativity that the high-
estdegreecoefficient mustbe of even degree [\#�]!^ . For



polynomial matricesin 	 M_W the highestdegree coefficient
is alsoof even degree. The standardform we useherefor
non-negative para-hermitianmatriceson the imaginaryaxis
is thus

�����1�$# `
KSLNM `

� K � K Hb� V K #D�  V K Hb� V KSg_W #h'i�  V K*g_W �
(7)

4 Parameterization of positive transfer func-
tions

In this sectionwe derive a parameterizationof non-negative
pseudo-polynomialmatricesin termsof constantHermitian
matrices.

Realaxis
Let

j �"�1�B# Vk`
KSLaY j K �

K
(8)

bea �5�1� para-hermitianpolynomialmatrixwith Hermitian
coefficients:

j K # j  K . We considerthe setof Hermitian
matrices

l #
m YSn Y m YSn W �6�o� m Y*n `m Wkn Y m Wkn W �6�o� m V n `...

...
...m ` n Y m ` n W �6�o� m ` n `

H

with blocksof dimension�U�p� . Definethearrayq �"�Q�B# r;s � r;s �o�6�t�u` r;s vwH
thentherelation q  �"�Q� mxq ���1�$# j �"�Q� (9)

impliesthat j K # y g � LPK
m y n � Hzf{#5C0H6�o�6�|H6]!^BH (10)

whereweassumetheblocks
m y n � #5C for } and� outsidetheir

definition range.We observe thata simplechoicefor
m

for
obtainingthis identity is

m Y #

j Y W
V j WW

V j W j V . . .

. . .
. . .

W
V j V�` M_WW

V j V�` MNW j V�`
� (11)

Wealsointroducetwo ��^{~�-*� �8� �"^p~�-0� � blockmatrices.
Let

� #
C r s

C . . .
. . . r sC

H

betheblockshift operatoranddefineamatrix of theform

� # � Y C
C C

H (12)

with
� Y 
�� ` s�� ` s . Thenwe have thefollowing character-

izationtheorem.

Theorem1 A Hermitian matrix
m

satisfies(9) iff it can be
expressedas m # m Y ~ � v � ' �c� H
with

� Y skew Hermitian,i.e.
� Y #G' �  Y .

Proof : The if part is obvious since one hasq  6�"�Q� � v � ' ��� q �"�Q��# C for any matrix
�

of
the form (12). Conversely, let

m
bea solution,thensolving

(10) in termsof
�

oneobtains

� # `
K*LaY � �

K*g_W �I� m ' m Y �.� � K � (13)

aswell as

� #�' `
KSLZY � �

K � v � m ' m Y �I� � KSg_W � v H (14)

provided
�

hasthe form (12), what is readilyverifiedfrom
relations(10). Finally, onederivestheskew symmetryof

� Y
from comparing(13)and(14).

Imposing the condition that (8) is also a non-negative
transferfunctionleadsto thefollowing theorem.

Theorem2 A matrix polynomial
j �"�Q� is non-negativeon

thereal axis iff there existsa non-negativedefinitematrix
m

satisfying(10).

Proof : Becauseof the previous theorem,we needto prove
the“only if ” partonly. We derive this from theexistenceof
a spectralfactorizationj ���1�+#�F� ����1��F>�"�1��H
where F>���1� is polynomial in � : F>�"�1��# `K*LaY F ` �|`|�
Choosethenm # F Y F W �o�6�zF `  F Y F W �o�6�bF ` �
Thismatrix

m
is non-negativeandsatisfiestheconstraintsof

thetheorem.
This thusprovesthefollowing theorem:

Theorem3 A pseudo-polynomialmatrix of form (8) is non-
negativedefiniteon the real axis if and only if there exists
a non-negative definite matrix

m
with blocks

m y n � H�}�H � #C0Ho�6�6�|H�^ such that (assuming
m y n � #�C for } and � outside

their definitionrange) :j K # y g � LPK
m y n � for }X#GC0H6�o�6�|H6]!^B� (15)



It turnsout that this characterizationof matrix polynomials
non-negativeontherealaxisextendsaresultearlierobtained
by Nesterov [7] for scalarpolynomials.

