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Introduction

With their paper [37] in 1945, S. Eilenberg and S. Mac Lane brought a
new way to understand algebra and mathematics in general. These were
the early days of category theory. While classical mathematics studies
sets equipped with structures (groups, monoids, sets, topological spaces,
manifolds, Banach spaces, ...) and their elementwise homomorphisms,
category theory is concerned with abstract morphisms and their compo-

sition.

In this elementless approach to mathematics, one is no longer inter-
ested in explicit descriptions of basic constructions but aim to provide
universal properties determining them. As a standard example, one can
cite the product of two sets A and B. While classical mathematics de-
scribes A x B as the cartesian product {(a,b)|a € A,b € B}, category
theory defines it as the unique (up to isomorphism) object equipped with

morphisms

such that any such span factorises uniquely through it. As simply as the
above universal property, one can express much more evolved classical
mathematical constructions. For instance, the free product of two groups

G and H is categorically described as the unique (up to isomorphism )

7



8 Introduction

pair of group homomorphisms

R

G+H

through which any such cospan factors uniquely, whereas its classical

definition using elements is quite long and much more complicated.

The similarity between the two universal properties described above
is striking. It is made precise by a crucial concept illuminated by cate-
gory theory: duality. The simple fact that one can reverse arrows of a
category to get a new category has powerful consequences. If one proves
a statement for all categories, its dual happens to be also true for every
category. As obvious as it seems to be, this duality principle would not

come to someone’s mind without a categorical way of thinking.

Moreover, the high level of generality offered by category theory en-
ables one to unify concepts which apparently look very different. For
example, there is now a way to think of the free product of two groups,
the supremum of two elements in a poset, the disjoint union of two sets
or the direct sum of two abelian groups as different instances of the same

construction: these are all binary coproducts.

This elegant and fundamental way of doing mathematics has an ap-
parent cost: proofs can be much longer in this language. These ‘diffi-
culties’ can be overcome using the technique of generalised elements. If
we fix an object X in a category C, each object A of C can be thought
to have C(X,A) as underlying set. Fach morphism f: A — B now
becomes a function — o f: C(X,A) — C(X,B). With this analogy,
the categorical product A x B corresponds to the cartesian product
C(X,AxB)=C(X,A)xC(X, B). This can be formalised via the Yoneda
embedding. Each small category C admits a full and faithful embedding

Y:C — Set¢”

Avr—C(—,A)

where Set denotes the category of sets. Moreover, this embedding pre-
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serves limits. With that in mind, many categorical statements about
small limits can be reduced to be shown in powers of Set to prove they
hold in every category. Since small limits are computed componentwise
in functor categories Set”, it suffices to prove these statements in Set,
which is much easier in view of the description of its small limits.

It would be a mistake to think that category theory then comes down
to the study of Set. On one hand, the Yoneda embedding does not pre-
serve colimits. Even if statements about colimits follow by duality from
the corresponding properties of limits, there is no way to study interac-
tions between limits and colimits restricting our attention to the category
Set via the Yoneda embedding. On the other hand, this technique does
not provide a satisfactory way to prove and understand (limit) categor-
ical statements which hold only for a given class of categories.

Such an important class of categories has been introduced in the
fifties [81, 25, 52| and is known nowadays as abelian categories. This
notion captures the categorical properties of abelian groups (or more
generally of modules over a ring) and is considered as one of the first
categorical algebraic properties ever studied. It has been considered for
a long time as the right level of generality in which to develop homo-
logical algebra. In addition of its own duality principle (the dual of any
abelian category is abelian), finite limits are very close to finite colimits
in abelian categories (e.g. the binary product A x B is isomorphic to the
coproduct A 4+ B). One can then hope having an embedding theorem
for abelian categories preserving both finite limits and finite colimits.
Moreover, the hom-sets C(A, B) in an abelian category are equipped
with an abelian group structure, so that one can replace the category
Set with the category Ab of abelian groups in Yoneda’s embedding the-
orem. Using these ideas, Lubkin showed in [80] that each small abelian
category C admits a faithful conservative embedding C < Ab which pre-
serves finite limits and finite colimits. Besides, Mitchell constructed for
a small abelian category C, a ring R and a full and faithful embedding
C < Modp which preserves finite limits and finite colimits (where Mod g
is the category of right R-modules), see |93, 42|.

On the logic side, Barr [9] introduced regular categories as finitely

complete categories with coequalisers of kernel pairs and pullback stable
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regular epimorphisms. The idea behind this definition is that ‘regular
categories are categories in which regular epimorphisms and finite limits
act as they do in Set’. This idea has been made precise in [10] where he
proved that each small regular category admits a fully faithful embed-
ding C < Set” in a power of the category of sets which preserves finite
limits and regular epimorphisms. One can thus reduce the proof of many
statements about finite limits and regular epimorphisms in an arbitrary
regular category to the particular case of Set. For such applications, one
does not need fullness of such an embedding, but only its faithfulness
and the fact it reflects isomorphisms (i.e., its conservativeness). For that
reagson, by an embedding, we mean here a faithful conservative functor.
One can thus also use Z. Janelidze’s variant of Barr’s embedding theo-
rem in which fullness is weakened to conservativeness but the category
P is now known to be the discrete category (i.e., set) of subobjects of the
terminal object in C. In particular, it vanishes if the embedded category
is pointed.

