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Abstract An algorithm for computing the solution of indefinite least squares prob-
lems and of indefinite least squares problems with equality constrained is pre-
sented. Such problems arise when solving total least squares problems and in
H > -smoothing.

The proposed algorithm relies only on stable orthogonal transformations reducing
recursively the associated augmented matrix to proper block anti-triangular form.
Some numerical results are reported showing the properties of the algorithm.
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202 N. Mastronardi, P. Van Dooren

1 Introduction

An algorithm for computing the solution of indefinite least squares (ILS) problems
and of indefinite least squares problems with equality constraints (ILSEC) is de-
scribed in this paper.

Given a matrix A € RPTO*1 4 yector b € RP1, and

1
EPq:|: T } (L1
q

with I the identity matrix of order k, the ILS problem is formulated as follows:

min(b — AX)T S, (b — Ax). (1.2)

This problem is considered in [2, 3] where some numerical methods for computing
the solution are proposed. The problem arises in solving total least squares problems
[3, 4, 14] and in H®°-smoothing [3, 7]. It is shown in [2] that the ILS problem has
a unique solution if and only if AT % pgA 1s positive definite. This means that p > n
and that A(1: p, 1: n) has full column rank »n and so has A. Denote the residual by
r = b — Ax, the solution of (1.2) satisfies the augmented system

I INSH!

with X,,s = r. Furthermore, given a matrix B € R**" and a vector d € R®, the
ILSEC problem can be formulated as follows :

min(b — Ax)Tqu (b — Ax) subjectto Bx=d. (1.4)
X
As noted in [1], the ILSEC problem has a solution assuming that the following con-
ditions
rank(B) =, XTATEPqAX> 0, xeker(B) (1.5)

hold. The first condition implies that the constraint equation admits a solution. The
second one, imposing the positive definiteness of A7 % pqA on the nullspace of B,
ensures that (1.4) has a unique solution [1]. Moreover, since AT % pqA has rank at
most p and dim(null(B)) =n — s, then

p>n-—s. (1.6)

The solution of the problem (1.4) satisfies the augmented system

0 0 B]A d
0 =,, A s|=1|b & My=f, (1.7
BT AT 0 X 0

where —A is the vector of the Lagrange multipliers.
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An algorithm for solving the indefinite least squares problem 203

The problem of computing the solution of (1.7) is considered in [1, 9, 10, 13].
Recently, an algorithm to reduce an indefinite symmetric matrix to a matrix in proper
block anti-triangular form via orthogonal transformations has been described [11].
In this paper we describe an algorithm for computing the solution of both ILS and
ILSEC problems by solving the augmented systems (1.3) and (1.7) using this block
anti-triangular form. The main idea is to first reduce recursively the coefficient matrix
of the augmented system, already in block anti-triangular form to proper block anti-
triangular form via orthogonal transformations. Then the obtained linear system is
solved.

The algorithm described in the paper computes the solution for the general ILSEC
problem. The corresponding algorithm for computing the solution of the ILS problem
can be easily derived from the latter one.

The paper is organized as follows. After having introduced some definitions and
notations in Sect. 2, the algorithm to reduce the augmented matrix to proper block
anti-triangular form via orthogonal transformations is described in Sect. 3, followed
by the numerical results and the conclusions.

2 Notations

— The inertia of a symmetric matrix A € R"*" is denoted by Inertia(A) =
(n—,ng,n4), where n_, ng and ny are the number of negative, zero and posi-
tive eigenvalues of A, respectively, and n_ +no +n4 =n.

— The identity matrix and the anti-triangular unit matrix of order »n are denoted by I,
and E,, respectively, i.e.,

I, = e R, E,= e R™*",
1 1

— We denote by agr1l the function computing the lower anti-OR factorization of X €
R™" m > n, rank(X) =n, i.e., [Q, L] = agrl(X), with O € R™*™ orthogonal

and
Y — oL L 0 B 0 |}m—n,
=0L, L] |4 n,

I € R™" lower anti-triangular, i.e., all the entries above the main anti-diagonal
are zero. The matrix L is nonsingular if X has full column rank n. In case m < n,
the matrix L = L is lower anti-trapezoidal, i.e., L(i, j) =0, fori + j <m + 1,

i=[7].

