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Guiding question

Classical representation theory has induction.

IndRS (M) = R ⊗S M.

Question

What is the correct categorified analogue of induction?

We want to pass from

modules to birepresentations.
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Roadmap

The talk has three parts.

1 From classical induction to categorical actions.

2 Algebra objects as a mechanism for constructing birepresentations.

3 The extended affine type A Soergel example, where homotopy categories naturally
appear.

The main message is that parabolic induction has a categorical analogue, but in affine
type this analogue naturally lives in a homotopical setting.
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The story in one picture

classical induction −→ categorical induction

R ⊗S − −→ induction via algebra objects

parabolic embeddings −→ K b(Soergel categories)

The affine type A example forces the categorified construction into

homotopy and triangulated categories.
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Classical induction

Let S ⊂ R be an inclusion of algebras.

If M is a left S-module, then its induced R-module is

IndRS (M) = R ⊗S M

This is the classical induction functor, related to Frobenius reciprocity.

This construction is left adjoint to restriction:

ResRS : R-mod −→ S-mod.

IndRS : S-mod −→ R-mod.
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Example: parabolic induction

Let n = k +m. There is an embedding

C[Sk ]⊗ C[Sm] −→ C[Sn].

On generators:

si ⊗ 1 7−→ si , 1⊗ sj 7−→ sk+j .

This gives parabolic induction:

C[Sn]⊗C[Sk ]⊗C[Sm] −.

This is the kind of construction that we want to categorify.
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The dictionary

Classical representation theory Categorified representation theory

algebra R monoidal category A

vector space or module M category M

R −→ Endk(M) A −→ ENDk(M)

representation birepresentation

R ⊗S − categorical induction

The goal is to make the last line precise.
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Representations

A finite-dimensional representation consists of

R −→ Endk(M),

where

R is a finite-dimensional k-algebra;
M is a finite-dimensional k-vector space;
Endk(M) is the algebra of linear endomorphisms of M.

Equivalently, M is an R-module.
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Birepresentations

A categorified representation replaces

R by A

and
M by M.

A birepresentation is a monoidal k-linear functor

A −→ ENDk(M).

In the terminology used in our work, such an action is called a birepresentation.

This is close in spirit to the finitary 2-representation theory of Mazorchuk–Miemietz.
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Finitary categories

A category C is finitary if it is

k-linear;
Krull–Schmidt;

has finite-dimensional Hom-spaces;

has finitely many isomorphism classes of indecomposable objects.

A basic fact is that
C ≃ Λ-proj

for some finite-dimensional k-algebra Λ.

Thus finitary categories are categorical analogues of finite-dimensional algebras.

This is the setting underlying finitary 2-representation theory, for example in work of
Mazorchuk–Miemietz.
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Beyond the finitary setting

The finite-type starting point is finitary 2-representation theory, initiated by
Mazorchuk–Miemietz.

Macpherson relaxed the finiteness conditions in this framework, leading to locally
finitary and locally wide finitary 2-categories.

In recent joint work with Mackaay and Miemietz, we develop an almost finitary
birepresentation theory adapted to affine Soergel bimodules.

For the induction construction in this talk, one also has to pass to homotopy and
triangulated categories.
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Part II

Algebra objects as a mechanism for induction
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How to induce categorically?

Suppose that
Ψ : B −→ A

is a monoidal functor.

Classically, an inclusion S ⊂ R gives

M 7−→ R ⊗S M.

Categorically, we want a construction

B-birepresentations −→ A-birepresentations.

The useful idea is to use algebra objects to construct and, in good cases, encode
birepresentations.
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Algebra objects

Let C be a monoidal category.

An algebra object in C is an object X ∈ C, together with morphisms

µ : X ⊗ X −→ X , η : 1 −→ X ,

satisfying associativity and unitality.

Thus X behaves like an algebra internal to C.

For example, the unit object 1 is always an algebra object.
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Example 1: ordinary algebras

Let
C = Vectk

with its usual tensor product.

An algebra object in Vectk is a vector space R with maps

µ : R ⊗k R −→ R, η : k −→ R,

satisfying associativity and unitality.

This is exactly the same thing as an associative unital k-algebra.

So algebra objects generalize ordinary algebras.
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Example 2: algebra objects in Rep(G )

Let G be a finite group.

The category Rep(G ) is monoidal, with tensor product of representations.

An algebra object in Rep(G ) is an object X ∈ Rep(G ), together with G -equivariant
maps

µ : X ⊗ X −→ X , η : k −→ X ,

satisfying associativity and unitality.

Equivalently, it is an algebra equipped with an action of G by algebra automorphisms.

