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Abstract

This paper derives analytic expressions for the real stabili-
ty radius of polynomial matrices with respect to an arbitrary
region in the complex plane. We are also discussing numeri-
cal issues for computing these radii for different perturbation
structures, with application to robust stability of Hurwitz and
Schur polynomial matrices.

1 Introduction

A fundamental problem in robustness analysis is to deter-
mine the ability of a system matrix to maintain its “stability”
under a certain class of perturbations. Since the entries of
such matrices frequently depend on some physical parame-
ters, it seems natural to considerreal perturbations. In many
applications it is more convenient to deal with the character-
istic polynomial of the (closed-loop) system matrix, as, for
instance, in the SIMO (or MISO) cases (see, for instance,
[1]). The problem of the stability robustness of polynomials
with affine coefficient perturbations has been considered by
[5] and solved for arbitrary norms on� ��� spaces. It is worth-
while to be mentioned that robustness to parametric pertur-
bations has been an important topic not only in control theory
[12], but also in linear algebra and numerical analysis [9], for
over two decades.
In the present paper we consider the stability robustness
problem of time–invariant linear systems described byhigher
orderdynamical equations, the continuous time case

���
	���������	�� � ��������� �
��	�������	�� � � ��! ��"#�%$'&)(*",+ � �.- (1)

as well as the discrete time case,����! �/" �10 � �2������� �3�4! �/" �65 � � � ��! ��"#�%$7&8"9+ � : (2)

Associate with (1) or (2) the matrix polynomial� �<; �=$ � � ; � �2������� � � ; � � �
(3)

The spectrum of
�

is defined as> � � �=$@?A;B+DCC E 	�F4� � �G;H�=$7&JI

and the elements of
> � � � are also known as theeigenvalues

or zerosof
�

. Let CCKML CC be an open and connected subset ofCC. The matrix polynomial
� �<; � is called CCK – stable (or, sim-

ply, stable) iff
> � � � L CCK . The typical regions considered

for CCK are the open left half–planeCC N $O?�PM+QCCR�� F�S9TU&JI
and the open unit diskCC � $@?APV+ CCR�W P W T 5 I .The differential system in (1) is asymptotically stable if and
only if

> � � � is a subset ofCCN in which case
�

is called a
Hurwitz matrix polynomial. Similarly the discrete time sys-
tem (2) is asymptotically stable if and only if

> � � � lies insideCC � and then
�

is called aSchur matrix polynomial.
As we shall see, a natural stability robustness measure for

our systems (1) and (2) is given by thenormof the smallest
perturbation

X � �<; �%$ X �H� � X �
� ; �Y�����Z� X ��� ;
� ( X ��[ + � � �H\H� (3]^$ &)( 0(4)

needed to “destabilize”
� �<; � , and hence causing at least one

zero of
� �<; � � X � �<; � to leave the stability regionCCK . De-

note by CC_ the complement ofCCK . The perturbations will be
measured via the norm of a constant matrix` depending on
the matrix coefficients of

X � �<; � . Throughout this paper we
consider mainly Euclidean norms, that is,aG`ba $ aG`badc $e � � ` � , where e [ � � � denotes the] –th singular value. A de-
tailed problem formulation will be given in Section 2. As we
shall see, the structure of` strongly influences the computa-
tion of the different stability robustness measures.

The paper is organized as follows. The next section is de-
voted to the problem formulation and some known results
concerning thereal perturbation valuesof complex matri-
ces. We also introduce thereal stability radiusfor matrix
polynomials, as a robustness measure. The concept of stabil-
ity radius for polynomial matrices has been first investigated
in the pioneering work of Pappas and Hinrichsen [8], but in
the complex case only and for monic polynomial matrices
in the non–monic case. In Section 3 we derive analytic ex-
pressions for real stability radii of polynomial matrices. Sev-
eral open problems are also stressed. More elaborate formu-
las are derived in Section 4 which prove to be useful when
discussing several computational aspects. Consequently, we
point out in Section 5 that real stability radii can be efficiently
computed for Hurwitz and Schur polynomial matrices. Some
additional comments on computational complexity conclude
this section. Future research directions along with some final
remarks complete the paper.



2 Problem formulation

Assumethatthedynamicalsystemsdescribedby (1) and(2)
areasymptoticallystable(or CCK –stable,for a given CCK ). A
fundamentalquestionin robust analysisis to which extent
thesesystemscantolerateperturbationsof thematrix coeffi-
cientswithout losingtheirstability, i.e. keepingthespectrum> � � � in thestabilityregion CCK . Theanswerto thisquestionis
givenby thedistanceto instability of theassociated(stable)
matrix polynomial

�
.