The notion of an abelian category separates the categories Ab and
Modpg from other algebraic categories as Set, Mon (the category of
monoids) and Gp (the category of groups). One can then ask how to
distinguish these latter categories. Or in other words, which categorical
properties does Gp have that Mon or Set do not? This question, which
goes back to [81], is the essence of non-abelian categorical algebra. In
some sense, the notion of a regular category does not provide a satisfac-
tory answer because every ‘algebraic category’ is regular. In the nineties,
many such exactness properties were introduced, which brought a new
life for non-abelian categorical algebra. We refer the reader to the in-
troduction of [62] for more historical developments and references on the
subject.

Mal’tsev categories were defined in [29] (as a generalisation of reg-
ular Mal’tsev categories from [28|) as finitely complete categories in
which each binary relation is difunctional. It is equivalent to the condi-
tion that each reflexive relation is an equivalence relation. In a regular
context, this is further equivalent to the condition that the composi-
tion of equivalence relations R and S on a same object is commutative:

RoS = SoR. Their name comes from the mathematician Mal’tsev who
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characterised [87] (one-sorted finitary) algebraic categories in which this
last property holds as the ones whose corresponding theory has a ternary
operation p(z,y, z) satisfying the axioms p(z,y,y) = z = p(y,y,x). In
addition to abelian categories, Gp is a Mal’tsev category in view of the

12, while Set and Mon are not.

term p(x,y,z) = zy~

As another example of a non-abelian categorical algebraic property,
one can mention unital categories introduced by Bourn [18] as pointed
finitely complete categories in which the cospan

x W0 oy Oy
is jointly strongly epimorphic for each pair of objects X and Y. Unital
(one-sorted finitary) algebraic categories are characterised by the pres-
ence in the theory of a unique constant term 0 and a Jénsson-Tarski op-
eration, i.e., a binary operation u(z,y) such that u(z,0) = = u(0, z).
This property now separates Mon and Gp which are unital from the
category of pointed sets Set, that is pointed but not unital.

As a last example, let us cite protomodular categories, also intro-
duced by Bourn [17] as categories in which a non-pointed version of
the Split Short Five Lemma holds. Due to this notion, one can define
homological (pointed regular protomodular [15]) and semi-abelian (ho-
mological exact with binary coproducts [62]) categories providing more
general contexts than abelian categories in which to develop homological
algebra.

Up to now, there were no embedding theorems for all those non-
abelian algebraic categorical properties. The main aim of this thesis is
to provide such embedding theorems.

Of course, to have a ‘good’ embedding theorem for a class of cat-
egories, one has to first find a ‘representative’ in that class and then
embed each category belonging to this class in (a power of) this chosen
representative. The embedding should moreover preserve and reflect the
important objects involved in the definition of the property character-
ising those categories (like finite limits or regular epimorphisms). The
first major problem one encounters to prove such a theorem, e.g., for

Mal’tsev categories, is the fact that, for a Mal’tsev category C, hom-sets
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C(X,Y) are not equipped with a Mal’tsev operation p(x,y, z). Since we
use the Yoneda embedding to prove embedding theorems, it then seems
hard to find a particular Mal'tsev category in which every other embeds.
This problem was ‘approximatively’ solved by Bourn and Z. Janelidze
in [21] in a regular context. More precisely, they showed that in a reg-
ular Mal’tsev category with binary coproducts, considering the pullback

square below
X

W(X) —2—3X
w7 (8)

X ——(2X)?

(L17"2)

where t1,19: X — 2X are the coproduct injections, the morphism d*¥ is
a regular epimorphism. This does not provide C(X,Y) with a Mal’tsev
operation but only with an approximate one. Indeed, pX induces an

operation

p: C(X,Y)? —C(W(X),Y)
(f,9,h) — (g)px

while dX induces an injection (an approximation)

a: C(X,Y) — C(W(X),Y)
f— fd*.

This operation p satisfies Mal'tsev axioms up to the approximation «,

Le., p(z,y,y) = a(x) = p(y,y, ).