This is a first example where algebra objects live in a nontrivial monoidal category.
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Example 3: algebra objects in bimodules

Let R be a ring.

Consider the monoidal category of (R,R)-bimodules, with tensor product over R.

Then R itself is an algebra object in this monoidal category.

The multiplication is
R ⊗R R −→ R, r ⊗ r ′ 7−→ rr ′.

The unit is the identity map
R −→ R.

This is a useful bridge toward Soergel bimodules (which are monoidal categories of
bimodule-type objects).

Categorifying Induction 17 / 36



Example 3: algebra objects in bimodules

Let R be a ring.

Consider the monoidal category of (R,R)-bimodules, with tensor product over R.

Then R itself is an algebra object in this monoidal category.

The multiplication is
R ⊗R R −→ R, r ⊗ r ′ 7−→ rr ′.

The unit is the identity map
R −→ R.

This is a useful bridge toward Soergel bimodules (which are monoidal categories of
bimodule-type objects).

Categorifying Induction 17 / 36



Example 3: algebra objects in bimodules

Let R be a ring.

Consider the monoidal category of (R,R)-bimodules, with tensor product over R.

Then R itself is an algebra object in this monoidal category.

The multiplication is
R ⊗R R −→ R, r ⊗ r ′ 7−→ rr ′.

The unit is the identity map
R −→ R.

This is a useful bridge toward Soergel bimodules (which are monoidal categories of
bimodule-type objects).

Categorifying Induction 17 / 36



Example 3: algebra objects in bimodules

Let R be a ring.

Consider the monoidal category of (R,R)-bimodules, with tensor product over R.

Then R itself is an algebra object in this monoidal category.

The multiplication is
R ⊗R R −→ R, r ⊗ r ′ 7−→ rr ′.

The unit is the identity map
R −→ R.

This is a useful bridge toward Soergel bimodules (which are monoidal categories of
bimodule-type objects).

Categorifying Induction 17 / 36



Example 3: algebra objects in bimodules

Let R be a ring.

Consider the monoidal category of (R,R)-bimodules, with tensor product over R.

Then R itself is an algebra object in this monoidal category.

The multiplication is
R ⊗R R −→ R, r ⊗ r ′ 7−→ rr ′.

The unit is the identity map
R −→ R.

This is a useful bridge toward Soergel bimodules (which are monoidal categories of
bimodule-type objects).

Categorifying Induction 17 / 36



Example 3: algebra objects in bimodules

Let R be a ring.

Consider the monoidal category of (R,R)-bimodules, with tensor product over R.

Then R itself is an algebra object in this monoidal category.

The multiplication is
R ⊗R R −→ R, r ⊗ r ′ 7−→ rr ′.

The unit is the identity map
R −→ R.

This is a useful bridge toward Soergel bimodules (which are monoidal categories of
bimodule-type objects).

Categorifying Induction 17 / 36



Module objects

Let X be an algebra object in C.

A right X -module object is an object M ∈ C, together with an action

M ⊗ X −→ M

satisfying the usual module axioms.

We denote by
modC(X )

the category of right X -module objects in C.
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Birepresentations from algebra objects

The category
modC(X )

is naturally a left C-birepresentation.

The action is by left tensor product:

F ·M = F ⊗M.

So algebra objects provide a convenient formal way to construct birepresentations, and
to encode them under suitable hypotheses.

X ⇝ modC(X ).

This is the standard algebra-object/module-category philosophy from tensor category
theory, as in work of Ostrik and of Etingof–Nikshych–Ostrik.
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Where we are so far

Classical induction:
M 7−→ R ⊗S M

for an inclusion of algebras S ⊂ R.

Categorical analogue:

algebras ⇝ monoidal categories,
modules ⇝ birepresentations.

Algebra objects provide a mechanism to produce birepresentations:

X ∈ C ⇝ modC(X ).

At present, induction via algebra objects is best understood as a guiding
mechanism rather than a fully developed general theory.
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Categorical induction

Let
Ψ : B −→ A

be a monoidal functor.

Suppose a B-birepresentation is encoded by an algebra object

X ∈ B.

Then Ψ(X ) is an algebra object in A.

Define, whenever the relevant module categories exist,

IndAB (modB(X )) = modA(Ψ(X ))
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Induction via algebra objects: what is actually known

Caveat

Induction via algebra objects is best understood as a guiding mechanism, not yet as a
fully developed general theory.

The monoidal parabolic embedding is constructed in the maximal parabolic case.

What is fully worked out at the level of induced birepresentations via algebra
objects is the case n = 2, k = 1.

