Stabilizationof Large ScaleDynamicalSystems

X. RaoandK. A. Gallivan
Florida StateUniversity
Tallahasseé€&L, 32306

{rao, gal livan}@s. f su. edu

Keywords: stabilization,large scale,dynamicalsystems,
linear, time-invariant

Abstract

In this paperwe discussthe stabilizationof large scalelin-

eartimeinvariantdynamicalsystemssia feedback Efficient
schemedasedon the DiscreteRiccati DifferenceEquation
arepresented.The SQRvariantis describedn detailanda
moreefficientversion,CSQR,is motivated.

1 TheProblem

In this paperwe focuson the stabilizationof a discrete-time
system
Tit1 = Az; + Bu,, (1)

where A and B aren x n andn x p real matriceswhich
are known, and z; and u; are vectorsof dimensionn and
p respectiely. The stabilizationof the systemrequiresthe
computatiorof ap x n feedbacknatrix F' suchthatall eigen-
valuesof A — BF areinsidetheunit circle andthereforethe
systemdefinedby replacingA with A — BF is stable. For
smallandmoderatevaluesof n, F' canbe computedvia pole
placemenor the solutionof a matrix equation.e.g.,Riccati
or Lyapunw equations The computationatequirement$or
standardalgorithmsfor theseapproacheshowever, is pro-
hibitive for large valuesof n. Fortunately whenn is large
andp << n, thesystemmatrix A and/orinput matrix B are
typically very sparse. Algorithms for suchproblemsmust
thereforeexploit this structuran orderto efficiently compute
a stabilizingfeedback.

2 Saad’s Approach

A major contritution to solving large scale stabilization
problemswith afew unstableeigervalueds Y. Saads projec-
tion method[1]. In thisalgorithm,stabilizationor eigervalue
assignments only imposedon a small invariant subspace
that containsthe unstableinvariantsubspacef A. Suchan
approachs often effective, but it canhave corvergencedif-
ficulties and the needfor a basisof the invariantsubspace
cancauseaxcessspacerequirementdgor very large systems.
In this paper we discussefficient alternatves that address
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the corvergencedifficulties. We will alsomotivateandalgo-
rithm that avoids the needfor an explicitly formedbasisof
the invariantsubspaceThe latter will be exploredin detail
in a forthcomingpaper Detailson all of the algorithmscan
befoundin [6].

In Saads projectionalgorithm, a left invariant subspace
V' of A (with presumablysmall dimension),that contains
theleft unstablanvariantsubspacef A is computed.There
aretwo major classe®f methodghatcanbe used.The first
computeghe unstableeigervaluesandrecoverstheir eigen-
vectorsby someform of inverseiteration. The secondclass
computeghe basisdirectly by subspacderation-like meth-
ods. The low-order projectedsystem(V’ AV, V' B) is then
stabilizedandthereducedeedbackF,, is lifted backto form
a stabilizing feedbackF = F,V’ of the original system
(A, B).

Methodsin the first classbenefitfrom yearsof sparse
eigervaluealgorithmresearchout oftenrequirevery highac-
curag in the eigervaluesin orderto producethe basisand
henceresultin more computationthan necessaryor stabi-
lization.

Effective corvergences oneof themainissuesof thesec-
ondclassof methods Thecornvergencef subspacéeration-
like (SSI) methodswhich generatehe sequencef approx-
imationsto the invariantsubspacestartingfrom initial sub-
spacel, andupdatingV; by extractingan orthogonalbasis
of A’V;_1 is usuallyconsistenwith the separatiorbetween
desiredeigervaluesand undesiredeigervaluesin absolute
value. In practice,it is oftendifficult to tunethe parameters
of suchmethodgo converge eventhis quickly. They canbe
acceleratedindsomeparametesensitvity mitigatedby the
useof Stavart's SRR (SchurRayleigh-Ritz)refinemen{4].
The acceleratioris achieved by enlaging the size of initial
subspacé/y, extractingthe SchurvectorsU; corresponding
to largest(or unstableigervaluesof V;/ A'V; andcombining
V,;U; asthe basisof the approximatednvariantsubspaceln
[6], we have investigateda versionof SSI/SRRthat applies
theseideas. It is this algorithmthatis usedin the compar
isonsbelow.

