J. reine angew. Math., Ahead of Print Journal fiir die reine und angewandte Mathematik
DOI 10.1515/crelle-2021-0046 © De Gruyter 2021

2-Verma modules

By Grégoire Naisse at Louvain-la-Neuve and Pedro Vaz at Louvain-la-Neuve

Abstract. We construct a categorification of parabolic Verma modules for symmetriz-
able Kac—Moody algebras using KLR-like diagrammatic algebras. We show that our construc-
tion arises naturally from a dg-enhancement of the cyclotomic quotients of the KLLR-algebras.
As a consequence, we are able to recover the usual categorification of integrable modules.
We also introduce a notion of dg-2-representation for quantum Kac—Moody algebras, and in
particular of parabolic 2-Verma modules.
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1. Introduction

The study of categorical actions of (quantum enveloping algebras of) Kac—Moody alge-
bras leads to many interesting results. An impressive example is due to Chuang and Rouquier,
who introduced in the work [12] categorical actions of sl, to prove the Broué abelian defect
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group conjecture for symmetric groups. Another interesting result is Webster’s construction
of homological versions of quantum invariants of links obtained by the Reshetikhin—Turaev
machinery [45].

We note that, until recently, only categorifications of integrable representations of quan-
tum Kac—Moody algebras were known. These are given by additive (or abelian) categories, on
which the quantum group acts by (exact) endofunctors respecting certain direct sum decompo-
sitions, corresponding to the defining relations of the algebra (see for example [16, 20, 26,27,
39]). In [34], the authors followed a slightly different approach to construct a categorification
of the universal Verma module M (1) for quantum s(,. The construction of [34] is given in the
form of an abelian, bigraded (super)category, where the commutator relation takes the form of
a (non-split) natural short exact sequence

0> FE - EF > QK@ IMQK~! — 0,

where IT is the parity shift functor, and Q a categorification of 1/(¢ — ¢~') in the form of an
infinite direct sum. This category is obtained as a certain category of modules over cohomology
rings of infinite Grassmannians and their Koszul duals. Categorification of Verma modules
appeared independently in the literature with a strongly different flavor in [13] and in [5].

Studying the endomorphism ring of F¥:=Fo---oF yields a (super)algebra Ay that
extends the ubiquitous nilHecke algebra NHy. This superalgebra was studied by the authors
in the follow up [35], where it was used to construct an equivalent categorification of Verma
modules for quantum sl,. The supercenter of A was also studied in [4]. The definition of the
superalgebra Ay and is supercenter were extended in [38] to the case of a Weyl group of type B.

The superalgebra A; comes equipped with a family of differentials d,, for n > 0. The
corresponding dg-algebras are formal, with homology being isomorphic to the n-cyclotomic
quotients of the nilHecke algebra. These quotients are known to categorify the irreducible inte-
grable Uy (sl2)-representations V'(n) of highest weight n. We interpret this as a categorification
of the universal property of the Verma module M (1), that is there is a surjection M (1) — V(n)
for all n. This also means the dg-algebra (A, d,) can be seen as a dg-enhancement of the
cyclotomic nilHecke algebra NH?, and in particular, of categorified V'(n).

In [23, 25] and [39], Khovanov—Lauda and Rouquier introduced generalizations of the
nilHecke algebra for any Cartan datum. These algebras are presented in the form of braid-like
diagrams in [23,25], with strands labeled by simple roots and decorated with dots. It is proven
in [23,25,39] that KLR algebras categorify the half quantum group associated with the input
Cartan datum. Khovanov and Lauda conjectured that certain quotients of these algebras cate-
gorify irreducible, integrable representations of the quantum group. Due to the isomorphism
between these quotient algebras and cyclotomic Hecke algebras in type A (see [8, 39]), these
quotients have become known as cyclotomic KLR algebras. The corresponding cyclotomic
conjecture was first proven in [9, 10, 28] for some special cases, and then for all symmetrizable
Kac—Moody algebras by Kang—Kashiwara in [20], and independently by Webster in [45].

In this paper, we introduce a version of KLR algebra associated to a pair (p, g), where
p is a (standard) parabolic subalgebra of a quantum Kac—Moody algebra g. This construction
generalizes the algebra Ay from [34], which we view as associated to the (standard) Borel
subalgebra of sl,. The usual KLR algebra is recovered by taking p = g. We prove that certain
“cyclotomic quotients” of these p-KLR algebras categorify parabolic Verma modules induced
over the parabolic subalgebra p, with the cyclotomic quotient depending on the highest weight.
The proof goes by showing first that if p = b is the (standard) Borel subalgebra of g, then the
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b-KLR algebra is equipped with a categorical g-action similar to the one constructed in [35].
In particular, it categorifies the universal Verma module of g. Next, we show that the b-KLR
algebra can be equipped with a family of differentials, turning it into a dg-enhancement of
the cyclotomic p-KLR algebras. This induces a categorical g-action on the cyclotomic p-KLR
algebra. In particular, we recover the usual categorical action on cyclotomic KLR algebras,
and we can reinterpret Kang—Kashiwara’s proof of Khovanov—Lauda’s cyclotomic conjecture
in terms of dg-enhanced KLR algebras. The world of dg-categories also allows to reinterpret
the usual categorical sl,-commutator relation in terms of mapping cones. More precisely, the
derived category of dg-modules over the dg-enhanced KLR algebra comes equipped with func-
tors E;, F; and an autoequivalence K; for all simple root «;, that categorifies the action of the
Chevalley generators E;, F; and of the Cartan element K; = qu ’. Then the sl,-commutator
relation of the categorical action takes the form of a quasi-isomorphism of mapping cones

Cone(F;E; — E;F;) — Cone(Q;K; — QiK;™).

where Q; is a direct sum of grading shift copies of the identity functor that categories the frac-
tion 1/(q; ' gi). Whenever F; is locally nilpotent, Cone(Q; K; — Q; Kl._l) is quasi-isomorphic
to a finite direct sum of shifted copies of the identity functor, corresponding to the usual notion
of an integrable categorical g-action (as in [20] for example).

Categorification of parabolic Verma modules have found connections with topology in
the work of the authors in [36]. In particular, they have constructed Khovanov—Rozansky’s
triply graded link homology using parabolic 2-Verma modules of gl,;. On the decategorified
level, the connection between the HOMFPY-PT link polynomial and Verma modules was not
known before. We expect to find in the future more connections between categorified Verma
modules and low-dimensional topology.

Outline of the paper. In Section 2, we recall the basics about quantum groups and their
parabolic Verma modules.

In Section 3, we introduce the b-KLR algebra Ry (Definition 3.3) as a diagrammatic
algebra over a unital commutative ring k, in the same spirit as Khovanov—Lauda’s [23]. We
construct a faithful action on a polynomial ring and exhibit a basis, proving Ry is a free
k-module.

In Section 4, we introduce the p-KLR algebra R, for any (standard) parabolic subal-
gebra p of g. We also introduce the corresponding N -cyclotomic quotient R{JV . We introduce
a differential dy on Ry, turning it into a dg-enhancement of Rév . In particular, we prove the
following theorem:

Theorem 4.4. The dg-algebra (Ry(m), dy) is formal with homology

H(Rg(m),dy) = R} (m).

In Section 5, we construct a categorical action of U, (g) on Ry, where the action of the
Chevalley generators F; and E; is given by functors F; and E; which are defined in terms of
induction and restriction functors for the map that adds a strand labeled i. The sl,-commutator
relation takes the form of a non-split natural short exact sequence. Let @[ﬂi —aY ()] Id, be
an infinite direct sum of degree shifts of the identity functor that categorifies the power series
(Aiqi_“z‘v(”) — )Ll._lql‘?‘iv("))/(qi — ql._l) (see equation (5.1) in the beginning of Section 5).
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Corollary 5.2. There is a natural short exact sequence
0— FiEld, > EFild, > & 1d, -0
[Bi—a;’ (M]g;
foralli € I, and there is a natural isomorphism
F,E; = E;F;
foralli # j € 1.

Fix p C g, and let Iy be the set of simple roots for which F; € p. Let @[n]qi Id, be
a finite direct sum of degree shifts of the identity functor that categorifies the quantum inte-
ger [n]g; . The categorical g-action on Ry lifts to the dg-algebra (Ryp, dy ), and thus to Rfav by
Theorem 4.4. The short exact sequence of Corollary 5.2 lifts to a short of exact sequence of
complexes, inducing a long exact sequence in homology. This allows us to compute the action
of the functors of induction FlN and restriction EZN on Rév :

Theorem 5.17. Fori ¢ I there is a natural short exact sequence
0—FVENId, - ENFY1d, > € 1d, —0.
[Bi—e;” (V)]g;
and fori € Iy there are natural isomorphisms
ENFV1d, =FYENId, @  1dy ifni —e/(v) 20,
[ni—e;’ (V)]g;
FYEN1d, ~ENFY1d, @ 1dy ifni —ey/(v) 0.

le;’ W)—nilg;
Moreover, there is a natural isomorphism
NN o NN

fori # j el.

In Section 6, we compute the asymptotic Grothendieck group of (Ry, d ). The asymp-
totic Grothendieck group is a refined version of Grothendieck group, that was introduced by
the first author in [33]. It allows taking in consideration infinite iterated extensions of objects,
such as infinite projective resolutions and infinite composition series (see Definition 6.3). Let
MP(A, N) be the parabolic Verma module of highest weight (A, N), and MP(A, N) be the
c.b.Lf. derived category of (Ry, dy) (see Section 6.1).

Theorem 6.14. The asymptotic Grothendieck group
oK g (MP(A.N))

is a Uy(g)-weight module, with action of E;, F; given by [E;], [F;]. Moreover, there is an
isomorphism of Uy (g)-modules

oK&(MP(A,N)) = MP(A,N).



Naisse and Vaz, 2-Verma modules 5

In Section 7, we introduce a notion of categorical dg-action of g on a pretriangulated
dg-category (Definition 7.2), and of (parabolic) 2-Verma module (Definition 7.6). In particular,
we show that MP (A, N) admits a dg-enhancement Mgg(A, N) in the form of a dg-category.
It yields an example of parabolic 2-Verma module, for which Theorem 6.14 takes the following
form:

Corollary 7.8. Foralli € I there is a quasi-isomorphism of cones

—a ()

Cone(FVEY Id, — ENFY 1d,) = Cone(Qikig, " 1dy — QA7 "¢ ) 1dy),
in Endyge(Dag(Rp. dn)).

Finally, in Section A we recall the construction of the homotopy category of dg-categories
up to quasi-equivalence, based on Toen [42]. We also recall how to compute the (derived)
dg-hom-spaces between pretriangulated dg-categories.

2. Quantum groups and Verma modules

We recall the basics about quantum groups and their (parabolic) Verma modules. Our
presentation is close to [19] and [30], where the proofs can be found. References for classical
results about Verma modules are [31] and [18] (and [2] for the quantum case).

2.1. Quantum groups. A generalized Cartan matrix is a finite-dimensional square
matrix A = {a;;}i jer € ZM X1 guch that

e ajj =2anda;j <Oforalli # j €1,
*ajj=0<%a;; =0.

One says that A is symmetrizable if there exists a diagonal matrix D with positive entries
di € Z~¢ foralli € I, such that DA is symmetric. A Cartan datum consists of

* a symmetrizable generalized Cartan matrix A,
* afree abelian group Y called the weight lattice,
* aset of linearly independent elements [T = {«; };ic; C Y called simple roots,
e adual weight lattice YV := Hom(Y, Z),
* aset of simple coroots TIV = {a'}ief C YV,
such that
o () = aij,

 for each i € I there is a fundamental weight A; € Y such that ozj\./(Ai) = §;; for all
jel.

The abelian subgroup X := @, Za; C Y is called the root lattice. We also write

Xt .= @Nai cX
i
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for the positive roots. Given a Cartan datum, since A is symmetrizable with d;a;; = d;a;;, one
can construct a symmetric bilinear form

(—|—-): Y xY > Z,

respecting
. (oe,-|oz,-) = Zd,' S {2,4, .. .},
o (@ilej) = diaj; €{0.—1,=2,...} foralli # j,
s o’ (y) = 2((aa,~i||ay,~)) forally e Y.

In the end, a Cartan datum is completely determined by (7, X, Y, (—|—)).

Definition 2.1. The quantum Kac—Moody algebra U, (g) associated to a Cartan datum
(I, X,Y,(—|—)) is the associative, unital QQ(q)-algebra generated by the set of elements E;, F;
and K, foralli € I and y € YV, with relations foralli € I and y,y’ € Y:

KO = 1, K)/Ky’ = Ky-i—y’,
K E; = qy(ai)El. Ky, K,F = q_)/(ai)FiKy-

One also imposes the sl,-commutator relation for all i, j € I:

Ki—K:!
El'Fj —FjEl' = 8,']'—_1 s
qi — 4;

where ¢g; 1= qd" and K; := Kaly. Finally, there are the Serre relations fori # j € I:

1 —aj; 1 —a::
Z (_1)7‘ { ralj} ElrE] Els — O, Z (_l)r { ral./} FlrFJ Fvis — 0
q q

r+s=1-—a;; i r+s=1-—a;; i

This ends the definition of Uy (g).

Given a sequence i = ij --- i, of elements in I, we write

F; = Fi]"‘Fim and E; = Ei]"'Ei

m*

We write Seq(/) for the set of such sequences. Any element of U, (g) decomposes as a sum of
elements F; K, Ej withi, j € Seq([).

The half quantum group U, (g) of Uy(g) is the subalgebra generated by the elements
{Fi}ier. As a Q(q)-vector space, it admits a basis given by a subset of { F; }; eseq(r)-

2.2. Weight modules. Let M be an U, (g)-module with ground ring R D Q(g). Con-
sider a Z-linear functional
A:YY > R*,

where the group structure on R* is the product. For each such functional A and y € Y, we call
(A, y)-weight space the set

M, ={veM| K= A()g"Pv forally € YV}.
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Note that E; My ,, C M) y1q, and F; M ,, C My ,_4.. A weight module is a module that
decomposes as a direct sum of weight spaces. A highest weight module is a module M such
that M = U, (g)v; for some v; € My o with E;vy = 0 for all i € I. In that case, we call A
the highest weight and we have

M= P M.
yeX+

as R-module.

One says that a Uy, (g)-module M is integrable if for each v € M there exists k > 0 such
that £ lk v =0and Fl.k v = 0foralli € I. Any finite-dimensional module is integrable, and any
integrable module is a weight module with A(TTY) C Z[g]. We consider only type 1 modules,
that is A(ITY) C N[g].

Let M be a highest weight module with highest weight vector vy € M, (. Then we set
Aj = )L(ozl.v) for each i € I. We are interested in A such that each A; is either A; = ¢” for
some n; € Z or A; is formal. In that case, we write it A; = qﬂi, where we interpret B; as
a formal parameter.

