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We present an algorithm for computing a symmetric rank-
revealing decomposition of a symmetric n X n matrix A, as
defined in the work of Hansen & Yalamov [9]: we factorize the
original matrix into a product A = QM QT with Q orthogonal
and M symmetric and in block form, with one of the blocks
containing the dominant information of A, such as its largest
eigenvalues. Moreover, the matrix M is constructed in a form
that is easy to update when adding to A a symmetric rank-one
matrix or when appending a row and, symmetrically, a column
to A: the cost of such an updating is O(n?) floating point
operations.

The proposed algorithm is based on the block anti-triangular
form of the original matrix M, as introduced by the authors
in [11]. Via successive orthogonal similarity transformations
this form is then updated to a new form A = QMQT,
whereby the first £ rows and columns of M have elements
bounded by a given threshold 7 and the remaining bottom
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right part of M is maintained in block anti-triangular
form. The updating transformations are all orthogonal,
guaranteeing the backward stability of the algorithm, and the
algorithm is very economical when the near rank deficiency
is detected in some of the anti diagonal elements of the block
anti-triangular form. Numerical results are also given showing
the reliability of the proposed algorithm.

© 2015 Elsevier Inc. All rights reserved.

1. Introduction

Rank-revealing decompositions of dense matrices are widely used in applications such
as signal and image processing, where accurate and reliable computation of the numer-
ical rank, as well as the numerical range and null space, are required [4,12]. In such
applications it is crucial to compute in a fast and reliable way an updating of such a
factorization when a row or a column is appended/deleted to the initial matrix (updat-
ing/downdating) or when the initial matrix is modified by a symmetric rank-one matrix
(rank-one modification).

For the unsymmetric case many rank-revealing algorithms have been proposed in the
literature based on the QR factorization and URV decomposition [4,3,1,2.6]. The singular
value decomposition (SVD) is of course a decomposition that reveals the numerical rank,
but in general updatings or rank-one modifications cannot be computed in an efficient
way [9,5].

In many applications the underlying matrix is symmetric [9,5] and it is therefore
useful to consider rank revealing factorizations exploiting this symmetry. Recently, a new
factorization of symmetric indefinite matrices A = QMQT, with Q orthogonal and M
block-anti-triangular (BAT) has been introduced [11]. In particular, given a symmetric
indefinite matrix A € R™*" with inertia (n_,ng,ny), the following decomposition can
be computed,

0 0 0 0 |}ng
0 0 0 YT |y
A=0QMQT, M= 1
QMG 0 0 X ZT|lng (1)
0Y Z w }n1

with @ € R™*™ orthogonal, Z € R™*"2 ¥ € R™*™ gymmetric, Y € R™*™ nonsingu-
lar lower anti-triangular and X € R"2X"2 symmetric definite if ny > 0, i.e., X = wLLT
with L lower triangular and

L,
-1, ifny <n_

ifny >n_
w = +
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When ny = n_, w is not defined. Hence, X is symmetric positive definite if w = 1 and is
symmetric negative definite if w = —1. This BAT factorization of a symmetric matrix can
be efficiently updated/downdated for a symmetric rank-one modification [11]. Moreover,
a BAT decomposition modified by appending to it one more row and, symmetrically, one
more column, can be updated in O(n?) floating point operations, where n is the matrix
order.

In this paper we describe an algorithm that uses the BAT factorization as a pre-
processing step and computes a factorization of the form QM QT, where Q is an orthog-
onal matrix and M is a rank-revealing block anti-triangular one,

My, MT
. o o YT
M = ~ A A 2
Myl 0 X 27T 2)
Y 72 W

with || M1 ||2 + || M12||2 ~ 7 and all the entries of the main diagonal of the anti-triangular
matrix ¥ greater than 7 in absolute value, with 7 a fixed tolerance. Such a decomposition
can then be exploited in various applications where an approximation of the numerical
rank and/or range are needed.

The paper is organized as follows. In Section 2 the notations together with known
results used in the manuscript are listed. In Section 3 the main ideas, on which the
rank-revealing algorithm is based, are described followed by the section of numerical
examples and conclusions.

