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Abstract

In this paperwe discussthe stabilizationof large scalelin-
eartime invariantdynamicalsystemsvia feedback.Efficient
schemesbasedon the DiscreteRiccati Dif ferenceEquation
arepresented.TheSQRvariantis describedin detail anda
moreefficient version,CSQR,is motivated.

1 The Problem

In this paper, we focuson thestabilizationof adiscrete-time
system �������
	���������������

(1)

where
�

and
�

are ����� and ����� real matriceswhich
are known, and

���
and
���

are vectorsof dimension� and� respectively. The stabilizationof the systemrequiresthe
computationof a ����� feedbackmatrix � suchthatall eigen-
valuesof

��� � � areinsidetheunit circleandthereforethe
systemdefinedby replacing

�
with

�!�"� � is stable.For
smallandmoderatevaluesof � , � canbecomputedvia pole
placementor thesolutionof a matrix equation,e.g.,Riccati
or Lyapunov equations.Thecomputationalrequirementsfor
standardalgorithmsfor theseapproaches,however, is pro-
hibitive for large valuesof � . Fortunately, when � is large
and �$#%#&� , thesystemmatrix

�
and/orinput matrix

�
are

typically very sparse. Algorithms for suchproblemsmust
thereforeexploit thisstructurein orderto efficiently compute
a stabilizingfeedback.

2 Saad’s Approach

A major contribution to solving large scale stabilization
problemswith afew unstableeigenvaluesis Y. Saad’sprojec-
tion method[1]. In thisalgorithm,stabilizationor eigenvalue
assignmentis only imposedon a small invariant subspace
that containsthe unstableinvariantsubspaceof

�
. Suchan

approachis ofteneffective, but it canhave convergencedif-
ficulties and the needfor a basisof the invariantsubspace
cancauseexcessspacerequirementsfor very largesystems.
In this paper, we discussefficient alternatives that address

theconvergencedifficulties.We will alsomotivateandalgo-
rithm that avoids the needfor an explicitly formedbasisof
the invariantsubspace.The latter will be exploredin detail
in a forthcomingpaper. Detailson all of thealgorithmscan
befoundin [6].

In Saad’s projectionalgorithm, a left invariant subspace')(
of
�

(with presumablysmall dimension),that contains
theleft unstableinvariantsubspaceof

�
is computed.There

aretwo majorclassesof methodsthatcanbeused.Thefirst
computestheunstableeigenvaluesandrecoverstheir eigen-
vectorsby someform of inverseiteration. Thesecondclass
computesthebasisdirectly by subspaceiteration-like meth-
ods. The low-orderprojectedsystem* '+( � ' � ')( �-, is then
stabilizedandthereducedfeedback�/. is lifted backto form
a stabilizing feedback � 	 �/. ')( of the original system* �+�0�-, .

Methods in the first classbenefit from yearsof sparse
eigenvaluealgorithmresearchbut oftenrequireveryhighac-
curacy in the eigenvaluesin orderto producethe basisand
henceresult in morecomputationthannecessaryfor stabi-
lization.

Effectiveconvergenceis oneof themainissuesof thesec-
ondclassof methods.Theconvergenceof subspaceiteration-
like (SSI) methodswhich generatethe sequenceof approx-
imationsto the invariantsubspacestartingfrom initial sub-
space

'21
andupdating

' �
by extractingan orthogonalbasis

of
� (3' �34��

is usuallyconsistentwith the separationbetween
desiredeigenvaluesand undesiredeigenvaluesin absolute
value. In practice,it is oftendifficult to tunetheparameters
of suchmethodsto convergeeventhis quickly. They canbe
acceleratedandsomeparametersensitivity mitigatedby the
useof Stewart’s SRR(Schur-Rayleigh-Ritz)refinement[4].
The accelerationis achieved by enlarging the sizeof initial
subspace

' 1
, extractingthe Schurvectors 5 � corresponding

to largest(or unstable)eigenvaluesof
')(� � (6' �

andcombining' � 5 � asthebasisof theapproximatedinvariantsubspace.In
[6], we have investigateda versionof SSI/SRRthat applies
theseideas. It is this algorithmthat is usedin the compar-
isonsbelow.