Let usassumethat
� �<; � givenby (3) is CCK –stable,regular

(i.e. 	HFf� � �G;H�8gh & ) and that
���

is nonsingular. The real
stability radiusof suchpolynomialmatricesis the norm of
thesmallestperturbationX � �G;H�%$ X � � � X �3� ; �i�����Z� X ��� ;

� ( X �j[ + � � � \�� (3]�$ &)( 0(5)
neededto “destabilize”

� �<; � , andhencecausingat leastone
zeroof

� �<; � � X � �<; � to leave thestability region CCK .
If we measurethe perturbationsvia the norm of a constant
matrix dependingon thematrix coefficientsof

X � �<; �
aG`ba $7kl� X �H� (�m�m�m�( X ��� � (6)

thenthe real stability radiusof
� �G;H� with respectto CCK can

beexpressed

n�o p � � R CCK)�=$7qsrHtu ? av`ba=E > � � �xw CC_Yg$7y)I (7)

Let 	�F4� � �<; �%$7z � � ; �
�
�2������� z � ; � z � ( (8)

where z � � $O	�F4� � � . If 	�F4� � � g${& thenthezerosof
� �G;H�

move continuouslywith the perturbationof the coefficientsX � [
. Thentheaboveformula(6) becomes

n�o p � � R CCK)�=$qsr�t u ? aG`ba%E | ;}+*~ CCK@P�m "�m6	�F4��� � �G;H� � X � �G;H�<�%$7&JI
(9)

For any polynomialmatrix
�

andfor every ; � + CC introduce

��o p � � (�; � � E $7qZr�tu ? aG`ba%E 	�Ff��� � �G; � � � X � �<; � ���=$7&JI�( (10)

where ��o p � � (�; � � is the norm of the smallestperturbation
neededto causeat leastoneeigenvalueof

�
to beprecisely; � . Hence

n�o p � � R CCKA�%$ qsr�t����� CC � ��o p �
� (�;H� (11)

The above equality (11) states that the computationof��o p � � (�; � becomesa key issuein evaluatingthe real stabil-
ity radiusof

�
.

If
���

is singular, thenwedistinguishtwo cases:
a) 	�Ff� � �G;H��gh & , thatis,

�
is regular. In thiscasethepolyno-

mial in (8) hasat leastonezeroat � since z � � $U	�F4� �j� $& . Arbitrarily small perturbationscan placethis root any-
whereon a (sufficiently) largecircle in CC andcanhave posi-
tiveor negativerealpart.
Consequently, the“singular” casewhen 	�F4� � � $7& becomes

irrelevant to stability radii problems,sincethe zerosat in-
finity canbe destabilizedby arbitrarily small perturbations.
This meansthat in suchsituationsthedistanceto instability
is zero. Theabove argumentalsoshows that thedistanceto
instability is alwayslower or equalto thedistanceto singu-
larity.
b) 	�Ff� � �<; � h & which implies that thereexist arbitrarily
small perturbationsthat placezerosanywherein the com-
plex plane(see[11]) andhencemake it unstable.
As a conclusionwe may say that polynomialmatricesthat
have a leadingcoefficient thatis singularandthatis allowed
to be perturbedhasdistancezerofrom instability, sincear-
bitrarily small perturbationswill make it unstable.In other
words,if

� �
is singularthen n o p � � R CCK �l$�& . For the same

reason,when 	HFf� � � g$�& oneshouldnot worry aboutthese
perturbations

X � �
thatwill make

� � � X � � singular:for es-
sentially the sameperturbation,the polynomialmatrix will
bealsounstable.
Theaboveargumentshows that theonly relevantcasein ro-
bust stability analysisis when

���
is nonsingularand

� �<; �
is regular. Moreover, in suchcases,thezerosof

� �<; � move
continuouslywith theperturbation.
However, let us finally notice that by restrictingto pertur-
bationsthat do not change infinite zeros, then a different
analysishas to be performed. This kind of problem will
beaddressedseparatelyanddoesnot make theobjectof the
presentpaper.

We shall considerbasically the following perturbation
structures:

` � $ X �H� ����� X ��� ( ` c�$
X � �

...X � �

`l� $
X � �

. . . X � � (12)

Thepolynomialmatrixperturbation
X � �<; � canbeexpressed

as:

X � �<; �%$ ` �
�
; �
...; � �

$ � ; � ����� ; � � ` c

$ � � N �� � ����� � N �� � `l�
�� � ; �
...� � ; � �

(13)

where
��[ + CC arearbitrary,

��[ g$7& . Let
� ${� �J� ����� �����/� .