— We denote by agru the function computing the upper anti-QR factorization of X €
R™" m > n, rank(X) =n, i.e., [Q, R] = agru(X), with O € R™* orthogonal
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204 N. Mastronardi, P. Van Dooren

R n,
X =QR, R= = [V} :
0 0 |}m—n,
R e R<n upper anti-triangular, i.e., all the entries below the main anti-diagonal

are zero. The matrix R is nonsingular if X has full column rank n. In case m < n,
the matrix R = R is upper anti-trapezoidal, i.e., RG, j)=0,fori+j>n+1,

R=[C7].

— We denote by 0; ; and 0y the i x j zero matrix and the square zero matrix of
order k, respectively. Moreover, we omit the indexes if the size of the matrix can
be deduced from the context.

and

3 Reduction of the augmented matrix to anti-triangular form

Given a nonsingular indefinite symmetric matrix A € R"*" with inertia In(A) =
(n_,0,ny), an orthogonal matrix Q can be computed such that A = QT AQ is in
proper lower block anti-triangular form [11, 12],

0 0 YT"7}=min{n_,n,}
A=|0 x zT |}=In_ —nql (3.1)
Y Z W |}=min{n_,ny}

with W symmetric, Y nonsingular lower anti-triangular, i.e., all the entries above the
main anti-diagonal are zero, and X = LL” symmetric positive definite if n > n_,
X = —LLT symmetric negative definite if n_ > n_, L nonsingular lower triangular,
X=[]ifn_=n4.

In a similar way, an orthogonal matrix O can be computed such that A=0TAQ
is in proper upper block anti-triangular form [11, 12],

W 2 ?7)=min{n_,ny)
A=|2ZT X 0 |}=In_—n4| (3.2)
YT 0 0 |}=min{n_,ny}

with W symmetric, Y nonsingular upper anti-triangular, i.e., all the entries below the

main anti-diagonal are zero, and X=LLT symmetric positive definite if ny > n_,

X =—LLT symmetric negative definite if n_ > n, L nonsingular lower triangular,
=[lifn_=n4.

The solution of a linear system with the coefficient matrix in proper lower (upper)
block anti-triangular form can be computed with a cost depending quadratically on
the size of the matrix [11, 12].

The main idea of the algorithm we want to propose is to recursively transform
the nonsingular coefficient matrix of the linear system (1.7), already in block anti-
triangular form, in proper block anti-triangular form by orthogonal transformations.
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An algorithm for solving the indefinite least squares problem 205

Let us partition y and f in (1.7) as follows,

A }S, d }S,
s +gq, X b +4q,
y= A e S LA L (3.3)
X | jn—s, X2 0 |}n—s,
X2 | }s, 0 (]}s.
Let us consider the anti-QR factorization of BT,
[0V, Li]=aqr1(B"), Q" =[0u.0r] (34

Q1 € R™" orthogonal, with Qs € R"*"~%) spanning the nullspace of B, Qx €
R™*S spanning the range of BT, and L, = [Y(IT] € R Y| € R**® nonsingular
lower anti-triangular. Let

Then (1.7) is transformed into the following equivalent linear system,

MOy — gD, 35
with
0 0 0 Y, }s,
MO = oM yo® = Zpg  AQN AQR |}p+q,
0 QX[AT 0 0 n—s,
Y1T Q7TQAT 0 0 }s,
A s
S S
yO=|_ |=0Vy= . X eRS, %eR, (3.6
X g | X
X2 X2

and ) = Q(I)Tf =f, since, by (3.3), the last n entries of f are zero.
Let Ay = AQn and Ay = AQR. We can already compute X, from the lower
anti-triangular linear subsystem

Yixp =d (3.7
in (3.5), and, using b=b— AjXjy, update the right-hand-side,
d d

=

S o T
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206 N. Mastronardi, P. Van Dooren

Therefore, we now need to solve the linear system

0 =,, A[2 b
0 A]T 0 s |=10 (3.8)
vyl AT 0 | |x 0
If we first solve the “smaller” linear system
MPy? =2 (3.9)

with

M@ Xpg Al ’ ¥ = S , (@ _ b ’
A{ 0 X 0

then A can be computed from YITA = —A2Ts.