A secondsourceof difficulty for Saad’s methodis that it
is, by definition,a two-phaseprocess:find thebasisthensta-
bilize. Experienceandempiricaltestingshowsthatastabiliz-
ing feedbackcanoftenbe foundwith approximationsavail-
ablelong beforetheeigensolver would have any confidence
in thebasisof theunstablespace.Simply computinga feed-



back on every iterationof the eigensolver is too expensive
soamoreseamlessmethodof integratingthefeedbackcom-
putationwith theupdateof the basisis needed.Finally, the
majordrawbackwith this approachis theneedfor a basisof
the invariantsubspace.Storageproblemsfor largedynami-
cal systemscanresult,therefore,it is worthwhileto look for
methodsthatdo not requirethebasis.We have developeda
family of methodsstartingfrom theDiscreteRiccatiDif fer-
enceEquationthataddressestheseconcerns,is competitive
with Saad’s methodwhen Saad’s methoddoeswell and is
successfulfor many problemswhereSaad’smethodfails.

3 Discrete Riccati Equation Stabilization

Themajorresultsof thispaperarebasedonthediscrete-time
Riccatiequation(DRE) andthediscrete-timeRiccatidiffer-
enceequation(DRDE)7 	�� ( * 7 � 7 � *98 �:� ( 7 �-,

4�� � ( 7 ,;���!<
(2)7 �6��� 	=� ( * 7 � � 7 � � *;8 ��� ( 7 � �-,

4>� � ( 7 � ,9� �!<
(3)

where 8 and
<

are �?�@� and �A�@� non-negative matri-
cesand

<
is usuallydecomposedinto B%B ( . Themostgen-

eral resultsaboutDRE andDRDE convergencearegivenin
[3]. It is shown therethat underthe condition of stabiliz-
ability of * �)�C�-, , a stabilizerandnon-negativesolution

7
of

DRE(2) exist andastabilizingfeedback� canbecomputed
by *98 ��� (37 �-,

4�� � (37 �
. Whetherthe solutionof DRDE

(3) convergesto thestabilizingsolutionof DRE dependson
propertiesof * � ( � B , andtheinitial condition

7D1
.

For the purposeof stabilization, we have freedom in
choosing8 � B and

7 1
. We have developedlow-rank stabi-

lization algorithmsusingvariouscombinationsof parameter
settingsfor B (or

<
) and

7 1
. Startingfrom non-negative

7 1
,7 �

in the DRDE will keepthe non-negative property. If
<

is chosenaszero,the rank of
7 �

will be non-increasing.If7E1 	GF
,
7 �����H� 7 �

will benon-negativeandits rankwill be
non-increasing.Thelow-rankstabilizationalgorithmsin this
paperare basedon thesenon-negative and non-increasing
rankpropertiesandsquare-rootdecompositionof thesenon-
negativematrices(see[6] for thederivationsof thesefacts).

4 The SQR Stabilization Algorithm

Squareroot formsof iterationslike theDRDEhavebeende-
velopedfor several scenariosin the literature. The square
root algorithm (SQR) of this paperis basedon the DRDE
with

<I	JF
. Thefeedbackgeneratedin the limit movesthe

unstableeigenvaluesof
�

, K to their unit circle mirror im-
ages,L2M2K , andleavesthestableeigenvaluesunchanged.As
a specialcaseof thesquareroot form of DRDE, introduced
in [2] for Kalmanfiltering, the SQRstabilizationalgorithm
hastheform

8
��N;O � ( 7 �6N;O�F � (�7 �6N;O� 5 �P	 *98
Q� ,

��N;O F
RS � 7 �6N;O����� (4)

where 5 � is orthogonalandthedimensionof
7 ��N;O�

is �:�UT ,
thesameas

7 ��N;O1
. Note theQR decompositionis computed

for a smallmatrix with size *V� � T , �W� (thefirst row of (4))
andfeedback� � canbecomputedfrom *;8XQ� ,

��N;O
and

RS �
.