Unit Circle
We now turn to the non-negative transferfunctionson the
unit circle. It follows from the finite expansionand from
its para-hermitiancharacterthat sucha pseudo-polynomial
matrix :

j �I�0�+# `
K*LNM `

j K � K H (16)

has���w� coefficient matricesthatsatisfy
j MPK # j  K . The

setof Hermitianmatricesof interesthereis definedby the
equation

q  !�I�0� m\q �I�0�+# `
KSLNM `

j K � K H (17)

wherewe usedthesamenotationasabove for thematrix
m

and
q �I��� . This is algebraicallyequivalentto therelations

j K # y M � LTK
m y n � H (18)

assuming
m y n � #�C for } and � outsidetheir definitionrange.

Clearly, thechoice

m Y #
j Y j W �o�6� j `j  W C ... C
...

...
...j  ` C �o�6� C

H (19)

is anadmissiblematrix
m

. Thecharacterizationtheoremnow
takesthefollowing form

Theorem4 A Hermitianmatrix
m

satisfiesequation(17) iff
it canbeexpressedasm # m Y ~ � ' � v �c� H
where

�
hastheform (12)with

� Y an � f �p� f Hermitian
matrix, i.e.

� Y # �  Y .

Proof :
By duplicatingtheargumentusedin theproofof Theorem1,
oneshows thatthesolution

�
of equation(18) is givenby

� # `
KSLaY � �

K � v � m ' m Y �.� � K �IH
andthat the resultingmatrix

�
hasthestatedform because

of (12).
Thepositivepseudo-polynomialmatricesontheunit circle

canthenbecharacterizedasfollows.

Theorem5 A pseudo-polynomialmatrix
j �I�0� is non-

negative definite on the unit circle iff there exists a non-
negativedefinitematrix

m
satisfyingequations(18).

The proof of this theoremis againbasedon the samespec-
tral factorizationargumentasin Theorem2 andis therefore
omitted.

Imaginaryaxis
The third kind of non-negative pseudo-polynomialmatrices
is thatwith respectto theimaginaryaxis.Thisformulationof
the problemdoesnot requireany specifictreatmentsinceit
canbereducedto thecaseof therealaxisin astraightforward
manner. Indeed,considerthepara-hermitianpolynomialma-
trix

j � 	 �$# V�`
KSLaY j K 	

K
(20)

with 	d
e�:� . If 	 # � � , onederivesfrom
j � 	 � the para-

hermitianpolynomialmatrix

�j ���1�$# Vk`
KSLaY � �

K j K ��� K # V�`
KSLaY

�j K � K

with respectto thereal line. In particular, this implies
j  K #��'i-0� K j K for all f . Therefore,applyingTheorem3 to
�j �"�Q� ,

oneobtainsfor
j � 	 � thefollowing result:

Theorem6 A pseudo-polynomialmatrix of theform (20) is
non-negative on the imaginary axis iff there exists a non-
negativematrix

m
with blocks

m y n � H=}!H � #5C�H6�6�o�|H=^ such that

j K #5��' � � K y g � LPK
m y n � ��f{#GC0H6�o�6�|H6]!^B�

5 The optimization problem

Sincethe optimizationproblemwill be definedin termsof
scalarproducts,we arefirst recallingtheappropriatedefini-
tion whenworking on the spaceof complex matrices. For
any coupleof matrices

�
and

m
wedefinethescalarproduct� � H mx� asfollows

� � H m\� #G���_�I�1���*�o� �?m  �+#5��� y � �
y n � � y n � H (21)

where � y n � and � y n � arethe scalarentriesof the matrices
�

and
m

, respectively. It follows from this definitionthat� � H m\� # � ���_� � �IH6���_� m � � ~ ���=� � � �IH �=� � m � � �
It seemsappropriateto call this the Frobeniusscalarprod-
uct sinceit inducestheFrobeniusnorm:

� � H ��� #�� � ��V � .
From the above relation it easily follows that if

�
and

m
arepartitionedconformablyinto blocks

� y n � and
m y n � thewe

have theidentity

� � H m\� # y �
� � y n � H m y n � � �

Next we defineon the setof pseudo-polynomialmatricesa
scalarproductthatis conformablewith theabovedefinition.



