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N
<) A}i_l'nm%rg](u(t)—u*(t))2=0 as.

Proof: Straightforward combination of the techniques introduced in

the proof of Theorem 2.1 together with the analysis in [6]. A\rAvAYS

Remark 3.1; Theorem 3.1 uses a stochastic approximation type itera-

tion with scalar gain w/r(¢—1). In practice, much more rapid convergence

can be achieved with recursive least-squares type matrix gain sequences

[12], [14]. The extension of the proofs given in [14] for least-squares
algorithms with A0 is straightforward.

Remark 3.2: Remarks (2.3) to (2.7) also apply mutatis mutandis to the
stochastic case. For example stochastic adaptive controllers baving in-
tegral action can be readily designed by weighting the input increment as
in (2.30), (2.31), (2.46), and (2.47).

IV. CONCLUSIONS

This paper has established global convergence for adaptive one-step-
ahead optimal controllers based on input matching, The key assumption
is that the one-step-ahead optimal controller designed using the true
system parameters leads to a stable closed-loop system. This is a very
natural and obvious requirement for adaptive control using this approach.
The results apply to a restricted class of linear systems including all stable
nonminimum phase systems and some unstable-nonminimum phase sys-
tems. Previous results on the adaptive control of minimum phase system
(see, for example, [1]-[7]) can be considered a special case of the current
results when A is taken to be zero. Thus, in practice it seems sensible to
use the adaptive controllers described here rather than the usual minimum
phase controllers since the parameter A offers an extra degree of freedom
in the design.
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A System Theoretic Interpretation for GCD
Extraction

L. M. SILVERMAN AnD P. VAN DOOREN

Abstract—A new algorithm for the GCD extraction of a set of poly-
nomial matrices is given. The approach is based on system theoretic
notions of feedback.

I. INTRODUCTION

A basic problem in linear system theory is that of finding the greatest
common right divisor (or left divisor) of a set of polynomial matrices.
Mathematically this can be reduced to the following. Given an m X r
polynomial matrix

N(s)=Ny+N;s+ -+ +Ns* (1.1)
find polynomial matrices P(s), Q(s) such that
N(s)=P()0(5) (12)

and, for the case N(s) has normal rank #, the matrix P(s) has rank r for
all s (i.e., bas no multivariable zeros).

Two main classes of algorithms have been proposed for solving the
problem. The more classical approaches are based on the Euclidean
division algorithm as in [1] and [5], for example. More recently, several
algorithms have been proposed based on real matrix operations on the
coefficient matrices N; [3], [4], [2]. In this paper, we present a new
approach which while essentially being of the second type is novel in that
it relies heavily on an isomorphism between polynomial matrices and a
related state space model.

II. STATE-SPACE APPROACH

The basis of our approach is the conversion of N(s) initially to a proper
rational matrix via the mapping s— 1 /p. With this change of variables we
obtain from (1.1)

N(p)=N(1/m)=Np+tNl/p+ - +N1/p. (2.1
This proper rational matrix has the obvious controllable realization W=
{4, B,C, D} with

0 I 0 0
A= . » B=|.
0 0 - I 0
00 - 0 I
c=[Ne Ny MY, D=[N]. (2.2)

Notice that the 4 matrix of the realization of N(p) is nilpotent (all
eigenvalues at £=0) and that this fact is sufficient io ensure that N is
polynomial in 1/p (i.e., polynomial after the transformation 1/p=s). We
are interested first in the effect of a state feedback operation F on the
system (2.2)

F
W — Wy={A+BF, B,C+DF, D}. (2.3)

Lemma 2.1: For any F, Wry={A+BF, B,C+DF, D} has a transfer
function Np(p) that satisfies the relationship

Manuscript received June 23, 1980: revised February 25, 1981. Paper recommended by
B. Francis, Past Chairman of the Linear Systems Committee. This work was supported by
the National Science Foundation under Grant Eng-76-14379 and by the Joint Electronic
Services Electronics Program through AFOSR /AFSC under Contract F44620-71-C0067.

The authors are with the Department of Electrical Engineering, University of Southern
California. Los Angeles. CA 90007.