2.2.1. Parabolic Verma modules. The (standard) Borel subalgebra Uy (b) of Uy(g)
is generated by K, and E; for all y € YY and i € I. A (standard) parabolic subalgebra of
Uy (g) is a subalgebra containing U, (b). It is generated by K, E; and F; forally e YV,i € I
and j € Iy for some fixed subset Iy C I. The part given by Ky, E; and F; for j € I7 is
called the Levi factor and written Uy (1). The nilpotent radical Uy (n) is generated by E; for all
i € Iy :== I \ Ir. Note that parabolic subalgebras are in bijection with partitions I = I U I.

Let Uy(p) be a parabolic subalgebra determined by I = Iy LI I;.. For each i € Iy, we
choose a weight n; € N. For each j € I, we choose a weight A; € {qP ., q"7}. We write
N ={nj}ier, and A = {A;}jer,. Let V(A, N) be the unique (type 1) integrable, irreducible
representation of Uy ([) on the ground ring R = Q(g, A), and with highest weight A determined
by
gt itk =i €y,

AMay)) =
(@) {M ifk=jel,.

We extend it to a representation of Uy (p) by setting Uy (n) V(A, N) = 0.

Definition 2.2. The parabolic Verma module of highest weight (A, N) associated to
U, (p) C Uy(g) is the induced module

MP(A,N) := Uy(g) ®u, @ V(A N).

Whenever Uy (p) & Uy(g), we have that MP(A, N) is an infinite-dimensional module.
Moreover, for all parabolic Verma modules, there is a Q(g)-linear surjection

Uq_(g) ®Q(q) R — Mp(/\,N).

Example2.3. If U;(p) = Uy(b),then N = @, and V(A, N) = Q(q, A)vy is 1-dimen-
sional, and such that

Eiva =0, Kyvp = HA;(Aj)vA.
jel
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In this case, we simply call it Verma module, and denote it MP(A). If A = gP is formal for
all j € I, then we call it the universal Verma module.

Example 2.4. If U;(p) = Uy(g),then A = @and MP(A, N) = V(N) is an integrable,
irreducible Uy (g) representation.

Since ¢ is a generic parameter, we can apply Jantzen’s criterion [18, Theorem 9.12],
thanks to the results in [2]. We obtain that M P (A, N) is irreducible whenever A; ¢ {¢" | n € N}
forall j € I,. If A; = ¢"" for n; € N, then MP(A, N) contains a non-trivial, proper sub-
module, which is isomorphic to M p(A’ijnj _,, N) for A'ijnj _, given by exchanging ¢/ with
g~ 2 in A. Moreover, the quotient

MP(A,N)
MP(A"

_nj -2

N) =~ MPT(A\{q" }, N U{n;})

is isomorphic to the parabolic Verma module associated to the parabolic subalgebra p + j
given by adding j to Iy, that is generated by p and Fj.
Furthermore, whenever A; = gP7 is formal, there is a surjective map

evy, : MP(A,N) — M*’(A'[Z,N)

forall n; € Z, given by evaluating 8; = n;.
These two facts together allow us to define a partial order on parabolic Verma modules.
For this, we say that there is an arrow from MP(A, N) to M® (A, N') if we have an evaluation
map evy; such that
evn, (MP(A,N)) = MP (A, N),

or if there is a short exact sequence
0— MP(A", _,.N) > MP(A,N) - MP (A N') = 0.

For parabolic Verma modules M and M’ we say that M is bigger than M’ if there is a chain of
arrows from M to M’. In that case, there is an M”, which is either trivial or a parabolic Verma
module, and a short exact sequence

0> M'"—ev(M)— M —0,

where ev is a composition of evaluation maps evy, ;. With this partial order, the universal Verma
module is a maximal element and each integrable, irreducible module is a minimum. This also
means that we can recover any parabolic Verma module from the universal one.

2.2.2. The Shapovalov form. Let p: U,(g) — Uy(g)*® be the Q(g)-linear algebra
anti-involution given by

2.1) p(Ei) = q;7 'K Fi, p(Fy) =g 'KiEi,  p(Ky) = Ky
foralli e I andy € YV.

Definition 2.5. The Shapovalov form
(= =) : MP(A,N)x MP(A,N) = Q(gq.A)
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is the unique bilinear form respecting
* (vA.N,VA.N) = 1, for vp N the highest weight vector,
e (uv,v’) = (v, p(u)v’), where p is defined in (2.1),

« fw.V) = (fv.v) = (v, fV)
forallv,v" € MP(A,N),u € Uy(g) and f € Q(g, A).

2.2.3. Basis. Since parabolic Verma modules are highest weight modules, they admit at
least one basis given in terms of elements of the form F; v n fori € Seq(/), where vp n is
a highest weight vector. In particular, as R-modules they are all submodules of U, (g) ®q(q) R.
meaning that these basis lives in a subset of {F;va n | i € Seq(/)} modded out by the Serre
relations. We call such a basis an induced basis and write it {va y = mg,m1,...}. Any
element in such basis takes the form

by b
Fi=F) "'Fill
forsomeiy,...,ir € I and by, ..., b, € N, with iy # izy1. Replacing each Fl-b by the divided

power

_t
T ly!

yields another basis {va,xy = my,m’,...}. Lusztig’s canonical basis [30] is given by a certain
choice of such a divided power basis characterized by

b
w ._ I

(m},m})— 1€ Z%[q.A]

for any order such that 0 < ¢ < A; (see Section 6 for a definition of Z}L[[q, A]). Whenever
MP(A, N) is irreducible, the Shapovalov form is non-degenerate. Therefore, in this case, there
is a dual canonical basis uniquely determined by

(mi,m’) = §;.

3. The b-KLR algebras

Fix once and for all a Cartan datum (/, X, Y, (—|—)), and let
d,‘j = —aiv(aj) e N.

Forv € X1 we write
V= Zvi -oj, vi €N,
iel
and we set [v] := >, v;, and Supp(v) := {i | v; # O}.
We also fix a choice of scalars in a commutative, unital ring k as introduced in [40].
Following the conventions in [11], it consists of

e tjj ek*foralli,jel,
. sf}’ ekfori #j,0<t¢<djjand0<v <djj,

e r; ek*foralli €1,
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respecting
* i =1,

° lij =1 whenever dl'j =0,
o Sl?jy = S})it’
. sf]’? = 0 whenever #(o; o) + v(oyjlerj) # —2(wilet)).

In addition, whenever ¢t < 0 or v < 0, we put sf}’ := 0. Thus we have sl.lj’.q =0 for p > d;;

. . di;i0 0d; .
or ¢ > dj;. We will also write sl.j” := t;j and s;; /" :=tj;. Hence if (a;|o;) =0, we get
§00 — (00 _ ;. _ o
ij =S = =i

Definition 3.1 ([23,39]). For m € N, the Khovanov-Lauda—Rouquier (KLR) algebra
R(m) is the k-algebra generated by braid-like diagrams on m strands, read from bottom to top,
such that

 two strands can intersect transversally, but no triple intersections are allowed,

* strands can be decorated by dots (we use a dot with a label k to denote k consecutive dots
on a strand),

 each strand is labeled by a simple root, written i € I, that we (usually) write at the
bottom,

» multiplication is given by concatenation of diagrams, which preserves the labeling (i.e.
connecting two strands with different labels gives zero),

* diagrams are taken modulo planar isotopies and the following local relations:

0 ifi = j,

281} +f + if i # j.

v

G.1) -
i J i j
foralli,j €1,
i J i J i J i J
3 S ] | S S ]|
i i i i i i i i i i i i
foralli # j €1,
0 ifi #k,
(3.4) - =
UDIEDIEN L N £ otherwise,
t,v ut+l=
i j ok ik 1—1
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foralli, j,k € I.In addition, R(m) is Z-graded by setting

deg, >< = —(aj|o), deg, + = (o).

i J i

Remark 3.2. Note that in equation (3.1) and equation (3.4), the sum Zt,v sf }’ can be
restricted to the finite number of pairs ¢, v € N such that

tailog) + v(ejla) = =2(ai]a)).

Moreover, it contains at least two non-zero elements with invertible coefficients, given by
t =d,~j,v =0and? =0,v =dj,'.

As proven in [23, 25] (see also [39]), these algebras categorify the half quantum group
U, (g) associated to (1, X, Y, (—[—)), as a (twisted) bialgebra. The multiplication and comul-
tiplication are categorified using respectively induction and restriction functors, obtained by
putting diagrams side by side.

For each non-negative integral highest weight N :={n; e N |i € I}, there is an N -cyclo-
tomic quotient RN (m) of R(m) given by modding out the two-sided ideal generated by all
diagrams of the form

t

i k

| -0

As first conjectured in [23] and proven in [20] and independently in [45], these cyclotomic quo-
tients categorify the irreducible integrable U, (g)-module of highest weight N, where the action
of F; (resp. E;) is given by induction (resp. restriction) along the map R(m) < R(m + 1) that
adds a vertical strand with label i, at the right.

3.1. b-KLR algebra. Our first goal is to construct a dg-enhancement of the cyclotomic
KLR algebras R (m), in the same spirit as in [35]. We introduce the following algebra:

Definition 3.3. For m € N, the b-KLR algebra Ry(m) is the k-algebra generated by
braid-like diagrams on m strands, read from bottom to top, such that

* two strands can intersect transversally, but no triple intersections are allowed,
* strands can be decorated by dots,

* regions in-between strands can be decorated by floating dots, which are labeled by a
subscript in / and a superscript in N,

e each strand is labeled by a simple root, written i € I,
» multiplication is given by concatenation of diagrams, which preserves the labeling,

* diagrams are taken modulo planar isotopies that preserve the relative height of the floating
dots, and modulo the KLR relations (3.1)—(3.4) and the following local relations:

(4]
o S %

(3.5) i d == j =0
J i (o)
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meaning floating dots anti-commute with each other foralli, j € [ anda,b € N,
a—1 a—1 ... .
fo) — o ifi = janda > 0,

(3.6) | o =
J

i

2 (=D)sf} oj.“ +r ifi # j,

i

+ A .

3.7) @ = o‘]‘. + sty E:(—l)“oj. Yol el ifi ]
t,v u+€1=
+

i J i J i J

Moreover, a floating dot in the left-most region is zero

J k 14

Given a diagram, it is sometimes useful to decorate some of its regions with an element
K :=Y,c ki-a € XT, where k; denotes the number of strands with label i to the left of
the region. The algebra Ry, is Z1+|1|—graded (a g-grading and a Ag-grading for each k € I)

with
deg, >< = —(ailay). deg, + = (i),
i J i
degkk >< =0, degAk + =0,
e ¥
and

deg, ( © o? ) = (1 +a—a(K)+ ki) (o),

a
degy, ( p S ) = 26

This ends the definition of Ry ().

3.2. Tightened basis. Before going any further, let us introduce some useful nota-
tions borrowed from [23]. First, let Rp(v) be the subalgebra of Rp(m) given by diagrams
where there are exactly v; strands labeled i, for each i € 1. We also denote Seq(v) the set of
all ordered sequences { = ijip---iy, with iy € [ and i appearing v; times in the sequence.
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The symmetric group Sy, acts on Seq(v) with the simple transposition o € S, acting on
i =i1ia-+im € Seq(v) by permuting ix and i . Sometimes, for K = Y, ki -a; € X T,
we abuse notation by writing ok instead of o).

Fori =iyis---im € Seq(v), let 1; € Rp(v) be the idempotent given by m vertical strands
with labels i1, i3, ..., i;;, thatis

i1 i im
We have 1;1; = §;j foralli, j € Seq(v), and so there is a decomposition of k-modules
Rem) = P 1Rs(v)1;.
i,j€Seq(v)

Our goal is to construct a basis of 1 Rp(v)1; as k-module.
3.2.1. An action of Rg(v) on a polynomial space. We construct a polynomial repre-

sentation of Ry (v) with a similar flavor as in [23, Section 2.3]. We fix v € X+ with [v| = m.
For each i € I we define

Ql = ]k[xl,la e 7xVi,i] ® /\’(a)l,i7 e 7a)Ui,i>'
We write Q7 := ;7 Qi, where ® means the supertensor product in the sense that
We,iWp,j = —Op, ;O
foralli, j € I and x; y commutes with everything. Thus, Q7 is a supercommutative superring.

Then we construct the ring
QU = @ QI ll ’

i €Seq(v)
where the elements 1; are central idempotents. It is ARl |—graded by setting
deg,(x¢,;) = (aila;), degg(wy,;) = (1 —£)(ailei),
degy; (x¢,;) = 0. degy  (wg,i) = 26ij.

We first construct an action of the symmetric group S,, on Q, by letting the simple
transposition

or : Q1li = O1loyi
to act by sending
XP+1,i10ki ifik = ik—i—l =i,p= #{S <k | iy = i},
Xpili > Sxp—1,iloi g =i =i, p=1+#s=k|iy=1i},

Xp,ilogi otherwise,

fori e I,pe{l,...,vi}andi =1ij...iy,and by sending

o i1s 1 3 @pi (i = Xpr1.)0p 1) opi il = kg =1 p=#s =k |is =1},
Pt wp,iloi otherwise,

which we extend to Q,, by setting o ( fg) := ox(f)or(g) forall f,g € 0,.
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Proposition 3.4. The procedure described above yields a well-defined action of Sy,

on Q.

Proof.  The proof is a straightforward computation. We leave the details to the reader. D

Then we define inductively the element a)Z ;€ Qj fora € N as

0o ._ X a+1 . a L N
a)p,j = a)p,], a)p’j = a)p_l’J xp,]a)p’j.

For K =Y ;. ki -i € X such that k; < v;, we define wj" (K) € Qy inductively as
0 if kj =0,

J . i s

where K — i is a shorthand for K — 1 - «;.
Lemma 3.5. The element wj‘? (K) is well-defined.

Proof. Takei # i’ # j € I suchthatk; > 0and k;» > 0. We can suppose by induction
that a)jb (K —i —1i’) is well-defined for all » > 0. Then we have

Z< Dfstxg DD St et K — i = 1)
t’' v

_Z( 1)’/’ /,I,Z( 1)sf7 x,; ,a)“+”(K i"—1i)

t' v

foralli #i’' # j e l. O

It will be useful to give a)j‘.’ (K) a non-inductive expression. We write
K\j = Zki c 0.
i#]

For a given non-negative integer n; € N we define

(3.8) sii’i (lk,-,i) = Z (1_[ svetexéél) e P;,

[Vil=n; \{=
with the sum being over all partitions V; : vy + --- + v, = v; such that (o; |o; )[vg (et o) for
each? € {1,...,k;}, and with
—2(atjlatj) — vg(ejley)

ty ==
(ot o)

This is a symmetric polynomial of g-degree —2k; (c; |oj) — v; (o |orj ) whenever it is non-zero.
Clearly, we can suppose vy < d;;, and therefore we can also suppose that n; < d;;k;. For
n € N we define

(3.9) ej(ag) = ) (H e,{i,i@k,.,,-)) € Pr.

[Vi=n ~i#j



Naisse and Vaz, 2-Verma modules 15

with the sum being over all partitions V' : Zi7é ;j i = n. Notice that 8{; (xg) is a polynomial
of g-degree (—a}’(K\/) —n)(ajle)).