Realaxis
Wefirst startwith non-negativematricesontherealaxis.For
a setof non-negativepolynomials

j ���1��# Vk`KSLaY j K � K and� ���1��# V�`KSLZY � K � K we definea scalarproduct
� j H � � � as

follows :

� j H � � � # Vk`
KSLaY
� j K H � K � �

It turnsout thatseveralimportantoptimizationproblemscan
beformulatedin thefollowing standardform :�p ¢¡£B¤;¥B¦P§ ��¨ H j©� �«ª �.¬X H j©� � #�®  H=¯�#G-0Ho�6�o�|H6°S±SH (22)

for given
¨

,
¬ 

and ®  , andwhere² � is theconeof matrix
coefficients j �#&% j Y H j W H6�o�6�_H j V�` (
of thepolynomialmatrix

j �"�1� which is non-negativeon the
realaxis,i.e. j �"�Q�XE@C�H³� 
�� �
As
j 
 ² � necessarilyimplies

j K # j  K for all f , thereis
no restrictionto assumeall the �´�� blocks

¨ K of
¨

and
blocks

¬  n K of
¬ 

to be Hermitian as well, sincethe anti-
hermitianpartof thesematriceswould disappearanyway in
the scalarproducts. As shown in the precedingsection,

j
will be in the cone² � if f thereexists a non-negative block
matrix

m
with blocks

m y n � H=}!H � #DC�H6�o�6��^ of dimension���1�
satisfying

j K # y g � LPK
m y n � Hzf{#5C�H!-0Ho�6�o�4H6]!^B� (23)

By definition,thedualcone²  � ismadeof thematrixcoef-
ficients

� �#&% � Y H � W H6�o�6�|H � V�` ( of thematrixpolynomials
satisfyingtheconstraint� � H j©� �¶µ C�H¸· j 
 ² � �

If
l � � � denotestheblock Hankel matrix

l � � � �#
� Y � W �6�o� � `� W � .. � .. ...
... � .. � .. � Vk` MNW� ` �o�6� � V�` M_W � V�`

(24)

it turnsout thatonehastherelation

� � H j©� � # V�`
K*LaY
� � K H j K � � # V�`

KSLaY y g � LTK
� � K H m y n � � �

# � l � � �IH m¹� (25)

becauseof (23) and the propertiesof the scalar product.
Moreover, it canbeshown that� l � � �IH m\� µ Cz· m EeC�º l � � �BEDC0�

Thereforethedualcone²  � is characterizedby
l � � �BE@C .

As a consequence,the optimizationproblem(22) canbe
restatedin its dualform

� ��»¼Z½ n¿¾¿¾¿¾�n ¼0À §
Á
 LNW ®

ÃÂ_ ª l � ¨ '
Á
 L_W
Â| ¬  �XE@C�±*� (26)

Fromanumericalpointof view, thisdualformulation(26)
hasaconsiderableadvantageovertheprimal form (22)since
it involvesanoptimizationin a spaceof variablesof dimen-
sion ° ratherthan �"^¹~Ä-*� � V . It is well known [8] thatopti-
mizationproblemsof this typecanbesolvedefficiently with
the help of interior point methodsand that their numerical
implementationrequiresthecalculationof thefirst andsec-
ondderivativesof thebarrierfunction