This was an important step towards an embedding theorem for regu-
lar Mal’tsev categories. One can then think the representative category
one has to choose is that of approximate Mal’tsev algebras, i.e., pairs of
sets A, B together with an approximation a: A < B and an operation
p: A3 — B satisfying the Mal’tsev axioms up to the approximation c.
However, this category, containing Set, is not a Mal’tsev category. It
can therefore not be considered as the ‘representative regular Mal’tsev

category’.
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To solve this problem, we use in this thesis essentially algebraic cat-
egories from [4, 3]. As in the algebraic case, objects in these categories
are S-sorted sets A € Set” (for a fixed set S) endowed with operations
[Lic; As; — A satisfying some given equations. The difference is that
some of these operations can be only partially defined (and defined ex-
actly for I-tuples satisfying some totally defined equations). Since this
is a central notion of this thesis, we devote Chapter 1 recalling it in de-
tail. In addition, this chapter exposes different treatments of universal
algebra as Birkhoff’s approach [13], Lawvere theories [76], monadic cat-
egories |38], locally presentable categories 44| (which are nothing else
but essentially algebraic categories). Contrary to algebraic categories,
essentially algebraic categories are not regular in general and we give
a syntactic characterisation of the ones which are. By ‘syntactic’, we
mean here a characterisation in terms of operations and axioms. In the
same way it is done for algebraic categories [40|, we also describe T-

enrichments of an essentially algebraic category for a Lawvere theory T.

Another issue with using approximate co-operations is the assump-
tion about the existence of coproducts. Since we do not want to require
such an assumption in our embedding theorem, we first need to embed
each (small) regular Mal'tsev category in a regular Mal'tsev category
with binary coproducts. This can be achieved using the free cofiltered

limit completion of C, given by the Yoneda embedding

i: C — Lex(C, Set)°? =C

where Lex(C, Set) denotes the category of finite limit preserving functors
C — Set. This category Cis complete, cocomplete and ¢ preserves colim-
its and finite limits. Moreover, we describe in Chapter 3 some exactness
properties preserved under this completion, in the sense that if C sat-
isfies them, then so does C. These properties are called ‘unconditional
exactness properties’ since they are of the form: given a diagram of a
fixed finite shape in C, if we build some finite (co)limits from it, then
some specified finite (co)cones are also (co)limits. As examples of such
exactness properties, we have: being pointed, regular, normal, regular

Mal’tsev, regular unital, linear, additive, semi-abelian, abelian and so
) g ? ) ) )
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forth. In this way, we thus have embedded each small regular Mal’'tsev
category C in the cocomplete regular Mal’tsev category C. Moreover,
Barr showed as a preliminary step of his embedding theorem [10] that if
C is a small regular category, then C (which is also regular) admits a C-
projective covering. This is used to prove that the embedding preserves
regular epimorphisms and we thus also need to use it. This result goes
back to Grothendieck [52]| in the abelian case. Grothendieck actually
constructed a C-projective covering in a functorial way which Barr did
not. To complete this result we prove functoriality in the regular case in
Section 4.2.

Preservation of unconditional exactness properties under the free
cofiltered limit completion has another application. If one wants to show
the statement P = @ holds in a finitely complete category C where P is
an unconditional exactness property, it is often allowed to suppose that
C has some colimits, without loss of generality. Indeed, if C satisfies P,
then so does C. We then prove that C satisfies also @ which, depending
on the nature of (), often implies that C does. Such an application is
given in detail in Chapter 3. In addition, to be able to use this, we first
need to decide whether some category generated by a finite conditional

graph is finite. An algorithm to do so is presented also in Chapter 3.

Once this preliminary work is done, we set out to prove an embed-
ding theorem for regular Mal’tsev categories. We first need to construct
our representative regular Mal’tsev category M. As announced earlier,
this is an essentially algebraic category. In Chapter 2, we characterise
those categories which are Mal’tsev as the ones whose theory contains,
for each sort s € S, a term p: s3> — s such that both terms p(x,y,y) and
p(y,y,x) are defined in any model A for any z,y € A and satisfying the
usual axioms p(z,y,y) = = = p(y,y,x). In view of the syntactical char-
acterisation of regularity, our representative regular Mal’tsev essentially
algebraic category M is quite technical to construct. However, in order
to use it in practise, the only thing one has to remember is that regular

epimorphisms behave well, and for each sort s, we have totally defined
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operations p®, o’ and a partial operation 7° as picture below

s *>(19,0)

such that 7%(a®(z)) is everywhere-defined, and satisfying the axioms
p*(z,y,y) = a®(x) = p°(y,y,x) and 7°(a®(x)) = x. In particular o is
injective and it thus gives rise to an approximate Mal’tsev algebra. Of
course, the sort (s,0) also has its own operation ,0(570) which does not
necessarily agree with p® on s3. This construction of our representative
regular Mal’tsev category M is done in Chapter 4. Once it is con-
structed, we prove that each small regular Mal’tsev category C admits
a faithful embedding C — MS®™ () which preserves and reflects finite
limits, isomorphisms and regular epimorphisms (Sub(1) being the set of
subobjects of the terminal object of C). Due to this embedding theo-
rem, for many statements about finite limits and regular epimorphisms
in regular Mal’tsev categories, it is now equivalent to prove them only
in M using elements and approximate Mal’tsev operations. Moreover,
in practise, a proof in the algebraic category of sets equipped with a

Mal’tsev operation p can often be translated into a proof in M.