Lemma 3.6. We have

_aj\/ (K\)
(3.10) of (K) = Z% (=1)"wp [ en (xg) € Pr.
n=

Proof. A straightforward computation shows that the right-hand side of equation (3.10)
respects the recursive definition of wJ“ (K), which proves the equality. |

We now have all the tools we need to define an action of Ry, (v) on P,,. First, we choose an

arbitrary orientationi < j ori — j foreach pair of distincti, j € I. Then weleta € Ry(v)1;
act as zero on Pyl; whenever j # i.Otherwise, we declare that

1

i

* the dot

acts as multiplication by xg, 41, 1;,

* the floating dot

acts as multiplication by a)]q (K)1;,

* the crossing

R

i J
acts as
fliHrifli_GK(fli) ifi=
Xkii — Xk;+1,i
P1am (st ot o Jox(F10) i = ),
tv
fl; = ox(f1;) ifi < j.

Proposition 3.7. The rules above define an action of Rp(v) on Q.

Proof. 'We have to check the validity of the KLR relations (3.1)—(3.4) and of the relations
involving floating dots (3.5)—(3.7), as well as the relations coming from regular isotopies.

We start by proving the KLR relations. Clearly equations (3.1), (3.2) and (3.3) are satis-
fied. The case i # k of equation (3.4) is also straightforward. Fori <— j and k = i we compute
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the action of the left-hand side of equation (3.4) on f € Q, as

f = (Z tvytx1)013201(f) —Ozal(Zth-fytxgaz(f))
v

- (T )f_m““(f ) (S sty ) f = (S sty at)on0102(f)
- 1 _
t,v

X1 — X2 X1 — X2

t t z t
a0 Z Y
X1 — X2
L, r+s=v—1

where x1, x2 correspond with the xg, ;, Xk; +1,; and y with x, ;. What remains coincides with
the right-hand side of equation (3.4). A similar computation applies for the case i — .

For the relations involving floating dots, we remark that (3.5) follows from the supercom-
mutativity of Q,, and wj" (K) respects (3.6) by construction. For relation (3.7), we apply the

action of the left-hand side on some f € Q, and we obtain
£ (Z iy ) W (K + ) f

and for the right-hand side we obtain

[ @ K+i+ D+ st > (D T K"y f

Y u+l=v—1

(Z( DU K ) sl Y D ey ) £

t,v u+€=v—l

Then we compute
atv g A _1yvl-u £, a+u K DYV (K :
K+ = D DT RITUE) )+ (D el (K + ),

u+l=v—1

which implies that the action of the right-hand side of equation (3.7) coincides with the one of
the left-hand side.

The only non-trivial relation coming from regular isotopies we need to verify is given
by the commutation of a floating dot and a crossing at its left. This is a consequence of the
fact that equation (3.8) is a symmetric polynomial, which commutes with divided difference
operators. m

3.2.2. Left-adjusted expressions. We recall from [35, Section 2.2.1] that a reduced
expression o, ---0;, of w € S, is left-adjusted if i, 4 --- + i1 is minimal. Equivalently, it is
left-adjusted if and only if

min o, ---0;, (k) < min oy, -- 05, (k)

t€{0,...,r} t€{0,...,r}
for all k € {0,...,n} and all other reduced expression o}, ---0;, = w. In this condition, we
write
min(k) ;== min o, --- 0, (k).
w t€{0,...,r}
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Note that a left adjusted expression always exists and is unique up to distant permutation
(0i0j <> 0jo; for |i — j| > 1), so that miny, (k) is well-defined. In particular, one can obtain
a left-adjusted reduced expression for any permutation by taking its representative in the coset
decomposition

n
(3.11) Sn= || Sn-10n-1---0a.
a=1
applied recursively. If we think of a reduced expression in terms of string diagrams, then it is
left-adjusted if all strings are pulled as far as possible to the left.

Example 3.8. The permutation (1 3 2 4) € S4 admits as left-adjusted reduced expres-
sion the word 010201030, which comes from the summand S»0307 in the first step of the
recursive decomposition (3.11). Note that 0102030107 is also left-adjusted while 0201020302
and 0201030203 are not. In terms of string diagrams, we consider as example the following
reduced expression of the permutation w = (1 43 52) € Ss:

It is not left-adjusted since the 4th strand (read at the bottom) can be pulled to the left. Hence
we obtain the following left-adjusted minimal presentation:

Suppose o, ---0;, is a left-adjusted reduced expression of w. Then we can choose for
eachk € {1,...,n}anindex t; € {1,...,r} such that

iy, ++ 01y (K) = min(k).

Clearly this choice is not necessarily unique and we can have t; = ;- for k # k’. However, it
defines a partial order < on the set {1, ...,n} where k < k/ whenever t; < t;,. We extend this
order arbitrarily and we write <; for it. There is a bijective map ¢ : {1,...,n} — {l,...,n}
which sends k < k' to (k) <; {(k’), so that t¢ k) < f¢(ky. In terms of string diagrams, the
map ¢ tells us in which order the strands attain their (chosen) leftmost position while reading
from bottom to top. In particular, ¢ (k) gives the starting point of the strand that attains its
leftmost position in kth position.

Example 3.9. Consider again the following left-adjusted string diagram:

Both the first and third strand attain their leftmost position at the bottom of the diagram, thus
we can choose ¢(1) =1 and {(2) = 3. Then both the second and fourth strand attain their
leftmost position, thus we can take ¢(3) = 4 and ¢(4) = 2. Finally, the fifth strand attains its
leftmost position and we put £(5) = 5.
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Fork € {1,...,n 4+ 1}, we put

k
w® = o; - 0; ,
g k) Y k—1)

where it is understood that #¢ (o) := 0 and f¢(,41) := r. It defines a partition of the reduced
expression of o;, ---0;; = w. Moreover, it is constructed so that

w* - w! (§ (k) = min(¢ (k)
foralll <k <n.
Example 3.10. Consider again w = 0102010302 withi; = 2,i, =3,i3 =1, i4 = 2,
i5 = 1. We can choose for example 11 = 0,7, = 0, 13 = 3,14 = 5. Then we can put {(1) = 1

(or 2), £(2) =2 (or 1), £(3) =3 and ¢(4) = 4, with w! = 1,w? =1, w3 = 010302 and
w4 = 0102.

3.2.3. A generating set. We say that a floating dot is tight if it is placed immediately
to the right of the left-most strand, and has superscript 0. We can also suppose it has the same

subscript as the label of the strand at its left (otherwise it would slide to the left and be zero).

Lemma 3.11. The algebra Ry (v) is generated by KLR elements (i.e. dots and crossings)
and tight floating dots.

Proof.  We first compute

(3.12) |

for all a > 0,i € I. Equation (3.12), together with equations (3.7) and (3.6) allows to bring
all floating dots to the left. Then applying equation (3.6) recursively allows to transform all
floating dots with superscript bigger than zero into dots and tight floating dots. O

We write w for a tight floating dot, 7, for a crossing between the ath and (a + 1)st
strands (counting from left), and x, for a dot on the ath strand, where we suppose the label of
the strands given by the context, in the form of an idempotent 1;. We also define the tightened
floating dot in Ry(v) as 0, 1= 14—1 -+ - T1®T] -+ - Tg—1, Or diagrammatically

We also write 93 ‘= 0, and Qa_l = 1.

Lemma 3.12. Tightened floating dots anticommute with each others, up to adding terms
with a smaller number of crossings, that is
0.0y = —0p0, + R, (0,)> =0+ R/,

where R (resp. R') possesses strictly less crossings than 0,60y, (resp. (02)?), forall1 <a,b <m.
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Proof.  We first compute that

J
(@
(3.13) g + g —0
ONe
J
k V4 k L

foralli, j,k,£ € I and a,b € N. Then we obtain

+ Ro + Ry,

where both Ry and R; have less crossings. O

Fix i, j € Seq(v). Since they are both sequences of the same elements, there is a sub-

set jS; C Sy of permutations w € Sy, such that iy = jy, ) for all k € {1,...,m}. Given
such a permutation w € j §;, we can choose a left-adjusted reduced expression. It comes with
m+1, . .21

a partition w --w*w" = w and a bijection ¢ : {1,...,m} — {1,...,m} such that

w* - w! (¢ (k) = min(¢ (k)
for all 1 < k < m. Then consider the collection of elements

Gy Bi = P 3 Tt O oy S0 O, 2 20) 02 P e 0 T |
ai € N, {; €{0,—1}, w € ; S;}
in 1; Rp(v)1;. Diagrammatically, elements in j B; can be constructed using the following

algorithm:

(i) Choose a permutation w € ; S;, consider its corresponding string diagram and make it
left-adjusted by bringing all strands to the left.

(i) For each strand, choose whether we want to add a floating dot. If so, add a tightened
floating dot where the strand attains its left-most position by pulling the strand to the far
left and adding the floating dot immediately at its right.

(iii) For each strand, choose a number of dots to add at the top of the diagram.
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Take {1 = 1,4, = 0,03 = 1,£4 = 0 and €5 = O (for the same ¢ as in Example 3.9). Then we
obtain the following element in ; B; :

1 A2 403 Ld4 Gd5

Proposition 3.14. Elements in j B; generate 1 Ry(v)1; as a k-vector space.

Proof. The proof is an induction on the number of crossings. By Lemma 3.11, we can
assume that all floating dots are tight. By equations (3.2) and (3.3) we can bring all the dots to
the top of any diagram, at the cost of adding diagrams with fewer crossings. Moreover, all braid
isotopies hold up to adding terms with a lower amount of crossings thanks to equations (3.1)
and (3.4).

We claim that we can also assume that there is at most one floating dot at the immediate
right of each strand. Indeed, suppose there are two tight floating dots at the right of the same
strand. Then we can apply a braid-isotopy to bring it as most as possible to the left, until it is
possibly blocked by other tight floating dots. We depict it by the following picture:

- -
o~ cee . |... |
’
. O
o ~
~
N
RS \
= .
’
.
-
.-
.
4
)
~
~o ~

where the dashed strand in red represents the one we want to pull, and the boxes represent
other elements in Ry (v). If there is no floating dot in-between, then it is zero by equation (3.5).
Otherwise, we apply equation (3.13) to jump the bottom floating dot over all the floating
dots in-between, until we have two floating dots in the same region at the top, which is zero
by equation (3.5). This proves the claim.

Finally, we observe that given a strand with a single tight floating dot, we can tighten it
by braid isotopy, until we end up with a tightened floating dot. Since by Lemma 3.12 tightened
floating dots anticommute, this concludes the proof. O

RS
\

[ O

+ terms with fewer crossings,

o3
.
¢ N
.
Yo\ ™"
A Y
\"

1

3.2.4. The basis theorem.
Proposition 3.15. The action in Proposition 3.7 is faithful.

Proof. The proof is inspired by [40, Proposition 3.8] (see also [23, Theorem 2.5] for
a different approach). We claim that elements of ; B; act as linearly independent endomor-
phisms on P,,. The action yields morphisms

Prl; — Prlj,

that we will consider as endomorphisms of Pj.
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First we extend the scalars to k(x1,;,...,xy, ;) in P; foralli € /. We claim that differ-
ent choices of w € ;§; and {; € {—1,0} give linearly independent operators. Notice that since
i,j is fixed, w is given by choices of permutations between strands of the same label. Since
crossings between strands with different labels act as multiplication by a polynomial, we can
ignore them as being multiplication by a scalar. By [35, Corollary 3.9], we know that differ-
ent choices of permutations and tightened floating dots for strands with label i act as linearly
independent operators on P;, hence proving our claim. Finally, taking into account the multi-
plication by the polynomial given by the choice of the a; € N as in equation (3.14) concludes
the proof. |

Theorem 3.16. The k-module 1 Ry (v)1; is free with basis j B;.
Proof. It follows from Propositions 3.14 and 3.15. ]
From this, we also deduce the following:

Corollary 3.17. The b-KLR algebra admits a presentation given by the KLR-generators
and tight floating dots, subjected to the KLR-relations (3.1)—(3.4) together with

foralli,j € I,.

4. Dg-enhancement

We fix a subset Iy C I and consider the associated parabolic subalgebra Uy (p) C Uy(g)
as defined in Section 2.2. For each index j € Iy, we also choose a weight nj € N, and write

N = {I’lj}je[f.

Definition 4.1. The p-KLR algebra Ry, (m) is given by forgetting the A ;-degree for each
J € Iy in Rp(m) and modding out by

forall j € Ir.
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In particular, Rq(m) is the usual KLR algebra R(m) (see Definition 3.1). Its N-cyclo-
tomic quotient R év (m) is also the usual cyclotomic quotient of the KLR algebra. Taking Iy = @
gives p = b and we recover Definition 3.3.

We equip Ry (m) with a homological Z-grading, denoted /4, by setting

a

degy, =0, deg, =0, degy, S =1
i i K

foralli, j € I. Then we equip Ry (m) with a differential d by setting

dN >< = dN + =0,

0 if j & Iy,
| =4 (=) +”i | | if j €Iy

J i Im—1 J i Im—1

and

dn

We extend the definition of d to the whole algebra using the graded Leibniz rule

dn(xy) = dy(x)y + (=D& D xdy (y)

and Lemma 3.11. Checking that dy is well-defined is straightforward using Corollary 3.17.
From this, we derive that for j € I, we have

— \J
o/ (KV)

a
' k41 /
dN< K O] ) = (—r T FIta § : finj +a—tj+1+r (k)7 (X
r=0

where xg; is a dot on the £th strand with label i, #, is the nth complete homogeneous
polynomial, and &} (x g ) is defined in equation (3.9).

Definition 4.2. We will refer to the dg-algebra (Ry(m), dn) as the dg-enhanced KLR
algebra.

Proposition 4.3. Ifn; —v; — ocj\.’(v\j) < 0, then (Ry(v), dy) is acyclic.

Proof. Takinga := —(n; —v; — aj\-/ (VM) + 1) and considering the floating dot placed
on the far right with subscript j and superscript a yields

dn ( % ) = (=D,
v
Thus, H(Rp(v),dn) = 0. O
Our goal for the rest of the section will be to prove the following:

Theorem 4.4. The dg-algebra (Ry(m), dn) is formal with homology
H(Rp(m),dy) = R} (m).
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4.1. Proof of Theorem 4.4. Denote 1(,, ;) 1= ) jerm 1ji, or diagrammatically

J Jm I
It is an idempotent of Ry(m + 1). We also define 1, ;) := ZjGSeq(v) 1j; forv e XT. The
algebra Ryg(m) acts on 1, ;) Rp(m + 1) by first adding a vertical strand labeled i at the right
of D € Ry(m) and then multiplying on the left in Rp(m + 1).

We now introduce some other diagrammatic notations as in [35, Section 3.1]. We draw
Ry (m) (viewed as Ryp(m)-Ryp(m)-bimodule) as a box labeled by m

and ®p, := R, (m) becomes stacking boxes on top of each other. Moreover, when Ry (m + 1)
is viewed as a left Ry (m)-module, as a right Ry (m)-module or as an Ry (m)- Ry (m)-bimodule,
we draw respectively

Lemma 4.5. As a left Ry(m)-module, 1, ;yRy(m + 1) is free with decomposition

m+1

@ @(Rb(m)l(m,i)fm "'Taxg @ Rb(m)l(m,i)fm "'Taef),
a=1 (>0

where 95 = Tu-1 ---rla)xfrl ceTg—1.