In this example, induction of the trivial birepresentation already requires working
in a completion, since the corresponding algebra object is an infinite coproduct.

Other expected examples of induction, even in finite type A, remain to be written
down in this language.

Conceptually, these examples have a similar caveat: the need for completions
makes it hard to identify explicitly the induced birepresentations associated to an
algebra object.
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in a completion, since the corresponding algebra object is an infinite coproduct.

Other expected examples of induction, even in finite type A, remain to be written
down in this language.

Conceptually, these examples have a similar caveat: the need for completions
makes it hard to identify explicitly the induced birepresentations associated to an
algebra object.
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The affine and homotopy hurdles

New feature

In affine type, induction naturally forces us into homotopy and triangulated categories.

The categories A and B are wide finitary, not finitary.

The relevant functor is not simply

B −→ A,

but rather
B −→ Kb(A)

The algebra objects may be infinite countable coproducts of indecomposable
objects.

There is no general theorem guaranteeing that the resulting module category is
triangulated.

Nevertheless, in extended affine type A, the construction can be made to work.
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A warning and a promise

You do not need to know what Soergel bimodules are for this talk.

They will only play the role of:

a concrete example of a monoidal category,

in which induction can be categorified,

and where homotopy/triangulated phenomena are unavoidable.

All the ideas of the talk make sense independently of this example.

Categorifying Induction 24 / 36



A warning and a promise

You do not need to know what Soergel bimodules are for this talk.

They will only play the role of:

a concrete example of a monoidal category,

in which induction can be categorified,

and where homotopy/triangulated phenomena are unavoidable.

All the ideas of the talk make sense independently of this example.

Categorifying Induction 24 / 36



A warning and a promise

You do not need to know what Soergel bimodules are for this talk.

They will only play the role of:

a concrete example of a monoidal category,

in which induction can be categorified,

and where homotopy/triangulated phenomena are unavoidable.

All the ideas of the talk make sense independently of this example.

Categorifying Induction 24 / 36



Part III

The extended affine type A Soergel example
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Extended affine type A Soergel bimodules

Soergel bimodules are monoidal categories introduced by Soergel to categorify Hecke
algebras.

Let
Sext
n

be the extended affine type An−1 Soergel category.

It is a C-linear monoidal category generated by objects

Bρ, Bρ−1 , B0, B1, . . . , Bn−1.

The indices of the Bi are taken modulo n.

Think of this as a well-behaved monoidal category categorifying the extended affine
Hecke algebra of type A.
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Maximal parabolic setup

Let
n = k + (n − k).

Classically, this corresponds to a maximal parabolic inclusion.

Categorically, we want a monoidal functor

Sext
k ⊠ Sext

n−k −→ Kb(Sext
n ).

This categorifies the parabolic embedding underlying classical induction.
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The two embeddings

There are two monoidal functors

ΨL : Sext
k −→ Kb(Sext

n )

and

ΨR : Sext
n−k −→ Kb(Sext

n ).

They embed the left and right parabolic parts into the larger extended affine Soergel
category.

Rouquier complexes appear naturally in the images of the rotation objects.
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Symmetric braiding between the two embeddings

The two embeddings are compatible through a symmetric braiding.

There is a symmetric braiding

ΨL(X )ΨR(Y ) ≃ ΨR(Y )ΨL(X ).

This allows the two functors to combine into one monoidal functor from the tensor
product category.

The compatibility is the categorical replacement for the commuting parabolic
subalgebras in the classical situation.
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Main theorem

The main construction in joint work with Mackaay and Miemietz is:

The symmetric pair ΨL, ΨR induces a monoidal functor

Ψk,n−k : Sext
k ⊠ Sext

n−k −→ Kb(Sext
n ).

On objects,
Ψk,n−k(X ⊠ Y ) = ΨL(X )ΨR(Y ).

On morphisms,
Ψk,n−k(f ⊠ g) = ΨL(f )ΨR(g).

This categorifies the parabolic embedding underlying classical parabolic induction.
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Induction of birepresentations

Let X be an algebra object encoding a birepresentation of

Sext
k ⊠ Sext

n−k .

Applying Ψk,n−k , we obtain an algebra object

Ψk,n−k(X )

in

Kb(Sext
n ).

When the relevant module category is defined, the induced birepresentation is built
from

modKb(Sext
n ) (Ψk,n−k(X )) .

This is the categorified analogue of inducing a module.
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Example: n = 2, k = 1

Let V be the trivial birepresentation of

Sext
1 .

It is encoded, in a suitable completion, by an algebra object X .

Induction gives an algebra object

Y = Ψ1,1(X ⊠ X )

after passing to the relevant completion of Kb(Sext
2 ).