TheSQRiterationcanproducethesamesequenceof sub-
spacesas SSI with only an additionaleconomicalQR de-
compositionof

7 ��N;O�
sincetheupdatingof

7 �6N;O�
hastheform7 �6N;O����� 	Y� (37 �6N;O� 5

O;O�
. If
7 ��N;O1

is taken to be thesameinitial
subspacebasisasusedfor SSI,SQRwill converge. Evenif
SSIdoesnot converge,SQRwill convergeunderconditions
relatedto theability of theSRRto extracta convergentsub-
sequenceof approximatedunstableinvariantsubspaces.

The use of an effective terminationcheck is neededin
order to avoid iterating longer than necessary. The square
root algorithmsin the literatureusuallyusea stoppingcri-
terion analogousto the convergenceof the feedbackincre-
ment � �H� � �34�� , which is determinedby smallestdistance
of eigenvalues(especiallyunstableeigenvalues)of

�
to the

unit circleandwouldsuffer slow convergenceif someeigen-
valuesare too closeto the unit circle. We have developed
andevaluateda moreeffective methodwhich cancatchsta-
bility of

�Y�Y� � � earlier in the SQR iteration. This is
achievedby extractinganapproximationto theunstablesub-
space

' �
via SRRfrom

7 �6N;O�
andcomparingtheeigenvalues

of
'+(� * �=�=� � �;, ' � andunit circle mirror imagesof eigen-

valuesof
' (� � ' �

. Empiricalevidenceindicatesthatthis test,
referredto as the Z ' test below, effectively detectsstabi-
lization muchearlierthanotherconvergencetestsfor square
root-likemethods.

5 Experiments and Scaling

The following examplesinvestigatethe efficiency of SQR
whenappliedto a systemthat is well-conditionedandeasy
to stabilizeandanothersystemthat is lesswell-conditioned
andhardto stabilize.

Example 1 Thesystemmatrix
�

is constructedbyrandomly
generating a L F[F �UL F2F matrix with MATLABRANDNand
scalingit to

R�
sothat thespectral radiusof

R�
is 0.9.

The L F[F �
L matrix
�

is generatedrandomlywithRANDas
is a L
�-L F[F matrix

R� . Construct
�!	 R�\�]� R� . All eigenval-

uesof
�

(dotsin Figure 1) are well-separatedfromtheunit
circle andonly two are unstable. Thenorm ^ R�_^ OW	G`bac`2d[e2f
andeigen-conditionnumberof

R�
is g O *Vh � R��,i	 L[L Fbacj2F[F2` .

Sothesystem* �+�0�-, shouldbewell-conditionedandeasyto
stabilize. Figure 3 and Figure 4 showthe resultsof rank 2
SQR.Figure 5 andFigure 6 showthe resultof rank3 SQR.7 �6N;O1

is randomlygenerated with RAND. The spectral ra-
dius of

���G� � � from both rank 2 and rank 3 SQRcon-
vergeswithin 7 iterations,which is shownin Figure 3 and
Figure 5. With the new stabilizationcriterion Z ' � related
to projectionsof

����� � � and
�

on
' �

, Figure 2 catches
stabilizationof bothRank2 andRank3 SQRat step7 with
tolerance L F

4kO
, while residualsfromSSIand ^l� � � � �34�� ^ O



−4 −3 −2 −1 0 1 2
−2.5

−2

−1.5

−1

−0.5

0

0.5

1

1.5

2

2.5
Spectrum of A and A−BF5

Figure1: SQR:Spectrumsfor Example1

havenot reached L F
4kO

(seeFigure 4 and Figure 6). Fur-
thermore, Figure 1 showsthe spectrumof

�!�"� �Dm (the
�

symbols)convergesto a stableconfiguration in 5 iterations.
We alsoseethat theonly eigenvaluesmovedare thetwo un-
stableonesof

�
. Figure 4 and Figure 6 showthe conver-

genceof thefeedback and
' �

with SQR,SSIconvergenceand
anotherstabilizationcriterion * �?�&� � ��,En0nCn * �&�?� � �0,;� .
In Figure 4, the ranksof SQRand SSIare taken to be the
order of theunstablespaceand the subspacesequence(or-
thogonalbasis)from

7 ��N;O�
convergesto anunstableinvariant

subspaceof
� (

. Weseefeedback of SQRandtheSSIresidual
converge with thesamerate. In Figure 6, weusethewrong
rank for the subspace, and SSIhas troubleconverging and
needsStewart’s refinementwith significantadditional com-
putationalcost. Thefeedback of SQRstill convergeswith a
rateconsistentto closed-loopspectral radiusaspredicted.

