On stability radii of generalized eigenvalue problems
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Abstract

In this paper, we extend a known characterization of the
stability radius of a standard eigenvalue problem to the
generalized eigenvalue problem as well as that of cyclic
pencils occuring in periodic systems. We also extend
some of these results to norms different than the 2-norm.

1 Introduction

The complex structured stability radius measures the
ability of a matrix to preserve its stability under com-
plex structured pertubations. Consider a partitioning of
the complex plane C into two disjoint sets C, and C,
such that C,; is open, ie., C = C, U Cy. A matrix is
called Cy-stable if its spectrum A(.) is contained in C,.
The usual sets C, are the open unit disk and the open
left complex plane (stability in discret/continuous time)
but it can also be chosen, for example, as a disk of radius
R (R < 1) or the left halfspace {z : Re(z) < a},a <0
(strong stability in discrete/continuous time). Let us
denote the singular values of a p X m matrix, ordered
nonincreasingly, by ox(.), kK = 1,2,...,min{p,m}. The
complex structured stability radius of a matrix triple
(A,B,C) € C™*™ x C™*™ x CP*™ (with A C4-stable),
with respect to the p-norm, can be defined [1] as

re(4,B,C) = int_{lAll,: A(A+ BAC) ¢ €} (1)

where we denote successively the matrix p-norm and the
vector p-norm by

Ax
1Al = sup 122l @)
a0 ||l
and
I2llp = (JZ1|P + - + |za[?) P (3)

We also define the vector and matrix co-norms as

n

lzlloo = max|ail, [|Alec = max Y lagl.  (4)
[ i=1,...,m 4 1
j=

When B =T and C = I, rc(A4,1,1) is usually abbre-
viated as rc(A) and called the (unstructured) stability
radius of A.

By continuity, we can easily rewrite (1) as

rc(A,B,C) = Aeiéliw{”A”P :A(A+ BAC)NIaC, # 0}
= inf inf :det(AI—A— =
Aé%(cg [Ae%lmxp{mupd t(\—A—BAC) 0}]
— 3 3 . _ _AV-1B)— i
= Aé%@fcg [AelélflxpﬂA”pAdet(I AC(M—A)"1B) 0}}

Hence the key issue in the computation of the stability
radius is to solve the following linear algebra problem:
given M € CP*™ compute

inf Allp s det(I — AM) = 0}.
Lt (1Al s det(I — AM) =0}

This problem is solved by the following lemma:

Lemma 1

inf All, : det(I — AM) =0} = || M1
Ad0f LI - det ) =0} = | M];

Proof: We first show that the p-norm of any matrix A
satisfying det(I — AM) = 0 is greater or equal to || M]| .
Indeed, there exists a p-unit vector v such that AMv = v
and therefore

L= [olly < 1Al MIpllvllp = Al 2]l

Furthermore, such a bound can always be obtained by a
rank 1 matrix A* = wx™: let us consider a p-unit vector
w such that | M|, = ||[Mw|, =: ||yllp- Then we define
the vector x by

L TSR,
zi = T lIM]|p (6)

(5)



where j is the index of a component of « such that |z;| =
[[]] -

1 1 1
The g-norm of z (with — 4+ — = 1) is equal to ——— .
P q M1,
Finally, we obtain
181 — sup 0@ ulplololizly 1
P el Tzl 1Ml
and
I-AMw=w—-Ay=w—w (z'y) =0.
O

Combining lemma 1 with equation (5), it follows that
we have to solve

infxeac, {[|C(A — A)~'BI|,*}

-1
= {supscor, ICOVM - )11}

Since C(M — A)~!B is a rational matrix function in A,
this is a non-convex optimisation problem on 9C, in or-
der to compute the stability radius via this characteri-
zation. This computation often leads to high difficulties
and its complexity can even be non polynomial for cer-
tain norms (see [3]). In section 4, we point out some fast
algorithms for solving this problem for the 2-norm.

2 Generalized eigenvalue problems

In section 1, we described the basic standard eigenvalue
problem and the associated optimisation. In this section,
we discuss generalized eigenvalue problems and present
some new results for their resolution.