Since
- T T ’
Al Xy 1 —A] XpA I

it follows from (1.5) that Inertia(M®) = (¢ + n — 5,0, p) and Inertia(M) =
Inertia(M V) = (g +n,0, p+5).

We now consider the case ¢ > n — s.

Let us partition Ay, s and b as follows,

st [lp—n+s, b1 |}p—n+s,
A Ip, S | jn—s, - b, | }n—s,
A= 11 |1p ’ <= 2 P ~2
A1z | g, $3 [ In—s, b; |In—s,
s4 | }g—n+s, f,4 g —n+s.

Compute the lower anti-Q R factorization of A1, [Q11, L11] = agr1(A1;) and the
QR factorization of A2, [Q12, R12] = qr(A12).

Let
~ On Ip 0®
@ _ d 0®= .
Q |: QIZ] }q o Q |: In—s]

Then (3.9) is transformed into the equivalent linear system
My =), (3.10)
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An algorithm for solving the indefinite least squares problem 207

where
[ 1 p—nts 0 ]
Li_s L
M(3)=Q(2)TM(2)Q(2): I, R |,
—lg—n+s| 0
0 ([ &L 0 o

(D] .
S S1 ;s
S(zl) S5 Q11 s
T =
y(3) — Sél) — Q(z) s | = QT s3] |- 3.11)
sV S4 12 54
% X1 X1 i
- 3y .
f§ ) b 51
- T |7
f;3> b, oy, B
G |3 | =@ | 5. | = -
= f3 =0 b3 | = QT b3
€ by .
0 | 0 | 0 .
Due to the structure of M@, it follows from (3.10) that we can compute s(ll)
and sftl),
1 3 1 3
sV=1Y, sV =1, (3.12)
and “shrink” (3.10) to
MOy =, (3.13)
with
[n—s Lll s;l) 23)
M = —I,—s|R12 |, 5,(3) — Sgl) , 3 = fg3) ,
T T 3
Lll R12 0 X| 0

with Inertia(]\;la)) =(@+n—s,0,p)—(q@—n+s,0,p—n+s)=Q2mn—s),0,n—s).
Let

- Tln=s 5 En—s D
Q@):[ N ] and Q(3)=|:Q ] (3.14)
_ﬁEn_s ﬁln_s In—s
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208 N. Mastronardi, P. Van Dooren

Then (3.13) is transformed into the following linear system,
My = @ (3.15)

with

Ep—s ?2
T ~
M@ = 0" ®0® _ | g, R |.

_551) sgl) . |:S§1)_
@D_ |- _p®"| 0|
y =18 |=¢@ s3 ~s§1)_
_f(l X1 X
[1/v26" — £1ipud(s{’))
= [ 1/v26s§" + £1ipud(sy)) | - (3.16)
% ANEE
@ _ |73 | = p®T | 3 | —
=11 |=0 £ | = £
0 0 0
(1728 — £1ipuad))
= | 1/V2¢5 + £1ipua?)) |-
0

and ?2 = l/ﬁ(Ll] — E,_sR1p) and Ry = 1/«/§(R12 + E,_sL11), and the mat-
lab function £lipud(x) returning x with the entries flipped in the up-down di-
rection. There are different approaches to reduce the coefficient matrix in (3.10) to
anti-triangular form. Here we describe one based on the multiplication of a sequence
of n — s Householder matrices.

Let
Ens] [/
@ _ @ — =S
M" =M and Co=| . = .
’ ’ [Yz} 2]
Atthei-thstep,i =1,2,...,n—s, a~H0useholder transformation I:Ii € R2n—5)x2(n—s)

is applied to C;_1 = H,-_lﬁi_z -+ H1Cp,
Ci=HCi_y,

such that therows (n —s) —i+1,(n —s)—i+2,...,.n—s5,2(n—s) —i + 1 are
modified and the entries (n —s) —i+1,(n —s) —i +2,...,n —s of the i-th column
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X X X X

X X X X X X X X X

x X x x x o x X x % x XX x

X X X X X X X X X X X XX X XX X X

X XX x XX X % XXX X X X

x X X x X x X X XXX XX X X X
x x x X x X3 x| % x
x X X XXX X X X X X

Bk % PR B

X XX X XXX X xX X XX X XXX XX XX X X X
XX XX X X XX XX X X X X X X X X X X X XOXOXPX X X XX X X X
XX X XX X X X X X X X XX X X X X X X X X X X X X XX X XX XX XX X X X