The different techniques and the embedding theorem described above
for regular Mal’tsev categories can be immediately transposed to the
case of regular unital, regular strongly unital, regular subtractive and
n-permutable categories. In order to prove them for all those properties
at the same time, we use their general treatment using matrices devel-
oped by Z. Janelidze in [64, 67| and recalled in Chapter 2. There, for a
fixed matrix condition, we syntactically characterise essentially algebraic
categories satisfying it. We also extend the result concerning approxi-
mate co-operations (as in the Mal’tsev case explained above) from the
simple matrix conditions proved in [68] to the more general matrices of
the form developed in [67]. In Chapter 4, we construct our correspond-
ing representative essentially algebraic category and prove its embedding
theorem. As applications of those embedding theorems, concrete exam-

ples of proofs using elements and operations are given. We also show
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that these matrix conditions are preserved under the exact completion
of a regular category [77, 98, 73|, giving rise to analogous embedding

theorems in the exact context.

A thesis on embedding theorems for non-abelian algebraic categorical
properties could not be complete without a word on protomodularity [17].
For now, there are no matrix conditions inducing protomodularity, and
we thus treat this case separately in Section 4.4. Similarly, we give
a syntactic characterisation of protomodular essentially algebraic cat-
egories and construct our representing such. As it is done for matrix
conditions, we also have a corresponding embedding theorem for regular
protomodular categories and homological categories. Since these condi-
tions are not known to be unconditional exactness properties as such, we
need to further assume that the categories we want to embed have binary
coproducts. Again, using the exact completion of a regular category, we

get an embedding theorem for semi-abelian categories.

Weakly Mal’tsev categories have been introduced by Martins-Ferreira
in [91]. While Mal’'tsev categories are characterised [18] as finitely com-

plete categories in which, for all pullbacks of split epimorphisms,

Ty
P%Y
|

SR

X—=7

the induced morphisms lx and ry are jointly strongly epimorphic, weakly
Mal’tsev categories are defined by the condition that l[x and ry are
jointly epimorphic. As an example, we show in Section 4.5 that the cat-
egory of sets equipped with a partial Mal'tsev operation p(z,y, z) (i.e.,
at least p(x,y,y) and p(y,y,z) are defined and equal to ) is weakly
Mal’tsev. We then prove that each small weakly Mal’tsev category ad-
mits a full and faithful embedding in a power of this category of partial
Mal’tsev algebras which preserves and reflects finite limits. The main
difference with the essentially algebraic regular Mal’tsev category M is
that, now, monomorphisms do not reflect triples in which p is defined.
This means that, if f is a monomorphism of partial Mal’tsev algebras,
p(f(x), f(y), f(2)) might be defined whereas p(z,y, z) is not. This phe-
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nomenon does not occur with essentially algebraic categories since the
domain of definition of partial operations is the solution set of some to-
tally defined equations. Again, in order to encompass more examples
such as weakly unital categories [90], we do this in the context of simple
matrix conditions.

As we said, we present in this work embedding theorems for regular
Mal’tsev categories and weakly Mal’tsev categories. One can wonder if
these techniques could lead to such a theorem for Mal’tsev categories
which lie in between. In our opinion, it seems there is a major obstruc-
tion to this. Indeed, being regular Mal’tsev can be characterised, using
coproducts, by the condition that d*: W(X) — X defined above is a
regular epimorphism. In other words, if an element f € C(W(X), A) sat-
isfies fry = fry where (r1,72) is the kernel pair of dX, there is a unique
element g € C(X, A) such that gd*X = f. Besides, weakly Mal’tsev cat-
egories are characterised by the condition that [x and ry as above are
jointly epimorphic. This means that for any elements f,g € C(P, A),
if flx = glx and fry = gry, then f = g. These two properties look
very ‘algebraic’ and can easily be expressed in terms of generalised ele-
ments. On the contrary, to characterise Mal’tsev categories we need that
some morphism(s) are (jointly) strongly epimorphic. Since it requires to
quantify over all monomorphisms in the category, this seems very hard
to state via elements of hom-sets and does not look algebraic any more.
Maybe in some sense ‘being a Mal'tsev category’ is not an algebraic
property while ‘being regular Mal’tsev’ and ‘being weakly Mal’tsev’ are.

The last chapter of this thesis is not immediately related with em-
bedding theorems. There, we describe the bicategory of fractions with
respect to weak equivalences between internal groupoids in CT for a mo-
nad T on a regular category C where the Axiom of Choice holds. Weak
equivalences between internal groupoids in a regular category D are es-
sentially surjective full and faithful functors. If the Axiom of Choice
holds (i.e., every regular epimorphism splits) in D, these are exactly the
equivalences. In general this is a weaker notion and the bicategory of
fractions for them is the universal solution for the problem to find a
pseudo-functor Grpd(D) — B that sends weak equivalences to equiva-
lences. In the case where D = Gp, it suffices to define B as the 2-category
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of internal groupoids in Gp and monoidal functors [102]. A similar de-
scription is also given in [102] for the case of Lie algebras. We generalise
those two cases in Chapter 5 defining T-monoidal functors between in-
ternal groupoids in the Eilenberg-Moore category CT where T is a monad
on C. If C is a regular category where the Axiom of Choice holds, this

gives the bicategory of fractions for weak equivalences in Grpd(C™).