We are now interested in perturbations Agp and A4
on E and A which leads to C4-instability of the matrix
A — A+ AAg — A 4. By similar developments as in (5),
we obtain that Ay := AAg — A4 has to verify

det(I + AyxMy) =0 (7)
with
My=(\E - A" (8)
We already know, from the proof of lemma 1, that
1A, = 1M, 9)

and that this upper bound is attained by a rank 1 matrix
A*. But what can be said about Ag and A4? Define
the matrix

A:[AE;AA]. (10)

The following theorem then gives similar results to
lemma 1:

Theorem 1 infaccnxzn {||A]p : det(I + AM)) =0} =

[ Ml [ Ml
—_— 00; —2— p=oco. 11
Y14+ AP p# max(|A[, 1) p (1)

Proof: We prove this theorem for p # oco. The case
p = oo can be treated in a similar manner. We deduce
from

Al
M=amad| ] (12
that
Al [ MAl, !
I[Ag: Aall, > 2o IO, g
Y1+ AP~ /T+ AP
Furthermore, such a lower bound is attained for
AAP2Ax —A*
= A M=o (14)
Indeed, we have
A MAP P2 —
L+[AP ],
IAEAAlllp = 5 5
waa0  {/||zallp + [lz2lp
1 lw (NAP~2a*zy — 22, ||

P

= sup
L+ AP 21,2520 1[5 + lz2lp

<1 < wllplla] g [AAP221 — 22|,
T L AP 200 Nzallp + llz2llp
1 [XAP~221 — 22,

————————— sup
L+ AP IMA]lp 21,2270

1
- YD1
AR

(14 (AP

1]l + [l 15

1
Y1+ APIMAl

O

We easily deduce the following corollary from the rank
of the solution:

Corollary 2
[ Ml
V1+ (A2
Remark 3 The bound (11) can e.g. be rewritten as
[(e™E— A)~H;"
{2
[GwE - A) 75!
V14 wP
[(re’ E — A)~ ;!
V1+rP

[((a+ jw)E — A1
1+ (a2 4+ w?)p/2

Ae%[ZILfXQ" {||A||lF : det(I + AM,) =0} =

: discrete time stability

: continuous time stability

: discrete time strong stability

: cont. time strong stability



Remark 4 For the discrete time stability, the optimal
perturbations Ag and A 4 are independant of the chosen
norm: _
AA* —A*
and Ay =
2 2

The perturbations Ag and A 4 have sometimes a par-
ticular structure. One is e.g. interested in Cgy-stability
of the matrix

A(E + FAG) — (A+ BAAC). (15)
By similar developments to those in (5), we obtain that
det [(\E — A) + AFAEG — BAAC] =0
)

det [I + (AE — A) ' AFApG — (AE — A) "' BA,C] =0
T

det [I—l—()\E—A)‘l[)\F,—B] [AE AA} [g“ =0
T

det {I+ {AE AA:| {g] (AE — A)"1[\F, B]] = 0.

Once again, the key issue in the computation of the
stability radius is to solve a minimization problem: given
M)y € CP*™ compute

AiIelfD{HAHp :det(I — AM),) =0} (16)
with A
D:{A;A:[ E AJ}

This minimization is solved in [2] for the 2-norm by
the following lemma:

Lemma 5

infaep {||All2 : det(I — AM,) =0}

_ 1nf M11 "}/M12 -1
>0 ’7_1M12 Moo 9
where
M1 Mo
M= 17
[Mgl M22:| (17)

is partitioned conformably to A.

Remark 6 This infimum is reached for a real non
zero parameter v if Mo and My are not zero.

Remark 7 This lemma can not be extended to arbitrary
p-norm as shown by the following 2 X 2 counter-example:

Ly
1 1]; min || [ —1

~11 4>0 — 1 :||M||1:2
Y

1

|

and

- /3

3 Discrete-time periodic systems

We now consider the periodically time-varying system

Ekmk+1 = Akmk, k € Zyg (18)

where Z is the set of integers. Let us denote by K the
smallest positive integer for which Ey = Eyix, A =
Ag+x, Vk € Z and by Z the block left shift matrix of
size Kn x Kn:

We use the standard notation I,, for the identity matrix
of size n and Diag((4;)i=1,...,x) to represent the block
diagonal matrix whose elements are the matrices A;. The
underlying eigenvalue problem now involves the matrix

M~ = \e—A = X\ Diag((E;)i=1,...x)—Diag((Ai)i=1,..x) Z.

We are interested in perturbations AE and AA having
the same structure as £ and A. By a similar reasoning
as in (5), we obtain that AAE — AA has to verify

det(I + (AAE — AA)M) = 0.

The following theorem is the periodic version of lemma
5 and solves the minimization problem

Alrél%{HAHg s det(I + (AAE — AA)M) = 0}
with
D ={A:A = Diag(Er,....,Ex,As1,...., Ax)} .