A secondsourceof difficulty for Saads methodis thatit
is, by definition,atwo-phaserocessfind the basisthensta-
bilize. Experiencandempiricaltestingshavsthatastabiliz-
ing feedbackcanoften be found with approximationsvail-
ablelong beforethe eigensoler would have ary confidence
in the basisof the unstablespace Simply computinga feed-



back on every iteration of the eigensoler is too expensve
soamoreseamlessnethodof integratingthe feedbackcom-
putationwith the updateof the basisis needed.Finally, the
major drawbackwith this approacthis the needfor a basisof
the invariantsubspace Storageproblemsfor large dynami-
cal systemsanresult,therefore|t is worthwhileto look for
methodshatdo not requirethe basis.We have developeda
family of methodsstartingfrom the DiscreteRiccati Differ-
enceEquationthataddressetheseconcernsjs competitive
with Saad$ methodwhen Saads methoddoeswell andis
successfufor mary problemswhereSaads methodfails.

3 Discrete Riccati Equation Stabilization

Themajorresultsof this paperarebasednthediscrete-time
Riccatiequation(DRE) andthe discrete-timeRiccati differ-
enceequation(DRDE)

P=A(P—-PB(R+B'PB)™'BP)A+Q (2
Piy1=A' (P~ BB(R+B'P,B) 'B'P)A+Q (3)

whereR and @ arep x p andn x n non-n@ative matri-

cesand( is usuallydecomposeihto CC’. The mostgen-
eralresultsaboutDRE andDRDE corvergencearegivenin

[3]. It is shown therethat underthe condition of stabiliz-
ability of (4, B), astabilizerandnon-negyative solution P of

DRE (2) exist anda stabilizingfeedbackF' canbecomputed
by (R + B'’PB)~1B’PA. Whetherthe solutionof DRDE

(3) convergesto the stabilizingsolutionof DRE depend®n

propertief (A’, C') andtheinitial condition P.

For the purposeof stabilization, we have freedomin
choosingR, C' and Py. We have developedlow-rank stabi-
lization algorithmsusingvariouscombinationsof parameter
settingsfor C (or Q) and P,. Startingfrom non-negjative P,
P; in the DRDE will keepthe non-neyative property If Q
is chosenaszero,therank of P; will be non-increasing.If
Py =0, P41 — P; will benon-ngyative andits rankwill be
non-increasingThelow-rankstabilizationalgorithmsin this
paperare basedon thesenon-neyative and non-increasing
rank propertiesandsquare-rootdlecompositiorof thesenon-
negative matrice(see[6] for the derivationsof thesefacts).

4 The SQR Stabilization Algorithm

Squareootformsof iterationslik e the DRDE have beende-
velopedfor several scenariodn the literature. The square
root algorithm (SQR) of this paperis basedon the DRDE

with Q = 0. Thefeedbaclgeneratedn thelimit movesthe
unstableeigervaluesof A, X to their unit circle mirror im-

ages,1/), andleavesthe stableeigervaluesunchangedAs

a specialcaseof the squareroot form of DRDE, introduced
in [2] for Kalmanfiltering, the SQR stabilizationalgorithm
hastheform
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whereU; is orthogonalandthe dimensionof P/? is n x 1,

the sameas P,/ . Notethe QR decompositioris computed
for asmallmatrix with size(p + 1) x p (thefirst row of (4))
andfeedback; canbe computedrom (R$)'/? and K;.

The SQRiterationcanproducethe samesequencef sub-
spacesas SSl with only an additionaleconomicalQR de-
compositiorof P}/? sincetheupdatingof P'/? hastheform
P,L.lﬁ = AP/?U2. If Py/? is takento be the sameinitial
subspacdasisasusedfor SSI, SQRwill corverge. Evenif
SSldoesnot corverge, SQRwill corvergeunderconditions
relatedto the ability of the SRRto extracta corvergentsub-
sequencef approximatedinstablanvariantsubspaces.

The use of an effective terminationcheckis neededin
orderto avoid iteratinglonger than necessary The square
root algorithmsin the literature usually usea stoppingcri-
terion analogoudo the corvergenceof the feedbackincre-
ment F; — F;_1, which is determinedby smallestdistance
of eigervalues(especiallyunstableeigervalues)of A to the
unit circle andwould suffer slow corvergencef someeigen-
valuesaretoo closeto the unit circle. We have developed
andevaluateda more effective methodwhich cancatchsta-
bility of A — BF; earlierin the SQR iteration. This is
achievedby extractinganapproximatiorto the unstablesub-
spaceV; via SRRfrom Pil/2 andcomparingthe eigervalues
of V/(A — BF;)V; andunit circle mirror imagesof eigen-
valuesof V/ AV;. Empirical evidenceindicatesthatthis test,
referredto asthe AV testbelow, effectively detectsstabi-
lization muchearlierthanothercorvergenceestsfor square
root-like methods.

