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The equality constrained indefinite least squares problem involves the minimization of an indefinite
quadratic form subject to a linear equality constraint. In this paper, we study this problem and present
a numerical method that is proved to be backward stable in a strict sense, i.e., that the computed solu-
tion satisfies a slightly perturbed equality constrained indefinite least squares problem. We also perform
a sensitivity analysis of this problem and derive bounds for the accuracy of the computed solution. We
give several numerical experiments to illustrate these results.
Keywords: indefinite matrices; matrix decomposition; stability; sensitivity; least squares.
1. Introduction
It is well known (see, e.g., Bojanczyk et al., 2003a) that the indefinite least squares problem with linear
equality constraints (abbreviated as ILSE) Q2
. 2 - _
me [|AX — b||2pq, subject to Bx=d, 1.1)
where A e RPHOxN B e RS x ¢ R", b e R®P+9, d e R® and
IAX = bJI3, i= (AX — b)T Zpq(Ax = b),  Zpq :=diag{lp, —lq}
has a unique solution if B has full row rank s and if the matrix AT XA is positive definite on KerB.
Moreover, this unique solution is also obtained from the unique solution of the augmented linear system
0 0 Bl d
0 Xy A| |s|=|b], (1.2)
BT AT 0 X 0
(© The authors 2014. Published by Oxford University Press on behalf of the Institute of Mathematics and its Applications. All rights reserved.
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which we will denote for short by
My =f. (1.3)

This can be seen as follows. Let r :=b — Ax be the residual of the linear system being minimized and
let A be the Lagrange multiplier in the unconstrained problem

1
m)gn E(Ax —b)T Zpq(Ax — b) — AT(Bx — d);
then defining s:= X,yr yields the equations
Bx=d, XpS+Ax=b, BTar=-ATs=ATX(Ax - b).

This problem has been analysed by several authors, including Chandrasekaran et al. (1998) and
Bojanczyk et al. (2003b) (without constraints), Liu & Wang (2010), Liu et al. (2010) and Mastronardi
& Van Dooren (2013a). Two different algorithms were proposed in Bojanczyk et al. (2003a). The first
one, called GQR-Cholesky, was shown to be backward stable. The second one, called GHQR, was
shown to be forward stable, that is, the forward error is bounded in the same way as if the algorithm
were backward stable. The algorithm proposed in Mastronardi & Van Dooren (2013a) transforms the
block matrix in (1.2) to lower antitriangular form, mixing up the blocks. The algorithm proposed here
transforms the block matrix in (1.2) to lower antitriangular form preserving the original block structure.
Although independently derived, the algorithm is closely related to GQR-Cholesky, but slightly more
efficient. Moreover, we give a new proof of backward numerical stability in a strict sense. We also give
a new sensitivity analysis, which we believe brings new insights with the problem. Finally, we show
that a proper scaling of the problem may yield significant improvements in estimating the sensitivity of
the problem.

The paper is organized as follows. The definitions and the notation used in the paper, followed by the
description on how to scale the augmented system, are described in Section 2. The proposed algorithm
is described in Section 3. The sensitivity of the solution computed by the proposed method is studied in
Section 4, followed by the section on the numerical experiments and by the conclusions.

2. Background
2.1 Definitions and notation

The method we will describe here is heavily based on a so-called antitriangular decomposition presented
in Mastronardi & Van Dooren (2012, 2013b), and hence it is useful to recall some basic definitions here.
A matrix A € R™" is called upper (respectively, lower) antitriangular if all the entries below (respec-
tively, above the main antidiagonal are zero. An antitriangular matrix is obviously nonsingular if all the
entries in the main antidiagonal are different from zero. Moreover, the solution of a square linear sys-
tem, with coefficient matrix a nonsingular upper (respectively, lower) antitriangular matrix of order n,
can be computed by forward (respectively, backward) substitution in n? floating point operations (see,
e.g., Mastronardi & Van Dooren, 2012, 2013b).
The right lower anti-QR factorization of a matrix A € R™™, m > n, rank(A) =n, is as

A= YT, o vi=[ A,

Q3

Q4
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with Y € R™" lower antitriangular and V € R™™ orthogonal. The left upper anti-QR factorizations of
amatrix A € R™" m > n, rank(A) =n, is defined as

Y Y L/
woly [§-[7)
oo With Y € R™" upper antitriangular and U € R™™ orthogonal.
We will say that a symmetric indefinite matrix A € R"™" is symmetric block upper antitriangular if

X Z Y]in
A=[Z" W |, 2.1)
YT Jng

with Y € R™*™ nonsingular upper antitriangular, X € R™*™ symmetric, W € R"*"2 symmetric, Z €
R™>" and 2n; 4+ ny = n. We say that it is symmetric block lower antitriangular if

Y| m
A= Wz, 2.2)
YT 2T X|1n

with Y € R™*™ nonsingular lower antitriangular, X € R™*™ symmetric, W € R"*" symmetric, Z €

s R™*M and 2n; + n, = n. These forms are convenient to determine the inertia of the matrix A, which is
defined as the triple In(A) = (n_, ng, n,), where n_, ng and n. are, respectively, the number of negative,
zero and positive eigenvalues of the symmetric matrix A. Indeed, if A is in one of the two symmetric
block antitriangular forms, then the following theorem holds (see, e.g., Gould, 1985; Mastronardi &
Van Dooren, 2013b).

70 THEOREM 2.1 Let A be a symmetric matrix partitioned either as in (2.1) or in (2.2). Then,
In(A) = (ng,0,n7) + In(W).

Finally, let v € R" be partitioned in subvectors as follows:

vi| lu _
ARE: _ !
v=|.| .., i<n Y u=n
: : 1=1
Vil by

Then, the vector containing the following subvectors:

V,
VL1+1

u
, 1<y < <]
Vi,

is denoted by v, -,,.