Fig. 1 Sequence of the matrices Mi(4)’ i=0,1,...,4. At the i-th step, i =1, ..., 4, the entries to be
annihilated are denoted by ® and the entries to be modified by the orthogonal transformations are in gray

H [n—s . 1 .
j = ~ ) J=1...,1
J Hj

and M, = H;_ H; - HiM{PHT .. HT ,HT | Then

annihilated. Let

Ml'(4) — Hi Ml(i)] H[T’

has the rows (columns) 2(n —s) —i +1,2(n —s) —i +2,2(n —s),3(n —s) —i + 1
modified and the entries 2(n —s) —i +1,2(n —s) —i +2, 2(n — s) of the i-th column
(row) annihilated. This process is graphically depicted in Fig. 1 forn — s = 4.

Let 0¥ = I:IIT I:IzT e ﬁans € R2n=9)x2(=5) apnd QW = HlT H2T e HnTﬂ. €
RS(n—s)xS(n—s)-

Then the linear system (3.15) is transformed into the equivalent one
MOy =) (3.17)

with M® having the following structure,

Y(S) }I’l —s,
MO = @ y® @ X®  zO |y,
y®T 70T wo |n—s,

Y® e RO=)x0=9) ponsingular lower anti-triangular, X, W® ¢ RO—9)x(=9)
symmetric, and

5 -
YE ) sg)
G)_| O | - @@ _ ~(
y - y2 - Q y - Q(4)T S3 9
v
s y (3.18)
fl ) f;3)
GS) _ | 5 | — @7 @ _ %3)
=g |=0" Y= 5w f
£ 0
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210 N. Mastronardi, P. Van Dooren

Since Inertia(M®) = Inertia(M®) = Inertia(M™®) = (2(n — 5),0,n — s), then,
by [6], the submatrix X© of M® is symmetric negative definite with Cholesky
factorization X® = —L(S)L(S)T, L® e R=9)*"=5) nonsingular lower triangular.

We can now compute the solution of the linear system (3.17) in the following
steps:

— solve the lower anti-triangular linear system

Y(S) (5) f(S)

— update of the right-hand-side:

%5
f(l ) f(15)
%5 5) )
£ | = £ [z e
i.;s) fgS) w® |73
— solve the linear system X (S)yés) = fés),
LOt=—F

Loy =t

update of the right-hand-side:

7(5) #5)

£ £

i) | = i :
I,gS) f(S) Z(S)T (5)

solve the lower anti-triangular linear system

Y(S)T (5) f(S)

From (3.18) we can compute

~ 5
Sél) yg )
@ _ | =) | — @Dy®S _ )
y - 53 - Q y - Q(4) yZ
% (5)

If one is only interested in the computation of the solution x of (1.4), since X, is
already computed in (3.7), it can be obtained from (3.6) as

Xi| X%
NESN!

@ Springer



An algorithm for solving the indefinite least squares problem 211

If one is also interested in the computation of the whole solution of the augmented
system (1.7), from (3.16),

1 1 1 a
55" _50 S 1[50 + £1ipua@l’)
0 0 |7 |0 erspuact )
Furthermore, from (3.11) and (3.12),
1
s ( ) 0 (1)
1 11
21 _ 5@ sg ) S(zl)
=0 |~ )
S3 s3 S3
0 Q|
S4 Sy Sy
Finally, also A can be computed from (3.8) by solving the lower anti-triangular linear
system

—

YITA = —AQT S.
3.1 Computational complexity and implementation details

In Table 1 the number of floating point operations required to compute the solution x
of (1.4) by the proposed algorithm is reported. Observe that, as usual, only the terms
of higher order in n, s, p, g, of the floating point operations are displayed, neglecting
the other terms.

About the storage requirement for the proposed algorithm, we need additional
memory for storing X®, W and ™. Of course, instead of storing O™, we
store the coefficients S; e R and the vectors v; € Rit! of the Householder ma-
trices H =1, ,B,V, vi,i=1,...,n —s. Since X® WO g R=)xn=5) apd
V; eR*! i=1,...,n—s, and p+q > p,n>n—s, the additional memory re-
quired is negligible with respect to that required to store A and B.