5 Experimentsand Scaling

The following examplesinvestigatethe efficiency of SQR
whenappliedto a systemthatis well-conditionedand easy
to stabilizeandanothersystemthatis lesswell-conditioned
andhardto stabilize.

Example 1 Thesystemmatrix A is constructedyrandomly
genemting a 100 x 100 matrix with MATLAB RANDNand
scalingit to A sothatthespectal radiusof A is 0.9.
Thel00x 1 matrix B is geneiatedrandomlywith RANDas
isa1x 100 matrix F'. Constructd = A+ BF'. All eigerval-
uesof A (dotsin Figure 1) are well-sepaatedfromthe unit
circle andonly two are unstable Thenorm | F||, = 9.9734
and eigen-conditionnumberof A is k2 (X, A) = 110.8009.
Sothesysten( A, B) shouldbewell-conditionedandeasyto
stabilize Figure 3 and Figure 4 showthe resultsof rank 2
SQR.Figure 5 and Figure 6 showthe resultof rank 3 SQR.
Pol/2 is randomlygeneiated with RAND. The spectal ra-
dius of A — BF; from both rank 2 and rank 3 SQRcon-
vemgeswithin 7 iterations, which is shownin Figure 3 and
Figure 5. Wth the new stabilizationcriterion AV; related
to projectionsof A — BF; and A on V;, Figure 2 catches
stabilizationof both Rank2 and Rank3 SQRat step7 with
tolerance10~2, while residualsfrom SSland | F; — F;_1]|2
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havenot readed 10~2 (seeFigure 4 and Figure 6). Fur-
thermoe, Figure 1 showsthe spectrumof A — BFj (the +
symbols)orvergesto a stableconfiguationin 5 iterations.
We also seethat the only eigervaluesmovedare the two un-
stableonesof A. Figure 4 and Figure 6 showthe corver-
genceof thefeedbak and V; with SQR SSlcornvergenceand
anotherstabilizationcriterion (A — BF;)--- (A — BFy)B.
In Figure 4, the ranksof SQRand SSlare takento be the
order of the unstablespaceand the subspacesequencéor-
thogonalbasis)from P? corvergesto anunstableinvariant
subspacef A’. We seefeedbak& of SQRandthe SSlresidual
corverge with the samerate In Figure 6, we usethewrong
rank for the subspacgand SSlhastrouble corverging and
needsStavart’s refinemenwith significantadditional com-
putationalcost. Thefeedbak of SQRstill corvergeswith a
rate consistento closed-loopspectal radiusaspredicted.

Example 2 In this example A is a 100 x 100 matrix gen-
eratedby RANDNof MATLAB and is scaledsothat A has
the spectrumdescribedn Figure 7. B is a 100 x 1 matrix
generted by RAND of MATLAB. Figure 7 showsthere are
plenty of eigervalues,both stable and unstable which are
very closeto the unit circle. It is, therefore, expectedthat
stabilizationvia SQRor SSiwill beverycostly

Figure 8 to Figure 12 showthe efficiencyof SSland SQR
of rank4 (correctorder) andrank5 (incorrectorder). Fig-
ure 9 and Figure 11 showabout300 stepsof SQRare taken
before the closed-loopspectal radiusof A — BF; startsto
corverge. With AV, Figure 8 catchesstability of A — BF;
at aboutstep350 for Rank4 SQRand step280 for rank 5
SQRwith tolerance 10~2, while both ||F; — F;_1]|» from
SQR,subspaceesidualsfor unstablesubspacé/; and SSI
read accuracy10~2 to 10~* andhencedo notindicatecon-
vergence Figure 7 showsthat the closed-loopspectrumof
A — BF; corvergesat step300 of SQRand only unstable
eigervaluesof A are moved.