Q5
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2.2 Scaling the problem

In order to study the sensitivity of this problem, we first show that we can construct a simple scaling
such that all nonzero blocks and the vector f in (1.3) have spectral norm equal to 1. If we multiply the
system Ax =b by an appropriate scalar « and the system Bx =d by an appropriate scalar 8, we can
impose ||aA|l; =1 and ||8B]|> = 1. Finally, we can multiply the right-hand side and the solution with a
scalar y so that the new right-hand side has norm 1. If we apply these scalings to the equation My = f
as (DMD)(D~tyy) = (Dfy) with D = diag{(8/a)ls, lp+q, ln} We obtain the equivalent scaled system

ay
o o pB]|p" Br 4

0 S oAl | ys|=|p | 2.3)
ﬂBT OlAT 0 4 0

—X
o

which shows that this yields the same solution x up to a scaling as well. We will therefore assume in
the future that this scaling has been applied on the above problem and associated system My = f, and
hence that ||All2 = ||Bll2 = | Zpqll2 = lIfll2 = 1, which implies that 1 < [[M ||2 < 2, since

o o B] [o 0o o0
M=|0 X4 0|+|0 0 A|.
BT 0 0] [0 AT O

In the algorithm that we develop in this paper, that scaling does not appear to affect the accuracy of the
computed solution, but it does improve significantly the error bounds for the computed solution.

3. Solution of the augmented linear system

Since the solution of the ILSE problem can be described in terms of the augmented system

0 0O B d
0 Xy A { ] = [b} & My=f, (3.1)
0

BT AT 0
it is convenient to use it to describe our algorithm. Here A is the vector of the Lagrange multipliers
and N :=p+ g+ n+sis the order of the matrix M. It can then be shown (see, e.g., Mastronardi &
Van Dooren, 2013a) that if B has full row rank and AT XA is positive definite on KerB, then its inertia
is given by

X n >

INM)=(Qq+n,0,p+59). (3.2)

LetM©@ =M, y® =y, O =f where y©@ and f are partitioned as follows:

Al )s d| s
yO=|s|p+a, fO=|b|lp+q
x| In Ol In

We then perform orthogonal congruence transformations to reduce M to a more convenient form.
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Sep 1. Reduction of the constraint Bx=d
Here we eliminate that part of the vector x that can be assigned via the constraint Bx = d. For this, we
first compute the left lower antitriangular factorization of B, i.e.,

B=[0, Y1]Qs, (33)

with Y1 € R®*® nonsingular lower antitriangular and Qg € R"™ " orthogonal, partitioned as follows:

QL= l%} s (34

Bo| I8
with the columns of Qg; € R spanning the nullspace of B. Let

Q) _ ID-HH—S .
Q —[ QB],

then the linear system (3.1) is transformed into the equivalent system

©0)

M OgO =~ (3.5)
where
Y1
N Zog | AL | A2
MO — oL MO o ,
Q Q AT
YT | AT
with
A; = AQp; € RPTIX(=9 - Ay = AQp, € RPHI>S (3.6)
and
Alls d }s
<O _ AT, _ | S|IP+d 0 )T _ blip+q
ym=Q vy = X1| jn—s’ Fr=Q7 "= 0| Jn—s"
X2 | }Js ol s

This thus allows us to solve (by backward substitution) the nonsingular lower antitriangular linear
system

Y1Xp = d, (37)
and eliminate x,. Therefore, we can also update the right-hand side with b=b— AoX» as follows:

0
:0 _|b
f = ol
0
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and extract from this a new (smaller) system:
M (l)y(l) — f(l), (3.8)

where

M _ | A , ymzm, f<1>=[6]. (3.9)
AlT X1 0

Note that in this smaller system we have not only eliminated x,, but also the associated Lagrange
multiplier 1. Moreover, since X' = Sy,

o [t Tpg | { || ZogAs ]
Av Zig ‘ ! ‘ —A1" Zpg |
1o Therefore, by (3.2), it follows that its inertia is given by
INM®) =(q+n-s,0p). (3.10)

Sep 2. Breaking up the variable s
We first point out that p > n — s since A] XpqA; is supposed to be positive definite (Bojanczyk et al.,
2003a). Let us then partition A; as follows:

A | lp
A= ,
! {A12:| 1q
and y® and f® as follows:
S| in—s t}l n—s
y(1)= % }p—n+5’ FO — E)z }p—n-i-S'
X1 n—s o|n—s
115 Compute the left upper antitriangular factorization of Ay;,
_ ?2 n—s
All—Qp|:0:|}p_n+Sx (3.11)

with Y, nonsingular upper antitriangular and let

Q@ — {Qp } .
Inig-s
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Then, the linear system (3.8) is transformed into the following equivalent system:

M (1)y(1) _ f(l), (3.12)
where
[ s Yo ]
- Iy 0
O _o2TMDo® — p—n+s
M® =Q?'M¥Q A |
LY | 0 |AL |

T (S]] 7 [b1
5 T R [SJ <) T N _bj
§ = Q@ Ty — C P T = (3.13)
S bs
ST 0
are partitioned as y® and ™V, respectively.
Then compute the left upper antitriangular factorization of
Vz Yo In—5s
=U , 3.14
)= le) 610
with U e R@H=9x@+=5) grthogonal and Y, nonsingular upper antitriangular. We partition U as
follows:
Un Up
U= ,
{Um Uzz}

with Uy; € R(nis)x(nis), Up e R(nfs)xq’ Uy € R¥*(=%) and Uy € RY9*9 and let

Un Uz o
QE = |p7n+s ) Q(3) = { | ] .
Uz U2 e
Observe that, due to the particular structure of the left-hand side of (3.14), the matrix Uy is upper
triangular. Then, the linear system (3.12) is transformed into the following equivalent one:

M@y@ {2, (3.15)
where
X1 X2 Y2
- I,
M® = Q@ MDQ® = p—n+s ,
Xio" X22
Y7
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with
Xy =Uy"Uyy — Uy "Uy,
130 X1 = U "Ugp — Uy "Up, (3.16)
Xa2 = U2 Upp — U Uy,
3] Un's — Ux'ss
S T S
@ _ _o®Tg® _
y“=|_|=QV ¥y "= _ : (3.17)
s U'8 — Uz 'sg
X1 | X1
by ] Up1Tby — Uz s
b . b
fO = |22 —@TFV = |2 R (3.18)
bs U1p"by — U, Ths
| 0] 0
and
S| AT S k:31 AT by
-l -l
s Observe that, by (3.10), In(M@) = In(M®) = (q + n — s, 0, p). Therefore, by Theorem 2.1,
|n([""”+s Dz(q,o,p—n+s).
X2
Hence, X, is symmetric negative definite and has a Cholesky factorization
Xo2 = —LasLy,. (3.19)
Sep 3. Computing the solution
We can now solve for y@ from the linear system (3.15) as follows:
o H=hy
1w e solve the lower antitriangular linear system Y, § = 0 which implies & = 0;
e solve the negative definite linear system X;,%; = —L22L{2§3 =bg;
e solve the upper antitriangular linear system Y,x; = (b1 — X12%) by forward substitution.
Once y@ has been obtained, ¥’ can be computed as well using
2
V1 —U y(l )
vl T e
—
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TaBLE 1 Computation complexity of the
algorithm described in Section 3