Å � Â �+#G'�Æ ¡�Ç �=È l � ¨ '
Á
 L_W
¬X Â  �I�

Thesederivativescanbeexpressedasfollows. Denote

É # ¨ '
Á
 LNW
¬X Â  �

ThenonederivesthatÊ:ËaÌ ¼aÍÊ ¼0À # � l � É � M_W H l � ¬  � � HÊaÎÏËaÌ ¼aÍÊ ¼0À Ê ¼aÐ # � l � É � MNW l � ¬  � l � É � MNW H l � ¬ÒÑ � � � (27)

Unit circle
The sameproperty holds for optimization over the set of
non-negative pseudo-polynomialmatriceson the unit cir-
cle. The scalarproductto be usedfor pseudo-polynomialsj �I�0�+# `KSLNM ` j K �

K
and

� �I�0�Q# `KSLNM ` � K �
K

is defined
asfollows :

� j H � � � # `
KSLNM `

� j K H � K � �
Theoptimizationproblemnow reads:

�p �¡£B¤;¥ � § ��¨ H j©� � ª ��¬X H j©� � #G®  H=¯>#5-�H6�o�6�|H6°S±*H (28)

where² � is theconeof matrix coefficients

j �#Ó% j M ` H�H6�o�6�|H j ` (
of non-negativepseudo-polynomialmatrices

j �I�0�BE@C�HÔ� 
d� ���
on the unit circle. We note that suchmatriceshave coeffi-
cientsthat satisfy

j MPK # j  K andthat
j 
 ² � necessarily

implies

j K # y M � LPK
m y n � Hzf7#h'X^BH6�6�o�|H=^B� (29)



As before,thereis no restrictionto assumethat the �Õ��
blocks

¨ K of
¨

andblocks
¬  n K of

¬ 
have the sametype

of symmetryastheblocksof
j

, sincethis will not affect the
scalarproducts.

Thedualcone²  � is madeof thematrixcoefficients

� �#&% � M ` H�Ho�6�o�|H � ` (
of thepara-hermitianpseudo-polynomialssatisfyingthecon-
straint

� � H j©� � µ C�H¸· j 
 ² � �
If Ö7� � � denotestheblockToeplitzmatrix

Ö�� � � �#
� Y � W �6�o� � `�  W � Y . . .

...
...

. . .
. . .

� W�  ` �o�6� �  W � Y
(30)

onehastherelations

� � H j©� � # `
K*LNM `

� � K H j K � � # `
KSLNM `

y M � LTK
� � K H m y n � � �

# � Ö�� � �IH mx� (31)

so that the dual cone ²  � is characterizedby Ö�� � ��E×C .
Thereforethedualoptimizationproblemof (28)becomes

� ��»¼ ½ n¿¾¿¾¿¾=n ¼0À §
Á
 LNW ®

 Â  ª Ö�� ¨ '
Á
 L_W
Â !¬Ò �BEDC�± (32)

for which theappropriatebarrierfunctionis

Å � Â �Q#h'�Æ ¡ØÇ ��È�Ö�� ¨ '
Á
 LNW
¬ �Â| ���

As in theblockHankel case,its derivativescanbeexpressed
asfollows : Ê:ËaÌ ¼aÍÊ ¼ À # � Ö�� É � MNW H�Ö�� ¬Ò � � HÊaÎÃËaÌ ¼aÍÊ ¼*À Ê ¼aÐ # � Ö�� É � MNW Ö�� ¬Ò ��Ö�� É � M_W H=Ö�� ¬ Ñ � � H (33)

where

É # ¨ '
Á
 L_W
¬X Â  �

Imaginaryaxis
The imaginarycasereformulationis left to thereadersince,
asshown in theprevioussection,it canbereducedto thereal
line problemin a trivial manner.

6 Computational aspects

In thissectionweconsiderHermitian ��^�~\-0� � �"^�~x-*� block
Toeplitzmatriceswith arbitrary���{� matrix blocksÖ y :

Ö �#
Ö Y Ö W �6�o�tÖ `Ö  W Ö Y . . .