Examplel illustratesthatfor awell-conditionedstabiliza-
tion problemwhere A hasonly few unstablesigervaluesand
all eigervaluesof A arewell-separatedrom the unit circle,
SQRis very efficientandstabilizationis reachedvithin only
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a few steps,while the residualsof the approximatedunsta-
ble subspacérom SSlhave notreachedignificantaccurag.
We canrelaxthe conditionthatall eigervaluesof A arewell-
separatedrom theunit circle to thatall unstableesigervalues
of A arewell-separatedrom all stableeigervaluesof A. If
the unstableeigervaluesof A are well-separatedrom the
unit circle, faststabilizationwith SQRis expectedandfeed-
back corvergencewith SQR dependson the choice of the

rank of P,/?, with the worst casewhensomestableeigen-

valuesof A arevery closeto the unit circle andwe choose
anincorrectrankof Pol/2 (largerthanthenumberof unstable
eigervaluesof A). In this case,we canmonitor the eigen-

value corvergenceof V/(A — BF;)V; to catchthe stability

of A — BF; or modify therankof Pil/2 duringtheiteration.
If someunstableeigervaluesof A arevery closeto the unit
circle and stableeigervaluesof A are well-separatedrom
theunit circle, somescalingon A canhelpto acceleratdoth
stabilizationandfeedbackconvergence.

From Example2, we seethelimitations of SQRwhenap-
plied to a systemwhich is lesswell-conditionedand A has
mary stableandunstableeigervalueswhich arecloseto the
unit circle. For suchproblemsboththe subspacéerationas-
sociatedwith SQR andfeedbackconvergenceare expected
to corvergeslowly (se€[6] for amoredetaileddiscussion).

When using SQR (or, in fact, the DRDE), large eigen-
valuestendto be stabilizedor moved closeto the unit cir-
cle very fastbut, the unstableeigervaluesthat are closeto
the unit circle needmary moreiterationsto stabilize. With
r < 1, whenusingSQRon (A/r, B/r), A/r will enlage
ary unstableeigervalue A of A to \/r which will be stabi-
lized or atleastbemovedcloseto theunit circle very quickly
by A/r — (B/r)F;, andX will bestabilizedby A — BF;.

This scalingtechniqueworks very well if thereexists a
r < 1 suchthat the numberof eigervaluesof A with ab-
solutevaluenot lessthanr is very small. A specialcaseof
thisis whensomeunstableeigervaluesof A arevery closeto
theunit circle andstableeigervaluesof A arewell-separated
from the unit circle (with the largeststableeigervalueshav-
ing modulusnearr). For suchaspecialcasethestabilization
andfeedbackcornvergencewith generalSQRarevery slow,
but scalingA, withoutchangingherankof P&ﬂ, will accel-
erateboth stabilizationandfeedbackcorvergence.

In somecaseshowever, theremay not be sucha simple
separatiorbetweerthe unstablesigervaluesaroundthe unit
circleandall of thestableeigervalues.Somestableeigerval-
uesmay be nearthe unit circle aswell andthereforefor the
scaledproblemwill appeaiin the unstableset. Thesestable
eigervaluesmustbemaovedalongwith theunstablesigerval-
uesin orderto efficiently stabilizethe system.This increase
in the numberof eigervaluesmovedby A — BF' with scal-
ing r influenceghe choiceof rank of Pol/2 andsuggestsve

may needto increasethe rank of P,/? so that the rank is
consistento numberof unstablesigervaluesof A/r. If this
canbe donethenefficient stabilizationis possible. The sta-
ble portion of the original spectrumhowever, is modifiedin
contrastto SQRor SSlon the original system. Thesediffi-
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cultiescanmake the applicationof scalingto SQRdifficult
for thegenerabproblem.

Example3 A, B are the sameas in Example2. r is
chosenas 0.98, 0.9 and 0.9, the rank of Py/* is cho-
sen6, 10, 18. Figure 13 showsthe spectal radius of
A — BF; and Figure 14 showsthe stabilization criterion
logyo || (ITh—, (A — BF;))B|]2. SQRwith scaling A takes
mud lessSQRiteration stepsto stabilize Thevibration in
Figure 13 is fromthe bad rank choice (10) of Pol/2 which is
inconsistentvith » = 0.9. Notetherankof P,/? is signifi-
cantly larger thanthe numberof unstableeigenvaluesof A,
which is themajor disadvantge of SQRand SSI.

6 Comparison of SQR and SS|

For SQR, we focus on feedbackcorvergenceandthe AV;
stabilizationcriterionto checkcorvergence.For SSI, we fo-
cuson subspaceesiduals. So, SQR and SSI performance
canoftenbedifficult to comparein general.Someclearad-
vantagesrepresenin SQRhowever.

1. ThefeedbackF; canbecomputedrom (RS)'/2 and K
cheaplycomparedo SSI.

2. For stabilization, the feedbackconvergencecheck of
||F; — F;_1]| is thereforevery cheapfor SQR. Com-
puting subspaceesidualcheckcoststhe samefor SQR
andSSl.