Example 2 In this example,
�

is a L F2F �oL F[F matrix gen-
eratedby RANDNof MATLAB and is scaledso that

�
has

the spectrumdescribedin Figure 7.
�

is a L F[F ��L matrix
generatedby RANDof MATLAB.Figure 7 showsthere are
plenty of eigenvalues,both stableand unstable, which are
very closeto the unit circle. It is, therefore, expectedthat
stabilizationvia SQRor SSIwill beverycostly.

Figure 8 to Figure 12 showtheefficiencyof SSIandSQR
of rank4 (correctorder) and rank5 (incorrectorder). Fig-
ure 9 andFigure 11 showabout300stepsof SQRare taken
before the closed-loopspectral radiusof

�!�!� � � startsto
converge. With Z ' � , Figure 8 catchesstability of

�!�!� � �
at aboutstep350 for Rank4 SQRand step280 for rank 5
SQRwith tolerance L F

4kO
, while both ^l� ��� � �34�� ^ O from

SQR,subspaceresidualsfor unstablesubspace
' �

and SSI
reach accuracy L F

4pO
to L F

4kq
andhencedonot indicatecon-

vergence. Figure 7 showsthat the closed-loopspectrumof�r��� � � convergesat step300 of SQRand only unstable
eigenvaluesof

�
aremoved.

Example1 illustratesthatfor awell-conditionedstabiliza-
tion problemwhere

�
hasonly few unstableeigenvaluesand

all eigenvaluesof
�

arewell-separatedfrom the unit circle,
SQRis veryefficientandstabilizationis reachedwithin only
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a few steps,while the residualsof the approximatedunsta-
blesubspacefrom SSIhavenot reachedsignificantaccuracy.
Wecanrelaxtheconditionthatall eigenvaluesof

�
arewell-

separatedfrom theunit circle to thatall unstableeigenvalues
of
�

arewell-separatedfrom all stableeigenvaluesof
�

. If
the unstableeigenvaluesof

�
are well-separatedfrom the

unit circle, faststabilizationwith SQRis expectedandfeed-
back convergencewith SQR dependson the choiceof the
rank of

7 ��N�O1 , with the worst casewhensomestableeigen-
valuesof

�
arevery closeto the unit circle andwe choose

anincorrectrankof
7 �6N;O1

(largerthanthenumberof unstable
eigenvaluesof

�
). In this case,we canmonitor the eigen-

valueconvergenceof
')(� * �"�=� � ��, ' � to catchthe stability

of
�?�&� � � or modify therankof

7 �6N;O�
duringtheiteration.

If someunstableeigenvaluesof
�

arevery closeto theunit
circle and stableeigenvaluesof

�
are well-separatedfrom

theunit circle,somescalingon
�

canhelpto accelerateboth
stabilizationandfeedbackconvergence.

FromExample2, we seethelimitationsof SQRwhenap-
plied to a systemwhich is lesswell-conditionedand

�
has

many stableandunstableeigenvalueswhich arecloseto the
unit circle. For suchproblemsboththesubspaceiterationas-
sociatedwith SQRandfeedbackconvergenceareexpected
to convergeslowly (see[6] for a moredetaileddiscussion).

When using SQR (or, in fact, the DRDE), large eigen-
valuestend to be stabilizedor moved closeto the unit cir-
cle very fastbut, the unstableeigenvaluesthat arecloseto
the unit circle needmany moreiterationsto stabilize. Withz #{L , whenusingSQRon * � M z �0� M z , , � M z will enlarge
any unstableeigenvalue K of

�
to K/M z which will be stabi-

lizedor at leastbemovedcloseto theunit circleveryquickly
by
� M z � * � M z , � � , and K will bestabilizedby

�?�&� � � .
This scalingtechniqueworks very well if thereexists az #|L suchthat the numberof eigenvaluesof