...
...

. . .
. . . Ö WÖ  ` �6�o�bÖ  W Ö Y

H

and �"^p~�-0� � ��^{~�-*� blockHankel matriceswith Hermitian���p� matrix blocks
l y

:

l �#
l Y l W �6�o� l `l W � .. � .. ...
... � .. � .. l Vk` M_Wl ` �o�6� l Vk` M_W l V�`

�

Let usfirst definetheblockpermutationmatrix Ù :

Ù �#
C �6�6� C r s
... � .. � .. C
C � .. � .. ...r;s C �o�6� C

Thedisplacementtheoryof ToeplitzandHankel matrices
is well established[5] andis the basisunderlyingmostfast
algorithmsfor decomposingsuchmatrices.Usingtheblock
shift matrix onedefinesa “Toeplitz displacementoperator”Ú J anda “Hankel displacementoperator”

Ú>Û
asfollows :Ú J Ö �#cÖe' � v Ö � H Ú>Û4l �# l ' ��l?� �

It is easyto seethat

Ú J Ö �#
Ö Y Ö W �6�o��Ö `Ö  W C �6�o� C
...

...
...Ö  ` C �6�o� C

H (34)

Ú>Û�l #
l Y C �6�o� Cl W ...

...
... C �6�o� Cl ` �6�o� l V�` MNW l Vk`

� (35)

From the above expressionsoneseesthat the original ma-
trices Ö and

l
canbe recoveredfrom their respective dis-

placement,and the inverseoperatoris easyto write down.
Oneeasilychecksthat:

ÖG# Ú J ÖÄ~ � v¹Ü Ú J Ö Ü � ~��o�6�*~ � ` v Ü Ú J Ö Ü � ` H (36)

andl # ÚiÛ�l ~ � Ü Ú>ÛTl Ü � ~��o�6��~ � ` Ü ÚiÛ�l Ü � ` � (37)



Theproof of theseinversionformulasis obtainedby merely
applyingthedisplacementoperatoragainto bothsidesof the
equations.

It is alsouseful to point out that both displacementsare
closelyrelatedto eachother. Permutingtheblock rows of a
blockHankel matrix

l
yieldsindeedablockToeplitzmatrixÙ l , which we can defineas Ö provided we chooseÖ y #l y g ` H}?#´'X^BH6�o�6�uH=^ . Since

� v #ÝÙ � Ù we also have
that the displacementoperatorsarethenrelatedin a similar
fashion:

Ö�#GÙ l º Ú J Ö�#GÙ ÚiÛ�l � (38)

Fromthesparsitystructureof thematricesin (34,35)it is
obvious that the ranksof

Ú J Ö and
Ú>ÛTl

cannotbe larger
than ] � . This rank is calledthe“displacementrank” of the
correspondingmatrix. Thetheoryof displacementranks[5]
tells usthat theinverseof Ö or

l
(whenit exists)hasa dis-

placementrankboundedby thatof thematrix itself :

rank
Ú J Ö M_WØÞ rank

Ú J Ö�H rank
Ú Û l M_W�Þ

rank
Ú Û l �

(39)

Since the displacementrank of a block Toeplitz or block
Hankel matrix is typically muchlower thanthe dimensions
of thecorrespondingmatrix, andsincethedisplacementop-
eratorcanbe inverted,it is economicalto representsucha
matrix by a rankfactorizationof its displacement.Fromthe
expressions(34,35) it is very simple to constructlow rank
factorizationsof