2. Notation, definitions and known results

In this section we describe the notation, definitions and known results used in the

manuscript.
e Matrices are indicated with upper-case letters A, B, ..., vectors with bold lower-case
letters u, v, ..., scalars with lower-case letters a, 3, ...a,b, ... Moreover, the element
i, j of a matrix A is denoted by a;; and the subvector of elements i,¢+1,...,i+j

of a vector b is denoted by b;.i;.

o The identity matrix of order n is denoted by I,,, while the zero matrix of size (m,n)
is denoted by 0,,, or simply by 0 if there is no ambiguity.

o The eigenvalues of a symmetric matrix A € R"*" are denoted by

If there is no ambiguity, the eigenvalues of A are denoted simply by A\;, i =1,...,n.
e The singular values of a matrix A € R™*":; m > n are denoted by

oi(A), i=1,...,n, with o0;(A) >0;41(A), i=1,...,n—1.

Please cite this article in press as: N. Mastronardi, P. Van Dooren, Rank-revealing decomposition of
symmetric indefinite matrices via block anti-triangular factorization, Linear Algebra Appl. (2015),
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If there is no ambiguity, the singular values of A are denoted simply by o;, i =
1,...,n.

e The ith vector of the canonical basis of R" is denoted by e™

., or just e; if there is
no ambiguity.

¢ Depending on the context, a Givens rotation can be either a 2 x 2 orthogonal matrix

or the matrix of order n

In—i—l

e The numerical rank k of A, with respect to the threshold 7, is defined as the number of
singular values greater than or equal to 7, i.e., 0k (A) > 7 > o441 (A) [8, Section 3.1].
o The factorization

A=QMQT, (3)

of a symmetric matrix A € R" "™ with @ = [QO ‘ QR} € R™ ™ orthogonal, Qg €
Rnx(n—k) QR c Rn*k

My Mo
M = T ; (4)
My Ma
My, € Rn=k)x(n=k) " pro e REXE A, € RFX(=K) and 0 < k < n, is said to be
rank-revealing® [9] if
COIld(MQQ) ~ O'l/O'k and HM11||%~ + HM12||%7 ~ 013-5-1 4+ -4 Ji.

e The inertia of a symmetric matrix A € R™*" is defined as the triple Inertia(A4) =
(n_,ng,n4), where n_, ng and ny are the number of negative, zero and positive
eigenvalues of A, respectively, and n_ + ng +ny =n [7].

e The numerical inertia of a symmetric matrix A € R™*™ with respect toT € R, 7 > 0,
is defined as the quadruple Inertia(A, 7) = (n,,n_,ng,ny), where ng, n,, n_, and
ny are, respectively, the number of zero eigenvalues of A, the number of non zero
eigenvalues of A that, in absolute value, are smaller than 7, the number of negative

3 The definition of rank-revealing factorization introduced in [9] has the block matrices in (4) permuted.
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Fig. 1. Application of a Givens rotation to a matrix. (For interpretation of the references to colour in this
figure, the reader is referred to the web version of this article.)

eigenvalues smaller than —7, and the number of positive eigenvalues of A greater
than 7, and n; + n_ +ng + ny =n.
o If A and E are two symmetric matrices of order n then

Y A+ E) = X(4)* < | B, ()

Ai(A+E) = Xi(A) < [|Ell2, i=1,...,m, (6)

The latter result is known as the Wielandt-Hoffman theorem [7, p. 442].
o Let A = [a1‘~-~’an] € R™*™ be a column partitioning with m > n. If A, =

[a1‘~-‘ar},r:1,...,n—1, then

UI(AT+1) 2 01 (A'r‘) > UQ(ArJrl) > 2 UT(AT+1) 2 UT‘(AT) 2 UT+1(AT+1)~ (8)

e f A R™™ m >n and w= +1, then

Ni(wATA)| = 02(A), i=1,...n. 9)