Flops
(3.3) 2s?(n —s/3)
(3.11) 2(n—3)’(p— (n—19)/3)
(3.14) 4qg(n—s)(g+n-—y)
(3.16) n—29)°%/34+qin—2s)%+¢°
and, because of (3.17),
\%1

~(1 y(2)
3 2

V2
ye
Furthermore, by (3.9) and (3.13),
} o [
Voa=y® =QPy® = [ b (320)
3:4

The solution of the linear system (3.5) can then completely be computed. Since, by (3.7) and (3.20), yé?j
has been already computed, we only need to compute yg‘”. We first update the right-hand side:

co_ [T
& = [ff,o) _ ATy , (3.21)
then solve the lower antitriangular linear system
Y90 =1, (3.22)

and finally construct

(0

~ y1:2
y(O) _ Q(l)y(o) _ . .
QeYu

We observe that if one is interested only in the solution x of the initial problem, it is not needed to
compute (3.21) and (3.22). These computations are needed only if one wants to know the Lagrange
multipliers of (3.1).

In Table 1, we give the number of floating point operations needed in this algorithm, thereby neglect-
ing the lower-order terms.
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REMARK 3.1 The algorithm just described can be used for any values of g. When g > n — s, steps 2 and
3 can be modified to yield a more efficient algorithm. Such a modification is described in the appendix.

Let us now make the link between the above algorithm and GQR-Cholesky described in Bojanczyk
et al. (2003a). The orthogonal transformation matrix constructed by this algorithm is in fact given by

Is
Q= Qa where Qa = [Qp | } Qs.
Qe d

It is important to note here that this block transformation does not mix variables A, sand x or b and d,

or matrices A, B and Xq. This is why the block scaling performed earlier will not affect the round-off

errors of the algorithm, but we will see in the next section that it does affect the condition estimates.
The orthogonal transformation matrix implicitly constructed by GQR-Cholesky is

ls

U= UA ’
Qs

where U, is the orthogonal factor of the QL factorization of A;. The computational complexity of
GQR-Cholesky, neglecting the terms of lower order, is (n — $)?(7(p 4+ @) — 2(n — 3)).

Let us now show how the algorithm described here can be considered as an algorithm to compute the
lower block antitriangular factorization of the coefficient matrix in (1.2). The algorithm just described
transforms problem (1.2) into the following equivalent one:

MqYq = fq,
with
i} Y, -
X1 X2 Yo AP
Mg == Q'MQ lponss A (3.23)
q-= == X]TZ X22 A:(gz) [l .
Y,
YT APT AT YT l
A d
s bp
fl:=QTfy fl=|%2 b2f 3.24
Yo fo=Q'ly fl=|2 2 (3:24)
Xxg 0
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where

@) T T QT T
A :=QAA2=QE[ P J A,.
q

Observe that the latter product is not explicitly computed. Moreover, after a suitable symmetric permu-
tation, (3.23) becomes a block antitriangular system:

_ Y.
| a2 | 3|2
p—n+s 22 S _ b,
X2 X]-_rz Ag) "3 bs
Y Xe Xu AP S |%
2
Y] AP APT AT

4. Sability
We consider the solution of the (normalized) symmetric system of Equation (1.2) using the last block
antitriangular form, obtained from an orthogonal transformation which we will call Qp:

175

180

) Y, -
\
0 0 B lp_nss AR
Qu |0 Xy Al QL= X IR (4.)
BT AT 0 #ooTe e
Y X2 Xy AP
2 12 11 1
vT ADT pART @7

Since the algorithm produces an orthogonal congruence transformation, the backward error will be

symmetric, and since the transformation has a block form compatible with the block structure of M, the

backward error will also have this structure. Hence, if we denote the computed quantities with a hat, we

have that

Qu(M + AM)QY, =

Y1
v
Ip—nJrs A(22)
2 X Xu AP
A(ZZ)T A(Sz)T A(lz)T |

(4.2)
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with
0 0 AB
AM:=| 0  AXy, AA|, Ay=AZX,, (4.3)

ABT  AAT 0

and also || AM ||, ||(AQI,I QM — 1]|2 = €, with € the machine precision, because this algorithm is known
to be backward stable. Let || A Xyq|l2 := ce. There exists, according to Lemma A.1 in the appendix, an
updating transformation Qyp such that

€.

N O

Qup(zpq + Aqu)QIp = qu, ||Qup - |||2 <

Incorporating this transformation into Qy then yields again the result (4.2) and (4.3), but now with
A X, =0. We now turn to the perturbation of the solution of the linear system

i .
al A d
© el a 0
lp—n+s A7 || | b2
Xoo XL AP |ss| ™ |bs
) oA b
¥, S S I N I s
- ~oT ~@T o7
7 AP AP AP |

It follows from this system that s, = 0, and hence the computed solution X1, X, &1, 5, & satisfies § =0
and the perturbed system of equations

Y. -
| A %1 d
p—n+s 2 S b,
2 =12 (4.4)
X2 A3 ?3 b3
7, %o AP] el (P

where standard error analysis of triangular linear system solvers (Higham, 2002, Chapter 8) says that
Y2 = Yall2, V2 = Yallo, 1AL — APz, 1A — A 12, AP — AP ll2, Koz — Xazll2 and [[Xsz — Kaall2
are all of the order of . Note that we did not include in this system the equation used to solve for %,
since it does not affect the solution for x and s. This is important, since the structure of (4.4) has no
repeated blocks and only the constraint that X, ought to be symmetric; but it is shown in (Mackey
et al., 2008) that this is easy to satisfy with a similar backward error.

It thus follows from this discussion that the computed solution (X,8) corresponds exactly to the
solution of a nearby problem with data (A, B, g b, d). Note that we cannot say this for the computed

solution 4. It is also important to note that X, and b do not get perturbed.
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5. Sensitivity
In this section, we analyse the condition number of this problem. Since there is an orthogonal transfor-

200 Mation between the system My = f and the permuted system Mpy, = fp:

205

[0 0o 0 2
v, Ao
D X1 d
0 Ip—n+s A2 S| b2 (5 1)
0 %o AP | x5 | [%] T [bs]" |
“ A | g X2 by
Y X A X1 0
S
R4 APT AT AT |

we can as well look at that one. Note that we have displayed all sub-blocks that can be perturbed. The
missing blocks are thus hard zeros that are not perturbed by our algorithm.