The induced triangulated birepresentation is obtained from the triangulated closure of
the additive category generated by objects of the form

FY , F ∈ Kb(Sext
2 ).
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What has been categorified?

We started with classical induction:

M 7−→ R ⊗S M.

There are two categorical ingredients.

First, the parabolic embedding is categorified by a monoidal functor:

Sext
k ⊠ Sext

n−k −→ Kb(Sext
n ).

Second, algebra objects provide the mechanism for inducing birepresentations:

X ⇝ mod(X ).

In extended affine type A, this naturally leads to homotopy and triangulated categories.
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Summary

classical induction ⇝ categorical induction ⇝ triangulated birepresentations

Algebra objects construct, and under suitable hypotheses encode,
birepresentations.

Monoidal functors send algebra objects to algebra objects.

This gives a formal mechanism for categorical induction.

The monoidal functor Ψk,n−k categorifies the parabolic embedding.

In extended affine type A, the induced objects naturally live in homotopy and
triangulated categories.
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Open questions

Can one develop a general theory of irreducible triangulated birepresentations?

Is there a triangulated analogue of the Zelevinsky classification?

Can this construction be extended beyond affine type A?

What are the connections with affine Springer theory, character sheaves, and knot
homology?

Categorifying Induction 35 / 36



Thank you

Thank you!
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References and landmarks

Finitary 2-representation theory: Mazorchuk–Miemietz.

Locally finitary and locally wide finitary extensions: Macpherson.

Almost finitary birepresentations and affine Soergel bimodules:
Mackaay–Miemietz–Vaz.

Soergel bimodules and Hecke categorification: Soergel, Elias–Khovanov,
Elias–Williamson.

Rouquier complexes: Rouquier.
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When do birepresentations come from algebra objects?

There is no general correspondence between birepresentations and algebra objects.

A birepresentation of a monoidal category C corresponds to an algebra object only
under strong hypotheses:

C is additive, k-linear, and idempotent complete;

the birepresentation is generated by a single object;

the internal endomorphism object exists (possibly after a completion).

In such cases, this is a Morita-type reconstruction: if m is a generator and the internal
endomorphism object exists, then

X = End(m), M ≃ modC(X ).

In affine and triangulated settings (e.g. Soergel categories), these hypotheses typically
fail: algebra objects are often infinite coproducts, forcing completions and making
explicit identification of induced birepresentations difficult.

Categorifying Induction 38 / 36



The rigid case Rep(G )

Let G be a finite group, and work over a field k such that Rep(G ) is semisimple.

The monoidal category Rep(G ) is then semisimple, rigid, and finite.

In this setting:

under standard finiteness assumptions, module categories over Rep(G ) are
equivalent to modRep(G)(A) for finite-dimensional algebra objects A ∈ Rep(G );

no completions are needed, and the correspondence is well behaved.

This rigidity is precisely what fails in Soergel-type and affine settings, where algebra
objects are often infinite coproducts and completions are unavoidable.
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The extended affine Hecke algebra

The extended affine Hecke algebra Hext
n of type An−1 is generated by

T0,T1, . . . ,Tn−1, ρ, ρ−1,

with indices modulo n.

The Ti satisfy the affine type A Hecke relations:

(Ti − q)(Ti + q−1) = 0,

together with the braid relations

TiTi+1Ti = Ti+1TiTi+1, TiTj = TjTi if i ̸≡ j ± 1.

The rotation satisfies
ρTiρ

−1 = Ti+1.

Schematically, under the chosen normalization,

Ti + q ⇝ Bi , ρ±1 ⇝ Bρ±1 .

Categorifying Induction 40 / 36



What are Soergel bimodules?

Fix a Coxeter system (W ,S) and a reflection representation V . Let

R = Sym(V ∗)

be the graded polynomial ring.

For each simple reflection s ∈ S , one has a basic bimodule

Bs = R ⊗Rs R

up to grading shift.

The Soergel category is obtained from these Bs ’s by taking

tensor products over R, direct sums, direct summands, grading shifts.

They form a monoidal category whose split Grothendieck group is the Hecke algebra.
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Categorified parabolic induction (maximal parabolic)

Categorical embeddings

ΨL : Ŝext
k → Kb(Ŝext

n ) and ΨR : Ŝext
n−k → Kb(Ŝext

n )

ΨL(Bi ) = Bi ΨR(Bj) = Bj+k

ΨL(Bρ) = BρTn−1Tn−2 · · ·Tk ΨR(Bρ) = T−1
k · · ·T−1

2 T−1
1 Bρ

Symmetric braiding ΨLΨR
∼= ΨRΨL
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