We draw this as

m—+1

i
- 88
a=1 {>0

Proof. By Theorem 3.16 we obtain

m+1

i
- 8@
a=1 (>0

We then apply equations (3.2) and (3.3) to bring all the dots to the desired position. It is a
triangular change of basis, concluding the proof. |
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From now on, we draw boxes with label “m, d” to denote the dg-algebra (Ry(m), dn).
Similarly, a box with label H(m) denotes its homology H(Rgp(m),dy). Then the decom-
position in Lemma 4.5 lifts directly to a direct sum decomposition of dg-modules whenever
i ¢ Ir. Otherwise, for i € I, it lifts to the mapping cone

i
4.1
b

m—+1 J m—+1
~ Cone @ @ N @ @ ,
a=1 (>0 a=1 (>0

where the map dy is induced by the differential of (Rp(m + 1), dx).

We will prove Theorem 4.4 using induction on the number of strands m. Therefore, we
can assume (Ryg(m), dy) to be formal.

Following [21], recall that for a dg-algebra (A, d4), we say that a dg-module is a rela-
tively projective module if it is a direct summand of a free module in (A, d4)-mod. Moreover, an
(A,d4)-module Y satisfies property (P) if there is an exhaustive filtration of (A, d4)-modules

O=FCFhCckhc---CF,CF41C--CY

such that each F,41/F, is isomorphic in (A4, d4)-mod to a relatively projective module. An
(A, dy)-direct summand of a property (P) module is called cofibrant. Also recall the following
result of homological algebra:

Lemma 4.6. Let (A, dy) be a dg-algebra, let (M, dyg) be a right (A, d4)-module, and
let (N,dn) be a left one. If (M, dypg) is formal and (N, dy) is cofibrant, then we have

H((M, dar) Q(A,dy) (N, dN)) =~ H(H(M, dyr) Q(A,dy) (N, dN)).
Proof. Tensoring with a cofibrant dg-module preserves quasi-isomorphisms. O

Therefore we obtain an exact sequence

m+1 - m
4 DD o
a=1 (>0 a
—
a

thanks to Proposition 4.6 and equation (4.1).

Proposition 4.7. The exact sequence equation (4.2) is a short exact sequence, with dn
being injective.

Theorem 4.4 above is a direct consequence of Proposition 4.7. Therefore, we now focus
on proving this proposition. This is in fact similar to Kang—Kashiwara’s [20, equation (4.13)],
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with basically only a change of basis, and thus we will follow the same ideas. We introduce the
equivalent of “g,” from the reference and draw it as an undercrossing:

>< ifi # .
Jo_ )i
.\/\'_ i ] g B S DL =)
A Y .

i i i
In order to shorten out our diagrams, we introduce the convenient notation

e ERR

i i i i i i

It respects the relation
2 b

We also have that

i i i i i i

Lemma 4.8 ([20, Lemma 4.12]). Undercrossings respect the following relations:

foralli, j k el.

Still as in [20], in order to construct a “nearly inverse” for dy, we define the map
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as multiplication on the left (or diagrammatically stacking above) with the element

~

Oms1:=(9; ) |-
(A1
Lemma 4.9. The map P defined above is a map of H(Ry(m), dn)-modules.

Proof. We need to verify that §m+1 commutes with the elements in H(Ryp(m),dy).
Crossings and dots slide over the upper part of the (m + 1)st strand in §m+1 at the cost of
adding diagrams with fewer crossings. Because there are fewer crossings, we can slide the float-
ing dot coming from 6,41 to the part H(Rp(m), dy) of the diagram, which gives zero. The
crossings and dots in the remaining terms then slide over the lower part thanks to Lemma 4.8.
Tight floating dots with subscript j ¢ I7 also slide over 5m+1 thanks to equation (3.7). O

Lemma4.10. The composition P ody is given on H(Rp(m), dy) ®m L,y Rp(m+1)
by multiplication by

2v;—a; (v)

2v; ni+p i
(4.5) Y i ey,
p=0

where €},(x,,) is as in equation (3.9).

Proof. The proof is similar to [20, Theorem 4.15]. We have

(4.6)

We prove by induction on the number of strands m that
7)) 2v;—a (v)
= ri2v,- Z x:’,f:fsé(gv),
nj p=0
where = means equality up to adding elements killed in the quotient

H(Rg(m).dy) = Ry (m).

If m = 0, then it is trivial. Thus we suppose by induction that it holds for m — 1. We fix the
label of the strands on the diagram above as i j with j = jj--- j, € Seq(v), and we consider
the different possible cases.
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If j» # i, then the result follows by applying equation (3.1) with Lemma 4.8, and using
the induction hypothesis.
If j,, =i, we first observe that

Y,

47 Q — >< .
N P
l 1

Then we need to consider j,,—;. If m = 1, we have that

/
=T I’l,‘>< —Tri ni><
ni . . . .
. . 1 1 1 1
1 1
i i i i i i
psan =0

I i

Moreover, we observe that

which finishes the case m = 1. For j,,—; = i, we have

1))

nj
i i1 i i1 i i1

using equations (4.7), (4.4) and Lemma 4.8. Using equation (4.3) followed by Lemma 4.8 and

equation (4.7) we obtain
= -]-J . .
nj
i ii

H(m)

Keeping in mind equation (4.6), we have

I
m

o

i i1 i i

by equations (3.4) and (3.3). This means we can apply the induction hypothesis to get

DA 4

i
ni nj

i i i i1
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Similarly, we have

ry

nj ni

~
~.
~.
~
~
~

Putting these two results together and using equation (3.3), we obtain

1) )) 1))

which concludes this case.
For the final case j,—1 = j # i, we compute

!/

iy i
using equation (3.4). Then we obtain for the first term on the right-hand side of the second
equality, using the induction hypothesis together with equation (3.1)

Ti

On the other hand, we have for all ¢, v that

Z --I-- ) [ *U ) ‘ *v t
U &V @l :

u+{=

t—1 i .

i 1 ij i

Putting these results together with the case j,, 7 i yields

wﬁ

I Jji i Ji

which concludes the proof. m)
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Proof of Proposition 4.7. 'The polynomial (4.5) is monic (up to invertible scalar) with

leading terms x,’;ijlz"f —o (") Therefore, multiplication by equation (4.5) yields an injective

map. Thus, Lemma 4.10 tells us that P o dy is injective, and so is d . o

As a consequence, this also ends the proof of Theorem 4.4.

5. Categorical action

For each i € I there is a (non-unital) inclusion Ry (m) <> Rg(m + 1)1, ;). given by
adding a vertical strand with label i to the right of a diagram D € Ry (m):

This gives rise to induction and restriction functors
Ind2t" : Rp(m)-mod — Rp(m + 1)-mod, IndZ%" (=) = Rp(m + D)1 (i) ®m —
and
Resﬁ"'i : Ry(m + 1)-mod — Ry (m)-mod, Res%+i(—) = 1,y Re(m + 1) ®m+1 —

which are adjoint.
We write

R{ (v) := Rp(v) @ k[&7] = @D 42 Re (v),
>0

with deg, (&) = («i|a;). We will prove the following theorem in the next subsection:

Theorem 5.1. There is a short exact sequence

0= ¢; 2R 1 (v—i i)y @m—1 Lw—i.i) Re() = 1. Re(v + )1 (,5)
= RE ) @ A2 P RE(m)1] > 0
of Rp(v)-Ryg(v)-bimodules for all i € I. Moreover, there is an isomorphism

g~ @D Ry ()1 =i iy ®m—1 Lw—j, ) Re (V') = 1o jy) Re(v + ) 111
foralli # j € landV + j =v +1i.

As we will see in the proof of Theorem 5.1, we can picture these facts as a short exact
sequence of diagrams
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where the cokernel vanishes whenever i # j. We write 7 for the projection
i i
r:f m+1 | —> @| m et

£>0

-1 i

We write Id,, := Rp (V) ®,, (—) and we define
Fi:= @ Indﬁ"’i, E, = @ @ )ti_lql.Hai ®) Res%"'i Id, ;.
m=0 m=0 |v|=m

These are exact functors thanks to Lemma 4.5. Define

(51) @ Idv = @qll—i_ze(kl_lqlal ) Idv @Alql_al ) Idv[l])
[Bi—o;’ (W)]g; £=0
Y —aly(u)_k_l ai\/(v)
It is a categorification of the fraction =24 i i . We obtain:

gi—q;!
Corollary 5.2. There is a natural short exact sequence

0 — F;E; 1d, — E;F; 1d, — EB Id, — 0
[Bi—a) g,

foralli € I, and there is a natural isomorphism
Fl' Ej = Ej Fl'
foralli # j € 1.

Proposition 5.3. Foreachi, j € I there is a natural isomorphism

iAsy 1%
@ dlj +1 F-ZaF‘F‘-Iij—i_l_za ~ @ le +1 F~20+1F'F(-iij_2a
L 20 i JUi L 2a + 1 i Ji
a=0 qi a=0 qi

and in particular for (a;|oj) = 0 we have F;F;1, = F;F;1,. By adjunction, the same isomor-

phism exists for the E; , E;.

Proof. Similarly as in the case of the usual KLR algebras, it follows from equations (3.3)

and (3.4) (the proof of [25, Proposition 6] can be applied directly).

5.1. Proof of Theorem 5.1. By symmetry along the horizontal axis, we obtain a decom-
position of Ry (m + 1) as aright Ry (m)-module similar to the one of Lemma 4.5. Note that the
left and right decompositions are not compatible, and therefore we do not have a decomposition
as a Ry (m)- Ry (m)-bimodule. However, the surjection Rp(m + 1) — ¢2¢ Ry (m) that projects
on the summand Ry, (m)xf;1 41> given by taking @ = m + 1 in Lemma 4.5, is a (left-invertible)

map of bimodules.
We define the map

24—2a (v)
7 lwpRe(m + Dlgy = Afg; ' Re)[1],
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as the projection map on the summand Rb(m)Gf; 1 in the left decomposition of Rp(m + 1) as
Ry (m)-module in Lemma 4.5. Similarly, let

20-2aY (v)
wh L Re(m + Dy — A2q; 7 Rp()[1]

be the projection map on 95 41 Rp(m) in the right decomposition.

Lemma 5.4. We have

nf(y) — (_1)degh(y)n§(y)

forall y € Rgy(m + 1).

Proof. 'We can suppose y = 951 41" with y" € Rg(m). We want to prove that
y = (—1)deg”(y))’/9£l+1 + Yo
for some yg ¢ Rp (m)@,l;lﬂ. For this, it is enough to show that
Y10mr12y2 = (=) yy26, 41y + 2o,

where y1, y2 € Rg(m), zo ¢ R;g,(m)@,ﬁJrl and z is any generator of Ryp(m) (i.e. crossing, dot
or tight floating dot).

If z = x; and is on a strand labeled j # i, then it slides freely over 6,,+1 thanks to
equation (3.2). If the strand is labeled i, then we compute

e@ £+r,-e_.—le )')

1 i i

1
;IZ + R,

¥

r
r

(%

i i i

i
i i '

. >
’Z

i i I i

where the double strands represent multiple parallel strands (the number depending on m
and a), and R is a sum of terms of the form

&
z ?

and its mirror along the horizontal axis. Note that it is implicitly assumed that each of these
diagrams have the element y; at the top and y, at the bottom. Using Lemma 4.5, we can
rewrite the composition of the last three terms in the equation above with y, as elements in
eny Dp>0 Ro(m — D) Tmtm—1 cetexl ¢ Rb(m)anH. Hence they form the term zg.

If z = 7; is a crossing, then we obtain the desired property by equation (3.4), and apply-
ing a similar reasoning as above.
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Finally, if z = @ and is at right of a strand labeled j # i, it follows directly from
equation (3.13). Otherwise, if the strand is labeled i, we compute

3.5),(3.3) (3.13) ° ° (o]
(o> -:—ioé =—z§o§ DS
l _ "Fo%
V4 r+s=
7O} o -1 i
l 1 1 1 i i i i

Then for all r, s > 0 we compute using equation (3.3) again
©) _ seO
T oORS o fo) '
i i i i

Looking at these elements in the global picture yields

N o) N o
- + R
r o r (o)
i i i i

which is an element not contained in Rf,(m)G,f 1 for the same reasons as before. We see that
together they form the element zg, concluding the proof. m)

We now have all the ingredients we need to prove Theorem 5.1.

Proof of Theorem 5.1.  'We first construct an injective map
(5.2)  uij 1 q @D RE W 1.y m—1 Lim,. /) Re(V) = 1oy Re(m + D10
of Rp(m)-Ryp(m)-bimodules, by setting (as in [20, Proposition 3.3])
Uij (X @m—1Y) = XTm ).

In terms of diagrams, it consists of adding a crossing at the right

J
Ll Ujj
.
cJ

Then we construct a surjective map

i —2a;(v) L&
Loy Ro(m + Dy — REw) @ aZq, 7 RE (1],

by projecting onto the direct summands Py xﬁl L1 Re(m) & 951 11 Rp(m) of the decompo-
sition of Rp(m + 1) as right Rp(m)-module. By Lemma 5.4 we know that this is a map of
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Ryg (m)-Ryp(m)-bimodules. Finally, exactness follows directly from Lemma 4.5, since
Ry m—1,i) ®m—1 1(m,,j)Re(v)

m
= Ry (V) n—1.,1) ®m-1 (eB D (Ro(m — D)1 gn,iytm—1 -+ a1
a=14>0

® Rp(m — 1)1 (m,i)Tm—1 ~-Ta9§1j)),

and so

uij (Re(W)1m—1,i) ®m—1 lm,,j)Re(v))

m
~ @ @(Rb(m — D 1gn,iytmTm—1 ---faxf;lj
a=1/{>0 )
@b Ry(m — l)l(m,i)fmfm—l cee Taealj)-

We remark that whenever i # j, we have

P 1.1y %m1 Re (M) 11y B L,y Re ()01 11,57 = 0.
>0

and thus u;; is an isomorphism, concluding the proof. |
5.2. Long exact sequence. In this subsection, we would like to lift Theorem 5.1 to the

dg-world of (Rg(m),dy), and study the long exact sequence that it induces. Therefore we
define

YN mn ¢
i
i i
wheneveri € Iy, and yy = O fori ¢ Ir. Then we define
& 2 =207 (V) pg
(RB (v) @Ai q; R[, (V)[l]’dN)
-2 IV( ) i Yn i
= Cone((A2g; " RY 0)[1]. dw) > (R (v). dw)).

and
(Re(W)1m=1,i) ®m—1 Lgm-1,))Re (V). dn)

= (Rp(W) 1 (p—1,i) dAN) @Ry (m—1),dn) Lm—1,))Re(v),dn).
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Proposition 5.5. There is a short exact sequence of dg-bimodules

0= ¢; 2(ReM) 1 (v—ii) ®m—1 L—i,n Re(v),dn) = (14,i) Re(v + )10y, dN)
i =207 () p&;
— (R¥ (v) @ A2q, RE W)[1],dy) — 0
foralli € I. Moreover, there is an isomorphism
g~ (Re ()1 y—i.i) ®m—1 Lor—j ) Re(). dN) 2= (L ) Re (v + )1 v,5). dN)

foralli # j€landv+i=v +j.
Proof. 1t s a straightforward consequence of Theorem 5.1. O

In order to understand the consequences of this short exact sequence in homology, we
need to compute the homology

; 207 () p;
H(RE (v) @ 22q; " RE (w)[1], dw)

forall i € Ir. Therefore, we want to compute the projection of the element

QA

e@ H(m)l ¢
>0

;
i

for all p > n;. Note that we project on the homology of (Rg(m), dy). This will ease some

of the computations we need to do. We write & when we take the composite of & with the

projection on the homology of (Rp(m), d ). More precisely, 7 is given by

Similarly, we write y .