We first look at the effect of perturbation in b and d only. In this case, the zero blocks displayed
in (5.1) remain zero as well, and we have thus Mpdy, = &f,. From these two equations we observe that

s =0 and §s; = 0. We then finally obtain the equations:

X1 d 6X1 &d

A (S| b2 A |85 | | 8Dy

U S I i R ol I bl (5.2)
X2 by %o Sby

for both the original data and the perturbation, where M is the submatrix

Y1
|\7|:= Ip—n+s AEZ)
Xp AP
\2 X2 AP
It immediately follows from this that
8X1 X1 sd d
s /2 <IN | |5 / dlE
8X2] ||, X2] ||, 8bq | |, by I,

and since the vector s is always zero, we also obtain

=L/ 1 il

We point out that since M and M~ are submatrices of, respectively, M and M ~, the condition number

2

A A 5d
< IMI2IM 72l H }
) sb

20 0f M can be no larger than M.
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We now turn to the analysis of perturbations in M only, but this is a more complicated issue. From
the equations (Mp + AMp)(y,, + 8y,) =f, and Mpy, =f;, we obtain (up to second-order terms) the

identity

(5.3)

Selecting the middle block of equations from (5.3), we then obtain from (5.1) the identity (up to second-

order terms)
81 0 X1
~ |83 0 ~ S
M + |o7| 851+ AM =0.
bso| T |RG| 7% 5

The vector és; can also be computed from (5.3) and yields

A
8s1=—Y; " [Au, A1z, And] ||
$3

where Aj; are the nonzero blocks of AM,, partitioned as in (5.1). Since

: 1 0 0 0 |
. 0 01 0 0] ~_41|0 - Ip—n+s
-1 -T_ -1 _
MP szl = o o 1 oM jo|r M= R
N 0 N
X1 00 0 0 Y2 X12
this then yields the bound
sx A 0 ) A
‘H%] <IN |[AM s {| + M2, ||aM |
2 X 2 0 2

(5.4)

It is obvious to see that, in general, [M 1|2, |IM~1||2<|IM ~1||,, which indicates that the ILSE problem
is less sensitive than the problem of solving the linear system My = f. In order to better understand the
difference between both terms in the above expression, let us look at the case when X,q =1. Then, it

easily follows that X, and Xy, are void and Xy; = I, and hence

0 % o v, 17

~ A 1 5 1A —
IMTa=|{0 1 AP| || ~||, o] || =IV"APY L,

n ~ @) Yo, A

0 0 Y717 G171t
IM~tl,=(|0 1 0 ~|19 " ~ Y515 Tl

. ¥ 1 2 2

Y, 0 | , 2
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If, moreover, there are no constraints, then Y1, A%? and A% are also void and these respective matrix
norms become

-1 ~ -1 1. ~ -1y -1
M7z = 1Yy 2 IM T2 = Y2 7Y .

We can recognize here the two components of the sensitivity analysis of the classical linear least
squares problem as analysed, e.g., in Golub & Van Loan (1996) and in Elden (1980). Note also that
when the residual s is nearly zero, then also A is zero, and the second term of the sensitivity bound
disappears. This was also observed by Grcar (2011) who showed that the conditioning problem of
our problem is much better when the residual vector is nearly zero (i.e., when the systems are nearly
consistent).

6. Numerical experiments

In this section, we report the results of some numerical experiments performed in Mat | ab@©R2010b
with machine precision e &~ 2.2 x 1076, For each example, the matrix B € RS", given its condition
number! g, is constructed by using the matlab command B =g x gal | ery( randsvd’ ,[s,n], «g),
so that ||B|l2 = «g and its singular values are geometrically distributed between «g and 1. Moreover,
given ka, A=Qx, DUQg, with Qyx, € RP+O*®+d 5, _orthogonal, i.e., such that Q}pqquQgpq =
Zpq, generated by the method described in Higham (2003), D € R®*®*" a diagonal matrix with
decreasing diagonal values geometrically distributed between «a and 1, U € R™" random orthogo-
nal generated by the function gal | ery( qmul t’ ,n), and with Qg € R™" the orthogonal factor of
the right lower antitriangular factorization (3.3) of B, B=[0, Y;]Qg, so that « (A) & | A|| &~ ka. This
construction guarantees that AT Xp,A > 0. The solution x of problem (1.1), depending on a param-
eter ¢; € R, is chosen as x = Qgvy, with v; =c¢; x randn(n, 1). Furthermore, partitioning Qg and
A as in (3.4) and (3.6), respectively, Qg = [Qg1, Qs2], with Qg1 € R™ ™9 spanning the nullspace
of B, A; = AQg; € RPHO*x(=9) A, — AQg, € RPTD*S, the vector s, depending on a parameter ¢, € R,
is chosen as and s=¢,V, x randn(s, 1), where V, € RP+*®*s has orthogonal columns spanning the
nullspace of A;. Hence, d =Yivi(n —s+1:n), b= Zp,s+AQgvy and A = —Y[\(Als). Then, the
solution of the augmented system (3.1) is given by y =[AT, s, x"]". For all the experiments, we choose
n=>50, s=20, p=60, g=40.

Each set of experiments consists of 16 runs; in each of these «x and «g are taken from the set
{le +1,1e + 2, 1e + 4, 1e + 8}. The solution computed by the proposed method, denoted by Xy, is
compared to the one computed by mat | ab using the command “\” applied to (1.2), denoted by Xz, to
the solutions yielded by the methods GQR- Chol esky and GHQRdescribed in Bojanczyk et al. (2003a),
denoted by Xgyp1 and Xgypz, respectively, and to the solution computed by the method proposed in
Mastronardi & Van Dooren (2013a) and denoted by xuvs. Moreover, we add an ‘S’ to the name of
the considered methods when they are used to solve the corresponding scaled augmented system (2.3).
Moreover, the corresponding scaled matrix is denoted by Ms.