For any ; for which
� �<; � is is invertibleintroduce

�6� �<; � E $
�
; �
...; � �

� N � �<; �<( � � �<;j( � � E $



$
��J� ; �
...� � ; � �

� N � �G;H� � � N �� � ����� � N �� � � r�	
� c)�<; � E $ � N � �<; � � ; � ����� ; � � m (14)

By usingthewell–known equality

	�Ff��� � �1�.� �%$7	�Ff��� � �1��� �<(
onecandeducefrom (13)and(14) thatfor ]�$ 5 (#�J(#�	HFf��� � �<; � � X � �<; ���%$7&,�
	�F4��� � � X � �G;H� � N � �<; ���%$7&���	�F4��� � � � N � �<; � X � �G;H�<�^$Q&

��	�Ff��� � � ` [<�*[ �G;H�<�^$Q&Jm (15)

Let uscheckfor instance(15) for ]�$7� . Onehas

	�F4��� � �G;H� � X � �G;H�<�%$7&���	�Ff��� � � � N � �<; � X � �G;H�<�^$'&
��	HFf��� � � � N � �<; � � ; � ����� ; � � ` cJ�=$7&

��	�F4��� � � � c��<; � ` c��=$'&J(
whichis thesameas(15)for ]�$7� . Henceanimportantissue
in thecomputationof the realstability radiusis to solve the
following linear algebraproblem: Given a complex matrix� + CC� \�� , determine

qZr�tu � o p
 �¡�¢ ? aG`ba c E 	�Ff��� �i£ ` � �=$'&�I�m
Thisproblemis solvedby thenext theorem.
Definethelargestrealperturbationvalueof

�
by

¤�o p � � � E $ qZr�tu � o p  �¡�¢ ? aG`ba c E 	�Ff��� �¥£ ` � �=$Q&�I N �
(16)

Noticethat ¤ o p � � �=$7& if andonly if thereis no ` suchthat	�F4��� �Y£ ` � �=$7& .
For any complex matrix (vector, scalar)

� + CC� \�� , let�*¦ + � � � \H� ,
�*§ + � � � \�� denoteits real and imaginary

part, respectively, that is
� $ � ¦ �©¨ � §

. Associateto�
the �Jª¬«��® real matrix dependingon therealparameter¯ +*��&J( 5 � °²± � ¯ � E $ � ¦ £ ¯ � §¯ N � � § � ¦ m (17)

Thenthefollowing resultholds.

Theorem1 [6] Let
� + CC� \H� . Then

¤�o p � � �=$ qsrHt³ ��´ ��µ �/¶ e c °.± � ¯ � (18)

Thefunctionto be minimizedon the right hand-sideof (18)
is a unimodalfunctionon �<&)( 5 � .Furthermore, assumethat theoptimumin (18) is attainedfor
somē�·<¸v¹ +º��&J( 5 � . Then,the “optimal” perturbation,i.e.

theminimumnormrealmatrix ` suchthat 	�Ff��� ��£ ` � �=$'&
is givenby

` $ e N �c µ ·<¸v¹ » ¦ » § ¼�¦½¼�§ ¾
(19)

where
¼ $ ¼ ¦¼�§ and » $ » ¦» § are a pair of left and

right singularvectorsof thematrix
° ± � ¯�·G¸G¹ � corresponding

to e c µ ·G¸v¹ . Moreover,
¼ �¦ ¼�¦ $ » �¦ » ¦ ,

¼ �¦ ¼�§ $ » �¦ » § and¼ �§ ¼�§ $ » �§ » § .

We haveused� ¾ to denotetheMoore-Penrose(generalized)
inverseof thematrix � .

Remark 2

1. Theminimizationin (18) is quiteeasydueto thefact thate c ° ± � ¯ � is unimodalon ��&J( 5 � : anylocal minimum

is a globalone.

2. Themap
�À¿Á ¤�o p � � � is uppersemi-continuous.The

only discontinuitypointsare at real
�

(
� § $'& ).

Now thefollowing preliminaryresultholds.

Lemma 3 The real stability radius (9) of the matrix poly-
nomial

� �G;H� with respectto the perturbation matrix ` [ ,]�$ 5 (�� , is givenby

n o p � � ( CCKAR�` [ �=$ S<ÂHÃ����� CC � ¤ o p �
� [ �<; ��� N � (*]�$ 5 (�� (20)

Proof. Since
� �<; � is CCK -stable,

� �<; � is invertible for any;Ä+8~ CCK , so
� [ �G;H� , ]9$ 5 (�� is well defined.For thepertur-

bationstructures̀
[
, ]�$ 5 (�� relation(10) reads

��o p � � (�; R�` [ �=$'qZr�tu9Å ? aG` [ a=E 	�Ff��� � �G;H� � X � �<; ���%$'&JI (21)

Looking at theequivalencesin (15), theabove equality(21)
becomes

� o p � � (�; R�` [ �%$QqZr�tu Å ? aG` [ a^E 	�Ff��� � � ` [ � [ �G;H�<�%$'&�I
${� ¤ o p � � [ �<; ��� N � (Ä]�$ 5 (��)( (22)

takingalsointo accountthat ¤�o p � � �²$ ¤�o p � £l� � , asdefi-
nition (16) shows. Theconclusionfollowsnow immediately
from (22)and(11).