Before considering the rank revealing algorithm, we analyze, in the same fashion de-
scribed in [12], the effects of applying a Givens rotation to a matrix A € R?*7 with entries
of different size. The Givens rotation has been chosen to introduce a zero in position (2, 1).
In general, in the figures of the manuscript we denote by ® the entry of the matrix to
be annihilated by the multiplication of the Givens rotation while the entries modified by
the multiplication are in red. Moreover, x’s, 0’s, and €’s, respectively represent non zero
entries, zero entries, and tiny entries (below a fixed threshold 7) of the matrix. Fig. 1
shows the modification of the matrix multiplied by the Givens matrix. In particular,

R.1: a pair of x’s remains a pair of x’s;

R.2: a x and a 0 are replaced by a pair of x’s;
R.3: a x and an ¢ are replaced by a pair of x’s;
R.4: a pair of €’s remains a pair of &’s;

R.5: an € and a 0 are replaced by a pair of €’s.

We observe that two tiny entries remain tiny after the multiplication due to the orthog-
onality of the Givens matrix.

Please cite this article in press as: N. Mastronardi, P. Van Dooren, Rank-revealing decomposition of
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3. Rank-revealing block anti-triangular factorization

The aim of this section is to describe an algorithm that computes a rank-revealing
factorization of type (3), after having computed the BAT factorization (1) of a symmetric
indefinite matrix A = QM QT by the BAT algorithm described in [11].

Without loss of generality, we assume the matrix M nonsingular and the central block
X positive definite. In fact, the singularities of A are already detected by the reduction
of the original matrix into BAT form by the BAT algorithm.

When we thus consider the symmetric indefinite matrix

0 0 YT |n
M=|0 X ZT|}ng (10)
Y A w }n1

where Z, W are symmetric, Y € R™*" ig lower anti-triangular and X € Rm2*"2
symmetric definite, if one of the entries of the main anti-diagonal of Y is zero, then
the whole matrix M is singular [11]. The latter entry can be removed from the main
anti-diagonal of Y, transforming M into the BAT form (1).

In Subsection 3.1 we show that if an entry of the main anti-diagonal of Y is, in absolute
value, below a fixed threshold 7, then the matrix M can be modified via orthogonal
similarity transformations into the matrix (2).

Let
1 nT
of o | g
N 1)
A 0 0o Yt N R o )
0l o x» ZzO My,
Yy O @
Then, by (7),

N (MDY < X (M) < \i(MD) 47, i =1,...,n.

Hence, if an entry of the main anti-diagonal of Y in (10) is, in absolute value, less than 7,
then A\, (M) < 7, since A, (M™) = 0. Moreover, we have transformed the matrix (10)
into a matrix of the form (4).

3.1. Removwal of tiny entries of the main anti-diagonal of Y

As previously discussed, if an entry of the main anti-diagonal of Y in a BAT matrix
M is, in absolute value, below a fixed threshold 7, then so is A, (M). In this subsection
we show how to transform such a BAT matrix into form (2). For the sake of brevity,
we describe the effects of algorithm only on the lower anti-triangular matrix Y. The
extension of the algorithm to the whole matrix M is straightforward.

Please cite this article in press as: N. Mastronardi, P. Van Dooren, Rank-revealing decomposition of
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X X X X X X
€ X e X e & X e &€ € X E € &€ € X € € & € X
X X X ® X X X X X X X X X X
= = = = = =
X X X X X X X X X X X X X X X X X X X X
X X X X X X X X X X X X X X X @ X X X X X X X X X X X X
(a) (b) (© (G (e ®
X X X ® €
X X X X ® X € X € X
X X X ® X x € X % € X X € X X
= = = =
X X X € X X X € X X % € X X X € X X X
€ e € € x £ X X X X £ X X X X £ X X X X € X X X X
® (h) @ 0) (9]

Fig. 2. Removal of tiny entries of the main anti-diagonal of Y by multiplications of Givens rotations and a
permutation matrix.