Ú J Ö or
Ú>Û�l

:Ú J ÖG#Gß  J �¢F J H Ú>ÛTl #Gß  Û �¢F Û H (40)

where the number of rows of ß J and F J equals à J �#
rank

Ú J Ö and the numberof rows of ß Û and F Û equalsà Û �# rank
Ú>ÛTl

. But givensuchfactorizations,thereexist
fastalgorithmsto derivefrom themthecorrespondingfactor-
izationsof thedisplacementof theinverses:Ú J Ö M_W # ¬  J �¢á J H Ú>Û4l MNW # ¬  Û �¢á Û H (41)

andtheseprecisedecompositionswill beusedin thesequel.
We shouldpoint out that thesefactorizationsarenot unique
and that for positive definitematricesÖ and

l
thereexist

particularchoicesof factorizationsthat indeedreflect these
properties.In the sequelwe will not worry abouttheseas-
pectssincethey will only affect marginally the complexity
resultswewantto stress.

Let us focusfirst on the caseof Toeplitz displacementof
a matrix

�
andsupposewe have computeda rank à J factor-

izationof its Toeplitzdisplacement
Ú J � :Ú J � # ¬  Ü á (42)

where
¬

and á have dimensionsà J ��� �"^¹~e-*� . We define
an upperblock triangularToeplitz matrix â���á©� asa func-
tion of the partitionedmatrix á , whereeachsub-blockhas
dimensionsà J �p� :

á �# á Y á W �6�6�bá ` H

â��Iá�� �#
á Y á W �o�6�zá `C á Y . . .

...
...

. . .
. . . á WC �6�6� C á Y

�

Doing thesamefor thematrix
¬

we have

¬ �# ¬ Y ¬ W �6�6� ¬ ` H

â�� ¬ �  �#
¬  Y C �6�o� C¬  W ¬  Y . . .

...
...

. . .
. . . C¬  ` �o�6� ¬  W ¬  Y

�

It follows from the displacementequation
Ú J � # ¬  Ü á

that

� # `
� LaY �

¬ � � �  �Iá � � �+#�â�� ¬ �  â���á©�$#

¬  Y C �6�6� C¬  W ¬  Y . . .
...

...
. . .

. . . C¬  ` �6�o� ¬  W ¬  Y
�
á Y á W �6�o�Ôá `C á Y . . .

...
...

. . .
. . . á WC �6�o� C á Y

�

(43)

This formula, when applied to a particular choice of dis-
placementfactors

¬
and á for the inverseof a Toeplitzma-

trix Ö , is alsoknown asthe Gohberg-Semenculformula for� #ãÖ MNW .
For aHankel displacement

Ú>ÛS�
of amatrix

�
wehavea

similar representationstartingfrom therank à Û factorization
of
Ú>Û��

:

Ú Û � # ¬  Ü á (44)

If we now partitionthematrix
¬

in reversedorder

¬ �# ¬ Y �6�o� ¬ ` º ¬ Ù �# ¬ ` �6�o� ¬Xä
thenit follows from therelation Ù Ú>Û*� # Ú J ��Ù � � that

� # `
� LaY �

� � Ù ¬  �I�Iá � � �+#�Ù2â�� ¬ �  â��Iá��$#

¬  ` �6�o� ¬  W ¬  Y
... � .. � .. C¬  W ¬  Y � .. ...¬  Y C �6�6� C

�
á Y á W �6�o�Ôá `C á Y . . .

...
...

. . .
. . . á WC �6�o� C á Y

�

(45)



Whenappliedto a particularchoiceof displacementfactors¬
and á for the inverseof a Hankel matrix, this formula

is alsoknown asthe Christoffel-Darbouxformula for
� #l MNW

. The complexity of the constructionof the generators
for theinverseof

�
is å>�"à � Vo^wÆ¢æ*ç V ^$�I� .

Let usnow seehow to computescalarproductsof thetype

� � H � � � H � � H!� �
y
� v �

where
Ú J � is given. For a Hermitianmatrix

�
, it turnsout

that
� � H!� �

y
� v � # � � H �

y �
so thatonly oneexpressionhas

to be evaluated. When
Ú Û �

is given we needto evaluate
scalarproductsof thetype

� � H6Ù � � � H � � H6ÙQ� �
y
� v �

but for Hermitian matrices we have
� � HoÙQ� �

y
� v � #� � ÙZH �

y �
so that againonly oneexpressionhasto be eval-

uated.