0018-9286 /81,/1200-1273500.75 ©1981 IEEE



1274

N(p)=Nr(1)Qr (1)

where Q is polynomial in 1/p and invertible.

Proof: The result of a feedback operation F on a system W=
{4, B,C, D} corresponding to N(p) can also be obtained by postmulti-
plying the matrix N(p) with I+ F(uI—A—BF)~ 'B. Inverting this matrix
with the classical rule, we have

N(w)=Ne(p) (I=F(nI=4)"'B)=Np(1)Qr(n)-

The matrix O is clearly invertible and is polynomial in 1/ since 4 is
nilpotent.

The result shows that any state feedback operation on the system (2.2)
‘corresponds’ to a factorization of the type (2.4) where both N and Q are
polynomial in 1/p. The remaining problem is to choose F such that N is
also polynomial in 1/p and has full rank for all p.

As the following lemma shows, it is easy to ensure that Ny is poly-
nomial.

Lemma 2.2: 1f the feedback F is such that the observable modes of Wr
are all lying at p=0, then N in (2.4) is polynomial in 1 /p.

Proof: Clearly, if Wy={A+ BF, B,C+DF, D} has all its observable
modes at p=0 there exists an equivalent minimal realization W=
{4, B,C,D)} for Np(p) with 4 nilpotent, which means Ne(y) is poly-
nomial in 1 /p. 0

Notice that the system (2.2) is controllable. Therefore, all modes are
freely assignable by state feedback and it is always possible to construct a
feedback satisfying the previous lemma. To each such feedback there
corresponds a factorization

N(r)=Np(r) Cr(n)
or also, using the fact that
N(1/s)=N(s). Np(i/s)=
N(s)=Np(s5)-Qr(s)
where all three matrices are polynomial.
The remaining problem is to choose F so that Np(s) also has no
multivariable zeros. To do this we first need to recall the connection

between multivariable zeros and system observability under feedback.
Let W={A, B,C, D} represent an arbitrary linear system [not neces-

(24)

and  Qp(1/5)=Qr(s).
(25)

Ne(s)

sarily the one specified by (2.2)] and as before let Wy ={A+ BF, B,C+
DF, D}. Also, let

C

cA

Q= .

C AT !
denote the i-observability matrix of W and C% the corresponding matrix
for W.

Definition 2.3 [6]: A system W is said to be strongly observable iff Wy
is observable for all F (i.e., €7 has full column rank for all F, where n is
the order of the system W). O

An important property for our purposes is the following.

Lemma 2.4 [6]: 1f a system is strongly observable, then its transfer
function matrix has no multivariable zeros. O

If a system is roz strongly observable, then a feedback law exists which
makes it as unobservable as possible in the following sense (let <X denote
“null space of”).

Lemma 2.5 [6]: For any system W={A, B.C. D}, there exists a F
such that J(L)CHN(ER) for all F. For any such Ffy. Wy is termed
maximally unobservable. 3

We shall see in the next section that in our context, the problem of
GCD extraction reduces essentially to that of finding an appropriate F;.

III. GCD EXTRACTION

Based on the relationships developed in the previous section we now
show that the GCD extraction problem is equivalent, under mild condi-
tions, to that of finding a specific type of feedback for the system (2.2).
The restriction, which will be removed later, is that N(s) has no zero at
s=0 (i.e., Ny in (1.1) has full column rank 7).
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Theorem 3.1: Let rank N(s)=r at s=0 and let W={A4, B.C, D} be
the realization of N(1/p) as defined by (2.2). If F; is such that Wy, is
maximally unobservable and has all its observable eigenvalues at =0,
then

N(S):NFO(S)QF[,(S)

where

Or(s)=I—Fy(1/sI—A4)"'B
and

Nr(s)=(C+DFy)(1/sI—A—BF,) 'B+D

are polynomial in s and N (s) has no multivariable zeros.

Proof: Since W, is maxunallv unobservable, ’VF(p.) has no multi-
variable zeros or, equivalently, has full rank for all (ﬁmte) values of p. By
Lemma 2.2, since the observable modes of Wy are at p= Vro(p.) is
polynomial in 1/p. Hence, Ng(s)=Ng(1/s) is polynomial in s and has
full rank for all s save possibly at s=0 (¢ = ). But N (0)=N(0) has full
rank by assumption so that Ng(s) has full rank for all s. The form of
Qr(s) and the fact that it is polynomial have already been established in
Lemma 2.1.