Let us suppose the element in position (n1 — k + 1, k) of the main anti-diagonal of
Y € R™*™ (and, hence, the element (ng + 2n1 +ne —k + 1,n9 + k) of M) is less than
T in absolute value.
A sequence of Givens rotations Gga) e R™m>™ j=1,..., k—1, are applied to the right
A A s A T
of Y. Each GZ(.a) acts on the columns k —7and k —¢+1 of YG(la) e Gga_)l annihilating
the element in position (nqy — k 414+ 1,k — 7). Let
Y = vE@ G (11)
This step is graphically depicted in Fig. 2, (a) = (e), for ny = 5 and k = 4. After this
step, we observe that, by R.4, all the entries in the (ny — k + 1)th row of Y, in columns

1,...,k — 1, are less than 7 in absolute value. Thus, the row n; — k + 1 is moved after
the last row of Y by means of the multiplication by a permutation matrix P (Fig. 2,

(f) = (9)). Let
Y := PY. (12)

A second sequence of Givens rotations ng) e Rm>m 4 =1,...,n1 — 1, is now applied
to the left of Y. Each égb) acts on the rows n; — ¢ and ny — ¢ + 1 annihilating the
entry in position (n; — 4,7+ 1) of C?l(-li)l . ng)Y. Let YV := églbl)—1 S ng)Y. This step
is graphically depicted in Fig. 2, (g) = (k). We observe that, because of R.4, all the
entries in the first column of the new Y are less than 7 in absolute value. Moreover
Y(2:n9,2:nq) is in lower anti-triangular form. Let

QW — GS’LI . ng)pG;‘l_)l . Gg“)

and

Please cite this article in press as: N. Mastronardi, P. Van Dooren, Rank-revealing decomposition of
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T
Q=QQW", (13)
where
~(a) ~(b)
Gl — G; ci=1,....k—1, GY = Gi ,i=1,...,n — 1.
Inl-‘rﬂz I’ﬂ1+n2

Then M) = Q(I)MQ(UT and A = QMW QT with M is in form (4) and the subma-
trix MM (2:n,2:n) in a BAT form.

Let YOO = Y(2 : ny,2 : n1) and v. = Y(1 : nq,1), ie., v. is made by the tiny
entries of Y moved in its first column. After this step, the matrix M) has the following
structure:

el vI ]
y T
1
MO = XU v oy
€ vy
ve |Y®D | zM w@

To reduce MM (2:n,2:n) in BAT form, we need to analyze if the submatrix

5 X0 v
xXO = 14
lvT o (14)

is definite, being X () definite.

If X s definite, we only need to extend the Cholesky factorization of X1 =
wLM LM 1) g Rraxnz 4o XO) = GLOLOT L) ¢ RM2+Dx(m241) | Tt turns out
that

7w

1n2,1 no

LY i, = (LW,

=W,

7w 7 (1) F ()T
'IL2+1 n2+1 - Wy — Ln2+1 1: n2L7L2+1 ling*

Hence, we set Inertia(M,7) = (n; + 1,n_ — 1,n9,ny).
If XM is indefinite, we need to transform it into the following form (see [11, § 2.1])

<™

W
g "

N

with X (DRM2=Dx(m2=1)  Hence, we set Inertia(M,7) = (n, +1,n_,ng,ny — 1).

Please cite this article in press as: N. Mastronardi, P. Van Dooren, Rank-revealing decomposition of
symmetric indefinite matrices via block anti-triangular factorization, Linear Algebra Appl. (2015),
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In both cases, the new matrix M) can be computed with O(n?) floating point oper-
ations.

3.1.1. Computational complexity

The multiplication of M by the first sequence of Givens rotations Gga), 1=1,...,k—1,
requires O(k?) floating point operations, while the multiplication of the new M by the
second sequence of Givens rotations ng) requires O(ni(ny + ng)) floating point opera-
tions. The updating of the orthogonal matrix @ in (13) requires O(ny(n1 + n2)) floating
point operations.

3.2. Completing the rank-revealing BAT factorization

As already emphasized in [4] for the unsymmetric rank-revealing QR factorization,
even though M has n — k singular values smaller than 7, it is very well possible that less
than n — k entries in main anti-diagonal of Y are smaller than 7.