Chapter 1

Different approaches to

universal algebra

Universal algebra can be seen as the study of categories of sets equipped
with some operations satisfying some equations and maps preserving
these operations. There are plenty of examples of such categories in the
literature: the category Set, of pointed sets, Mon of monoids, ComMon
of commutative monoids, Gp of groups, Ab of abelian groups, Rng of
rings, Vecty of vector spaces over a field k, RGraph of reflexive graphs,
\/ -Lat of complete lattices and sup-preserving maps or even TorsFreeAb
of torsion free abelian groups or Cat of small categories. Many different
approaches have been developed to unify those categories and we recall
in this chapter five of them.

We start with Birkhoff’s work [13]| which is actually the first one to
appear historically. His idea is somehow the most intuitive: to define a
theory, we have to list the operations and the equations.

We then quickly describe Lawvere’s general treatment of ‘algebraic-
like categories’ [76], which, using category theory, is much more elegant:
a theory is a small category with finite products and an algebra is a finite
product preserving functor from the theory to the category Set of sets.

With the two previous approaches, if we want to have a large number
of operations and equations, we will quickly have some set-theoretical
sizes problems. A conceptually simple way to avoid these problems is

to describe universal algebra using monads and monadic categories, as

19
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recalled in Section 1.5.

If we replace the words ‘finite products’ by ‘finite limits’ in Lawvere’s
work, we get the notion of a locally finitely presentable category intro-
duced by Gabriel and Ulmer in [44]. The main difference is that, now,
operations can be partial. We treat this subject in Section 1.6.

The notion of a sketch introduced by Ehresmann [36] is a way to
unify categories of finite product preserving functors (Lawvere’s work)
and of finite limit preserving functors (Gabriel-Ulmer’s work). The idea
is that a theory (called a sketch) is now a small category together with
a specified set of cones (and cocones) which have to be sent to (co)limits
by the models. This is the topic of our Section 1.7.

Since the main results in this thesis are about embedding theorems,
we will be careful about sizes and set-theoretical issues from the begin-
ning. We thus devote the first section of this chapter to quickly recall

the Axiom of Universes.

1.1 Grothendieck universes

The system of axioms used in this work is the so called ‘ZFCU’, although
almost every result also holds for other foundations. ZF stands for the
axiomatic system of set theory named ‘Zermelo-Fraenkel’, see [41] for a
detailed treatment of it. To obtain ZFC, we add the Axiom of Choice
to ZF.

Axiom of Choice. Each surjective function f: x — y has a section,
i.e., a function s: y — x such that fs = 1,.

It may be stated in many other equivalent forms. For example it is
equivalent to Zorn’s lemma, the well-ordering theorem or the compara-
bility theorem (see again [41] and the references therein).

Finally, to obtain ZFCU, we need to add the Axiom of Universes.

Definition 1.1. [7| A Grothendieck universe (or universe in short) is a

set U satisfying the following properties.
l.ifxeyandyel, then x € U,

2. if x,y € U, then {z,y} €U,



1.1. Grothendieck universes 21

3. if x € U, the power set P(x) € U,
4. if I €U and x; € U for each i € I, then | J;c;2; € U,
5 Nel.

Axiom 5 was not in the original definition. We add it here to avoid
too small universes. To fix notations, N denotes the set {0,1,...} of
natural numbers.

The idea of a universe is that you can do all usual operations of
set theory to its elements and still get an element of the universe. For

example, we have the following proposition.
Proposition 1.2. [7] The following properties hold for a universe U.

1. Ifx Cyandyel, thenx €U.

[\

. Mfx,yel, then x Uy, x X y and x¥ are also in U.
3. f €U and x; € U for each i € I, then [[;c; 2 € U.

4. If there exists a surjective function f: x — y with x € U and
y CU, then y € U.

We now add to ZFC the Axiom of Universes in order to get the
system of axioms ZFCU we will work with.

Axiom of Universes. For every set z, there exists a universe U
such that x € U.

For a universe U, we call an element x € U a U-small set and a
subset y C U a U-class. Accordingly, a U-group is a group for which the
underlying set is U-small, and so on with other mathematical structures
on a set. A U-category is a category C for which each hom-set C(A, B)
is U-small and the objects form a U-class ob(C). If moreover ob(C) is a
U-small set, we say that C is a U-small category. We can therefore speak
about U-Set, the U-category of U-small sets. A particular instance of

the Axiom of Universes implies the following classical proposition.