In the remainder of this section we shall be concerned with finding an
algorithm to construct a Fy satisfying the requirements of this theorem.
Conceptually, this is no problem. We know [6] how to characterize all
feedback laws making a system maximally unobservable and within this
class pole placement could be performed to place the remaining observ-
able modes at zero. However, this approach is not very efficient algorith-
mically. A major contribution of this paper is an algorithm which is
considerably simpler than the “obvious™ solution. The key to this algo-
rithm is the construction of a special right inverse for the observability
matrix of an arbitrary maximally unobservable system Wy, as described
below.

Let L be a matrix whose rows form a basis for the row space of &% and
let L* be a right inverse for L such that L*L is upper triangular (this can
always be obtained as shown in the next section). Further, define

F,=—D*C(I-L*L)

where D% is any left inverse for D (which exists since D=N, has full
column rank). The major characterization is then given by the following.

Theorem 3.2: Let W satisfy the conditions of Theorem 3.1 and let L*,
F, be as defined above. Then

) Wr, is maximally unobservable;

i) Np (s) CL*(1/sI—LAL*)"'LB+ D is polynomial in s and has no
multivariable zeros.
Several preliminary results will be required to prove this theorem. The
first is a characterization of the class of all feedback laws which make a
system maximally unobservable.

Lemma 3.3 [6]: If D has full column rank then Wy is maximally
unobservable iff F= —D* C+ HL for some H.

Observe that F, certainly has the above form with H=D"*CL*. The
following lemma shows the role of L*.

Lemma 3.4: Let A have the form (2.2) then LAL* is nilpotent.

Proof: LAL* is nilpotent iff (LAL*)?=0 for some finite d. But
(LAL*Y=L(AL*LY"'AL* Since A and L*L are both upper triangular
and since A has all zeros on its diagonal, AL*L is nilpotent. Therefore,
there clearly is a d such that (AL*L)?~'=0 and thus also (LAL*)¢=0.

We note that an arbitrary right inverse L~ will not yield the same result
as Lemma 3.4. To prove Theorem 3.2 we now observe that by an obvious
coordinate transformation

={L(A4+BF,)L* LB.(C+DF,)L*. D}

is equivalent to Wj_and is strongly observable. Note, however, that
(I—L*LYL* =0 for any right inverse of L. Hence,

Wg ={LAL*,LB.CL* D}

and by Lemma 3.4 LA L* has all of its eigenvalues at p=0. The conclusion
of Theorem 3.2 then follows immediately.
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IV. ALGORITHM

Two remaining details that have to be discussed are how to ensure that
N, in (1.1) is left invertible (see Theorem 3.1) and how to construct L*
(see Theorem 3.2). We will be able to give the general algorithm after
clarifying these two points. A full column rank r for N, can be obtained in
either of two ways.

1) Transform s—s’+a, then N(s’+a)=N’(s’) bas constant term Ny=
N(«a) which has full rank for almost any « [namely, all « that are not a
zero of N(s)]. By choosing |a|<<1 this transformation does not give any
numerical problem.

2) Apply the structure algorithm to make the System 2.2 “invertible”
(i.e., to make D invertible see [8]). The operations performed on the
system 2.2 can as well be performed directly on the polynomial matrix
N(s) [3], [9). This algorithm is based on the following idea. If N(s) has
constant term N, with rank p <r then construct a unitary transformation
U such that NplJ =[ Ny |0]. Then the (7 — p) rightmost columns of N(s)U

L

I
can be divided by s resulting in a new polynomial matrix N’(s). This is
repeated until N'(s) has constant term Nj with rank r. It is easy to check

that
N(s)=N"(5)0Q0(s) (CRY)

where Qy(s) is a polynomial matrix containing the zeros of N(s) at s=0.
The algorithm is stable since it uses only unitary operations and terminates
after a finite number of steps [8].