1 The condition number of a rectangular matrix A € R™", m >n, rank(A) =n, is defined as omax(A)/omin(A) (Golub &
Van Loan, 1996).
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We denote by
b= [5 A
bl |Zy A
rw) = - 2,
llwll2

the ‘restricted’ relative residual, where w = [s" x"]".
Since the GQR- Chol esky and GHQR methods compute only the solution x of (1.1), then the miss-
ing sis computed as s= X,q(b — Ax) for these two methods.

6.1 First set

For this set of experiments, we choose ¢; =c¢, = 1.

In columns 2, 3, 4 and 5 of Table 2, the condition numbers of A, B, M and Mg are displayed, respec-
tively. The condition numbers of the matrices M, Ms, M and Ms are displayed in columns 6, 7,8 and
9, respectively. We can observe that the condition number of the scaled matrix Mg is often smaller
than Ehe condition number of matrix M. This also holds for the condition numbers of the matrices Ms
and M.

In Table 3, the restricted relative residuals of the vector w computed by the considered methods are
reported. It can be observed that solving the scaled problem using the mat | ab “\’ gives more accurate
results than “\” without scaling. Moreover, the considered methods have a similar behaviour and this is
independent of the use of scaling since these methods work on the individual blocks of M.

In Table 4, the relative residuals of the w and y computed by the proposed method are reported
in columns 2 and 3, respectively. Since c¢; and c, are of the same size, the vectors s and x have
approximately the same norm. Therefore, in this case we have that the error of the computed solu-
tion depends on both Ms|l and ||Ms]|, as shown by (5.4). In Table 5, columns 2, 3, 4, 5 and 6, the
relative error of the solutions computed by the considered methods are displayed. These experiments
show that the proposed method has often a smaller relative error.

6.2 Second set

For this second set of experiments, we choose ¢; = 1e10, and ¢, = 1. We omit a table similar to Table 1
because the construction of M does not depend on the coefficients c¢; and c;.

We can see in Table 6 that the backslash of mat | ab now behaves even worse when using the
unscaled matrix (see also the discussion at the end of Section 4) (Table 7).

Since ¢; > ¢y, it follows that ||x|| > ||s||. Therefore, taking (5.4) into account, the error in the com-
puted solution depends more on Mgl This can be clearly seen in comparing columns 2, 3, 4 and 5 of
Table 8.

6.3 Third set

For this third set of experiments, we choose ¢; =1, and ¢, = 1e10. Also in this case, we omit a table
similar to Table 2 because the construction of M does not depend on the coefficients ¢, and ¢, (Table 9).

Since ¢; >> ¢y, it follows that ||s|| > ||x||. Therefore, taking (5.4) into account, the error in the com-
puted solution depends more on ||Ms]|. This can be clearly seen in comparing columns 2, 3, 4 and 5 of
Tables 10 and 11.
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TaBLE 2 Condition numbers of the matrix of the augmented system, of the scaled one and of their
related submatrices

# Kk (A) k(B) k(M) Kk (Ms) k(M) K« (Ms) k(M) Kk (Ms)
1 48e+01 1.0e+01 3.0e+03 1.8e+03 3.0e+03 2.0e+02 2.0e4+03 1.4e+03
2 23e+02 1.0e+01 4.6e+04 15e+04 1.9e+04 6.2e4+02 1.5e+04 1.3e+04
3 23e+04 1.0e+01 3.9e+08 8.6e+06 5.4e+06 6.1e+03 3.6e+05 7.4e+06
4 35e+08 1.0e+01 5.2e+15 9.2e+11 4.7e+12 4.2e4+06 2.0e+11 8.le+1l
5 25e+01 1.0e4+02 1.6e+03 5.3e+02 1.6e+03 2.2e4+02 4.0e+02 4.9e+02
6 1.6e+02 1.0e4+02 1.8e+04 9.4e+03 3.3e+03 3.9e+02 1.9e+03  8.5e+03
7 15e+04 1.0e+02 6.8e4+07 5.2e+06 2.1e4+06 4.4e+03 3.6e+05 4.6e+06
8 21e+08 1.0e4+02 6.3e+15 4.8e+11 3.8e+12 1.8e+06 8.6e4+09  4.4e+11
9 2.2e+01 1.0e4+04 1.4e+05 1.7e+06 1.3e+05 2.2e+04 3.0e+02  5.0e+02

10 7.1e402 1.0e+04 1.8e+06 1.6e+05 1.8e+06 3.2e4+04 1.2e+05 1.4e+05

11  14e+04 1.0e+04 3.2e4+07 6.1e+06 1.2e+06 4.0e+04 2.3e+05 5.6e+06

12 1.6e+08 1.0e+04 4.2e+14 15e+11 4.9e+11 6.0e4+05 1.5e+09 1.3e+11

13 25e4+01 1.0e+08 2.0e+09 1l.1e+14 2.0e+09 1.8e4+08 5.0e+02 5.3e+02

14  4.4e+02 1.0e4+08 9.3e4+09 4.4e+12 9.2e+09 4.2e+08 3.1e+04  3.9e+404

15 25e+04 1.0e+08 4.3e+11 6.1e+10 1.0e+10 6.2e+08 1.0e+06 6.4e+06

16 1.8e4+08 1.0e+08 9.2e+14 6.6e+11 9.2e+11 5.9e+08 8.0e+09 5.9e+11

TABLE 3 Relative residuals (c; =¢y)

# r(xs) r'(Xgs) r(Xmvs) I (XBHp1s) I (XBHp2s) r(Xmves)
1 5.741e—15 1.79e—16 5.43e—16 2.43e—16 2.25e—16 4.49e—16
2 3.878e—14 2.36e—16 5.44e—16 2.05e—16 2.38e—16 4.45e—16
3 2.912e—14 1.95e—16 4.46e—16 2.07e—16 2.28e—16 3.45e—16
4 1.113e-12 2.61le—16 4.71e—16 2.88e—16 2.39e—16 4.19e—16
5 3.821e—15 2.92e—16 5.67e—16 2.17e—16 2.77e—16 5.48e—16
6 1.629e—14 3.17e—-16 5.69e—16 1.85e—16 2.36e—16 5.42e—16
7 1.136e—13 2.48e—16 5.36e—16 2.48e—16 2.51e—16 5.57e—16
8 5.817e—12 2.18e—16 4.12e—16 1.94e—16 1.97e—16 4.07e—16
9 5.727e—14 1.14e—-14 4.64e—16 2.11e—16 2.58e—16 4.41e—16