Lemma 5.6. If p > 2v;, then
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Proof.  The proof is an induction on m. If m = 0, then it is trivial. Suppose the statement
holds for m — 1. We fix the labels of the strands as the bottom as j = jj--- j,, € Seq(v). If
j1 =i, then we compute

which concludes the case by observing that
s—o(v—i)=p—o(v),

and taking
¢ =r?t.

If p < 2v;, the claim is immediate by the induction hypothesis.
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For the case j; = j # i, we use equation (3.1) and then the induction hypothesis to get

where we recall that sl.‘ij[j p— j- We conclude by applying the induction hypothesis, observing
thatd;; + p—a/(v—j) = p— /' (v). O

Consider also the following result, which is akin to [20, Lemma 5.4].

Lemma 5.7. We have fork <k’ andt = k' —k,

where

Proof. First we observe that

n;+k’ — n;+k

i [
using equations (3.3) and (3.2), and the fact that n; dots on the left strand is annihilated in
H(Ry(m), dy). Then, using Lemma 4.5, we obtain

5.3)
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for some @i, ¥ € Rp(m). We conclude by observing that

(5.4) = — 7 s
r+s=t—1
i i
thanks to equation (3.3). O
Proposition 5.8.  Putting p; := n; — o’ (v), we have
YN = k+pi + @ l

which is 0 whenever k + p; < 0, and where ¢ € k*.

Proof. If n;j > 2v;, the result follows from Lemma 5.6. Otherwise, we take k" = 2v; —n;
and the result follows from Lemma 5.6 for k > k’. Suppose k < k" and put t = k’ — k. Then,
by Lemma 5.7 we obtain

k'+pi 4

If
w

Il
[V
Pl
+
iS)
+
&~
P

which concludes the proof. |

We now have all the tools we need to compute the homology of the cokernel of the short
exact sequence of Proposition 5.5.
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Proposition 5.9. There is an isomorphism of R{)V (v)-RfOV (v)-bimodules

pi—1
D a7 Ry v if i =0,
i 20 (v) g £=0
H (R 0) @ A2q; " " RY 0)[1].dy) = o
—20Y () .
2q. " @ @ RY N i <0,

£=0
where p; = n; —a;’(v).

Proof. First suppose p; > 0. Then Pr0p0s1t10n 5.8 tells us that y (Ek ) is @ monic poly-
nomial (up to invertible scalar) with leading terms §; k+0i This gives us the first case. If p; <0,
then we have yy (Slk) = 0 for k < —p;. Moreover, {~ yN(El_p’) = 1, and in general yN(Elk)
is a monic polynomial with leading term &; P fork > —p;. This concludes the proof. O

5.3. Strongly projective dg-modules. The following notions were originally intro-
duced by Moore [32]. We use the presentation given in [6], which is best suited for our
notations.

Definition 5.10 ([6, Definition 8.5]). Let (R,0) be a ring R viewed as a dg-Z-algebra
concentrated in degree zero. An (R, 0)-module (Q, dp) is strongly projective if H(Q,dg) and
imdg are both projective R-modules.

Lemma 5.11 ([44, Theorem 9.3.2]). Suppose that (P, dp) is a strongly projective right
(R, 0)-module and (N, dn) any left (R, 0)-module. Then

H((P.dp) ®r,0) (N.dn)) = H(P.dp) ®g H(N.,dy).

Definition 5.12 ([6, Definition 8.17]). Let (A, d4) be a dg-R-algebra. A left (respec-
tively, right) (A4, d4)-module (P, dp) is called strongly projective if it is a dg-direct summand
of (A,d4) ®(r,0) (Q.dp) (respectively, (Q,dg) ®(r,0) (A, dq)) for some strongly projective
(R, 0)-module (Q.dp).

Proposition 5.13 ([6, Lemma 8.23]). Suppose that (P, dp) is a strongly projective right
(A, dg)-module and (N, dy) is any left (A, d4)-module. Then

H((P,dp) ®4.dy) (N,dn)) = H(P,dp) ®u(4,a,) H(N, dn).

Note that if (P,dp) is a strongly projective (A4, d4)-module, then H(P,dp) is a pro-
jective H(A, d4q)-module. Indeed, we can assume (P, dp) = (A, d4) ®(r,0) (Q,dg), and we
have

H(P,dp) = H(A,dy) ®r H(Q.dp).

Since H(Q, dp) is a projective R-module, it is a direct summand of a free R-module F. There-
fore H(P, dp) is a direct summand of H(A,d4) ® g F, which is a free H(A, d4)-module.

Remark 5.14. This result does not hold in general. As a counterexample we can take
X
(A,d) = (Q[x],0) and consider the dg-module (X, dy) = Cone(Q[x] — Q[x]). In this case
we have that H(X,dx) = Q but H((X,dx) ®,q) (X.dx)) = Q & Q[1].
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5.3.1. Strong projectivity of Ry (m + 1). Our next goal is to show the following:

Proposition 5.15. The (Ry(m),dy)-module (1, ;yRp(m + 1),dn) is strongly pro-
Jective.

Itis obvious fori ¢ Iy by Lemma 4.5, and thus we can assume i € /. We first construct
the mapping cone

m+1 m+1
do
(0.dg) = Cone( @ @Rg(m)l(u,i)fm ---fQQf — @ @Rg(m)l(,,,i)tm---taxﬁ),

a=1 (>0 a=1 (>0

where we think of 7,,, - -+ 74 95 as a formal symbol that represents a degree shift corresponding
to the degree of the element 1, ;)Tp, - - 7.0% in Ry(m + 1). The map dg is given by first

a

embedding Rq(m) into Rg(m + 1) through the diagrams

Rg(m)l(v7l)fm e Ta@g —>

then applying dy of (Rg(m + 1), dpn), then decomposing the image in the left-decomposition

m—+1

@ @Rb(m)l(m,i)fm---raxﬁ,

a=1 (>0

and finally projecting unto the part in homological degree zero of Ry (m), which is trivially
isomorphic to Rq(m). Moreover, (Rp(m), dy) is a (right) module over (Rq, 0) which acts by
gluing KLR diagrams on the bottom. Then we have, as (Ry(m), d 5 )-modules

(Rp(m +1),dn) = (Rp(m), dN) ®R,(m),0) (Q.d0).

Therefore, we want to show that (Q,dp) is strongly projective as (Rg(m), 0)-module. We

write
m—+1

O1lE] == D P Ra(m) 10y T -+~ Ta L.
a=1 (>0
m+1

Qol&i] == P P Ra(m) 1y iy Tm +++ Taxh.

a=1 (>0

where we identify & with x,; in Qg, and Ef with xf in Gf. Note that dg is not k[£;]-linear.

Lemma 5.16. The map

do : Q1[&i] — Qol&il

defined above is injective.
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Proof.  Recall the map P of Lemma 4.9 given by multiplication by 5m+1. Since floating
dots are also annihilated in Rg (), multiplication by 0,41 also defines a map

(5.5) P': Qol&i] — O1l&]-
We reconsider the proof of Lemma 4.10 to show that P’ o dg is injective. First, we introduce
an order on the summands of Q[&;] = ;n:+11 D=0 Ra(m)1,i)Tm + Ta (95 by declaring that

Rg(m) 1y iyTm - -raeﬁ < Rg(m)1(y,iyTm -+ 1095/,
Rg(m) 1y iyTtm -+ raef < Rg(m)1yiyTm ++* Tar 5:/

for all a > a’, £ < ¢/, and for all £”. In other words, if there are more crossings under the
floating dot, then the term is smaller. If there is the same amount of crossings, then we consider
the amount of dots at the left of the floating dot, and lesser dots meaning a smaller term.

We claim that if Z € Rq(m)1(y ;)Tm -+ raGf then

2v;—a;’ (v)
Plodg(z)=r"" Y zxliilel(x,) + H.
p=0
where H < Z xf:;nf vy (v). This implies that P’ o d is in echelon form (with pivot being
invertible scalars), and thus is injective. By consequence, so is dg.

In order to prove our claim, we need to tweak the proof of Lemma 4.10. We need to keep
track of the terms that are annihilated when working over the cyclotomic quotient, and show
these appear as lower terms in the order defined above. The case j,, # i remains the same. The
case j,, =i and m = 1 becomes

p 14 P+
(o)
= rl.2 O — rl.2 =+ T —r
V4
P o
i i i I i I i I i i

where p = n; + £. The first term is the leading term. The second term possesses less dots on
the left of the floating dot, and so it is smaller. If a = 0, then the last two terms possess one
more crossing at the bottom of the floating dot, and therefore they are smaller. If @ = 1, then
they are annihilated by equation (3.1). Finally, the two remaining cases j,,—1 # i and j;—1
follow from the same arguments as in the proof of Lemma 4.10, with the lower terms in the
induction hypothesis only adding lower terms because:

by (3.4), and,

by equation (3.4) and equation (3.1). This concludes the proof of the claim, and therefore of
the proposition. m)
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Proof of Proposition 5.15.  The proof is a revisit of the proof of [20, Lemma 4.18] that
applies to our particular case.

Recall the map P’ from equation (5.5). We know that P’ o d is given by multiplying by
a monic polynomial with leading term x,’,’ﬁ'lz"i —o (V) plus some remaining map giving lower
terms. In particular, it is injective and we have a short exact sequence

P’odo
0 — Q1l&] —— Q1l&i] — cok(P' o dg) — 0.

Since P’ o dg is in echelon form, it means that cok(P’ o dp) is a projective Rg(m)-module.
Thus, the sequence splits as Rq(m)-modules with splitting map o : Q1[§;] — Q1[&;], and we
geto o P’ odg = Idgp,[¢]. Then the short exact sequence

0— Ql[si]rﬂigo[a] 5 H(Q.dg) —— 0

goP’

obtained thanks to Lemma 5.16 splits with splitting map given by o o P’. Since Qg[¢;] is
a projective Rg(m)-module, so is H(Q,dg). Finally, dp(Q1[§;]) is also projective since dg
is injective and Q1£;] is projective. i

5.4. Functors. We define for all i € I the functors

FN (=) = @ RY 1 + Dlgniy ® gy (my ()

m=>0
_1 1+ayY ()
EV) =@ @ A'e T e RY (1) @ gy uiy ().
m=>0 |v|=m

where we interpret A; = ¢/ whenever i € Ir. Thanks to Proposition 5.15, these are exact. For
n € N, we write

n—1
@ Id, := @qil—n—i-zé Id,
{=0

[n]qi

for the finite direct sum that categorifies [n]4; .

Theorem 5.17. Fori ¢ Iy there is a natural short exact sequence

(5.6) 0—FVENId, > EVFYId, > P 1d, >0
[Bi_aiv(v)]qi
and for i € Iy there are natural isomorphisms
(5.7) EVFNId, =FNEN D, & 14, ifn; —ay (v) >0,
[ni_a,‘v(v)]ql’
FVENId, ~EVFY1d, & 1d, ifn; —a(v) < 0.

[O!l-v(v)—ni]ql-

Moreover, there is a natural isomorphism
NN ~ eNpEN
(5:8) FNEN ~ ENF!

fori # j el.



42 Naisse and Vaz, 2-Verma modules

Proof. The short exact sequence (5.6) and the isomorphism (5.8) are immediate conse-
quences of Propositions 5.5 and 5.15. For the isomorphisms (5.7), Propositions 5.5 and 5.15
give a long exact sequence of Ri,v (v)—RéV (v)-bimodules. By Proposition 5.9 it truncates to a
short exact sequence

0—FYEY Id, » ENFY 1d, > @ 1d, — 0
[oi]
if p; = n; —a;’(v) > 0, and a short exact sequence
0— P 1d, - FYEN1d, > ENFV 1d, -0
[—pi]

if p; = n; —a;’(v) < 0. In the first case, we can identify

@Idu ~ ql-l_pi

[oi]

and the map
ENFN 1d, — €D 14,
[p[ ]qi
is induced by the projection 7. Thus the sequence splits with the splitting map
P 1d, — EVFY 1d,,
[Pi]fli
given by the sum of maps
N L N :
RY ()" — RY (v +1)

that add a vertical strand labeled i carrying £ dots at the right of a diagram in Ri,v (v). In the
second case, we also identify

[_Pi]ql’

Moreover, the map

P 14, — FYEN 14,
[—pil

is induced by the connecting homomorphism §. Using the notations of equation (5.3), it takes

the form
Y
I

Pk
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where u;; is the monomorphism defined in equation (5.2), and 0 < k < —p;. We also note
that equation (5.4) tells us that

l//k+t Y
(5.9) =
Pl +t Dk

—~
—~

Moreover, since yy (§; Py = Cand jy (Ef) = 0 for{ < —p;, we obtain by equation (5.4) again
that

(5.10)

As in [20, proof of Theorem 5.2], we construct a map &: FlN EIN Id, — @[_ pila: Id, induced
by the morphism of bimodules l

Therefore, ® o § is given by a triangular matrix with invertible elements on the diagonal, and
thus is an isomorphism. In particular, § is left invertible, concluding the proof. m|

Corollary 5.18. Ifi € Iy, then 1,E; and F;1, are biadjoint (up to shift).
: et NN NgEgN
Proof. By the results in [7], we know the splitting map E;'F;* Id, — F;*E;¥ Id,, of

Theorem 5.17 together with the unit and counit of the adjunction F; - E; allow to construct
a unit and counit for the adjunction E; - F;. O
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Proposition 5.19. Foreachi, j € I there is a natural isomorphism

d,'j-l—l

C Ty

@ ij :| (FlgV)ZaF;V(FlN)dij-i-l—Za
~ 2a

a=0 qi

d;
~ @ |: ij T j| FN)2a+1F;V(F£V)di_/_2“_
qi

By adjunction, the same isomorphism exists for the ElN , Ej-v .

Proof.  This follows from Proposition 5.3. O

In particular, there is a strong 2-action of the 2-Kac—Moody algebra of [24,39] associated
o(Ei, Fi,Ki)ier, on D, cx+ Ri,v(v)—mod through FlN, EIN.

5.5. A differential on R N We fix a subset / rCl J’, C I and consider the parabolic
subalgebras Uq(p) cUys(p) C Uq (g). Foreach j € I \ Iy we choose a weight n € N. For
J € Iy we take n’; j=mnj € N, and we write N : {n Vie 1 Then we equip the cyclotomlc
p-KLR algebra RN (m) with a differential d 2, N Wthh is zero on dots and crossings and

0 ifj ¢ 1,
o, | = (—1)nf+”f| | itj el \ 1.