We first considermatrices
�

given by their Toeplitz dis-
placement

Ú J � # ¬  Ü á . Sincewecanwrite

â�� ¬ �$# `
KSLaY

ÇP  �*ç § ¬ K ± � K Hzâ���á©�+# `
KSLaY

ÇP  �0ç § á K ± � K �
andwehave that

�=ÇP  �*ç § � ± � � H ÇP  �*ç § m ± �
y � #5è y n � ��^\~�-é'¹}�� � � H mx�

thenweobtain

� â�� ¬ �  â���á©��H � � � #
� ��^¹~c-é' � �Iá  � ¬ Y ~��o�6�S~�]0á  ` MNW ¬ ` M � M_W ~�á  ` ¬ ` M � � �

Oneeasilychecksthat

� â���á©�  â�� ¬ �IH � � � #
� �"^¹~�-é' � � ¬  � á Y ~Ä�6�o�S~�] ¬  ` M_W á ` M � M_W ~ ¬  ` á ` M � � �

Notice thatsince
�

is Hermitian,only oneof thesetwo ex-
pressionshasto becomputedsincethey areidentical.These
quantitiesclearly result from the convolution of the block
vectors

% �"^¹~�-*�Iá Y H�^Bá W H ÜoÜ6Ü ]�á ` MNW Hoá ` (�H©% ¬ Y H ¬ W H Ü6ÜoÜ H ¬ ` M_W H ¬ ` (=H
and

% �"^¹~�-*� ¬ Y H�^ ¬ W H Ü6ÜoÜ ] ¬ ` M_W H ¬ ` (=H©% á Y H6á W H Ü6ÜoÜ H6á ` M_W H6á ` (=H
which has a complexity of å>�"à J � ^wÆ¢æ*ç V ^$� . For a ma-
trix of displacementrank à J , the overall complexity is thuså>��à J ^wÆ¢æ*ç V ^$� , providedthatthematrices

¬
and á aregiven.

We thenconsidermatrices
�

given by their Hankel dis-
placement

Ú Û � # ¬  Ü á . The consideredinner products
canin factberewritten in termsof Ù � asfollows :� � HoÙ � � � # � Ù � H � � � H � � H6ÙQ� �

y
� v � # � �IÙ � �  H �

y � H
andsinceÙ � is blockToeplitz,wecanagainapplythesame
formulasasabove. Our choiceof relabelingthe sub-blocks
of thematrix

¬
in reversedorderin (45), actuallyyieldsex-

actly thesameformulasfor theseinnerproducts.
We alsoneedthecomputationof innerproducts

ê Ö���3�� MNW Ö�� m �"Ö���3�� M_W H � ��ë H � #DC0Ho�6�o�|H=^B�
which canbeobtainedfrom

'XÖ�� m �ÕÖ7�I3��Ö��I3�� C
MNW
#

C Ö���3�� MNWÖ��I3�� M_W Ö��I3�� M_W Ö7� m ��Ö��I3�� M_W �
The matrix on the left can also be permutedto a block
Toeplitzmatrix :

�Ö �# j 'XÖ�� m �ÕÖ7�I3��Ö��I3�� C j #

' m Y 3 Y3 Y C �6�6�z�o�6� ' m ` 3 `3 ` C
...

. . .
...

...
. . .

...' m M ` 3 M `3 M ` C �6�6�z�o�6� ' m Y 3 Y3 Y C
but with ] �ì� ] � blocks. In orderto apply fastalgorithms
to
�Ö oneneedsto assumethat certainsubmatricesof

�Ö are
invertible but this follows easily from the positive definite-
nessof Ö��I3�� . Soonecanconstructthefactors

�¬
and

�á of
the factorization

Ú J �Öí# �ÖR' �� v �Ö �� # �¬  �á at low cost.
Selectingthe appropriaterows of thesematriceswill yield
a similar factorizationfor

Ú J ��Ö��I3�� M_W Ö7� m ��Ö��I3�� M_W � and
thenwe againapply theabove formulasto computethe rel-
evant inner products.The resultsfor Hankel displacements
arecompletelyanalogous.