�
with ab-

solutevaluenot lessthan z is very small. A specialcaseof
this is whensomeunstableeigenvaluesof

�
areverycloseto

theunit circleandstableeigenvaluesof
�

arewell-separated
from theunit circle (with the largeststableeigenvalueshav-
ing modulusnearz ). For suchaspecialcase,thestabilization
andfeedbackconvergencewith generalSQRarevery slow,
but scaling

�
, withoutchangingtherankof

7 ��N;O1
, will accel-

eratebothstabilizationandfeedbackconvergence.
In somecases,however, theremay not be sucha simple

separationbetweentheunstableeigenvaluesaroundtheunit
circleandall of thestableeigenvalues.Somestableeigenval-
uesmaybeneartheunit circle aswell andthereforefor the
scaledproblemwill appearin theunstableset. Thesestable
eigenvaluesmustbemovedalongwith theunstableeigenval-
uesin orderto efficiently stabilizethesystem.This increase
in thenumberof eigenvaluesmovedby

���!� � with scal-
ing z influencesthechoiceof rankof

7 ��N;O1 andsuggestswe

may needto increasethe rank of
7 ��N;O1

so that the rank is
consistentto numberof unstableeigenvaluesof

� M z . If this
canbe donethenefficient stabilizationis possible.Thesta-
ble portionof theoriginal spectrum,however, is modifiedin
contrastto SQRor SSIon the original system.Thesediffi-
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cultiescanmake the applicationof scalingto SQRdifficult
for thegeneralproblem.

Example 3
�)�0�

are the same as in Example 2. z is
chosen as 0.98, 0.9 and 0.9, the rank of

7 ��N�O1
is cho-

sen 6, 10, 18. Figure 13 showsthe spectral radius of�G�J� � � and Figure 14 showsthe stabilizationcriterionsut[v � 1 ^l*
�
}�~ � * �&�?� � } ,;,;� ^ O . SQRwith scaling

�
takes

much lessSQRiteration stepsto stabilize. Thevibration in
Figure 13 is fromthebadrankchoice(10) of

7 ��N;O1
which is

inconsistentwith z 	�F2a�` . Notethe rank of
7 �6N;O1 is signifi-

cantly larger than thenumberof unstableeigenvaluesof
�

,
which is themajordisadvantageof SQRandSSI.

6 Comparison of SQR and SSI

For SQR,we focus on feedbackconvergenceand the Z ' �
stabilizationcriterionto checkconvergence.For SSI,we fo-
cus on subspaceresiduals. So, SQR andSSI performance
canoftenbedifficult to comparein general.Someclearad-
vantagesarepresentin SQRhowever.

1. Thefeedback� � canbecomputedfrom *;8XQ� ,
�6N;O

and
RS �

cheaplycomparedto SSI.

2. For stabilization, the feedbackconvergencecheck of^l� � � � �34�� ^ is thereforevery cheapfor SQR. Com-
putingsubspaceresidualcheckcoststhesamefor SQR
andSSI.

3. Theuseof Z ' � candetectthestabilityof
����� � � much

earlierthanresidualconvergencecheckof SSIor feed-
backconvergencecheckof SQRsinceit is not known
how accuratethesubspaceresidualsshouldbe in order
to stopSSI iterationswith a high probability of stabi-
lization.

4. SQRcanproducethe samesubspacesequenceasSSI
with only the additionalcostof low orderQR decom-
position. As a result, if feedbackconvergenceis too
slow, we canalwayscheckthe associatedsubspace

' �
for adjustmentand projection, i.e., SQR hasthe abil-
ity to shift into SSImodefor problemswhereSQRhas
inferior convergence.

5. For well-conditionedstabilizationproblemswherethe
eigenvaluesof

�
arewell-separatedfrom theunit circle,

the rankchoicein SQRis not ascritical asit is in SSI.
For stabilizationpurposes,both SQR and SSI needa
rank no lessthan the numberof unstableeigenvalues.
If anoverestimateof therank is chosenfor

7 ��N;O1 , SQR
works fine. SSI, however, may needspecialadditions
suchasSRRto maintainacceptableconvergence.