Proposition 1.3. Let U be a universe and C a U-category. There exists

a universe V such that C is a V-small category.
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Proof. By the Axiom of Universes, consider a universe V such that i € V.
It thus contains each hom-set C(A, B) and ob(C). O

Convention 1.4. We now fix a universe U throughout this thesis. For
the sake of brevity, we will call a U-small set just a set, a U-group a
group, a U-class a class, a U-category a category, a U-small category a
small category and so forth. Notice that this implies that our categories
are locally small. We will then write Set for the category of sets and
Cat for the category of small categories as usual. The word cardinal
stands then to mean the cardinal of a U-small set. If we need to consider

another universe, notations will be made explicit.

1.2 Regular and exact categories

Homomorphisms in ‘algebraic-like categories’ can often be factorised as
a surjective homomorphism followed by an inclusion. This property can
be stated in a categorical context and is a key property of regular and
exact categories introduced by Barr in [9]. Before recalling some general
treatments of universal algebra, we devote a section to these notions. The
reader may consult for instance the second section of the second volume

of [14] for a more detailed treatment of regular and exact categories.

Definition 1.5. A morphism ¢ in a category is a regular epimorphism

if it is the coequaliser of two parallel morphisms.

Definition 1.6. [9] A category C is said to be reqular if it satisfies the

following conditions:

1. it has finite limits,
2. every kernel pair has a coequaliser,

3. the pullback of a regular epimorphism along any morphism is again

a regular epimorphism.

Example 1.7. The categories Set, Set,, Mon, Gp, Ab, RGraph, \/-Lat
and TorsFreeAb are regular. In these categories, regular epimorphisms
are exactly the surjective homomorphisms. The categories Top of topo-

logical spaces and Cat are not regular.
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The notion of a ‘good functor’ between regular categories is the fol-

lowing one.

Definition 1.8. A functor F': C — D between the regular categories C
and D is said to be regular if it preserves finite limits and regular epi-

morphisms.

Let us stress the fact that if moreover F' reflects isomorphisms, ‘it

reflects what C has and F preserves’. This is made precise in Lemma 1.10.

Definition 1.9. A functor F': C — D is said to be conservative if it re-
flects isomorphisms, i.e., if, for any morphism f in C, f is an isomorphism
if and only if F'(f) is.

Lemma 1.10. Let F': C — D be a regular conservative functor between
regular categories. Then F'is faithful and reflects finite limits and regular

epimorphisms.

As announced above, there is a factorisation system in each regular

category.

Definition 1.11. [43] In a category C, the morphism e: A — B is said
to be orthogonal to the morphism m: C — D (denoted e L m) if any
commutative square ge = mjf admits a unique diagonal d such that
de = f and md = g.

A—

1)

A

e

Definition 1.12. [43| A factorisation system on a category C is a pair
(€, M) where both £ and M are classes of morphisms of C such that

1. every isomorphism belongs to both £ and M,
2. both £ and M are closed under composition,
3. for each e € £ and each m € M, e is orthogonal to m,

4. every morphism f € C can be factorised as f = me with e € £ and

m e M.
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By a (regular epi, mono)-factorisation system in a category C, we
mean a factorisation system (£, M) where £ is the class of all regular

epimorphisms and M the class of all monomorphisms in C.

Proposition 1.13. Every regular category C admits a (regular epi,

mono)-factorisation system.

In a regular category, regular epimorphisms coincide with other kinds

of epimorphisms.

Definition 1.14. An epimorphism f in a category is said to be extremal
if, given f = ip with ¢ a monomorphism, ¢ is necessarily an isomor-
phism. The epimorphism f is said to be strong if it is orthogonal to any

monomorphism.

Proposition 1.15. In any category C,
1. every regular epimorphism is strong,
2. every strong epimorphism is extremal,

3. the composition of two strong epimorphisms is a strong epimor-

phism,
4. if a composite gf is a strong (resp. extremal) epimorphism, so is g,

5. a morphism which is both a monomorphism and an extremal epi-

morphism is an isomorphism.
If C has finite limits,

6. if a morphism f is such that f = ip with ¢ a monomorphism implies
that ¢ is an isomorphism, then f is an epimorphism and so an

extremal epimorphism,

7. if f is orthogonal to any monomorphism, then f is an epimorphism

and so a strong epimorphism,
8. strong epimorphisms coincide with extremal epimorphisms.

If moreover C is a regular category,
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9. regular epimorphisms coincide with strong epimorphisms,

10. if f: A— B and g: C' — D are regular epimorphisms, their prod-

uct f x g: Ax C — B x D is also a regular epimorphism.

We can characterise regular categories without mentioning regular

epimorphisms but only strong ones.

Proposition 1.16. A category C is regular if and only if it satisfies the

following conditions:
1. finite limits exist,

2. every morphism f can be factorised as f = ip with ¢ a monomor-

phism and p a strong epimorphism,

3. the pullback of a strong epimorphism along any morphism is again

a strong epimorphism.

Regular categories provide a good context for the calculus of rela-
tions. We recall here the definition of a relation and how to compose

binary ones in a regular category.