For the construction of L* notice that a row transformation of L does
not affect the problem. Indeed, if LL*=17 and L*L is upper triangular,
then this is also true for L,=RL and L}=L*R™!. And since one can
always construct a (unitary) R such that L, is in echelon form, we may
assume, without loss of generality, that L is already in this form. Solving
L* from LL*=1 by back substitution and filling in /};=0 whenever the
element is not uniquely determined we obtain a “dual” echelon form for
L*. The product L*L is then upper triangular. This is illustrated in the
example (nonzero elements are marked by an X)

X X X X X X
1= X X X X X
x x x|
X
[ x x x x
X X X
e 0 0
L x x|’
0
| X
X X X %X X X
X X X X X
0 0 0 0
L*L=
L X X X
0 0
| X

The complete algorithm now goes as follows.

i) Extract the multivariable zeros at s=0 from N(s) by the factoriza-
tion N(s)=N'(s)Qys) (see 4.1), so that Nj has full rank. The matrix
Q(s) will be part of the GCD. We only have to remove the remaining

zeros from N'(s). Transform VN'(s)=N"(s) such that VNj= [g ] where

V is unitary and D invertible. This left transformation does not affect the
GCD since the latter one is a right factor.
ii) Let the system W={A4, B, C, D} for N"(1/u) be partitioned as

0 7 0({0
o 0 - TI}}0
0 0 --- Ollr

b (42)

C - G||D
Ck Cl 0

Then construct Fy=—D*C=[4, ---
the system Wy maximally unobservable.

A,] where A,= —D™'C, to make
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iti) Construct a basis L (in echelon form) for (‘)}0. Since

0 1 0
Ap=A+BF,=| - .
Fo “lo o I

| 4, A4
C —C+DF—-0 e 0 43
Fo— 0__C~‘k C.'l ( . )

are both sparse matrices an economic scheme can be developed to
compute C,A%,. Moreover, if for some B we notice that rank G)ﬁD:rank
E)ffo_' we know we have a basis for G;':D even if B<<n (see [6]). While
recursively building up a basis in echelon form, this rank test can easily be
performed.

iv) Construct L* and F, =Fy(I—L*L).

The GCD is now immediately given in a polynomial form because of
the special shape of A and B in its realization. If F, = =0, -~ —0O1}
then

Qr ()=T+Qs+ - + 05"

and the overall GCD is Q(s)=Qr (8)- Qq(s).

Comments: -

1) If we are also interested in the ‘remainder’ of the GCD extraction,
we have to compute the matrices CL*( LAL*YLB.

2) The time consuming step in this algorithm is the construction of L in
echelon form. This can be done using unitary transformations. The
number of computations is of the order of [ 8(m—r)]*rk.

An example may clarify the procedure.

Example:
[ s—1 s—1
—252—45 25+4
N =
(=] 21351 -3
| —3s s24+2
[ -1 -1 11 0 0
= 0 4 + —4 2 s+ -2 0 52
-1 -3 3 0 1 0
| o0 2 -3 0 0 1
i)
1 0 0 0 L
0 1 00 (l) }1
-1 L 1 o|NE=EN(=[ 5
0 —3 0 1 0 0
1 ] 0 0
-4 2 -2 0f.»
+ 0 0 s+ 0 0 s°.
-1 -1 11
if)
00 1 ol[ o o
0 0 0 1 0 0
00 0 0 1 0 olo 1
-5 1_
w—L 0 0 0 oil 0 1’F0_; )
0 0 1 11 -1 -1 i 1 =1
-2 0 -4 2 0 4
00 0 0 0 0
1 1 -1 =1}l o o
iif)
0 0 1 0
0 0 0 ] g 8 8 g
Ap=| _1 1| Cp= .
Fo 3 00 L "RTlg 0 0 0
1o 1 -4 11 =1 -1
L=[1 1 -1 -1] (withf=2)
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iv)
1 [ ol-1 1]
o [ oolf-1 -t o 1 -1
L*= ol Wr -2 0 4| Fe= | |
. 0 -4 11 oo
0 0 0 0 2 2
1 0 0
Result:
—1 -1
0, = s+l —gsies N.=| 25 2s+4
Eol -1t tsrep| 75 (1) ?