3. Theuseof AV; candetecthestabilityof A— BF; much
earlierthanresidualcorvergencecheckof SSlor feed-
back corvergencecheckof SQRsinceit is not known
how accuratehe subspaceesidualsshouldbein order
to stop SSliterationswith a high probability of stabi-
lization.

4. SQR canproducethe samesubspaceequenceas SSI
with only the additionalcostof low order QR decom-
position. As a result, if feedbackcorvergenceis too
slow, we canalways checkthe associatedubspacé/;
for adjustmentand projection,i.e., SQR hasthe abil-
ity to shift into SSImodefor problemswhereSQRhas
inferior corvergence.

5. For well-conditionedstabilizationproblemswherethe
eigervaluesof A arewell-separateffom theunit circle,
therankchoicein SQRis not ascritical asit is in SSI.
For stabilizationpurposesboth SQR and SSI needa
rank no lessthanthe numberof unstableeigervalues.
If anoverestimatef therankis choserfor POI/Q, SOR
works fine. SSI, however, may needspecialadditions
suchasSRRto maintainacceptableonvergence.

6. As the number of inputs increasesthe stabilization
problemfor (A, B) improvesin conditioningand SQR
will needfewer iterationsto achieve stabilization. SSI
ignoresB andthelink betweenA and B andtherefore
cannotbenefitfrom theincreasechumberof inputs.

We have seenthat SQRis superiorto SSl-basednethods
for mary problems.As with projectionmethods SQRonly
movesunstableeigervaluesof A (in this caseto their recip-
rocals). The ranksof the SQR and SSl algorithmsare de-
terminedby the numberof unstableeigervaluesof A and
the distribution of eigervaluesof A. For awell-conditioned
systemwith only few unstableeigervaluesthat are well-
separatedrom the unit circle, SQR canstabilizethe system
quickly. If thereexists a circle with radiusr < 1 suchthat
the numberof eigervaluesoutsidethe circle is very small,
scalingA canacceleratestabilizationprocessignificantlyat
the costof possiblyincreasingherank of the algorithmand
therebyrequiringa more carefulrank choiceheuristic. Be-
causeSQRcangeneratehe samesubspacsequencasSSI,
in casethe SSlresiduakconvergencas muchfasterthanSQR
feedbaclcorvergencewe canalwaysimplementalow order
QR decompositiorto extractanapproximatainstableénvari-
antsubspacérom SQRandthencontinuewith a projection
method.

When using SQR, with or without scaling, we have no-
ticedthatthe systemis stabilizedmuchearlierthanary tra-
ditional stoppingcriterionis reached.The AV criterionhas
improvedthis situationbut, furtherresearcton efficientstop-
ping criteriais needed.



With SQRwe have successfullycreatedan algorithmthat
integrateshetwo phase®f projectionmethodsandimproves
thecorvergenceateby reducingthe sensitvity to thechoice
of rank of the algorithm. For a lesswell-conditionedsys-
temwhich cannotseparateinstablecigervaluesfrom stable
eigervalues,andthe numberof eigervaluescloseto the unit
circle is significant,or for a systemthathasmary unstable
eigervaluestherankof bothSQRandSSlis too high, or the
numberof iterationsrequiredfor stabilizationis too large.
The large rank of SQR and SSlimplies a lack of scalabil-
ity in the algorithm even thoughit is known that thereare
well-conditionedstabilizationproblemswith large numbers
of unstableeigervalues.

7 TheTSQR Stabilization Algorithm

We have alsodevelopeda secondSQRalgorithmthatcanbe
usefulin somecircumstancesrhereSQRhasdifficultiesand
thatcanbe usedasthe basisfor a generalDRE solver. It is
basedn analternatve form of the DRDE

Pis1 = (A— BF,)YP(A— BF,)+ F/RFi+Q (5)

whereP; = (R + B'P,B)~! B’ P, A andderivedby decom-
posingeverytermin (5) into its squareroot form. First form
the matrix

(A BRYPY® FRYV? Q12

andusethe economicalSVD to decomposét into the form
U;S;V; wherethe diagonalelementsof S; areorderedwith

larger oneson top. The matrix Pilﬁ is formedby the first
several columnsof U; and correspondingsubmatrixof S;