The case ¢ <n — s is very similar but requires ranges for the Householder trans-
formations that are adapted to the trapezoidal shape of Rj;. Since the formulas are
similar, we moved the description of this case to the appendix. Notice that the com-
plexity and storage requirement are then also reduced.

Table 1 Number of floating

point operations required to # flops

solve the (1.4) problem by the

proposed algorithm Y 252(n—s /3)
[A1, Azl 2s(p+q)(n—s)
Ly 2(n = )% (p = (1 —9)/3)
Rp2 20— $)*(q — (n—5)/3)
MO 4(n —s)3
L® (n— S)3
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4 Numerical examples

In this section we report the results of some numerical experiments performed in
Mat1ab©R2010b with machine precision & 2 2.2 x 107!, For each example, the
matrix A, given k4, is constructed as A = Qx, DU, where Q5 € R(P+a)x(p+q)

is a X p4-orthogonal matrix, i.e., such that Qgpq g Q)qu = X4, generated by the

method described in [8], D € R(P+9*" 5 a diagonal matrix with decreasing diag-
onal values geometrically distributed between 1 and 1/x4, and U € R"*" is a ran-
dom orthogonal matrix generated by the function gallery(gmult’, n). It turns
out that the condition number! of A, k(A) =~ k4. Furthermore, A is normalized so
that || A||2 = 1. The matrix B € R**", given its condition number kg, is constructed
by using the matlab command B = gallery('randsvd’, [s, n], kp), so that | Bl =1
and its singular values are geometrically distributed between 1 and 1/kp.

The solution x of problem (1.7), depending on a parameter c; € R, is chosen as
x = 0Wvy,, with v| = ¢; x randn(n, 1), where = Q) € R"™ " is the Q factor
of the anti-QR factorization of BT . Furthermore, partitioning 0W as in (3.4), the
vector s, depending on a parameter ¢y € R, is chosen as s = ¢ V> x randn(s, 1),
Vo € RPHOXS with orthogonal columns spanning the nullspace of AQar. Hence,
d=Yiviln—s+1:n),b=2,;s+A0Wv| and > = —¥] \(AT’s). Then the solu-
tion of the augmented system (1.7) is given by y = [A,s7, x" ]

We observe that, given the matrices X,,, A € RPHD>1 B e RS with
A2, || Bll2 = 1, the corresponding linear system (1.7) can be always scaled by
the matrix D| = diag{gls, Ipig,aly}, with o = 1/||All2, B = 1/||B||2, to have an
equivalent linear system

Mgys =fs,
where
0 O By
Ms=DMD; =] 0 Y Ag |,
BI AL 0

with Ag =a A, Bs = BB, sothat |Ag|2 =||Bsll2=1,ys = Dfly, and fg = Dif. In
[13] it is shown that the matrix Mg is often better conditioned than M.

For all the experiments, we choose n = 50, s =20, p = 60, g = 40.

Each set of experiments consists of 16 runs, in each of these k4 and «p are taken
from the set {le + 1, le + 2, le + 4, le + 8}. The solution computed by the pro-
posed method, denoted by X p, is compared to the one computed by mat1lab using
the command “\”, denoted by xp, and the solutions yielded by the methods GQR-
Cholesky and GHQR described in [1], denoted by xg¢ and X¢ g, respectively.

In each table we report the results for matrices A and B with different condition
number. In particular, the condition number of the matrices A, B and M and are

IThe condition number of a rectangular matrix A € R™*" m > n, rank(A) = n, is defined as
omax (A)/omin(A) [5].
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displayed in columns 2, 3 and 4, respectively. Moreover, the relative errors of the so-
lution computed by “\” of matlab, by the GOR-Cholesky method, by the GHQOR
method and by the proposed method are reported in columns 5, 6, 7, and 8, respec-
tively. In Table 2 are reported the results for ¢c; = ¢; = 1, in Table 3 the results for
c1 =1, ¢cp = le4, and in Table 4 the results for c; = led, co = 1.