6. As the number of inputs increases,the stabilization
problemfor * �)�0��, improvesin conditioningandSQR
will needfewer iterationsto achieve stabilization.SSI
ignores

�
andthe link between

�
and
�

andtherefore
cannotbenefitfrom theincreasednumberof inputs.

We have seenthatSQRis superiorto SSI-basedmethods
for many problems.As with projectionmethods,SQRonly
movesunstableeigenvaluesof

�
(in this caseto their recip-

rocals). The ranksof the SQRandSSI algorithmsarede-
terminedby the numberof unstableeigenvaluesof

�
and

thedistribution of eigenvaluesof
�

. For a well-conditioned
systemwith only few unstableeigenvaluesthat are well-
separatedfrom theunit circle, SQRcanstabilizethesystem
quickly. If thereexists a circle with radiusz #�L suchthat
the numberof eigenvaluesoutsidethe circle is very small,
scaling

�
canacceleratestabilizationprocesssignificantlyat

thecostof possiblyincreasingtherankof thealgorithmand
therebyrequiringa morecarefulrankchoiceheuristic. Be-
causeSQRcangeneratethesamesubspacesequenceasSSI,
in casetheSSIresidualconvergenceis muchfasterthanSQR
feedbackconvergence,wecanalwaysimplementalow order
QRdecompositionto extractanapproximateunstableinvari-
antsubspacefrom SQRandthencontinuewith a projection
method.

When usingSQR,with or without scaling,we have no-
ticed that thesystemis stabilizedmuchearlierthanany tra-
ditional stoppingcriterion is reached.The Z ' criterionhas
improvedthissituationbut, furtherresearchonefficientstop-
ping criteriais needed.



With SQRwe have successfullycreatedanalgorithmthat
integratesthetwophasesof projectionmethodsandimproves
theconvergencerateby reducingthesensitivity to thechoice
of rank of the algorithm. For a lesswell-conditionedsys-
temwhich cannotseparateunstableeigenvaluesfrom stable
eigenvalues,andthenumberof eigenvaluescloseto theunit
circle is significant,or for a systemthat hasmany unstable
eigenvalues,therankof bothSQRandSSIis toohigh,or the
numberof iterationsrequiredfor stabilizationis too large.
The large rank of SQRandSSI implies a lack of scalabil-
ity in the algorithm even thoughit is known that thereare
well-conditionedstabilizationproblemswith large numbers
of unstableeigenvalues.

7 The TSQR Stabilization Algorithm

We havealsodevelopedasecondSQRalgorithmthatcanbe
usefulin somecircumstanceswhereSQRhasdifficultiesand
thatcanbeusedasthebasisfor a generalDRE solver. It is
basedon analternative form of theDRDE

7 �����
	 * �&�?� � ��, ( 7 � * �?�?� � ��,�� � (� 8�� ���:< (5)

where
7 ��	 *98 �!� (�7 �;�-,

4>� � (�7 �;�
andderivedby decom-

posingevery termin (5) into its squareroot form. First form
thematrix

* �?�?� � � , ( 7
��N;O� � (� 8

�6N;O < ��N�O

andusetheeconomicalSVD to decomposeit into the form5 �y�D� ' � wherethe diagonalelementsof
�D�

areorderedwith
larger oneson top. The matrix

7 ��N�O�6���
is formedby the first

several columnsof 5 � and correspondingsubmatrixof
� �

(hencethis algorithmis referredto thetruncatedsquareroot
algorithm– TSQR).With

<�	{F
, this truncatedalgorithm

is equivalentto SQRof the samerank. However, by using
nonzero

<
, thespectralradiusof

�?�&� � canbeinfluenced
andtherebythe convergenceof the iteration. Caremustbe
takenwith TSQRwhen

<
is nonzeroto avoid certainnumeri-

calproblems.Unlesstherankof
7 ��N;O�

is largeenough,TSQR
canhave troublewith convergenceandstability. Thesedif-
ficultiescanbesolvedby limiting the iterationto theunsta-
ble left invariantsubspaceof

�
, which canbe achieved by

updating
<

with anorthogonaliterationon eachiterationof
(5). As aresult,in practice,therankof thebasismatrixprop-
agatedby TSQRis usuallyslightly largerthanthenumberof
unstableeigenvaluesof

�
andthatusedby SQR.