Onecanexpress¤�o p � �D� �G;H�<� and ¤�o p � � c)�<; ��� via Theorem
1. The third problem ¤�o p � � � �<;j( � �<� is a constrainedprob-
lem which is muchmoredifficult to solve dueto the block
diagonalstructureof `l� . We shall give in this casesome
lower andupperbounds,but thereis no closedformula. It
is only conjecturedthatthedegreeof freedomofferedby

��[
,]Ä$ 5 ( 0 , might lead to sucha formula, when considering

Euclideannorms.



Conjecture4 Let
� $Æ� � � m�m�m � � �/� , where

� [ g${& , ]l$ 5 ( 0 .
Thenfor any ; for which

� �G;H� is invertible

qZr�tu9Ç ? aG` � aÈc'E 	�F4��� � � ` � � � �G; ( � ����$Q&JI
$7ÉYqsrÊ ¤ N �o p � � �G; ( � � $ ¤ N �o p � � �<;j( � ·<¸v¹ � (23)

where
� ·G¸G¹ is theoptimalscalingattainingtheminimum.No-

tice that theoptimalscalingdependson ; aswell.
Furthermore, thereal stability radius(9) of thematrix poly-
nomial

� �<; � with respectto the perturbationmatrix `l� is
givenby

n o p � � (ACCK)R�` � �=$ S<Â�Ã����� CC � ¤ o p
� � �G; ( � � � N � (24)

where
� � is theoptimalscalingobtainedfor given ;B+b~ CCK .

Furtherwe derive someupperand lower boundsfor the
real stability radiusof

� �<; � in the ` � case.Thesebounds
areexpressedin termsof the real stability radii determined
in Lemma3,by usingtheavailablestructureandby choosing
anappropriatevector

�
.

We start by stating without proof two additional re-
sults, which hold for arbitrarily Ë –Holder norms, aG`ba $SGÂ�Ã ¦�ÌÍ �iÎ u ¦ Î4ÏÎ ¦ Î�Ï .

Proposition5 Let ` $ diag ` [ , ]Ð$ 5 ( 0 , ` [ +ÑCC� Å \H� Å .
Then av`*a ¸ $ºÉ � [ Í ��µ � aG` [ a ¸ (25)

The next Propositionis a known fact in linear algebra(see
[3]).

Proposition6

1. Let ` $ ` � ` c m�m�m ` � + CC� \�� , ` [ + CC� \H� Å ,®Ò$ �[ Í � ® [
. Then

É � [ Í ��µ � av` [ a ¸MÓ aG`ba ¸�Ó 0
Ï#Ô�ÕÏ É � [ Í �vµ � av` [ a ¸ (26)

2. Let Ö $
Ö �Ö c
...Ö �

+ CC� \H� , Ö [ + CC� Å \�� , ª�$ �[ Í � ª [ .
Then

É � [ Í �vµ � avÖ [ a ¸�Ó aGÖ9a ¸�Ó 0
ÕÏ É � [ Í ��µ � aGÖ [ a ¸ (27)

Thesecondinequalityin (26) and(27) becomesan equality
if ` [ $ `M× and Ö [ $ Ö�× , respectively, Ø ]#( ¨ + 5 ( 0 .

Lemma 7 Let ��o p � � (�; R�` [ � , ]º$ 5 (��)(#� be the function��o p � � (�;H� readwith respectto theperturbationstructures ` [ .
Then,for all ; for which

� �G;H� is invertible, thefollowing in-
equalitieshold:

� 0l�15 �
ÕdÔ�ÏÏ ��o p � � (�; R�` � � Ó ��o p � � (�; R�`l� � Ó ��o p � � (�; R�` � �

(28)
and

� 0l�65 � N
ÕÏ ��o p � � (�; R�` cJ� Ó ��o p � � (�; R�`l� � Ó ��o p � � (�; R�` cJ�

(29)