J i1 Im—1 J i im—1

dy,

As before, we extend using the graded Leibniz rule, and verifying that d 1]\,\7, is well-defined is
straightforward.

Theorem 5.20. The dg-algebra (RN (m), d /) is formal with homology

H(RY (m).dy) = RY (m).

Proof. We have RN(m) >~ H(Rp(m),dy) and RN (m) = H(Ry(m),dy’) by Theo-
rem 4.4. Moreover, d ¥ - can be lifted to Rp(m). We spht the homological grading of Ry (m)
in three: a first one that counts the amount of floating dots with subscript in /¢, a second one
for the floating dots with subscript in I \ I, and a third one for I \ / JQ that we ignore for
the moment. Then we have that d 1]\,\7, has degree (0, —1) and dy has degree (—1,0), and they
commute with each other. Thus we have a (bounded) double complex (Ryp, dy, d f\,v,) with total
complex being (RB dnr), since dy = dn + d . In particular, there is a spectral sequence
from H(RN (m), d ) to H(Ry,dy') = RN (m) Now Theorem 4.4 tells us that H(Ry, dy)
is concentrated in h0m010g1ca1 degree zero (for the first homological gradmg) Thus, the spec-
tral sequence converges at the second page, and in particular H (RN (m), d ) = RN ‘(m). o

We interpret this result as a categorical version of the fact that if there is an arrow from
a parabolic Verma module MP(A, N) to M P(A, N’ ) (see Section 2.2), then there is a surjec-
tion MP(A,N) - M p/(A/ , N’). Indeed, in that case there is a surjective quasi-isomorphism
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RN 4 N') — RAC/, 0), inducing equivalences of derived categories that commute up to quasi-
P P geq g ptoq
isomorphism with the categorical actions of U;(g).

6. The categorification theorems

Recall that the k-algebra of formal Laurent series k((x1, ..., x,)) (as constructed in [3],
see also [33, Section 5]) is given by first choosing a total additive order < on Z". One says that
acone C :={ajvy + -+ ayvn | & € R5o} C R" is compatible with < whenever 0 < v;
foralli € {l,...,n}. Then we set

kK(x1,...,xp) = U x¢k<[x1,...,xn],
ez

where k<[x1, ..., x,] consists of formal Laurent series in k[xy, ..., x,] such that the terms
are contained in a cone compatible with <. We will also write kX [x;, ..., x,] for the elements
in k<[x1,...,x,] with terms contained in a cone without the 0 element (i.e. series with the
degree zero term being zero). We obtain a ring by equipping k((x1, ..., x,)) with the usual
addition and multiplication of series. Requiring that all series are contained in cones compatible
with < ensures that the product of two elements in k((x1,...,x,)) is well-defined. Indeed,
under these conditions, any coefficient in the product can be determined by summing only
a finite amount of terms.

6.1. C.b.Lf. derived category. We fix an arbitrary additive total order < on Z". We say
that a Z"-graded k-vector space M = ®@g€Z" Myg is c.b.lf. (cone bounded, locally finite)
dimensional if

* dim Mg < oo forall g € Z",
* there exists acone Cpy C R” compatible with < and e € Z" such that Mg = 0 whenever
g—e¢Cy.
In other words, M is c.b.Lf. dimensional if and only if
gdim, M := Z x® dim(Mg) € x*k<[x1,...,x,].
gezn

Let (A, d) be a Z"-graded dg-k-algebra, where A = @(h’g)GZXZn Az, d(Ag) C Az_l.
Suppose that (A, d) is concentrated in non-negative homological degrees, that is Ag =0
whenever i < 0. Let D (A, d) be the derived category of (4, d). Let D'(A, d) be the full trian-

gulated subcategory of D (A, d) consisting of (A4, d)-modules having homology being c.b.Lf.
dimensional for the Z"-grading. We call D'(A, d) the c.b.Lf. derived category of (A, d).

Definition 6.1 ([33]). We say that (A, d) is a positive c.b.Lf.-dimensional dg-algebra if
(i) A is c.b.l.f.dimensional for the Z"-grading,
(i1) A is non-negative for the homological grading,
(iii) A" =0forh > 0,

(iv) (A, d) decomposes into a direct sum of shifted copies of relatively projective modules
P; := Ae; for some idempotent e; € A, such that P; is non-negative for the Z"-grading
and AgPi is semisimple.
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Remark 6.2. As explained in [33, Remark 9.5], condition (iii). cannot be respected
whenever P; := Ae; is acyclic. However, in this case there is a quasi-isomorphism

(A,d) = (A)Aei A, d)

and we can weaken hypothesis (iii). so that it is respected only after removing all acyclic P;.
This is the case of (Ryp, dy).

6.1.1. Asymptotic Grothendieck group. As already observed in the work [1] (see
also [34, Appendix]), one caveat of the usual definition of the Grothendieck group is that it
does not allow to take into consideration infinite iterated extensions of objects. We need to
introduce new relations in the Grothendieck groups to handle such situations. One solution is
to use asymptotic Grothendieck groups, as introduced by the first author in [33].

Let € be a triangulated subcategory of some triangulated category 7. Suppose 7 admits
countable products and coproducts, and these preserve distinguished triangles. Let KOA (€) be
the triangulated Grothendieck group of €. B

Recall the Milnor colimit MColim,>¢( f,) of a collection of arrows {X, — X, 41}reN
in 7 is the mapping cone fitting inside the following distinguished triangle:

1—fe
11 x RN [ X — MColim,o(f;) — .
reN reN

where the left arrow is given by the infinite matrix

1 0 0 0
—fo 1 0 0

1— fo:= 0 —fi 1 0

There is a dual notion of Milnor limit. Consider a collection of arrows { X1 X rirs0in T .
The Milnor limit is the object fitting inside the distinguished triangle

1—fe
MLim,>o(fr) — 1_[ X —f> 1_[ X — .

r>0 r>0

Definition 6.3. The asymptotic triangulated Grothendieck group of € C T is given by
K3 (€) := K5 (€)/T(e),

where T'(€) is generated by
[Y]—[X] =) [E]
r>0

whenever both P, .o Cone(f;) € € and P, Er € €, and

Y = MColim(X = Fo 2% 1y 25 1),

1s a Milnor colimit, or

szvMLim(---£>F1 ELNyS =7Y),
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is a Milnor limit, and
[E+] = [Cone(/,)] € K5 (E)
forall r > 0.
In a Z"-graded triangulated category 7, we define the notion of c.b.Lf. direct sum as
follows:
* take a finite collection of objects {Ky,..., Ky} in T,

e consider a direct sum of the form

kig
@ xE(Ki,g @+ @ Km,g) withKjg = @Ki [hi,j.g]-
gezn j=1

where k; ¢ € N and h; j ¢ € Z such that:

* there exists a cone C compatible with <, and e € Z" such that forall j wehavek; g = 0
whenever g — e ¢ C,

o there exists 4 € Z such that h; j ¢ > hforalli, j, g

If T admits arbitrary c.b.Lf. direct sums, then the Grothendieck group Ko(7") has a nat-

ural structure of Z((x1, ..., X, ))-module with
Z agxe-i-g[X] = [@ xg+eX®ag:|’
geC geC

where X ®4¢ = @lag| X[aglandag = 0ifag > 0and ag = lifag < 0.

Theorem 6.4 ([33, Theorem 9.15]). Let (A, d) be a positive c.b.l.f. dg-algebra, and let
{Pj}jeg be a complete set of indecomposable cofibrant (A, d )-modules that are pairwise non-
isomorphic (even up to degree shift). Let {S;}jcj be the set of corresponding simple modules.
There is an isomorphism

K3(D"(A4,d)) = P Z(x1. ... x)[P)],
jeJ

and KOA(i)lf(A, d)) is also freely generated by the classes of {[S;]};eJ.

Proposition 6.5 ([33, Proposition 9.18]). Let (A,d) and (A’,d’) be two c.b.Lf. posi-
tive dg-algebras. Let B be a c.b.Lf.-dimensional (A’, d’)-(A, d)-bimodule. The derived tensor
product functor

F:D"(A.d) - D"(A.d"), F(X):=B®4 X,
induces a continuous map

[F]: K§(D"(A.d)) - K5 (DA, d")).

We will need the following definitions in Section 7.
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Definition 6.6. Let{Kj,..., K;,} be a finite collection of objects in €, and let { £ };eN
be a family of direct sums of {K7y,..., Kj,} such that @,y Er is a c.b.L.f. direct sum of
{K1,...,Kn}.Let {M; },en be a collection of objects in € with My = 0, such that they fit in

distinguished triangles
Sr

M, — M,y —> E, — .
Then we say that an object M € € such that M =5 MColim,>(f;) in T is a c.b.Lf. iterated
extension of {K1, ..., Kn}.

Definition 6.7. We say that 'V is c.b.Lf. generated by {X;};ecs for some collection of
elements X; € 'V if for any object Y in 'V we can take a finite set {¥j }xcx of retracts Y3 C X,
such that Y is isomorphic to a ¢.b.1.f. iterated extension of {Y }rek-

6.2. Categorification. In this subsection we assume that Ry(v) is a k-algebra over
a field k. We also choose an arbitrary order < for constructing Z (g, A)) such that 0 < g < A;
for all formal A; = ¢g# € A. We assume that the parabolic Verma module MP (A, N) is con-
structed over the ground ring R := Q((A, g¢)) (instead of Q(A, q)).

Every idempotent of Ry (v) is the image of an idempotent of the classical KLR algebra
R4 (v) under the obvious inclusion Rg(v) < Ry (v). Thanks to [23, Section 2.5] we know all
the idempotents of Rq(v). We define the element

n—2

- n—1 L
eip =Ty, X] X5 ~+-Xp—1liji € Rg(n),

where 1, is the longest element in Sy, . Let Seqd(v) be the set of expressions i l(m‘)iémZ) e r(m’)

for different r € N and my € N such that Y j_, my - @, = v.Foreachi € Seqd(v) we define
the idempotent
ei = e€i1.m Q€irm @+ Q€j,m, € Rg(V),

where x ® y means we put the diagram of x at the left of the one of y. Identifying e; with its
image in Rp(v), as in [23], we define a projective left Ry (v)-module

P; := Rp(v)e;.
Then we put
. my(mg — 1)
(i) =— Z Tdia.
=1
and we define _
P; = q_(l)P,'.

When writing ...7 ...and ... j ... we mean we take two sequences i 1ii and i1 ji, in
Seqd(v) that coincide everywhere except on i and j. From the decomposition of the nilHecke
algebra [23, Section 2.2] we get an isomorphism of R{JV -modules

Poin.= @ P_jm..
(Il )

Mimicking the arguments in [23, Proposition 2.13] and [25, Proposition 6], we have the fol-
lowing result.
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Proposition 6.8. There are isomorphisms

dij +1

d..

[=5—] L=
@ P a2 = @ P ieatn jidij—2a

a=0

a=0

foralli # j e€l.

Equipping Ryp(v) with d induces a differential on P;, and Proposition 6.8 holds for the
dg-version (P;, dy). We put

MP(A.N) := ) D"(Rp(m).dy).

m=>0

with the particular case M(A) meaning p = b and N = @, and therefore dy = 0. Note that
D" (Rp(m). dy) = D(R (m). 0). Let oK §' () := K§(-) ®zq.0) Q4. M.

Proposition 6.9. The Z'12. graded dg-algebra (Rp(m), dy) is a positive c.b.Lf.-di-
mensional dg-algebra.

Proof. Clearly, Rp(m) is c.b.L.f. dimensional for the Z'*2l_grading, and is non-nega-
tive for the homological grading. We can also assume we have applied Remark 6.2. Recall
that the part in homological degree zero of Rp(m) is isomorphic to the usual KLR algebra
Rg(m). As explained in [23, Section 3.3], for each monomial f* € U, (g), we have a pro-
jective Rq(m)-module Py (defined similarly as P; for f = Fl.(lml) ---Fl-(rm")). Moreover, by
[23, Proposition 3.22] extended for any g, Py is indecomposable if and only if f is a canoni-
cal basis element. Also, the quadratic form in [30, Section 14.2] corresponds with the graded
dimension of the graded hom-spaces between these projective Rq(m)-modules. The same
applies for the homological degree zero part of the graded hom-spaces between our projective
Ry (m)-modules P;. Then, by [30, Theorem 14.2.3], we obtain that

gdimHOM g, on)(Pi, Pj) —8i.j € Z%[q, A],
which concludes the proof. ]
Proposition 6.10. There is an isomorphism of Q (g, A))-modules
Uy () ®a@) QUa. M) = K5 (M(A)),
and a Q((q, N))-linear surjection

Uy (9) ®qg) Qq. A) — oK §(MP(A.N)),
both sending ﬂgml)ﬂ(sz) e Fl.(rmr) o [(P;,dn)] fori = il(ml)iémZ) g ),
Proof.  Since projective modules of Rg(v) are in bijection with the ones of the classical

KLR algebra Rq(v) and respect the categorified Serre relations (see Proposition 6.8), both
claims are a direct consequence of the main results in [23,25], together with Theorem 6.4. o

Consider the subring P (v) of Rp(v) consisting of dots on vertical strands (without float-
ing dots). It admits an action of the symmetric group permuting the strands (with labels) and
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dots on them (not to be confused with the action of S;, on P, from Section 3.2). We write
Sym(v) := P(v)5” for the subring of invariants under this action. Clearly it lies in the center
of Rp(v) but this inclusion is strict (see [35] or [4] for a study of the center in the case of sl5).

The supercenter of Rp(v) contains Sym(v) ® Q)¢ A (@2, ... ,cZ).v"_l), where @f is a

i’ i
floating dot with subscript i, superscript a and placed in the rightmost region:

o’

~a .
1

We conjecture that the supercenter contains no other elements.

Conjecture 6.11. There is an isomorphism of rings

Z(Rp(v)) = Sym(v) ® Q) A"(@). ... o,

iel

where Z(Ryp(v)) is the supercenter of Rp(v).

In general Ry, (v) is not a free module over Sym(v) ® ®;c; A*(@). ... ,c?);"_l), but
we have the following.

Proposition 6.12. The module Ry (v) is a free module over Sym(v) of rank 2™ (m!)>2.

Proof. 1t follows from Theorem 3.16 and the fact P(v) is a free module of rank m!
on Sym(v). m]

Since Sym(v) lies in the center of Ry (v), any simple Ry (v)-module is annihilated by
Sym™ (v), where Sym™ (v) consists of the elements in Sym(v) with non-zero degree. In par-
ticular, a simple Rp(v)-module must be a finite-dimensional Rg(v)/ Sym™ (v) Rp(v)-module.
Since Rp(v)/ Sym™ (v) Rp(v) has finite dimension over k, we only have finitely many simple
modules, up to shift and isomorphism. For each i € Seqd(v) such that P; is indecomposable,
we let S; be the unique simple quotient of P;. We put S; := ¢~ S; . If (P;, d ) is not acyclic,
then it lifts automatically to a dg-version (S; , 0) because of Proposition 6.9.