Definition 1.17. A subobject of an object A in a category C is the
isomorphism class [m] of a monomorphism m: I — A. We write Sub(A)
for the class of subobjects of A. It is actually a preordered class if we
consider that [n] < [m] if n factors through m. If, for each object A in C,
Sub(A) is actually a set, we say that C is well-powered.

We will often refer to a subobject [m] by one of its representative

monomorphism m.

Example 1.18. Asin aregular category, the factorisation of a morphism
f: A — B as aregular epimorphism p followed by a monomorphism ¢ is
unique up to isomorphism, the subobject of B represented by ¢ depends
only on f. It is called the image of f and is denoted by Im(f).

Definition 1.19. Let n > 1 be a natural number and C a category
with finite products. An n-ary relation in C is a subobject r: R —

Ay X -+ x Ay, of an n-ary product.
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We will often denote this relation by R (if there is no ambiguity about
the subobject [r]). If C is a regular category and (ri,72): R — A x B
and (s1,s2): S — B x C are two binary relations in C, the composite
relation S o R = SR is given by the image of (r1p1, sep2): P — A x C,
where (P, p1,p2) is the pullback of s; along 7.

P
N
R S
NN
A B C

This composition is associative, i.e., To (SoR) = (ToS)o Rif T
is another binary relation T — C x D. Moreover, if A4 denotes the
diagonal relation (14,14): A— AX A, we have RoAy = R=ApgoR.
We will also write R°P for the dual relation (rg,r1): R — B x A and if
(ry,74): R’ — Ax B is another binary relation, RN R’ — A x B denotes
their intersection given by their pullback.

To conclude this section, let us recall the notion of an exact category
from [9]. In order to do so, we first need the notion of an equivalence

relation.

Definition 1.20. Let (r1,72): R — A x A be a binary relation on A in
the finitely complete category C.

1. We say that R is a reflexive relation if there exists a morphism
0: A — R satisfying the identities 71 00 = 14 = r9 0. This means
Agq <R

2. The relation R is said to be symmeiric if there exists a morphism
oc: R — R such that r1 o0 = r9 and r9 0o 0 = 1. This means
R°P < R which implies R°P = R.

3. We say that R is transitive if there exists a morphism 7: P — R

such that 71 o7 = r; opy and r9 o 7 = r9 0 py where (P, p1,p2) is
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the pullback of r1 along rs.

P2 R
"
p1 I
R——=A
T2

If C is regular, this means RR < R.

4. An equivalence relation on A is a binary relation on A which is

reflexive, symmetric and transitive.

Example 1.21. If f: A — B is a morphism in a finitely complete cate-
gory, its kernel pair (r1,72): R — A X A is an equivalence relation on A.

Such equivalence relations are said to be effective.

Definition 1.22. [9] A category C is said to be ezact if it is regular and

such that every equivalence relation is effective.

Example 1.23. The categories Set, Set,, Mon, Gp, Ab and RGraph

are exact. The category TorsFreeAb is regular but not exact.

1.3 Birkhoff’s approach

The study of universal algebra originates in the thirties when Birkhoff
proposed in [13] an intuitive way to unify ‘algebraic structures’. His
idea was to fix a set of operation symbols of prescribed arity (the sig-
nature) together with a set of equations built up from these operation
symbols. An algebra is then nothing but a set A equipped with an oper-
ation o: A" — A for each operation symbol o of arity n satisfying the
required equations. This presentation has the advantage to be very in-
tuitive as it immediately describes what we have in mind when we think
of an ‘algebraic-like category’. However, since it appears before [37], it
does not make an explicit use of category theory, which can simplify the
presentation, as it was done by Lawvere in [76] and recalled in the next
section.

Birkhoff considered only the one-sorted finitary case. Since further

we will need the many-sorted infinitary case, we immediately describe
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this more general setting. As good references for the subject, one can
cite [4] and [5].

Definition 1.24. Let S be a set. An S-sorted signature of algebras is a
set X together with an arity function assigning to each o € ¥ a collection

(si € S)i<n for some cardinal n, and an element s € S.

We then denote the arity of o by []

The elements of S are called sorts and those of ¥ operation symbols.

ienSi = s(oro:1—=sifn=0).

Definition 1.25. Let S be a set of sorts and X an S-sorted signature
of algebras. A Y-algebra is an S-sorted set A (i.e., an object of Set®)

equipped with an operation

ot H As;, = As
<n

for each operation symbol o € ¥ of arity [[,_, s; — s. If B is also a

i<n
Y-algebra, a X-homomorphism f: A — B is an S-sorted function such
that, for each o: [[,, si = s in ¥ and each family (a; € As,)i<n, the
identity

filo (@) = 0P (£, (@)

holds. We get in this way the category »-Alg and its forgetful functor
Us: ¥-Alg — Set”,

For the sake of brevity, when there is no ambiguity, we will sometimes
write f instead of fs for the s-component of an S-sorted function f.