For each of the compared methods the forward errors are compatible with the
condition of backward stability. Indeed, if these methods would be backward stable
then the relative forward error would be bounded by the condition number « (M)
times the machine accuracy ¢ (i.e., the relative backward error). One can check that
this bound indeed holds for all the methods and for all the examples. Nevertheless, the
GQR-Cholesky method, the GHQR method and the proposed one often outperform
the matlab “\”, but with varying success. This is due to the fact that these methods
exploit the structure of the problem. Moreover, we can observe that in Table 4, when
the condition number of A is large, GQR-Cholesky and GHQR behave better than
the proposed algorithm. This is mainly due to the fact that the proposed algorithm
modifies the initial zero blocks in the original structure of the matrix in (1.3). In such
cases GQR-Cholesky and GHQR should be preferred. A new algorithm proposed
in [13], also guarantees the backward error to respect the structure of the augmented
system.

Table 2 Relative errors of the computed solutions withthe c; =1 =¢p =1

# K(A) «(B) (M) IIX[XXHgllz folliﬁzc ll2 IIX*‘;(‘TZH ll2 HX*”’:(zl\‘J; ll2
1 2.88e+01 1.00e+01 7.45e+02 2.48e-14 1.13e-14 1.09e-14 1.79-14
2 1.33e+02 1.00e+01 6.96e+03 1.84e-13 3.88e-14 3.49¢-14 5.84e-14
3 1.27e+04 1.00e+01 2.32e+06 6.84e-12 1.73e-11 1.19e-11 1.36e-11
4 2.21e+08 1.00e+01 9.07e+11 3.91e-06 1.95e-06 1.27e-06 1.03e-05
5 4.24e+01 1.00e+02 1.46e+03 1.57e-14 2.38e-14 2.44e-14 4.15e-14
6 1.92e+02 1.00e+02 1.27e+04 7.74e-14 1.83e-13 1.19¢-13 1.36e-13
7 2.99e+04 1.00e+02 9.68e+06 7.67e-11 5.14e-11 3.3%-11 1.51e-10
8 1.37e+08 1.00e+02 1.87e+11 8.62e-07 6.95e-07 5.34e-07 3.82e-06
9 2.07e+01 1.00e+04 2.76e+06 1.07e-11 5.07e-13 5.07e-13 8.32e-14

10 2.44e+02 1.00e+04 9.05e+04 1.09e-11 1.36e-11 1.36e-11 2.35e-13

11 1.58e+04 1.00e+04 9.06e+06 2.15e-11 6.78e-11 8.3%-11 9.97e-11

12 1.64e+08 1.00e+04 1.09e+11 4.63e-07 2.75e-07 2.86e-07 3.48e-07

13 1.44e+01 1.00e+08 6.81e+14 2.34e-04 2.34e-09 2.34e-09 5.12e-10

14 3.91e+02 1.00e+08 3.54e+12 3.51e-06 8.44e-08 8.44e-08 4.93e-10

15 2.67e+04 1.00e+08 2.48e+10 1.96e-06 5.84e-07 5.84e-07 7.75e-10

16 2.63e+08 1.00e+08 3.41e+12 9.40e-05 6.25¢-04 6.22e-04 3.36e-05
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Table 3 Relative errors of the computed solutions with the ¢ =1, ¢ = le4

# K(A) «(B) (M) IIXWXXHI;ID Hx—lliﬁzc\\z ”X_H’;ﬁzH ll2 Hx—”ill\‘lzi’ ll2
1 2.69e+01 1.00e+01 5.82e+02 6.04e-11 4.07e-11 6.26e-11 1.18e-10
2 2.25e+02 1.00e+01 2.29e+04 9.00e-10 1.36e-09 8.20e-10 2.12e-09
3 3.30e+04 1.00e+01 1.39e+07 6.98e-07 3.76e-07 3.86e-07 8.34e-07
4 1.77e+08 1.00e+01 2.18e+12 4.35e-02 1.01e-01 1.01e-01 2.62e-02
5 1.99e+01 1.00e+02 4.30e+02 3.76e-10 1.57e-10 1.58e-10 8.65e-11
6 1.52e+02 1.00e+02 7.24e+03 2.21e-09 2.78e-09 2.93e-09 7.61e-10
7 3.19e+04 1.00e+02 1.56e+07 3.33e-07 4.34e-07 5.32e-07 1.83e-06
8 1.81e+08 1.00e+02 5.55e+11 8.03e-03 7.97e-03 7.37e-03 9.75e-03
9 7.54e+01 1.00e+04 1.94e+05 4.17e-08 3.68e-08 3.68e-08 8.76e-10
1 6.84e+02 1.00e+04 1.12e+05 3.28e-07 4.17e-07 4.21e-07 1.39¢-08