10 8.307e—15 1.87e—16 4.40e—16 2.02e—16 2.04e—16 4.85e—16

11 5.011e—-14 2.49e—16 5.07e—16 2.34e—16 2.18e—16 4.32e—16

12 4.201e—13 2.05e—16 5.19e—16 2.07e—16 2.35e—16 6.17e—16

13 2.534e—-10 2.61le—-11 4,70e—16 2.61e—16 2.18e—16 4.39e—16

14 6.324e—12 1.12e—12 4.81e—16 2.02e—16 2.18e—16 4.41e—16

15 1.434e—13 5.15e—-14 7.61e—16 2.09e—16 2.55e—16 5.34e—16

[y
[op}

2.926e—12 7.33e—16 3.90e—16 1.54e—-16 2.06e—16 4.08e—16
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TaBLE 4 Relative residuals and ‘modified’ condition numbers of « (Ms) and « (Ms)

# ex k(M e x k(M
Iwlj Lyl M) M)
1 1.48e—14 1.47e-14 4.45e—-14 3.26e—13
2 1.27e—13 1.27e—13 1.40e—13 3.07e—12
3 1.08e—11 1.08e—11 1.35e—12 1.66e—09
4 1.03e—06 1.03e—06 9.34e—10 1.81e—04
5 5.68e—15 3.42e—-15 4.99e—14 1.10e—13
6 3.18e—-14 2.42e—14 8.69e—14 1.90e—12
7 9.7%9e—-12 9.79e—12 9.92e—13 1.03e—09
8 9.02e—07 9.02e—07 4.19e—-10 9.80e—05
9 2.11e—13 1.31e—13 5.04e—12 1.13e—13
10 3.26e—13 3.63e—-14 7.28e—12 3.20e—11
11 2.05e—11 7.40e—12 9.06e—12 1.25e—09
12 1.06e—07 1.06e—07 1.35e—10 2.92e—05
13 9.73e—10 5.60e—10 4.02e—08 1.19e—13
14 4.41e—-10 2.84e—11 9.44e—08 8.71e—12
15 7.10e—10 3.70e—-12 1.40e—07 1.42e—09
16 5.25e—07 3.30e—09 1.33e—07 1.31e—-04
TaBLE 5 Relative errors of the solutions
4 IXss — XI| X = Xmvs |l X — XgHp1sl| X — XgHp1s| X — Xmvas |l
(11l X1 X1 11l X1l
1 2.84e—14 1.64e—14 2.16e—14 1.73e—14 2.58e—14
2 3.48e—13 1.45e—13 1.30e—13 1.05e—13 3.74e—-13
3 6.44e—11 1.20e—11 1.73e—11 7.96e—12 9.22e—11
4 2.03e—06 1.16e—06 2.08e—06 2.68e—06 5.22e—06
5 2.88e—14 6.99e—15 2.3%9e—-14 2.33e—14 1.10e—14
6 1.63e—13 3.80e—14 8.68e—14 9.38e—14 4.04e—13
7 7.35e—11 1.26e—11 5.06e—12 1.13e—11 5.98e—11
8 2.30e—06 1.04e—06 1.83e—06 2.90e—06 5.63e—06
9 2.69e—12 2.38e—13 1.64e—12 1.64e—12 2.39e—13
10 9.57e—12 3.88e—13 1.19e—11 1.20e—11 1.66e—12
11 2.3%9e—-11 2.34e—-11 4.49e—-11 5.09e—11 8.57e—11
12 7.73e—07 1.33e—07 5.82e—07 4.67e—07 4.03e—07
13 1.22e—05 1.15e—09 9.61e—09 9.61e—09 1.15e—09
14 4.33e—05 5.24e—10 3.08e—07 3.08e—07 5.24e—10
15 2.57e—06 8.76e—10 5.45e—07 5.45e—07 8.56e—10

16 8.79e—04 5.92e—07 1.15e—-03 1.15e—-03 7.47e—06
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TABLE 6 Relative residuals (¢c; > ¢»)

# r(xg) r(Xgs) r(Xmvs) I (XgHp1s) r(XgHp2s) r(Xmves)
1 4.96e—15 1.27e—16 1.68e—16 1.82e—16 1.68e—16 2.36e—16
2 3.20e—14 1.96e—16 2.39e—16 2.24e—16 1.93e—-16 4.04e—16
3 1.17e—-12 1.43e—16 2.02e—16 1.47e—16 1.44e—16 2.31e-16
4 2.23e—08 1.70e—16 2.32e—16 2.24e—16 1.71e—16 2.83e—16
5 1.35e—-14 1.83e—16 2.16e—16 1.22e—-16 1.02e—16 2.99e—-16
6 3.15e—14 2.40e—16 2.30e—16 1.15e—-16 1.36e—16 2.58e—16
7 1.66e—12 1.73e—16 1.95e—-16 1.11e—16 9.85e—17 2.91e—16
8 1.25e—08 1.89e—-16 1.90e—16 1.19e—-16 1.62e—16 2.17e—-16
9 4.38e—13 1.62e—16 2.57e—16 6.28e—17 7.50e—17 2.98e—16

10 6.11e—13 1.44e—16 2.51e—16 1.11e—16 8.41e—17 2.26e—16

11 2.45e—12 1.28e—16 1.88e—16 7.12e—-17 6.60e—17 1.87e—16

12 1.61e—08 1.02e—16 1.37e—16 7.13e—17 6.16e—17 1.83e—16

13 5.60e—09 2.08e—16 3.21e—-16 9.39e—17 1.49e—-16 2.95e—16

14 2.46e—09 1.75e—16 2.60e—16 6.48e—17 7.33e—17 2.64e—16

15 5.18e—09 1.34e—16 1.22e—16 7.0le—-17 5.59e-17 2.12e—16

16 1.55e—08 4.48e—17 9.02e—17 8.08e—17 4.45e—-17 1.92e—-16

TaBLE 7 Relative residuals and ‘modified’ condition numbers of « (Ms) and « (Ms)