Proof. Let

` � $ ` �vµ � ` ��µ � m�m�m ` �vµ � (

` cM$
` c µ �` c µ �

...` c µ �
( `²� $

`l� µ � `l� µ �
. . . `l� µ �

(30)
betheminimumnormrealmatricessuchthat

	�F4��� � � ` ���D� �<; ���%$7	�Ff��� � � ` c � cA�<; ���
$'	HFf��� � � ` � � � �<;j( � ���^$'&

for somecomplex scaling
�

and with
� �

,
� c , � � intro-

ducedby (14). In otherwords,

� o p � � (�; R�` [ �=$ av` [ a ¸ (*]�$ 5 (#�J(#� (31)

We shall actuallyprove only inequalities(28), sincerela-
tion (29) followsin asimilarway. Let `MÙ � $ diag � ` ��µ [ � and` �� $ `l� µ � `l� µ � m�m�m `l� µ � . Then it follows from
(13)–(14)that

	�Ff��� � � `l� � � �<;j( � �<�^$Q&,��	�Ff��� � � ` Ù � � � �<;j( � �<�%$'&
��	�Ff��� � � ` �� � � �<; ����$Q&,��	�F4��� � � ` � � � �G;H�<�%$7&

Sincè � is “optimal” with respectto all blockdiagonalper-
turbations,one hasthat aG` � a ¸ Ó av`MÙ � a ¸ . But av`�Ù � a ¸ $É �  [ aG` ��µ [ a ¸ , as Proposition5 shows. By applying now
Proposition6 to ` � onegets

av`²��a ¸MÓ aG` Ù � a ¸MÓ aG` � a ¸MÓ � 0l�15 �
Ï#Ô�ÕÏ aG` Ù � a ¸ (32)

On theotherhand,̀
�

is “optimal” with respectto all block
line perturbations,henceav` � a ¸ Ó aG` �� a ¸ . By applyingnow
Proposition6 to ` �� onegets

aG` � a ¸ Ó aG` �� a Ó
Ó � 0l�65 �

Ï�Ô�ÕÏ É � [ aG`l� µ [ a ¸ $7� 0l�15 �
Ï�Ô�ÕÏ av`l��a ¸ (33)



asProposition5 states.By combiningnow (32)and(33)one
obtains

aG` � a ¸ Ó aG` � a ¸ Ó � 0l�65 �
Ï�Ô�ÕÏ aG` � a ¸ (

or, equivalently,

� 0²�65 �
ÕÈÔ�ÏÏ av` � a ¸ÚÓ av`²��a ¸MÓ aG` � a ¸ (34)

Theconclusion(28) followsnow immediatelyby combining
theaboverelation(34)with equality(31).

The next result is a direct consequenceof formula (11) and
of thepreviouslemma.

Corollary 8 In theabovecontext

� 0���5 �
ÕdÔ�ÏÏ n o p � � R CCK)R�` � � Ó n o p � � R CCK)R�` � � Ó n o p � � R CCKAR�` � �

(35)
and

� 0���5 � N
ÕÏ n o p � � R CCK)R�`lc � Ó n o p � � R CCK�R�` � � Ó n o p � � R CCK)R�`lc �

(36)

For reasonablevaluesof 0 all stability radii shouldthusbe
quitecloseto eachother.

3 Main results

Themainpurposeof thissectionis to deriveaclosedformula
for n o p � � R CCK � with respectto ` � and `lc . Thethird casewill
beasusualtreatedseparately.
First, we shallderive appropriatestatespacerealizationsfor
the rationalmatrix functions

� �
and

� c , respectively. Let
usintroduce

Û E $
� � � �

. . . & �

� � E $
& � � �

. . .
. . .& � � �£l� � m�m�m £l� � N � £l� � ( � � E $

& �& �...� �
(

� c E $
& � £l�H�
� � . . .

...
. . . & � £l�j� N �� � £l���

(
Ü cÚE $ & � & � m�m�m � � (37)

Straightforwardcomputationsshow that

� � �G;H�^$
�
; �
...; � �

� N � �<; �%$'�<; ÛQ£ � � � N
�
� �Ý� r�	

(38)

� c �G;H�^$ � N � �<; � � ; � ����� ; � � $ Ü c �<; ÛÚ£ � c � N
�

(39)
Formulas(38)–(39)show that the real stability radii prob-
lemsof polynomialmatricesareequivalentto realstructured
stabilityradii problemsof “companion”pencils,like � Û ( � � �or � Û ( � cJ� . Furthermore,realizations(38)–(39)enableusto
expressthe real andimaginarypartsof