11 1.72e+04 1.00e+04 2.22e+06 5.68e-07 4.05e-07 3.88e-07 1.66e-07

12 4.51e+08 1.00e+04 4.53e+12 1.36e-01 4.87e-02 1.06e-01 4.11e-01

13 4.77e+01 1.00e+08 3.65e+13 9.21e-02 1.12e-05 1.12e-05 2.60e-10

14 2.08e+02 1.00e+08 2.78e+13 9.74e-01 2.50e-04 2.50e-04 1.73e-09

15 2.83e+04 1.00e+08 8.03e+09 4.42e-03 4.23e-03 4.23e-03 7.07e-07

16 1.00e+08 1.00e+08 3.99e+11 4.40e-01 5.51e-02 5.27e-02 1.47e-02

Table 4 Relative errors of the computed solutions with the ¢c; = le4, ¢y =1

# K(A) «(B) (M) IIX[XX“gllz folliﬁzc ll2 IIX*‘;(‘TZH ll2 HX*”’:(zl\‘J; ll2
1 8.01le+01 1.00e+01 5.49e+03 5.70e-14 1.18e-14 4.14e-15 8.81e-14
2 3.73e+02 1.00e+01 3.71e+04 5.34e-14 1.52e-14 5.30e-15 2.18e-13
3 1.96e+04 1.00e+01 6.89e+06 5.56e-11 1.57e-13 3.76e-14 1.78e-11
4 1.07e+08 1.00e+01 2.08e+11 2.14e-06 5.95e-11 6.60e-11 2.12e-07
5 2.53e+01 1.00e+02 5.40e+02 9.74e-15 3.95e-15 4.14e-15 4.73e-15
6 3.01e+02 1.00e+02 2.60e+04 9.91e-14 1.11e-14 1.39%-14 1.89%¢-13
7 1.85e+04 1.00e+02 7.87e+06 9.90e-12 7.06e-14 5.52e-14 3.64e-11
8 2.73e+08 1.00e+02 8.04e+11 2.48e-06 9.97e-11 7.22e-11 1.07e-05
9 3.65e+01 1.00e+04 9.76e+05 2.65e-13 1.10e-13 1.09e-13 4.95e-14

10 3.50e+02 1.00e+04 1.19e+05 3.96e-13 3.90e-13 3.88e-13 3.29%-13

11 1.65e+04 1.00e+04 2.66e+06 9.56e-12 2.48e-13 2.57e-13 6.26e-12

12 2.85e+08 1.00e+04 4.67e+11 2.59-07 2.42e-10 2.46e-10 3.03e-07

13 3.54e+01 1.00e+08 9.03e+13 4.20e-09 2.03e-10 2.03e-10 6.57e-10

14 1.00e+03 1.00e+08 8.46e+11 1.36e-09 3.06e-09 3.06e-09 3.48e-10

15 1.91e+04 1.00e+08 7.24e+10 1.77e-09 1.61e-09 1.61e-09 3.71e-10

16 1.25e+08 1.00e+08 9.02e+10 2.14e-07 5.38e-09 5.39e-09 3.52e-07
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5 Conclusions

An algorithm for computing the solution of indefinite least squares problems and
indefinite least squares problems with equality constraints is presented. The algorithm
performs a similarity transformation on the associated augmented matrices to block
anti-triangular form, relying only on Givens, and Householder transformations.

Some numerical examples are provided showing that the presented algorithm is
numerically stable.

Appendix

We now describe how the linear system (3.9) can be solved when g <n — .
Let s partition A1, s and b as follows,

S1 }n_S7 bl }n_sa
A |)p, - -
Al = s=|s [}p—n+s, b=|by |}p—n+s,
Az | g, -
s3] 1q. b3 | lg-

Compute the upper anti- Q R factorization of A1y, [Q11, R11] =agru(Aq;) and Ay»,
[Q12, Riz]l = agru(Ayp).