Theorem 8
infaep {||A|l2 : det(I + (AAE — AA)M) =0}

Dl(eia ai)M-D2(ei7 ai)||2)71

- (minei , @i

= IMaXe, q; {Umin (Dg(ei,ai)*lelDl(ei, ai)’l)}

where

N 2 2
Di(es,a;) = Diag <<\/ei + a1+(i mod K)I">i_1 K)

Bt A

=: Diag ((ailn)i:L...,K) (19)
Ds(e;,a;) = Diag ((\/6;2 + ai_QIn)i_l K) ;

=: Diag ((ﬁijn)i:L ‘ ’K) (20)

e1 =1 (21)



Proof: To reduce the conservatism caused by the struc-
ture of A, we resort to the widely used technique of scal-
ing. It turns out that this scaling completely eliminates
the conservatism. Let us choose a block diagonal matrix

D of the form
D = Diag(ei 1, ..., sagly),

ei,a; € RT U {0}

€KIn, alfn,

commuting with A. We then have that
det(I + (AAE —AA)M) =0
i)

det (1+ [ Min —Ixn ] A [Iian] M) —0
T

Ixn }M[AIKH —IKn]D1> =0.

det <I+AD |:IKnZ

We deduce, from lemma 1, that
-1

[EN= HD [IIK"Z] M [ Myn ~Ixn ] D!

2

g [Ets Al
{Diag ((Nei ' I)iz1,...x) }T -
Diag (( a; ', )i=1 K) )

= |UD1(es, a;) M Da(es, a) V™5
for some isometries U and V. We conclude that
A2 > sup || D1 (e, a;) MDa(ei,a:)lly
€4,a4
= sup {Omin (D2(es,a;) "M ' Dy(ei,a:)7") }
€4,a4

We now show that the supremum

sup {omin (Da(ei,a;) "M ~"Di(e;,a:)" ")}

€i,a;
is attained for real non zero parameters €; and a;.

1. Let us first show that no e;, at the optimum, can
grow unboundedly. The structure of M~t =\ — A
implies the following relation to avoid a zero singular
value

(e; = 00) = (e — 0). (22)

1+(: mod K)

Indeed, let us suppose that e; tends to infinity
and e; +(i mod K) does not grow unboundedly. The

(i 4+ 1,4) scaled block of M ~! is then equal to zero
and therefore none of the (j,75) (j =1, ..., K) scaled
blocks can be equal to zero. We then deduce recur-
sively (from the non zero (j,5) (j = 4,...,1) scaled
blocks) that e;_1,...,e; grow to infinity. This is in
contradiction with e; = 1. Hence we have proved
that (e; — o) implies (e; — 00), which once again
contradicts e; = 1.

2. Therefore, no a; can grow unboundedly at the opti-
mum since

(a; — 00) = (e; — o0) or (erj_17 — 00)  (23)

where we define "a by

Ta7=(a—1) mod K + 1.

3. By a similar reasoning, we can prove that neither e;
nor a; can tend to 0 at the optimum.

Let us finally construct a matrix A such that
||A||2 = Omin (DZ(euaz) 1M Dl(ehé\i)_l) =:0.

We can choose a pair of left and right singular vectors
Ul U1

and v = corresponding to ¢ such

UK VK
that [2], by optimality of the parameters e; and a;, that,
u and v satisfy

~ o~

* é,a;)v=0

3 (Da(ei, ai) "M ™Dy (es,ai)7") (

867; (24)

and

~ o~

*8(D2(ei’ai)7 €, a;)v=0

1M71D1(6i, ai)’l)
8&1' (

u (25)

Because of the special structure of Dy, Dy and M !,
these equations can be rewritten as

[lws |2 _ 67-2,62- (26)
[vill2 o
and
luillz _ @%B; (27)
||’Uri,11||2 Qrj—17
We define AFE; and AA; by
Ao o
= (28)
Bi & ||vill3
AAl - g ari-1 uiv:’i*l—" (29)

Bi @ vri-1n|3
We deduce from (26) and (27) that

[AE2 = [[A4il2=¢
and therefore

[All2 = max (| AEill2, [|AAill2) =



Furthermore, the matrix I + (AAE — AA)M is singular
since

Ix _
<I+AD [IKnnZ] M [Mgn —Ixn | D 1) Vu

— Vu+ AUD\(6,@)D2(&, @)u

1
=Vu+ =AUw.
o
Moreover, we have

Diag ((X&flfn)isz,K)