By Lemma 4.5 and Proposition 5.15 we know that E; Id,, and F; Id,, are exact. Moreover,
they respect the conditions of Proposition 6.5. Therefore, they induce maps

[Ei1d,] : Ko(D"(Rp(v).dn)) — K§ (D" (Rp(v —i).dn)).
[Fi 1dy] : Ko(DH(Rp(v),dn)) — K5 (DM (Re(v + ), dy))-

Theorems 4.4, 5.17 and Proposition 5.19 tell us that QK@(,MP(A, N)) is an Uy (g)-weight
module. By Proposition 6.10 we know that QK@ (MP(A, N)) is cyclic as Uy (g)-module, with
highest weight generator given by the class of (R (0), dy) = (k, 0). Thus QK?(M*’(A, N))
is a highest weight module.

As in the paper [23], let ¥ : Rp(v) — Rp(v)°? be the map that takes the mirror image
of diagrams along the horizontal axis. Given a left (Rp(v), dy)-module M, we obtain a right
(Rp(v), dy)-module MY with action given by

mY¥ .y o= (_l)degh(r)degh(m)w(r) .m
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form € M and r € Ry(v). Then we define the bifunctor
(= =) : MP(A,N) x MP(A,N) - D"(k,0), (M. M):=M" Q. 4 M,
where ®U is the derived tensor product.

Proposition 6.13. The bifunctor defined above respects:

* ((Rp(0),dn). (Rp(0),dn)) = (k,0),
« (Ind™™ M, M’y = (M,Res M) for all M, M' € MP(A, N),

* (bBy M, M) ~ (M, b, M) ~ Dr(M, M) forall f € Z(q,N)).
Proof.  Straightforward. |

Comparing Proposition 6.13 with Definition 2.5, we deduce that (—, —) is a categorifica-
tion of the Shapovalov form on K A(M P(A, N)). Moreover, it turns S; into the dual of P; for
each i € Seqd(v) such that P; is indecomposable. Recall MP(A, N) is the parabolic Verma
module, and we assume A = {¢# | i € I,} contains only formal weights.

Theorem 6.14. The asymptotic Grothendieck group
QK (MP(A.N))

is a Uy(g)-weight module, with action of E;, F; given by [E;], [F;]. Moreover, there is an
isomorphism of Uy (g)-modules

oK&(MP(A,N)) = MP(A,N).

Proof. We already proved the first claim above. Because of Proposition 4.3, for i € I,
both [F;] and [E;] act as locally nilpotent operators. In particular, the Uy (l)-submodule of
oK §(MP(A. N)) given by

Uq (1) ®u, (g) [(Rp(0), dn)],

is an integrable module for the Levi factor Uy (I). Since it is an integrable cyclic weight module,
it must be isomorphic to V(A, N) (see [30]). Therefore, there is a surjective Uy (g)-module
morphism

Y MP(A,N) — K5 (MP(A,N)).

Since MP (A, N) is irreducible and y is non-zero, it must be an isomorphism. |

Let m, = F;va y be an induced basis element of MP(A, N) with i € Seq(v). Then
the isomorphism of Theorem 6.14 identifies m, with the class [(Rp(v), dy)1;]. Similarly, let
m'y = Fjva n for j € Seqd(v) be a canonical basis element, and let m° be its dual in the dual
canonical basis. Then the isomorphism identifies m/, with [(P j.dn)] and m*® with [(S jdn)].
Moreover, computing the c.b.l.f. composition series of P; (see [33, Section 7]) or taking a cer-
tain cofibrant replacement of S; (see [33, Section 9]) gives a categorical version of the change
of basis between canonical and dual canonical basis elements.
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7. 2-Verma modules

Let k be a field of characteristic 0. Let 'V € dg-caty be a Z-graded pretriangulated dg-
category (see Definition A.23). Let Endpge(V) := RHomuge(V,V) be the dg-category of
quasi-endofunctors on 'V (see Section A.5.1).

Remark 7.1. For example, V could be the dg-category Dqz(R.d) of cofibrant dg-
modules over a dg-algebra (R, d) (see Definition A.15). Then the subcategory of Endpge(V)
consisting of coproduct preserving quasi-functors would be given by the dg-enhanced derived
category of dg-bimodules Dgs((R, d)P ® (R, d)) (see Theorem A.21).

Let Q; := @ysp g1 1d. Tt is a categorification of ¢; /(1 —¢?) = 1/(¢;"" — ;). We
start by introducing a notion of dg-categorical action and dg-2-representation.

Definition 7.2. A weak dg-categorical Uy(g)-action on 'V is a collection of quasi-
endofunctors F;, E;, K, € ZO(Snque('V)) foralli € I and y € YV such that

e there are isomorphisms
Ko=1d, KKy =Kyip, KyE =q"@®EK,, K,F =q7@IFK,,
where ¢ denotes the shift in the g-grading,

e there is a quasi-isomorphism

Uij ~ hi -1
(7.1) Cone(F;E; — E;F;) = &;; Cone(Q;K; — QiK; '),
where K; := Kaiv,

e there are isomorphisms

Ldi_/2+1J L%J B 7
D | 1} P20 P12 o W) g pie
N 2a . a0 _2a + 1_ :

Ay K 7

A 2a . amo L2a+ 1 ;

foralli # j € I.
We say a weak dg-categorical Uy (g)-action on 'V is a dg-categorical action if in addition
* F; is left adjoint to ¢; 'K;E; in Z°(Endyge(V)).
e there is a map of algebras
Rg(i) — Z°(END(F;)) := @5 Z°(Hom(F; . ¢°F;))
z€Z

with F; :=F;, ---F;, ,forall i € Seq(m), inducing a surjection
Rq(i) ®k Z°(ENDy(M)) — Z°(ENDy (F; M))
forall M €V,
* 7V is dg-triangulated (i.e. H°('V) is idempotent complete).

Such a 'V carrying a dg-categorical action is called a dg-2-representation of Uy (g).
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The following notions are dg-2-categorical lifts of the notions of weight module and
integrable module.

Definition 7.3. We say that a dg-2-representation V is a weight dg-2-representation if
there is a map
LYY = Endyge(V),

where A(y) commutes with the grading shift ¢ forall y € Y'Y and A(y) o A(y') = A(y + ')
such that

V@ Vi, Kyl (0 =110 ).
yey

Definition 7.4. We say that a weight dg-2-representation 'V is i -integrable if
* Me,') = g™ forsomen; € N,
* there is a quasi-isomorphism
(7.2) Cone(QiK; V3 25 QiK 1V, ) = P
(=) (1)]g;
where 69[’”]'11' Id := 69[_’"]41‘ Id[1] whenever m < 0,
* F; and E; are locally nilpotent.

Under some mild hypothesis, this definition recovers the notion of integrable 2-represen-
tation from [39] and [11].

Proposition 7.5. Suppose 'V is i-integrable for all i € I. Also suppose that there is
some M € V, o suchthatE;M = Oforalli € I andEndy(M) = (k,0), and HO(V)isc.b.lf
generated by {F; M }; cseq(r)- Then H O(V) carries an integrable categorical Uy (g)-action in
the sense of [39].

Proof.  First, by adjunction, equations (7.1) and (7.2), we have
gdim, H®(ENDy(F; M)) = gdim, RY (i)

for all i € Seq(/). In particular, we have that x;” 1; acts by 0 on H°(Endy (F; M)) for all
i € I, and x11; acts non-trivially whenever n; > 1. Thus, there is a map

y : RN (i) > H°(ENDy(F; M)).
Since y is surjective, we obtain
RY (i) = HO(ENDv(F; M)),
and the result follows from Theorem 5.17. O
For a Z"-graded dg-algebra (A,d), we put i)(ljfg(A, d) for the dg-category having as

objects the one in D'(4,d) N Dyg(A, d) and the hom-spaces inherited from Dge(A4, d). It is
a dg-enhancement of the c.b.l.f. derived category of (A4, d).
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Definition 7.6. A parabolic 2-Verma module for p is a Z X zM "|—graded weight dg-2-

representation V such that

the highest weight space V) 1= V, ¢ = i)ég(k, 0),

there exists M = (k,0) € 'V, such that Vy ,, is c.b.L.f. generated by { F; M }; eseq(y) for
all —y € XT, and V,.,y = 0 otherwise,

V is i-integrable for all i € I,
hj = 0and )Lajv = A; (the degree shift) for all j ¢ I,

foreach j ¢ Ir,n; € N andi € Seq([/), after specializing A; = ¢/, there exists a dif-
ferential dy,; anticommuting with the differential d of (Endy(F; M), d) such that the
triangulated dg-category generated by c.b.1.f. iterated extension of the representable mod-
ules of V% = @ieSeq(I)(Endv(Fi M),d + dy;) is j-integrable with A(a}’) =q".

Proposition 7.7. Let 'V be a parabolic 2-Verma module. There is an isomorphism

(Rp(i),dn) = ENDy(F; M)

in D(k,0) for M = (k,0) € V.

Proof. First, by adjunction together with equations (7.1) and (7.2) we have

(7.3) ENDy (F; M) = HOMy (M. ¢; 'K;E;Fi M) = R} (i)

in D(k,0) foralli € . Also,

(7.4) gdim, H*(ENDy(F; M)) = gdim, RY (i)

for all i € Seq(/). In particular, there is a relation up to homotopy

(7.5) o

in ENDvy(F;F; M) for all i, j € I,, identifying the diagrams with the image of the KLR
elements under the surjection Rq(ij) — Z O(ENDy (F; F '7M)), and the floating dot coming
from the isomorphism (7.3). Then the existence of d,, and dnj forces to have @ = . Thus, by
Corollary 3.17, there is an Ao-map

(Rp(i),dn) — ENDy (F; M).

By equation (7.4), we conclude it is a quasi-isomorphism. Thus, there exists an isomorphism
(Rp(i),dn) = ENDy(F; M) in D(k, 0). D

Using Theorem A.21, we can think of FZN and EIN from Section 5.4 as quasi-endofunctors

of Dye(Ryp, dy). By Proposition 5.5 we obtain immediately the following.
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Corollary 7.8. Foralli € I there is a quasi-isomorphism of cones

—a; (V)

Cone(FNVEN 1d, — ENFN 1d,) = Cone(Qidig; 7 1dy — QA7 '¢% ) 1d,)

in Endyige(Dag(Ryp. dN)).

Together with Proposition 5.19, it means that the dg-enhancement e/\C;g(A, N) of the cat-
egory MP(A, N) (obtained by replacing D'(Ry(m), dy) with JDE;(RB (m), dy)) is a weight
dg-2-representation of Uy (g), where

A h e Iy,
@) = { i wheneveri € I,

g™ wheneveri € Iy.

Then, by Theorem 5.17, we obtain that :Mgg (A, N) is a parabolic 2-Verma module.

Corollary 7.9. Let 'V be a parabolic 2-Verma module. There is a quasi-equivalence
ME(AN) = V.

Proof. Since 'V, ,, is c.b.1.f. generated by EBiESeq(y) F; M, we have that 'V, ), is com-
pletely determined as dg-category by ENDy, (F; M). Thus, we conclude by using Proposi-
tion 7.7. |

Remark 7.10. A parabolic 2-Verma module can also be given a ‘“2-categorical” inter-
pretation as an (oo, 2)-category where the hom-spaces are stable (oo, 1)-categories. For this,
it is enough to see Dyg(Rp(v),dn) as O-cells in the (oo, 2)-category of Ao-categories con-
structed by Faonte [14], and replace #ompqe by the dg-nerve of Lurie [29]. Thanks to [15], we
know that this is a stable (oo, 1)-category.

A. Summary on the homotopy category of dg-categories and
pretriangulated dg-categories

We gather some useful results on the homotopy category of dg-categories. References for
this section are [21] and [42]. We also suggest [22] and [43] for nice surveys on the subject.

Our goal is to recall how to construct a category of dg-categories up to quasi-equivalence,
so that the space of functors between two “triangulated categories™ is “triangulated”.

A.1. Dg-categories. Recall the definition of a dg-category:

Definition A.1. A dg-category A is a k-linear category such that
* Homy(X,Y) is a Z-graded k-vector space,

* the composition
Hom (Y, Z) ®x Homy (X, Y) ——s Homy (X, Z),

preserves the Z-degree,
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« there is a differential d : Hom 4 (X, Y)’ — Hom (X, Y)'~! such that

d*=0, d(fog)=dfog+ (-D)/fodg.

Remark A.2. We use a differential of degree —1 to match the conventions used in the
rest of the paper.

Example A.3. Any dg-algebra (A4, d) can be seen as a dg-category BA with a single
abstract object x and Hompy4 (%, %) := (4, d).

Example A.4. Let € be an abelian, Grothendieck, k-linear category. Consider the cat-
egory C(€) of complexes in €, and define Cyy(€) as the category, where

* objects are complexes in €,
¢ hom-spaces are homogeneous maps of Z-graded modules,

« the differential ¢ : Homc,,e)(X°, Y*) — Homc,,ce)(X°, Y*)i~1 is given by
df :=dyo f— (=D f ody.

This data forms a dg-category.

Given a dg-category #, one defines
(i) the underlying category Z°(A) as
* having the same objects as A,
* Homzo(4)(X,Y) := ker(Hom4 (X, Y)© i Hom (X,Y)™1),
(i) the homotopy category H®(A) (or [#)]) as
* having the same objects as A,
* Hompo(4)(X.Y) := HO(Homu(X,Y).d).

Example A.5. For € as in Example A.4, we have
Z0%(Cye(€)) = C(€) and H(C4e(€)) = Kom(€)

the homotopy category of complexes in €.
A.2. Category of dg-categories.

Definition A.6. A dg-functor F : A — B is a functor between two dg-categories such
that F(d f) = dg(Ff). We write [F] : H%(4) — H%(8) for the induced functor.

We write dg-cat for the category of dg-categories, where objects are dg-categories and
hom-spaces are given by dg-functors.

Let F,G : A — B be a pair of dg-functors between dg-categories. Then one defines
Hom(F, G) as the Z-graded k-module of homogeneous natural transformations equipped with
the differential induced by d € Homg(F X, GX) for all X € 4. Then we put

Hom(F, G) := Z°%(Hom(F, G)).
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Definition A.7. A dg-functor A — B is a quasi-equivalence if

F : Homyu(X,Y) = Homg (F X, FY) is a quasi-isomorphism for all X,Y € A,

[F]: HO(A) — H%(B) is essentially surjective (thus an equivalence).

One defines the dg-category Hom(A, B) of dg-functors between 4 and B as
* objects are dg-functors A — B,
* hom-spaces are Hom g4, 8)(F, G) := Hom(F, G).
There is also a notion of tensor product of dg-categories A ® B defined as
* objects are pairs X ® Y forall X € Aand Y € B,
 hom-spaces are Homygg(X ® ¥, X’ ® Y’) := Homy4 (X, X') ®x Homg (Y, Y’) with
composition
(f'@ghe(f®g) =DV o @ (g og).
o the differential is d(f ® g) :=df ® g + (=D f ® dg.
Then there is a bijection
Homgg_car(A ® B, €) = Homggcar (A, Hom(B,C)).