�D� �<; � and
� cA�<; � ,

respectively, in termsof theinitial data.
Let

; E $7; ¦ �*¨ ; § � r�	 �*[ �<; � E $ �*[fµ ¦ �b¨ �*[fµ § (3]^$ 5 (#�
where

�*[fµ ¦ ( �*[fµ §
arerealmatricesof thesamedimension

as
�*[

. Thenonehas

� F��G; ÛÞ£ � [ � N
� $ �<; ¦ Ûß£ � [ � � ; c § Û �<; ¦ Ûß£ � [ � N

� Û N �
(40)

and� É �<; Û©£ � [ � N
� $

$ £ ; § �<; ¦ ÛY£ � [ � N
� �<; ¦ ÛY£ � [ � � ; c § Û �<; ¦ ÛY£ � [ � N

� Û N �
(41)

It followsautomaticallythat

� �vµ ¦ $ � F �<; à £8á � � N � â �� �vµ § $ � É �<; à £8á � � N � â �� c µ ¦ $ Ü c)� F �<; à £Dá c � N �� c µ § $ Ü c � É �<; à £Dá cA� N �
(42)

Explicit formulasfor ¤ � �D� �G;H�<� and¤ � � cA�G;H�<� aregivenbe-
low.

Lemma 9 Let
� [fµ ¦

and
� [fµ §

, ]Ð$ 5 (�� , be givenby (42).
Then

¤ � � [ �<; ����$ qsr�t³ ��´ �Aµ ��¶ e c
� [fµ ¦ £ ¯ � [fµ §¯ N � � [fµ § � [Èµ ¦ (43)

Proof. Theproofof (43) is adirectconsequenceof Theorem
1 appliedto

�b[ �<; � , ]^$ 5 (�� givenby (38)–(39).

By combiningnow Lemma3 andLemma9 we obtainthe
mainresultof thesection.

Theorem10 Thereal stability radius(9) of thepolynomial
matrix

� �G;H� with respectto the perturbationmatrices ` [ ,]�$ 5 (�� , is givenby

n�o p � � R CCK R�` [ �%$
$ S<ÂHÃ����� CC� qsr�t³ ��´ �Aµ �/¶ e c

� [Èµ ¦ £ ¯ � [fµ §¯ N � � [fµ § � [Èµ ¦ N �

(44)

Someadditionalcommentsaregivenbelow.



Remark 11 Formulas(42) showthat
� [fµ ¦

,
� [Èµ §

depend
explicitly on the real and imaginary part of ; , i.e. ; ¦ and; § , respectively. WhenconsideringHurwitz or Schur stabil-
ity,

�*[fµ ¦
and

�*[fµ §
will dependon a singlereal parameter,

such as ã : ã $ä; § for Hurwitz stability or å ×fæ $ä; ¦ �b¨ ; §for Schur stability.
According to Remark2, since ¤�o p is discontinuouswhen�*[ �<; � is real, onegetsnon-continuousfunctionof ; which
hasalsoto beminimizedon theboundaryof thestability re-
gion,as(20)shows.Therefore it canbedifficult to elaborate
appropriatenumericalalgorithms.More detailsconcerning
theseaspectscanbefoundin [10].

4 Simplified formulas

Specialattentionwill bepayedto the particularstructureof
both

� � �G;H� and
� c �<; � (see(14)). Thisstructurewill beex-

ploitedin thelight of Theorem1, in orderto reducethecom-
plexity of theminimizationover ¯ whencalculatingn o p and
to obtainsimplerexpressionsfor thesmallest“destabilizing”
perturbations.Thethird casewill betreatedseparately.

If ; [ � �G;H� N � E $6ç [ �<; � �b¨�è [ �<; � , whereç [ ( è [ + � � �H\H� ,]�$ &)( 0 then

�D��µ ¦ $
ç �ç �

...ç �
� r�	 �D��µ § $ è �è �...

è �
m

Let usalsodefine

> ³ E $ ° � � ¯ �=$ ; ¦ £ ¯ ; §¯ N � ; § ; ¦ (
° � �<;j( ¯ � E $ °.é Ô�Õ ´ê��ë � ¯ �=$ ç � £ ¯ è �¯ N � è � ç �

andfor ]�$ 5 (��°²[ �G; ( ¯ � E $ ° ± Å ´ê��ë � ¯ �=$ � [fµ ¦ £ ¯ � [Èµ §¯ N � � [fµ § � [fµ ¦ m
Fromthedefinitionof ç [ , è [ onehasthat

ç [ £ ¯ è [¯ N � è [ ç [ $Q� > [³,ì � � � ç � £ ¯ è �¯ N � è � ç � (45)

Thenthereexistsanorthogonalmatrixí + � � ´ c � - c ë � \ ´ c � - c ë � suchthat

í8°i� $
°V�

� > ³ ì � � � °9�
...� > �³Mì � � � °9�

$'� � � �<;j( ¯ � ì � � � °9� ( (46)

where

� � �<;j( ¯ � E $
� c> ³
...> �³

m

Consequently

e c � ° � �=$ e c � � � �<;j( ¯ � ì � � � ° � ( Ø ¯ +*��&)( 5 � (47)