Let
~ on tp o®
@ _ d @ _ ]
Q |: QIZ] }6] o Q |: In—s

Then (3.9) is transformed into the equivalent linear system

MOy _ 6, o
where
[ In—s Ry
M(S) _ Q(Z)TM(Z)QQ) _ Ip,nﬂ 0 |
—lIq|Ri2

O s QlTl[ }

=% =0 —|l=]] 6.2)
S3 3 Q1253
X1 _i] X|
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(3) & -
f1 b; QT b
(3) T -
|5 | _por P2 _| T [
£ b; ol bs
0 0 0

De to the structure of M, from (6.1) we can compute sg),

st =15, (6.3)
and “shrink” (6.1) to
MO§S =3 (6.4)
with
In—s Ry si) £
u® = LR |, 3= ] =],
RI|RL| 0 X 0

with Inertia(M®) = g+n—5,0,p)—(0,0,p—n+s)y=(@+n-—s,0,n—s).

The matrix M® can be reduced to upper block antitriangular form by a sequence
of n — s Householder transformations.

Let 81 = 310,

Atstepi,i=1,...,q — 1, the matrix Mi(i)l = Hi_1~-~H1A;I(§3)H1T~--HiC1, is
multiplied to the left by a Householder matrix H; € RC(=9)+@)x(2n=5)+4) and to the
right by the transpose of H;, such that

i® = 51O HY

has the rows (columns) i,n —s +1,n —s +2,...,n —s +i modified and the entries
n—s+1,n—s+2,...,n—s+1iin column (row) 2(n — s) + g — i + 1 annihilated.

Furthermore, at stepi,i =g¢, ..., n —s, the matrix Mi(i)l is multiplied to the left by
a Householder matrix H; € R =9)+0)xQ2(=9)+4) and to the right by the transpose
of H;, such that

7 (3) 7 (3) T
M;™ = H;M;” H;_ |

has the rows (columns) i, n —s+1,n—s+2,...,n —s + g modified and the entries
n—s+1l,n—s+2,...,n—5+¢q in column (row) 2(n — s) + g — i + 1 annihilated.
Let Q(3) — HlT H2T e HnT—v e RCn—=8)+q)x2(n=95)+q)
Then the linear system (6.4) is transformed into the equivalent one

M(4)y(4) — f<4)’ (6.5)
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with M® having the following structure,
WOz Y@,
M@ = 0O 10 o® = | z@T  x@ 17,
y@T In—s,

Y® e RU=$)x01=9) nonsingular upper anti-triangular, X, W® ¢ RO=9)x(1=9)
symmetric, and

y(14)‘ S51)
yP =1y — QO'§D = o' s [ (6.6)
vy X
f(14)_ f(13)
4 — i424) ZQ(S)Tf(S)ZQ(S)T t?)
£ 0

Observe that y§4) = X; and f§4) = 0, because of the structure of Q(3). Since
Inertia(M™®) = Inertia(M®) = (g +n—s5,0,n —s), then, by [6], the submatrix
X® of M® is symmetric negative definite with Cholesky factorization X =
—L@L®" L@ ¢ RI*4 nonsingular lower triangular.

We can now solve the linear system (3.17) in the following steps.

— Observe that y§4) =0, since f§4) = (. Therefore the y§4) =0 is the solution of the

upper anti-triangular linear system

HT @) 4).
y@Ww ¥ :f3 :

— update the right-hand-side

4) 4) 4)

(6877 ["9] @,

ol ) e P
— solve the linear system X (4)y§4) = fgx) ,

LWe=—§"

HT (4

— solve the upper anti-triangular linear system

4 - 4 4
YYDy @z, 9z,

@ Springer



218 N. Mastronardi, P. Van Dooren

Once X is computed, the solution x of the problem (1.4) can be obtained as

~ X
x=0"|
X2

If one is also interested in the computation of the solution of the augmented sys-
0
S

tem (1.7), from (6.6) & = [sél)] = 0®y® can be computed and, therefore, y*,
X1

since, by (6.3), sg) is already computed. Finally, from (6.2), y® = 0®y® can be

computed.

About the computational complexity of this step, the computation of Ry; and
R1> requires 2(n — $)2(p — (n — 5)/3) and 2¢%(q +n — ) floating point opera-
tions, respectively. Moreover, the computation of Y™ requires 4g(n — s — ¢)> +
2¢%(n — s) — 2/3q> floating point operations.
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