The resultingSQRandTSQRmethodsessentiallyprop-
agatea low-rank approximationto a basisof the invariant
subspaceandinformationneededto cheaplycomputethesta-
bilizing feedback.Whenparametersarecarefullychosenthe
convergenceis lesssensitive thanthat of SSI/SRRandper-
formanceis as leastas good and often significantly better
thanSaad’smethod.

8 The CSQR Stabilization Algorithm

SQRandTSQRaddressthefirst two difficultieswith Saad’s
method. However, since T , the the rank of the (T)SQRap-
proximation,or the rank of

7 ��N�O1 , is at leastthe numberof
unstableeigenvaluesof

�
, both algorithmsstill requirethe

propagationof a basisof theunstableinvariantsubspace.
A true low-rank stabilizationalgorithmthat doesnot re-

quire the propagationof an estimateof the basisof the un-
stablespacecanbe developedfrom anotherwell-known re-
currencecalledthesquareroot Chandrasekhar[2] algorithm
(notedasCSQR).It is basedon theDRDE with

7 1 	rF
.

Let � � bethesquarerootof
7 ����� � 7 �

, startingfrom � 1 	B , 8XQ1 	 8 and
RS 1 	=F

. CSQRhastheform

*;8XQ��4>� ,
�6N;O � ( � ��4>�RS �34�� � ( � ��4>� 5 �P	 *;8XQ� ,

�6N;O FRS � � � (6)

where5 � is orthogonalandthefeedback� � canbecomputed
via
RS � *;8XQ� ,

4>�6N;O
. The dominantcomputationin eachitera-

tion of CSQRis
� ( � ��4>� , whoserank is just the rank of B .

CSQRwill convergefor any choiceof B . For stabilization
however, B shouldsatisfytheconditionthat * � ( � B , is stabi-
lizable. Typically, B canbetakenasa matrix of rank1, but,
in general,its rankmustbeat leastthelargestmultiplicity of
any unstableeigenvalueof

�
. Note that the dimensionsof

the matricespropagateddo not dependon the dimensionof
theunstablespace.

TheCSQRalgorithmthereforeaddressesall threedifficul-
tieswith Saad’smethodandin theform aboveis practicalfor
many problems. In [6], techniquesthat improve its perfor-
mancesignificantlyarediscussedandthesewill bepresented
in a forthcomingpaper.

For rank T SSI(measuredby rankof initial subspace),SQR
andTSQR(measuredby rankof

7 �6N;O1
), CSQR(measuredby

rank of � � ), the computationcostsof onestepiterationare
roughlyclose, *V� � � , ��T � *�� � T , �

O � ��*�� � T ,
O

flops for
dense* �)�0��, and ��*��2� , T � *V� � T , �

O � ��*V� � T ,
O

flopsfor
sparse* �+�0�-, with an averagenonzerocountper row of � ,
while a QR decompositionon an ����� matrix needs��*V� x ,
computations.Notetherankof subspaceiteration,SQRand
TSQRis at leastthe numberof unstableeigenvaluesof

�
,

andthe rankof CSQRis at mostthe maximummultiplicity
of unstableeigenvaluesof

�
andusuallycanbe chosenas

1 (or 1 can be usedwith deflation),so CSQRwill be the
bestchoiceif no knowledgeaboutthe numberof unstable
eigenvaluesexistsor this numberis too large.

9 Conclusion

In general,the resultshereand in [6] show thesemethods
have tremendouspromiseto efficiently stabilizelarge scale
systems. However, much remainsto be done. The SQR
method,for example,canbe viewedasan efficient integra-
tion of feedbackcomputationandaneigensolvermidwaybe-
tweenthe power methodandsubspaceiteration. Thereare
indicationsthat the iterationsto solve the DRDE, suchas



SQR,CSQRandaninexactNewtonvariantwehavealsode-
velopedareflexible enoughto subsumeothermoresophis-
ticatedeigensolvers. This is currently underinvestigation.
Unquestionably, theSQR,TSQR,CSQRfamily of methods
is oneof the mostpromisingandefficient stabilizationap-
proachesavailablefor largescalesystems.
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