This defines a symmetric closed monoidal structure on dg-cat. However, the tensor product of
dg-categories does not preserve quasi-equivalences.

A.3. Dg-modules. Let 4 be a dg-category. The opposite dg-category A°P is given by
* same objects as in A,
* Homuor (X, Y) := Homy (Y, X),
e composition g oo [ 1= (—1)|f||g|f o4 g.
A left (resp. right) dg-module M over 4 is a dg-functor
M : A — Cyo(k) (resp. N : AP — Cyp),

where Cyg(k) is the dg-category of k-complexes. The dg-category of (right) dg-modules is
AP-mod := Hom(AP, Cye(k)). The category of (right) dg-modules is C(A) := Z°(A-mod),
and it is an abelian category. The derived category D () is the localization of Z%(A°P-mod)
along quasi-isomorphisms.

Moreover, for any X € + there is a right dg-module

X7 := Homy(—, X).

One calls such dg-module representable. Any dg-module quasi-isomorphic to a representable
dg-module is called quasi-representable. It yields a dg-enriched Yoneda embedding

A — A°P-mod.

Example A.8. Let (A, d) be a dg-algebra. Then
Z%(BA)-mod = (A,d)-mod and D(BA) = D(A.d).

The unique representable dg-module Hompy4 (—, %) is equivalent to the free module (A4, d).
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A.4. Model categories. We recall the basics of model category theory from [17]. Model
category theory is a powerful tool to study localization of categories. For example, we can use
it to compute hom-spaces in a derived category. We will mainly use it to describe the homotopy
category of dg-categories up to quasi-equivalence.

Let M be a category with limits and colimits.

Definition A.9. A model category on M is the data of three classes of morphisms
e the weak equivalences W,
e the fibrations Fib,
e the cofibrations Cof
satisfying

o for X i) v % ze M , if two out of three terms in { f, g, g o f} are in W, then so is the
third,

e stability along retracts: W, Fib and Cof are stable along retracts, that is if we have
a commutative diagram

Idy
X/>Y\>X

X’ s Y’ s X/

Idy~
and f € W, Fib or Cof then so is g,

* factorization: any map X i) Y factorizes as p oi, where p € Fiband i € Cof N W or
p € FibN W and i € Cof, and the factorization is functorial in f,

* lifting property: given a commutative square diagram

A— X

71
E)/ .
Cofail ’f/ lpeFlb
7
7

B——7Y

with i € Cof and p € Fib, if eitheri € W or p € W, then there exists & : B — X mak-
ing the diagram commute.

We tend to think about fibrations as “nicely behaved surjections”, and cofibrations as
“nicely behaved injections”.

The localization Ho(M) := W~ M of M along weak equivalences is called the homo-
topy category of M. It has a nice description in terms of homotopy classes of maps between
fibrant and cofibrant objects.

Definition A.10. If @ — X € Cof, then we say X is cofibrant. If Y — x € Fib, then ¥
is fibrant.
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One says that f ~ g, thatis f : X — Y is homotopy equivalent to g : X — Y, if there
is a commutative diagram

where i LI j : X U X — C(X) € Cof. One calls C(X) the cylinder object of X. When X is
cofibrant and Y fibrant, then ~ is an equivalence relation on Homys (X, Y). Moreover, we have

Homyo(ar) (X, Y) = Homps (X, Y)/~

whenever X is cofibrant and Y fibrant. Note that any X € M admits a cofibrant replacement
QX since we have a commutative diagram

] > X.
Cof% /pe FibnW
)¢

Similarly, any ¥ € M admits a fibrant replacement RY .

Let M ! be the full subcategory of M given by objects that are both fibrant and cofibrant.
Let M/~ be the quotient of M’ by identifying maps that are homotopy equivalent. Then the
localization functor M — Ho(M ) restricts to M °f, inducing an equivalence of categories

M/~ = Ho(M).

Example A.11. Let C(k) be the category of complexes of k-modules. It comes with
a model category structure where W is the quasi-isomorphisms, Fib is the surjective maps, and
Cof is given by the maps respecting the lifting property. All objects are fibrant and the cofibrant
objects are essentially the complexes of projective k-modules. Then Ho(C (k)) = D (k).

A model category on M is a C(k)-model category if it is (strongly) enriched over C(k),
and the models are compatible (see [43, Section 3.1] for a precise definition). This definition
means that we have

 atensor product —® —: C(k) x M — M,

* an enriched dg-hom-space Homps (X, Y) € C(k) forany X,Y € M compatible with the
tensor product:

Homys (E ® X,Y) = Homc () (E, Homp (X, Y)),

* Ho(M) is enriched over D (k) = Ho(C(k)),
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¢ aderived hom-functor
RHompr(X,Y) := Hompr (QX, RY) € D(k),
where QX is a cofibrant replacement of X, and RY a fibrant replacement of Y,
* Homyo(pr)(X.Y) = HO(RHomp (X, Y)).
Note that in particular for X, Y € M we have Hompoar) (X, Y) = HO(Hom(X,Y)).
Example A.12. Let 4 be a dg-category. There is a C(k)-model category on #4-mod,

where W is given by the quasi-isomorphisms, Fib are the surjective morphisms, and Cof is
given by the maps respecting the lifting property. Then Ho(A-mod) = D (A).

Remark A.13. In the C(k)-model category -A-mod, all objects are fibrant. Moreover, P
is cofibrant if and only if for all surjective quasi-isomorphism f : L — X (i.e. map in W NFib)
then there exists s : P — L such that the following diagram commutes:

0 —— L

1
|27

P — X.

Note that, in a practical way, cofibrant dg-modules are quasi-isomorphic to direct summand of
dg-modules admitting a (possibly infinite) exhaustive filtration where all the quotients are free
dg-modules.

Definition A.14. For M a C(k)-model category, let M (resp. Int(M)) be the dg-cate-
gory with

» the same objects as M (resp. M<h),
° HomM(X, Y) = JfomM(X, Y).

Then we have H°(Int(M)) = Ho(M), and we say that Int(M ) is a dg-enhancement of
Ho(M).

Definition A.15. We write
Dyg(A) := Int(A-mod)

for the dg-enhanced derived category of 4.
Note that Dgg () is a dg-enhancement of £ () since we have Ho(i)dg(A)) ~ D(A).

Example A.16. Let R be a k-algebra viewed as a dg-category with trivial differential.
Then we have that Dgg (R) is the dg-category of complexes of projective R-modules.

A.5. The model category of dg-categories. Let W be the collection of quasi-equiv-
alences in dg-cat. Let Fib be the collection of dg-functors F : A — B in dg-cat such that

(i) Fx,y : Homy(X,Y) - Homg(FX, F'Y) is surjective,
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(ii) for every isomorphism v : F(X) S YeH 0(8) there exists an isomorphism
u: X S Yo e HO(A)
such that [F](u) = v.
This defines a model structure on dg-cat where everything is fibrant. One calls
Hge := Ho(dg-cat)

the homotopy category of dg-categories (up to quasi-equivalence).
How can we compute Hompyge (4, 8)? It appears that constructing a cofibrant replace-
ment for A is in general a difficult problem. However, we can do the following:

(i) replace 4 by a k-flar quasi-equivalent dg-category +’: meaning it is such that
HomA/(X, Y) ®]k -

preserves quasi-isomorphisms (e.g. when Hom 4/ (X, Y') is cofibrant in C(k), i.e. a com-
plex of projective k-modules),

(ii) define Rep(s, B) as the subcategory of D (AP ® B) with F € Rep(+, B) if and only
if for all X € A there exists ¥ € B such that

X ®L F =D(8) YV

(in other words, F is a dg-bimodule sending representable #A-modules to quasi-repre-
sentable B-modules),

(iii) then
Hompge (A, B) = Iso(Rep(+4, B)),

where [so means the set of objects up to isomorphism.
Remark A.17. Note that whenever k is a field, all dg-categories are k-flat.

We refer to elements in Rep(sA, B) as quasi-functors. Since a quasi-functor F : A — B
induces a functor
[F]: HO(A) > H(B),

we can think of Rep(+4, 8) as the category of “representations up to homotopy” of +4 in 3.

A.5.1. Closed monoidal structure. If 4 is cofibrant, then — ® A preserves quasi-
equivalences and one can define the bifunctor

—®“—:HgexHqe - Hge, A Q"B := 0A® 038,

where Q 4 and Q B are cofibrant replacements. Then, as proven by Toen [42], there exists an
internal hom-functor R Jomyge(—, —) such that

Hompge (A QL B,€) ~ Hompyge (A, RHompge (B, C)).

Therefore, Hqe is a symmetric closed monoidal category.
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Remark A.18. Note that the internal hom can not simply be the derived hom functor
(because tensor product of cofibrant dg-categories is not cofibrant in general).

Define the dg-category of quasi-functors Repg, (4, B) as
« the objects in Rep(s4, B) N (AP ® B-mod)!,
e the dg-homs Hom(X,Y) of Int(AP ® B-mod).

In other words, Repy, (+, B) is the full subcategory of quasi-functors in Dyg (AP ® B), thus
of cofibrant dg-bimodules that preserves quasi-representable modules. It is a dg-enhancement
of Rep(+A, B).

If A is k-flat, then

RHompge (A, B) =Hge Repyy (A, B).
Thus Ho(ﬂ%oque(A, B)) = Hompyge (4, B).

Remark A.19. Ifk is a field of characteristic 0, then the dg-category R Hompyge (A, B)
is equivalent to the Ao-category of strictly unital Ao-functors [14].

Example A.20. We have Repy, (4, Int(C(k))) = Int(AP-mod) = Dyg ().

Recall that classical Morita theory says that for A and B being k-algebras, there is an
equivalence
Hom®?(A4-mod, B-mod) =~ A°’ ® B-mod,

where Hom®P is given by the functors that preserve coproducts.
Similarly, we put
Repyy (Dag(4), Dag(B))

for the subcategory of Repgq(Ddg(#4), Dag(B)) where F € RepZ‘;P(JDdg(,A), Dye (B)) if and
only if [F] : D(A) — D(B) preserves coproducts.

Theorem A.21. [f A is k-flat, then we have
RHomygy, (Dag (), Dag(B)) 1= Repyg (Dag (), Dag(B)) Znge Dag (AP ® B).
Under the hypothesis of Theorem A.21, the internal composition of dg-quasifunctors

preserving coproducts is given by taking a cofibrant replacement of the derived tensor product
over .

A.6. Pretriangulated dg-categories. Basically, a triangulated dg-category is a dg-cate-
gory such that its homotopy category is canonically triangulated. But before being able to
give a precise definition, we need to do a detour through Quillen exact categories, Frobenius
categories and stable categories.

A.6.1. Frobenius structure on C(+#4). Recall that a Quillen exact category [37] is an
additive category with a class of short exact sequences

o-xLviz o
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called conflations, which are pairs of ker-coker, where f is called an inflation and g a deflation,
respecting some axioms:

* the identity is a deflation,
* the composition of deflations is a deflation,
* deflations (resp. inflations) are stable under base (resp. cobase) change.

A Frobenius category is a Quillen exact category having enough injectives and projectives, and
where injectives coincide with projectives. The stable category € of a Frobenius category €
is given by modding out the maps that factor through an injective/projective object. It carries
a canonical triangulated structure, where

* the suspension functor S is obtained by taking the target of a conflation
0—-X—->I1X—-SX—0,

where 1 A is an injective hull of X, forall X € €,

* the distinguished triangles are equivalent to standard triangles

h
xLy& 28 sx

obtained from conflations by the following commutative diagram:

0 sy x L sy % .7 5 0
lm l lh
0 . X s IX s SX s 0.

Example A.22. Let 4 be a small dg-category. One can put a Frobenius structure on
C(A)(:= Z°(A°-mod)) by using split short exact sequences as class of conflations. Then
there is an equivalence C(A) = H°(4A°-mod), and the suspension functor coincides with the
usual homological shift. Moreover, O (+4) inherits the triangulated structure from H °(A-mod),
where distinguished triangles are equivalent to distinguished triangles obtained from all short
exact sequences in C ().

A.6.2. Pretriangulated dg-categories. Remark that for any dg-category + there is
a Yoneda functor
Z%(A) — C(A), X +— Homy(—, X).

Definition A.23. A dg-category T is pretriangulated if the image of the Yoneda functor
is stable under translations and extensions (for the Quillen exact structure on C(7) described
in Example A.22).

This definition implies that

« Z%(T) is a Frobenius subcategory of C(7),

« HO(7) inherits a triangulated structure, called canonical triangulated structure, from
H%(T -mod).
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Example A.24. Let 4 be a dg-category. We have that Dgg(4) is pretriangulated with
VA O(@dg(a‘\))) =~ C(+)". Moreover, the canonical triangulated structure of H 0(§Ddg(¢>4>)) coin-
dices with the usual on D (A).

Then it is possible to show that
* any dg-category + admits a pretriangulated hull pretr(+4) such that

RIHompge(A, T) —> RHompge(pretr(A), T)

for all pretriangulated dg-category 7,

o RHomuge(+A, T) is pretriangulated whenever 7 is pretriangulated,

e any dg-functor F : T — T’ between pretriangulated dg-categories induces a triangu-
lated functor [F] : H%(T) — H(T").

For 4 being k-flat, the pretriangulated structure of R Hompyge (Dyg (), Dag (B)) restricts
to the one of Dyg(A® ® B) (viewed as sub-dg-category). In particular, we obtain distin-
guished triangles of quasi-functors from short exact sequences of dg-bimodules.

Definition A.25. For a morphism f : X — Y € Z%(7) in the underlying category of
pretriangulated dg-category 7, one calls mapping cone an object Cone( ) € T such that

Cone(f)" = Cone(X" EN Y”) € H°(T-mod).
A.6.3. Dg-Morita equivalences.

Definition A.26. A dg-functor F : A — B is a dg-Morita equivalence if it induces an
equivalence

LF : D(A) = D(B), X+ F(OX),

where QX is a cofibrant replacement of X .

Example A.27. In particular, a quasi-equivalence is a dg-Morita equivalence and the
functor that sends dg-categories to their pretriangulated hull A +— pretr(+4) is a dg-Morita
equivalence.

Theorem A.28 ([41]). There is a model structure dg-cat,,,. on dg-cat, where the weak-
equivalences are the dg-Morita equivalences and the fibrations are the same as before.

Definition A.29. We say that 7 is triangulated if it is fibrant in dg-cat,,.

Equivalently, 7 is triangulated if and only if the Yoneda functor induces an equivalence
HO%(T-mod) = D(T) (i.e. every compact object is quasi-representable). Also equivalently,
7 is triangulated if and only if 7 is pretriangulated and H°(7 -mod) is idempotent complete.

In particular, any category admits a triangulated hull tr(+4) (i.e. fibrant replacement). It is
given by

tr(A) 1= JDgg(A),

the dg-category of compact objects in gg ().
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Example A.30. Let R be a k-algebra viewed as a dg-category. Then :Dgg(R) is the

dg-category of perfect complexes, i.e. bounded complexes of finitely generated projective
R-modules.
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