4 IW — Wpys || Iy = Ymvsl e x (M) e x (W)
lwl| lyll
1 1.34e—15 1.34e—15 3.60e—14 1.97e—-13
2 8.99e—15 8.99e—15 1.11e—13 5.96e—12
3 5.10e—14 5.10e—14 7.27e—13 6.00e—10
4 4.58e—12 4.58e—12 1.06e—10 1.87e—05
5 2.32e—15 2.59e—15 4.42e—14 1.25e—13
6 1.16e—14 1.18e—14 9.06e—14 1.15e—12
7 2.31e—14 2.31e—14 4.14e—13 2.40e—10
8 1.25e—11 1.25e—11 2.21e—10 2.09e—05
9 2.16e—14 1.36e—12 4.77e—-12 4.93e—-14
10 1.54e—13 4,13e—13 7.78e—12 4,19e—-12
11 4.56e—13 4.56e—13 1.38e—11 8.44e—10
12 1.04e-11 1.04e—-11 4.15e—-10 9.40e—05
13 2.28e—10 3.25e—-04 4.62e—08 7.11e—-14
14 7.08e—11 6.80e—06 5.33e—08 1.20e—12
15 1.03e—09 2.33e—-07 1.02e—07 1.67e—09
16 8.62e—10 8.62e—10 1.06e—07 3.04e—-04
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4 IIxes — x| X = Xwws|l X = Xerpas I [ = Xgrpas I X = Xwves I
(11l (11l (11l Il Il
1 1.52e—14 1.34e—15 1.64e—15 1.73e—15 5.99e—-15
2 1.40e—13 8.83e—15 1.12e—-14 4.48e—15 7.36e—13
3 4.60e—11 5.10e—14 5.07e—14 3.60e—14 3.40e—11
4 1.77e—06 458e—12 1.31e—-11 6.37e—12 5.01e—-07
5 6.24e—15 2.30e—15 4.77e—15 4.39e—-15 6.97e—15
6 1.13e—13 1.16e—14 1.41e—-14 1.42e—-14 3.68e—14
7 1.99e—12 2.31le—-14 3.58e—14 3.71le-14 7.97e—12
8 6.95e—07 1.25e—-11 1.60e—11 2.0le-11 3.71e—-07
9 1.18e—13 2.13e—14 2.05e—13 2.05e—13 2.13e—14

10 3.06e—13 1.54e—13 3.72e—-13 3.69e—13 1.99e—13

11 1.53e—-11 4.56e—13 7.25e—13 7.67e—13 1.39e—-11

12 2.10e—06 1.04e—-11 2.10e—11 1.08e—11 2.01e—06

13 3.59e—-09 2.22e—10 3.91e-09 3.91e—-09 2.22e—10

14 1.37e—09 7.08e—11 5.66e—10 5.66e—10 7.08e—11

15 2.45e—09 1.03e—09 2.20e—09 2.20e—09 1.04e—09

16 7.32e—07 8.62e—10 1.23e—09 1.25e—09 6.49e—06

TABLE 9 Relative residuals (c; « C,)

# r(xs) r'(Xgs) r(Xmvs) I (XBHP1s) I (XBHp2s) r(Xmves)
1 3.664e—015 4.50e—-016 8.11e—016 3.91e-016 3.06e—016 7.19e—-016
2 1.575e—014 4.24e—016 9.48e—016 2.80e—016 3.10e—016 8.32e—016
3 5.872e—014 3.31e-016 7.54e—016 2.60e—016 3.27e—-016 6.40e—016
4 1.730e—012 4.59e—-016 7.90e—016 3.73e—-016 2.57e—-016 6.54e—016
5 9.230e—015 3.84e—016 8.21e—016 3.22e—-016 3.62e—016 7.77e—016
6 2.798e—014 3.90e—-016 1.01e—015 3.30e—-016 3.35e—-016 7.97e—-016
7 3.893e—-014 5.87e—016 9.34e—016 4.18e—016 3.07e—016 8.58e—016
8 9.193e—013 3.13e—-016 8.64e—016 3.07e—-016 3.59e—-016 8.09e—016
9 3.179e—-015 6.63e—015 8.30e—-016 3.76e—016 4,76e—016 8.58e—016

10 7.444e—015 6.43e—015 8.95e—016 2.78e—016 2.91e—-016 6.82e—016

11 1.406e—014 3.24e—-016 7.58e—016 3.22e—-016 3.55e—-016 7.60e—016

12 3.054e—-012 3.42e—-016 1.02e—015 3.55e—-016 2.94e—-016 7.68e—016

13 3.665e—015 6.54e—011 8.39e—016 2.89e—016 2.99e—-016 7.46e—016

14 1.084e—014 4.21e—-011 6.91e—016 2.32e—016 4.44e—-016 7.68e—016

15 9.280e—014 3.18e—-012 8.82e—016 3.73e—-016 2.56e—016 6.82e—016

16 7.577e—013 3.45e—-016 8.27e—016 2.76e—016 3.65e—016 8.68e—016
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TaBLE 10 Relative residuals and ‘modified’ condition numbers of « (Ms) and « (Ms)
) [w — Waavs | 1y = Yunvs | o x k(M) s x k(His)
lIwl Iyl
1 4.50e—-015 3.84e—-015 6.83e—015 4.40e—014
2 9.21e—014 9.02e—014 3.51e—-014 9.75e—013
3 4.02e—011 4.02e—-011 9.55e—013 7.06e—010
4 2.18e—006 2.18e—006 2.38e—010 8.31e—005
5 2.02e—014 6.96e—015 4.40e—014 2.57e—013
6 3.41e—-013 1.70e—013 1.38e—013 4.30e—012
7 1.59e—011 1.58e—011 4.94e—013 3.60e—010
8 5.16e—006 5.16e—006 5.94e—010 2.49e—004
9 1.73e—014 9.10e—-016 4.82e—012 2.29e—013
10 1.48e—013 4.33e—-015 5.65e—012 1.75e—-012
11 2.10e—011 1.09e—011 8.35e—012 1.50e—009
12 3.66e—006 3.65e—006 2.68e—010 9.10e—005
13 1.52e—014 1.05e—015 4.74e—008 7.45e—014
14 6.22e—014 1.71e—015 6.30e—008 2.10e—012
15 5.20e—011 4.30e—-014 6.04e—008 1.10e—009
16 5.18e—007 7.65e—009 2.17e—007 1.43e—004
TasBLE 11 Relative errors of the solutions
IXgs — XI| IX — Xmys]| IX — XpHP1s | IX — XgHp1s | IX = Xmvas I
[ Il 11l [ 11l
1 3.31e—005 2.27e—005 6.18e—005 5.31e—005 4.14e—005
2 9.26e—004 7.72e—004 6.21e—004 8.78e—004 8.50e—004
3 1.34e—001 2.27e—001 1.99e—001 7.75e—002 3.29e—001
4 4.59e+-004 1.49e+004 6.37e+-003 1.33e+004 9.99e+-003
5 3.97e—004 1.49e—004 6.15e—004 6.72e—004 1.06e—004
6 7.13e—003 2.86e—003 6.59e—003 7.58e—003 2.67e—003
7 4.28e—002 7.51e—002 2.70e—002 9.20e—003 5.07e—002
8 2.81e+003 2.83e+004 2.10e+004 9.00e-+002 5.33e+004
9 1.29e—001 1.48e—004 1.93e—002 1.93e—002 2.49e—004
10 3.30e—002 5.69e—004 7.96e—003 8.03e—003 1.14e—003
11 4.08e—001 1.44e—001 1.43e+000 1.43e+000 2.28e+-000
12 7.29e+003 2.31e+004 1.05e+003 3.58e+003 1.30e+004
13 1.71e+006 9.56e—005 4.42e+-001 4.42e+001 1.13e—004
14 1.20e+007 3.39e—004 8.98e+002 8.98e-+002 3.58e—004
15 1.45e+005 3.09e—001 2.22e+004 2.22e+004 2.77e—001
16 1.56e+006 3.10e+-003 1.69e+006 1.68e+006 9.02e+004
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7. Conclusions