7 Positivepara-hermitian transfer functions

It is a well known result of state-spacetheory [9] that any
propertransferfunctionof that typeadmitsminimal realiza-
tionsof theform

��� 	 �$# á  ��' 	 r ` ' ¬  � MNW H r s m Y � 	 r ` ' ¬ � MNW ár s
(46)

where
m Y is someappropriateHermitianmatrix. Note that

the assumption��� 	 � proper(i.e. ��� 	 � boundedat 	 #ïî )



is madefor the sake of simplicity andcould be lifted with
the help of generalizedstate-spacerepresentationsor of an
appropriatetransformationof the variable 	 . Clearly,

m Y is
not uniquelydefinedfrom ��� 	 � . Indeed,let usreplace

m Y bym � � � , definedasfollows :

m � � �+# m Y ~ � ¬ ~ ¬  � � áá  � C (47)

andwhere
�

is any ^ � ^ Hermitianmatrix. ��� 	 � is easily
verifiedby directinspectionnot to beaffectedby thissubsti-
tution,whichclearlypreservestheHermitianpropertyof the
realization.

Thewell known positivereallemma[12], [9] saysthatthe
existenceof a Hermitianmatrix

�
suchthat

m � � � is non-
negative definite is a necessaryandsufficient condition for��� 	 � to be a para-hermitiantransferfunction non-negative
on thewholeof theimaginaryaxis.

As thevariabletransformation	 # � � mapstheimaginary
axisontotherealaxis,onecantransformany para-hermitian
transferfunction into a hermitiantransfermatrix and con-
versely. Thecorrespondingrealizationthenbecomes:

�����1�$# á  �"� r ` ' ¬  � M_W H r;s m Y ��� r ` ' ¬ � M_W ár;s
(48)

where
m

is the sameHermitianmatrix asbefore. Further-
more,if �����1� is non-negativedefinitefor real � , onederives
from previouscasethattheremustexist skew-hermitianma-
trices

� #h' �  suchthattheHermitianmatrix

m � � �+# m Y ~ ' � ¬ ~ ¬  � ' � áá  � C (49)

is non-negativedefinite.
Similarly, thevariabletransformation	 #5���$'?-0�I/S���Q~�-0�

mapstheimaginaryaxisontotheunit circle. Therefore,one
cantransforma para-hermitiantransferfunctionthat is non-
negativeon theimaginaryaxisinto a para-hermitiantransfer
functionthatis non-negativeontheunit circleandconversely
(seee.g.[3]). Therealizationthenbecomes

�����*�+# ��á  � r ` 'c� ¬  � MNW H r s m Y �I� r ` ' ¬ � MNW ár s
(50)

and ���I�0� is non-negativedefiniteon theunit circle, if f there
exist a Hermitianmatrix

�
suchthat

m � � �Q# m Y ~ ¬  � ¬ ' � ¬  � áá  � ¬ á  � á (51)

is non-negativedefinite.
Fromtheseconditionsonecanre-derivetheresultsof sec-

tion 4. This is donein thepaper[3] startingfrom realizations
of the pseudo-polynomialmatrix ������� for eachof the three
cases.The result follows by using

¬ # �
, the block-shift

matrix,and á�#Ó% C0Ho�6�o�|H!C0H r;s ( v . Usingthesedefinitionswe
indeedhave

��� r ' ¬ � M_W �4á�# q �"�4�.��� M ` �
which links the realization to our pseudo-polynomials.
Moreover, the linear matrix inequalities(49,51,47)thenbe-
cometheequationsin

�
,
m

and
� Y of section4.
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