V= ~— DQ(éjiaa/:i)il (30)
Diag ((_ai 1In)i:1,...,K>
and
_ Diag ((é\iIn)i:Lm,K) ~ A1
B |:Diag((a/f\iln)i—1,...,K)Z Dy(&i @)= (31)

1
Therefore, Vu + —AUwv can be rewritten as
a

r 3v7~—-1,5—1 T —~ -1
Aé1 /31 uy e1aq v
X/\—l —1 —~ -1
ex Br ur A EKQy VK
~—1,°1 ~
—a1 Py ur | +— a0 VK
~—1,-1 a ~ —1
—az By u2 az0] vy
1, —~ 1
—ag Py uk | KO VK1 |

which is equal to the zero vector by (26), (27), (28) and
(29). This equality completes the proof. O

Remark 9 Similar results can be obtained for time-
invariant matrices A and E with periodic perturbations.
The corresponding version of theorem 8 is the following:

Theorem 10
infacp {||A||2 cdet(] + (MAE — AA) (N — A) Y = o}

-1

joe-a7,) spe-w

2 2

We observe that no diagonal scalings are needed any
more. This remark is particularly relevant for recur-
rences of the type Exyi1 = Axy which under rounding
errors are known to satisfy exactly

(B + AEpi1)Tr1 = (A + AAy)Tx

where T denotes the rounded version of the vector x.

Remark 11 Similar results can also be obtained for the
2-norm of [AE, AA] and time-variant matrices E; and
A;

Theorem 12

infae A { I[AE, AA]|l2 : det(I + (AAE — AA)(AE — A)7Y) = o}

— (ming, [ D1(@) (08 = A7 Da(dy) 2)_1
=maxq, {omin (D2(di)"* (A€ — A) D1(di) 1)}

where
D1 (d;) = Diag (<\/d$ +d KHIn)i:1 K)
32)
Dy (d;) =: Diag ((di_lln)izl,...,K) ; (33)
di =1 (34)

or time-invariant matrices E and A with periodic per-
turbations:

Theorem 13

infae A { I[AE, AA]|l2 : det(I + (AAE — AA) (AE — A) ™) = o}

Joe -7,

o Omin ()\E - A)

V2 V2

4 Numerical algorithms

In earlier sections, we derived analytic expressions for
the stability radii of several generalizations of the classi-
cal eigenvalue problem. These expressions were in terms
of norms of a matrix function H(\) where A varied over
0Cy, the boundary between the so called stable and un-
stable regions of the complex plane. This is in fact a non
convex optimization problem but for the specific case of
the 2-norm, there are quite performant algorithms that
find the global optimum for such a problem. We illus-
trate the general procedure for the discrete time strong
stability:

e B=A)7, o A
Y e A (S‘ip S

The function

. A
Jw -1
(eE-2)

, A\ 1
= Omax (e]wE - _>
2 T

is a non convex function of w but it is easy to test if a
particular value of £ is below the optimal value

, A\ !
gmax = SUP Omax (ewa - _> . (35)

r

. A
It turns out [4] that (e’ E — —)~! has singular value &
r

iff €79 is an eigenvalue of

1 A
E I Z o
¢ r
A _
, 1
0 A °1 B

r




This correspondance between the generalized singular
values of a transfer matrix along the unit circle and the
generalized unit norm eigenvalues of a related Hamilto-
nian matrix yields a simple bisection algorithm [4] to
compute the above maximization. This algorithm, along
with additional information, then leads to a quadrati-
cally convergent algorithm.

References

1]

D. Hinrichsen and A. J. Pritchard, ” Stability radius
for structured perturbations and the algebraic Ric-
cati equation”, Systems € Control letters, vol. 8, pp.
105-113, 1985.

L. Qiu, B. Bernhardsson, A. Rantzer, E. J. Davison,
P. M. Young, J. C. Doyle, ” A formula for computa-
tion of the real stability radius”, Automatica, june
1995.

O. Toker and H. Ozbay. ” On the NP-hardness of the
purely complex p computation, analysis/synthesis,
and some related problems in multi-dimensional sys-
tems. Proceedings of the 1995 American Control
Conference, pp 447-451, June 1995.

J. Sreedhar, P. Van Dooren, A. L. Tits, “A level-
set idea to compute the real Hurwitz-stability ra-
dius”, In Proceedings of the 34th IEEE Conference
on Decision and Control, New Orleans, Louisiana,
pp- WAO05, Dec 13-15 1995.