Note that for illustrative simplicity we only use fractional numbers and
elementary transformations in this example. For the implementation of
this method in a program, the use of unitary transformation is recom-
mended where possible (namely, for the construction of D and of the
basis in echelon form of L). This will indeed improve the numerical
stability of the algorithm. Unfortunately, one still has to invert Dand L
and these steps are poorly conditioned when D and L have a large
condition number [13]. Only part of this is due to the possible bad
conditioning of the GCD problem itself. The conditioning of D is indeed
independent of the conditioning of the GCD problem since D can be
modified by a “shift” a as described in Section IV and since the inversion
of D, e.g., does not appear in other GCD extraction methods (see [31, {5].
[10], [11], [14]). On the other hand, it is exactly the inversion of D that
allows us to perform the rank test required in the GCD problem on a
smaller matrix than, e.g., other methods [3], [4], [11], [14]. One should note
here that the so-called “fast orthogonalization method” used in [14] is in
fact a type of Schmidt orthogonalization procedure without reorthogonali-
zation and is therefore unstable [13}; reorthogonalization would again
yield a speed which is comparable to the other methods mentioned above.
Finally. we want to mention that some of the algorithms for the minimal
design problem can be used to solve the GCD problem as well (see {11],
[12]). [14] for further references), which makes the task of comparing
methods for GCD extraction rather lengthy. The main advantages of the
method presented here are its simplicity and its ease for implementation.
It should also be noted that the obtained factors Q, and Ny, have
degree in 5 lower or equal to the corresponding degree of N (namely k).
This is not always the case for other methods {1], [3]. [5], [10], [11]., [14].

V. CONCLUSION

After the initial submission of this paper, we received a report of
Emre’s [10] which makes an alternate connection between common di-
visors and (A, B)-invariant subspaces (closely related to the null space of
L for an appropriate C). However, detailed algorithms of the type given
here are not provided. Further. connections between the two approaches
should be explored, however, and a full numerical comparisons between
the various GCD extraction methods proposed in the literature should be
performed.
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Minimal-Time Minimal-Order Deadbeat Regulator
with Internal Stability

HIDENORI KIMURA, MEMBER, IEEE, AND YASUO TANAKA

Abstract —This paper is concerned with the output deadbeat (finite
settling time) regulation with internal stability for linear discrete-time
multivariable systems. The two cases are treated separately; the one is the
regulation by state feedback and the other is the regulation through
function observers. For both cases, the basic solvability conditions, the
minimal settling time and the characterizations of the minimal-time regula-
tors are derived. Throughout the paper, the well-posedness condition plays
a fundamental role. A deterministic version of the so-called separation
theorem in LQG problem is derived, namely, the minimal-time state-
feedback regulator combined with the minimal-time minimal-order function
observer yields the overall minimal-time minimal-order regulator by output
feedback.

I. INTRODUCTION

Since the early stage of the development of the sampled-data control
theory, the deadbeat regulation (the finite settling time control) has been
regarded as a simple and effective control policy [1]. In the framework of
modern state-space approach, a number of contributions have been made
on the analysis and synthesis of multivariable deadbeat regulators [2]-[5].
These works were mainly concerned with the stafe deadbeat regulation,
the deadbeat regulation for the entire state vector. It is only recently that
the outpur deadbeat regulation began to be investigated under the in-
fluence of Wonham-Morse geometric approach [6]. Leden (7] derived a
solvability condition for the problem of output deadbeat regulator show-
ing that the minimal-time deadbeat regulator was constructed through the
cancellation of all the transmission zeros. He did not give a clear answer
for the stability problem induced by the cancellation of unstable transmis-
sion zeros. Akashi and Imaj [8] extended this result to the case of output
feedback with some stability considerations. They derived an elegant
geometric characterization of the minimal settling time. However, their
formulation of stability excludes all the systems with nondecaying exter-
nal signals (steps, ramps, sinusoids, etc.). They also considered the
deadbeat regulation from the viewpoint of disturbance decoupling [9].

In this paper, we consider the problem of output deadbeat regulation
with internal stability in its full generality. The results of [7]. {8] are
extended in the following lines: “stability” in {8] is replaced by “internal
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