Since� � � � � is positivedefinite,onecanfind aCholesky fac-
tor î � , that is, î � � î � $ � � � � � , with î � in uppertriangular
form. However, î � hasno rationalexpressionin termsof ¯
(or ; ). With theabove considerationsin mind, relation(47)
becomes e c)� °�� �%$ e c � î � ì � � � °9� (48)

Introduce

� cJ�<;j( ¯ � E $ � c > ³ m�m�m > �³ m
If îxc is a Cholesky factor of � c � �c , since� c µ ¦ $ ç � ç � m�m�mïç �

, and
� c µ § $

è � è � m�m�m è � , onecanprovein asimilarmanneras
beforethat

e c)� ° cA�=$ e c °9� � î c ì � � � m (49)

Thenext resultis adirectconsequenceof Lemma3 andThe-
orem1, combinedwith relations(48)and(49).

Theorem12 Thereal stability radius(9) of thepolynomial
matrix

� �<; � with respectto the perturbationstructures ` �
and `lc is givenby

n�o p � � R CCK R�` � �^$
SGÂ�Ã ����� CC � qZr�t ³ ��´ ��µ �/¶ e c � î � ì � � � °.é Ô�Õ ´ê��ë � ¯ � N �

� r�	n�o p � � R CCK R�` cA�^$
SGÂ�Ã ����� CC � qZr�t ³ ��´ ��µ �/¶ e c °.é Ô�Õ ´ê��ë � ¯ ��� î�c ì � � � N �

(50)

Let ` � betheminimumnormdestabilizingperturbationwith
respectto

� � �<; � anddenoteby ` ��µ [ its ] -th ð « ð blockcom-

ponent,]B$ &)( 0 , as in (30). Let also
¼�¦¼�§ and

» ¦» §
be a pair of left and right singular vectorsof the matrix° � �<;j( ¯�·<¸v¹ � correspondingto the“infimum” e c µ ·<¸v¹ � ° � � , that
is

°�� » ¦» § $ e c µ ·G¸G¹ ¼�¦¼�§ ( °bñ� ¼�¦¼�§ $ e c µ ·G¸v¹ » ¦» § m
Introduce

ò E $ » ¦ » § � r�	ôó � E $ ¼ ¦ � 5 E�ð � ¼ § � 5 E�ð � (
respectively.
Similarly, if ` c is the minimum norm destabilizingpertur-
bation with respectto

� cA�G;H� , then ` c µ [ , ]*$ &J( 0 , stands
for its ] -th ð « ð block componentas in (30). Let, asbe-

fore,
¼=õ¦¼
õ§ and

» õ¦» õ§ bea pair of left andright singular



vectorsof thematrix
° c �G; ( ¯�·G¸v¹ � correspondingto the“infi-

mum” e õc µ ·<¸v¹ � ° c � , thatis,

° c » õ¦» õ§ $ e õc µ ·G¸v¹ ¼
õ¦¼
õ§ ( °bñc ¼=õ¦¼
õ§ $ e õc µ ·<¸v¹ » õ¦» õ§ m
With a certainlackof consistency in thenotation,let

ò)� E $ » õ� � 5 E�ð � » õc � 5 E�ð � � r�	ôó E $ ¼=õ� ¼
õc (
respectively. Essentiallyrelying on formula (19) and on
equality(45), thefollowing resultholds.

Theorem13 For every ;Þ+@CC which is not a root of
�

and
for every ]�+ &)( 0 wehave

` ��µ [ $ £ e N �c µ ·<¸v¹ � °i� �%� ò ¾ � � > [³�ö Ï�÷ ó �� � rH	` c µ [ $ £ e N �c µ ·<¸v¹ � ° cA� ò)� > [³�ö Ï<÷ ó ¾ (51)

Furthermore,

X � �<; �%$ £ e N �c µ ·<¸v¹ � ° � �=� ò ¾ � � �[ Í � ; [ > [³�ö Ï�÷ ó �� � r�	X � �<; �%$ £ e N �c µ ·<¸v¹ � ° cA� ò)� �[ Í � ; [ > [³�ö Ï�÷ ó ¾
(52)

As alreadymentioned,wecanderivefor thethird caselower
andupperboundsin termsof n�o p � � R CCK R�` [ � , ]l$ 5 (#� . The
resultis a directconsequenceof Corollary8 for Ë $'� .
Lemma 14 Thefollowing inequalitieshold for ]�$ 5 (#� :

� 0���5 � N
Õø n o p � � R CCK�R�` [ � Ó n o p � � R CCKAR�` � � Ó n o p � � R CCK)R�` [ �

(53)

Let `l� be the minimal norm perturbationperturbationthat
attains¤ o p � � � �<; ��� . An appropriatecounterpartof Theorem
13 is conjecturedbelow.