Let j < n — k be the numerical rank of (2) detected after having removed the entries
of Y less than 7 in absolute value, i.e., j is the number is of columns of Mﬁ) and MQ(P
We now show how the full rank-revealing BAT factorization can be retrieved.

The smallest eigenvalue A, J(MQ(;)) and the corresponding eigenvector u,,_; (MQ(%)) of
Mg(;) € R("=9)*x("=J) "can be computed via inverse iteration, requiring O(n?+n3) floating
point operations [10]. In the same paper an algorithm is described for transforming Mé;)
into Mg), where

1
Mj(MB)] 0 0 0
M _ @ e _ 0 0 0o Y®" (15)
22 22 0 0 X(Q) Z(Z)T ’
0 vy@ z2 w®

with U®) orthogonal such that (A](?)un,j(MQ(;)) = :I:eslllj. This can be accomplished
with O(n? + n2) floating point operations [10].
Let

Then A = QM@ Q®" | where Q) = QU? and

T
M Mgy bi+1
T
(2) T —i—-1
Myl o Xx® z® n=r= b
vy@ 7@ w®@

Please cite this article in press as: N. Mastronardi, P. Van Dooren, Rank-revealing decomposition of
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We observe that the anti-triangular matrix Y (?) has been modified by the orthogonal
transformation U(?). Hence, it can happen that, if j +1 < n — k, one of the entries in its
main anti-diagonal is less than 7 in absolute value. Hence we reapply over and over the
procedure to remove the entries on the main anti-diagonal of Y'(2) below 7 in absolute
value followed by the computation of the smallest eigenvalue and the corresponding
eigenvector of the BAT submatrix MQ(S) and its displacement to the left-up corner of the
submatrix until the computed eigenvalue is grater than 7 in absolute value.

The described method can be summarized in the following algorithm.

Algorithm Rank-Revealing Block Anti-Triangular
% input : A € R™™™ symmetric indefinite,

% 7, the tolerance for the numerical rank

% output : M € R™*" rank revealing BAT matrix

% Q € R™" orthogonal such that A = QM QT
% k., the numerical rank

[M,Q, Inertia] = BAT(A);

kr =0;

Inertia(M, 7) = [0, Inertia];

flag = 0;

while flag == 0,
[M,Q, Inertia(M, T), k.| = movec_out_Y (M, r, Inertia(M, 1), k;);
[Au] =inv_it(M(k, +1:n,k; +1:n));
if N <7,
[M,Q, Inertia(M, ), k;] = moveA_out(M, 7, Inertia(M, ), A\, u, k. );
else
flag = 1;
end
end

The function BAT, given as input the symmetric indefinite matrix A € R™*", yields as
output M,Q € R"*" and Inertia, with M in BAT form, Q orthogonal and Inertia the
inertia of A.

The function movee out_ Y having as input M, 7, Inertia(M, ), k., with

My M} j
0 0o YT
M = 17
Myl 0o X Z7 n—k; (17)
Y Z W

“moves” all the entries of the anti-diagonal matrix Y smaller than 7 in absolute value to
Ms; delivering as output the matrix

Please cite this article in press as: N. Mastronardi, P. Van Dooren, Rank-revealing decomposition of
symmetric indefinite matrices via block anti-triangular factorization, Linear Algebra Appl. (2015),
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~ o ~
My e }kT
~ o o YT
= . A
Maujo X Z n—ky,
Y Z

where k = k, — k. are the number of entries of the main anti-diagonal of Y detected,
the updated orthogonal matrix @, the updated numerical inertia and rank k..
The function inv__it, having as input the matrix

0o o Y7
Myp=|0 X 27|,
Y Z W

yields its smallest eigenvalue and the corresponding eigenvector. The function
move)_out, has as input the matrix (17), A\, _; (Ma2), u,_; (Maz). It has, as out-
put, the matrix

My, ‘ M3, }l;;T
) A, (M22)
M=| - 0o o M7 -
Moy o X 4T n—kr,
Y Z W

the updated orthogonal matrix @, the updated numerical inertia and rank k.
4. Numerical results

Example 1. The purpose of this section is to illustrate the behavior of the described
algorithm. All the experiments were carried out in matlab.