An algorithm for computing the solution of indefinite least squares problems with equality constrained
is described in the paper. The proposed algorithm is related to the so-called GQR- Chol esky method
proposed in Bojanczyk et al. (2003a), even though it turns out to be slightly more accurate and efficient.
Moreover, the proof of the backward numerical stability is given in a strict sense. A sensitivity analysis,
bringing a new insight in the problem, is also given.
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Appendix
A.1 Congruence transformation lemma

LEmma Al Let M := X + A be an e-perturbation of X' :=diag{l,, —lq}; then there exists a congru-
ence transformation restoring the original matrix: X = (I + C)(X + A)(I + C)" where (I +C) is an
e-perturbation of the identity.

Proof. Let the matrices M and C be denoted by

M = Ip + An A _|Cu Cu
' Al —lg+ Az |’ " |Cxn Cx|

If the symmetric perturbation matrix A has 2-norm ce <« 1, then an approximate solution is given by
Co=—AX/2since

(I +C)Z+A)(1+C)T=2 - 3AxA+tAaxATA,
which is O(e?)-close to the solution. Since the scalar function (1 + §)~'/2 has a converging Taylor

series for § < 1, one then shows that C has a converging Taylor series in powers of AX of which Cy is
the first term. It then follows that ||C ||, = (¢/2)e + O(€?), which completes the proof. O

A2 Caseq>n-—s

Here we describe an algorithm to handle the case g > n — s. Partition A; as follows:

Al )p
A= |:A12:| 1a’

and y® and f as

s]in—s bi|}n—s

| lp—n+s bo[lp—n+s
yV=|s|In—s , fP=|pg|In—s

S|lg—n+s b, }d—n+s

X¢| In—s olIn—s

Compute the left upper antitriangular factorization of Ay; and Agy:

In—s

Y,]lh—s
{g—n+¢s

An=Qp {0 p—n+s’ A1, =Qq [Yoﬂ (A1)

with Y, e R"=9%(=9 nonsingular upper antitriangular, Y3 € R®=9*(-9 ypper antitriangular and
Qp € RP*P Qg € R9*9 orthogonal, and let

Qp
Q(Z) = Qq
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Then, the linear system (3.8) is transformed into the following equivalent one:

M DgD — i (A.2)
where
Y2
Ip—n+s 0
- MO =Q@TMBQ® = —lns Vs |,
_lq n+s 0
0 Yi 0
TS Q T |:k§)1:|
Qp |:SZ:| p b2
T (1) T ~
(1) Q(2) @) T S Q(l) O — QT b3 (A.3)
St 9 |bs
0 .
partitioned as y® and fV, respectively.
Then, compute the left upper antitriangular factorization of
Vg _ Yo| Jn—5s
M —u [ }}n_s, (A4)

with U € RATN=9x@N=9) orthogonal and Ry; € RM9*(M=9) nonsingular upper antitriangular. Let us

0 partition U as follows:

Un Up
U=
|:U21 Uz

|

with Uy € R(n—s)x(n—s), Up e R(n_S)Xq, Uy € RI*("=%) and Uy, ¢ R%44, and let

Q(3) — Ip—n+s

Q11
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Observe that, due to the particular structure of (A.4), Uy; and Uy, are upper triangular. Then, the linear
system (A.2) is transformed into the following equivalent one:
M@y®@ — @ (A.5)
where
Xu X12 Ru
Ip—n+s
M@ = Q@ TMDQ® = |X,,T X2 ,
_Iq—n+s
Ri
with
X11 = U1 "Ugs — Uz Uy,
X1z = U1 "Upp — Uy "Up, (A.6)
Xa2 = U2 "Upp — U Uy,
S Un's —Uxn'S U by — Uz Tbs
@ z @ Ty Tg % Ta @ _ o®TFD Th " TR
y9=1%|=QY ¥ "= U5 -Ux'§|, f7=Q% " = |Up'b —Ux'b;
& S bs
X1 X1 0
and
Sl _T (S S| _oT | E)leTt:Jl §3=QT€33
S Pl (& 90s4]" [b2 Plby] " |bs 9 by
INM®) =In(M®) = (q + p —s,0,p). Therefore, by Gould (1985, Theorem 2.2),
Ip—n+s
In X22 =(q,0,p—n+s).
_lq—n+s
Hence, Xy € RM9x(0=9) js symmetric negative definite with Cholesky factorization
X2 = —LooLJ,. (A7)
The linear system (A.5) can now be solved in the same way the system (3.15) in Step 3 of Section 3
is solved. For the sake of brevity, we omit the details.
—
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TaBLE Al Computation complexity of the
algorithm described in Appendix A.3

Flops
(3.3) 2s2(n —s/3)
(A1) 2(n=s)*(p+9q—2(n—9)/3)
(A4) 2(n—5s)3
(A.6) 11/6(n —s)®

In Table A1, we report the number of floating point operation due to compute the most expensive
parts of this variant of the algorithm, neglecting the terms of lower order.

Q12
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