Conjecture15 Let
° � �G; ( � ( ¯ � E $ ° ± Çv´ê� µ Ê�ë � ¯ � . For ev-

ery ;ï+ CC which is not a root of
�

, there exists
�)� E $

5 ��� m�m�m ���
such that for every ]�+ &J( 0 wehave

` � µ [ $ e N �c µ ·<¸v¹ � ° � � ò �9ùx[fµ ³ ö Ï<÷ > [³�ö Ï�÷ ó �� ( (54)

where
ù [fµ ³ + � � c \ c dependon

��[
and ¯ . Furthermore,

X � �G;H�%$ e N �c µ ·G¸G¹ � ° � � òA�
�
[ Í �

ù [fµ ³�ö Ï<÷ �<; > ³�ö Ï<÷ � [ ó �� m
(55)

5 Computational aspects

The above real stability radiuscanbe computedefficiently
for Hurwitz and Schurpolynomial matrices,by exploiting
formula (50) and by appealingto someprevious work on
similar topics(see[10]). First, let usnoticethat ~ CCK is, for
theHurwitz andSchurcase,theimaginaryaxis( ;¥$ ¨ ã ) and
the unit circle ( ;1$ å ×fæ � , respectively. Therefore,;©+ CCK
will beparametrizedby asinglerealvariable.Theoptimiza-
tion of (50) consistsof two subproblems.At a given fre-
quency ã we optimize ¯ . Despitethe higherdimensionof�D�

and
� c , this only involvesat eachstepthe SVD of a� ð «Ð� ð matrix,asTheorem12 shows. Moreover,

e c � î � ì � � � ° é Ô�Õ ´ú�Jë � ¯ � $ e N �� N � ° é ´ê��ë � ¯ ��� î N �� ì � � �
and

e c ° é Ô�Õ ´ê��ë � ¯ ���G� îxc ì � � � $ e N �� N � � î�N �c ì � � � ° é ´ú�Jë � ¯ � m
which show that the computationof the real andimaginary
partsof

� N � �<; � is replacedby asimpleinversionof a � by �
upperor lower triangularmatrix î [ .
For agiven̄ , onethenfindsanew frequency pointaccording
to a schemeproposedin [10]. Thecrucialpoint is to realize
thetransferfunctions°bñ� �<;j( ¯ � °�� �<;j( ¯ � £Äû c �
and ° cA�G; ( ¯ � °bñc �<;j( ¯ � £û c � m
Onecannow usethestandardrealizations(37) from Section
3. Take, for instance,;ü$ ¨ ã and]�$ 5 . Then° � � ¨ ã ( ¯ �=$ Ü ��µ ³ � ¨ ã Û©£ � � � N

�
� �vµ ³ (

where

� � $ � � && £ � � ( � ��µ ³ $ 5 ý � � � ¯ � �£ ¯ N � � � � � (
Ü ��µ ³ $ 5 ý �

� ¯ �¯ N � � £�� � r�	 Û � $ Û && Û m
It turnsout that

û
is asingularvalueof

°i� � ¨ ã ( ¯ � if andonly
if ã is a (generalized)eigenvalueof the following Hamilto-
nian structure

� �^£ ¨ ã ÛV� � �vµ ³ � � ��µ ³Hþ û£ Ü ���µ ³ Ü ��µ ³ þ û £ � � � £ ¨ ã Û � m
A similar schemeworks for the Schurmatrix polynomials,
whentheaboveHamiltonianstructureis replacedby a sym-
plecticone.Consider;ü$ å ×fæ and]�$'� . Then° c)� å ×fæ ( ¯ �=$ Ü c µ ³ � å ×fæ Û c £ � c)� N

�
� c µ ³ (

where

� cM$
£ � c && � ( � c µ ³ $ 5 ý �

£�� £ ¯ �£ ¯ N � � � (



Ü c µ ³ $ 5 ý �
Ü c ¯ Ü å ×fæ¯ N � Ü £ Ü å ×fæ � r�	 Û c�$ £�� && � c m

Again,
û

is a singular value of
° c � å ×fæ ( ¯ � if and only if å ×fæ is

a (generalized) eigenvalue of the followingsymplecticstruc-
ture

� c £ å ×fæ Û c å ×fæ � c µ ³ � �c µ ³�þ ûÜ �c µ ³ Ü c µ ³ þ û å ×fæ � �c £ ÛV�c m
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