We considered 1000 test matrices of size n = 100, constructed as the product
A = QDQ7, where @ is a random orthogonal matrix generated by the function
gallery(’qmult’,n), D is a diagonal matrix with diagonal elements d;; = =oy,
i =1,...,n, where the sign is chosen randomly. Furthermore, o; are geometrically dis-
tributed between o; and oy and also between oy4; and o,, with & = 80, o7 = 1,
o = 1075, Oky1 = 1077, 0, = 107'°, Hence, the numerical rank pr with re-
spect 7 = 107¢ is 80. Moreover, o) /okr1 = 100, ko(Mp_ki1.nn—kt+1:m) = 10° and
\/ 21 02 = 1.39 x 1077, The distribution of the singular values of the considered
matrices is displayed in Fig. 3 (on the right in logarithmic scale).

After computing the rank-revealing BAT matrix

v | M ME
M21 M22

Please cite this article in press as: N. Mastronardi, P. Van Dooren, Rank-revealing decomposition of
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1 : : : : 100
0.9}
08} 1072 |
07}
06} 1074 |
05}
0.4} 1078 |
0.3}
0.2} 1078 |
01}
%% 20 40 60 80 100 107% 20 40 60 80 100

Fig. 3. Distribution of the singular values of the matrices considered in Example 1 (log scale, right).

2 4 6 8 10 12 14 16 18 20

Fig. 4. Number of times (y axis), over 1000 runs, p,, columns of Mj; (x axis) are detected by the function
movee__out. (For interpretation of the references to colour in this figure, the reader is referred to the web
version of this article.)

with My, € ROv=pr)x(v=p=) Ay € Re-X(0=p7) Moy € RPTXP7 where p; is the numerical
rank wit respect to 7 delivered by the algorithm, we construct the matrix

- My, M}
M21 0

We denote by p,, the number of columns of Ms; in (2) “detected” by the function
movee out and by p,, the number of columns of My “detected” by the function
move\_out such that p; = pr, + pr,.

In the histogram in Fig. 4 the height of each blue column denotes how many times,
over 1000 runs, the same number of p,, columns of Msy; are detected by the function
movee__out. This means that each time p;, columns are detected by movee_out, p,, =
n— pr — pr, are computed by the function move_out. We observe that, on average, the
number of columns detected by the function moves out is much larger than the number
of columns detected by the function move\_ out.

Please cite this article in press as: N. Mastronardi, P. Van Dooren, Rank-revealing decomposition of
symmetric indefinite matrices via block anti-triangular factorization, Linear Algebra Appl. (2015),
http://dx.doi.org/10.1016/j.1aa.2015.09.037
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Fig. 5. Condition numbers of the submatrices M2 (blue) and ratio o1/0) (red). (For interpretation of the
references to colour in this figure legend, the reader is referred to the web version of this article.)
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Fig. 6. Frobrenius norms of the computed submatrices Mas (green) and ki1 o2 (red). (For inter-

pretation of the references to colour in this figure legend, the reader is referred to the web version of this
article.)

In Fig. 5 the condition numbers of the computed submatrices My, are depicted in
blue, while the constant line in red represents the ratio oy /.

For all the considered matrices, the computed numerical rank is p, = 80.

In Fig. 6 the Frobrenius norms of the computed submatrices Mso are depicted in

green, while the constant line in red denotes /> 1 1 o?.

5. Conclusions

A rank-revealing algorithm, based on the block anti-triangular factorization of indef-
inite symmetric matrices, has been proposed. The computed factorization can be easily
updated when added a rank-one matrix or one more row and column is appended. The
numerical results show the reliability of the proposed algorithm.

Please cite this article in press as: N. Mastronardi, P. Van Dooren, Rank-revealing decomposition of
symmetric indefinite matrices via block anti-triangular factorization, Linear Algebra Appl. (2015),
http://dx.doi.org/10.1016/j.1aa.2015.09.037
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