(hencethis algorithmis referredto the truncatedsquareroot
algorithm— TSQR).With @ = 0, this truncatedalgorithm
is equivalentto SQR of the samerank. However, by using
nonzeroQ, the spectraradiusof A — BF' canbeinfluenced
andtherebythe corvergenceof the iteration. Caremustbe
takenwith TSQRwhen(Q is nonzerao avoid certainnumeri-
calproblems Unlesstherankof P;/? is largeenoughTSQR
canhave troublewith corvergenceandstability. Thesedif-

ficulties canbe solved by limiting theiterationto the unsta-
ble left invariantsubspacef A, which canbe achieved by
updating@ with anorthogonaliterationon eachiterationof

(5). As aresult,in practice therankof thebasismatrix prop-
agatedby TSQRIis usuallyslightly largerthanthe numberof

unstableeigervaluesof A andthatusedby SQR.

The resultingSQR and TSQR methodsessentiallyprop-
agatea low-rank approximationto a basisof the invariant
subspacandinformationneededo cheaplycomputehesta-
bilizing feedbackWhenparameterarecarefullychoserthe
corvergenceis lesssensitve thanthat of SSI/SRRand per
formanceis as leastas good and often significantly better
thanSaads method.

8 The CSQR Stabilization Algorithm

SQRandTSQRaddresghefirst two difficultieswith Saads
method. However, sincel, the the rank of the (T)SQR ap-
proximation,or the rank of P/?, is at leastthe numberof
unstableeigervaluesof A, both algorithmsstill requirethe
propagatiorof a basisof the unstablanvariantsubspace.

A true low-rank stabilizationalgorithm that doesnot re-
quire the propagatiorof an estimateof the basisof the un-
stablespacecanbe developedfrom anothemwell-known re-
currencecalledthe squareroot Chandrasekhd@] algorithm
(notedasCSQR).It is basedbnthe DRDE with Py = 0.

Let L; bethesquaregootof P, — P;, startingfrom Ly =
C, R, = RandK, = 0. CSQRhastheform

(R BLos Y (W0 )
K; 4 A'Li 4 ' K; L;

whereU; is orthogonakndthefeedbackF; canbecomputed
via K;(R¢)~1/2. The dominantcomputationin eachitera-
tion of CSQRis A’L;_1, whoserankis just therank of C.

CSQRwill corvergefor arny choiceof C. For stabilization
however, C' shouldsatisfythe conditionthat(A’, C) is stabi-
lizable. Typically, C canbetakenasa matrix of rank 1, but,

in generaljts rankmustbeat leastthelargestmultiplicity of

ary unstableeigervalueof A. Note thatthe dimensionsof

the matricespropagatedio not dependon the dimensionof

theunstablespace.

The CSQRalgorithmthereforeaddresseall threedifficul-
tieswith Saads methodandin theform aboveis practicalfor
mary problems. In [6], techniqueghatimprove its perfor
mancesignificantlyarediscusse@ndthesewill bepresented
in aforthcomingpaper

Forrankil SSl(measuredby rankof initial subspacelSQR

andTSQR(measuredby rankof P,/%), CSQR(measuredby
rank of L;), the computationcostsof one stepiterationare
roughlyclose,(n + p)nl + (p + 1)p? + n(p + 1)? flopsfor
dense(4, B) andO(pn)l + (p + 1)p* + n(p +1)? flopsfor
sparse( A, B) with an averagenonzerocountper row of p,
while a QR decompositioronann x n matrix needsO(n?)
computationsNotethe rank of subspacéeration,SQRand
TSQRis at leastthe numberof unstableeigervaluesof A,
andthe rank of CSQRis at mostthe maximummultiplicity
of unstableeigervaluesof A andusually canbe chosenas
1 (or 1 canbe usedwith deflation),so CSQRwill be the
bestchoiceif no knowledgeaboutthe numberof unstable
eigervaluesexistsor this numberis too large.

9 Conclusion

In general,the resultshereandin [6] shav thesemethods
have tremendougpromiseto efficiently stabilizelarge scale
systems. However, much remainsto be done. The SQR
method,for example,canbe viewed asan efficient integra-
tion of feedbaclkcomputatiorandaneigensoler midway be-
tweenthe power methodand subspacéteration. Thereare
indicationsthat the iterationsto solve the DRDE, suchas



SQR,CSQRandaninexactNewtonvariantwe have alsode-
velopedareflexible enoughto subsumenther more sophis-
ticatedeigensolers. This is currently underinvestigation.
Unquestionablythe SQR, TSQR,CSQRfamily of methods
is one of the mostpromisingand efficient stabilizationap-
proacheswvailablefor large scalesystems.
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