These X-algebras are S-sorted sets equipped with operations. To
define monoids, groups and so forth, we need to require these operations
to satisfy some equations. To define such equations, we now describe the
left adjoint of Usy,.

If X is an S-sorted set, we denote by Fry(X) the smallest S-sorted

set satisfying the following conditions:
1. for each s € S, X5 C Fry(X)s,

2. for each o: []
the formal expression o((t;)i<n) belongs to Fry(X)s.

s; — s in X and each family (¢; € Fru(X)s, )i<n,

<n i
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The fact that o((¢;)i<n) is a formal expression means that the two ele-
ments o((t;)i<n) and o’((t})i<n/) are equal if and only if n =n’/, s; = &/
and t; = ¢; for all i < n, and 0 = o’. Elements of Fry(X); are called
terms of sort s in the variables from X. If I is the disjoint union | |, g X
and if, for each ¢ € I, s; denotes the corresponding sort, we may write
t: [liersi — s for a term t of sort s. This S-sorted set Fry(X) is
equipped with the obvious Y-algebra structure and we consider the S-
sorted inclusion X < Us Fry(X). This is the reflection of X along Us

so that we have an adjunction Fry 4 Us.

Definition 1.26. Let S be a set of sorts and ¥ an S-sorted signature
of algebras. An equation in X is a pair (¢1,t2) of terms of the same sort
s in the variables from an S-sorted set X. We also write t1 = t9 for the
equation (t1,t2). A Y-algebra A is said to satisfy the equation (t1,ts) if
for any S-sorted function f: X — Ux(A), the unique ¥-homomorphism
f: Frg(X) — A extending f

X< Us Frs(X)

is such that f,(t1) = f4(t2).

Definition 1.27. An algebraic theory is a triple (S, %, E) where S is a
set of sorts, X an S-sorted signature of algebras and E a set of equations
for ¥. Tt is one-sorted if S is a singleton and we often denote it by (¥, E)

in this case.
We can now define algebraic categories.

Definition 1.28. Let (5,3, E) be an algebraic theory. An (5,%, E)-
algebra is a Y-algebra which satisfies all equations of E. The full subcat-
egory of 3-Alg given by (5,3, E)-algebras is denoted by (S, %, E)-Alg
with Ugs gy: (S, %, B)-Alg — Set® the forgetful functor. A category
which is equivalent to a category of the form (S, %, E)-Alg is called an
algebraic category. We say it is S-sorted if S is specified. For example,

it is a one-sorted algebraic category if (S, %, E) is one-sorted.
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Before giving some examples of algebraic categories, let us define

finitary ones (or more generally A-ary ones).

Definition 1.29. An infinite cardinal ) is called regular if, for any set I
with #I < X and any family of sets (X;);er with #X; < A for each i € I,

we have # J;c; Xi < \.

Definition 1.30. An algebraic theory (S,X%, F) is said to be A-ary for

a regular cardinal A if

1. A is larger than n for any operation symbol o: []._, s;i — s of X,

i<n
2. #|],cq Xs < A for any equation (Z1,2) of E in the variables from
the S-sorted set X.

In particular, it is called finitary if it is Ng-ary for the regular cardi-
nal Xg = #N. A category which is equivalent to a category of the
form (5,3, E)-Alg for a A-ary (resp. finitary) algebraic theory (5,3, E)
is called a A-ary (resp. finitary) algebraic category.

Note that due to the following classical theorem of set theory (see
e.g. [54]), for any algebraic theory, one can find a regular cardinal A for

which it is A-ary.

Theorem 1.31. Given a set ()\;);er of cardinals, there exists a regular
cardinal A such that \; < X for each 7 € I.

Example 1.32. The category Mon is a one-sorted finitary algebraic
category. Indeed, consider S to be the singleton {*} and ¥ = {0,+}
with 0: 1 — % and +: **> — % The expression (y + z) + (0 + y),
technically written +(+(y, z), +(0(),y)), is an example of a term of X in
the variables from {z,y}. The set of equations F is given by

E={z+0=2,0+z=x,(x4+y)+z=a2+(y+2)}

where the first two equations are in the variables from {x} and the last
one from {z,y,z}. Similarly, Set, Set., Gp, Ab, Rng and Vectg are
finitary one-sorted algebraic categories. RGraph is a two-sorted finitary

algebraic category, where two-sorted has the meaning #S5 = 2. The
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category \/-Lat might be thought of as algebraic, but it is a priori not
because we need an operation for each cardinality (taking the join of a
subset is an operation which depends on the cardinality of this subset).

Therefore, in this case, X will not be a set.

Let us now give some basic properties of algebraic categories. For that
we need to introduce the notion of a A-filtered colimit, which appeared

for the first time in [7] in the finitary case.

Definition 1.33. Let A be a regular cardinal. A small category C is said
to be A-filtered if the following conditions hold:

1. C is not empty,

2. given a set I with #I < X and a family of objects (A; € C)ier,
there exists an object A of C and morphisms f;: A; — A for each
1 €1,

3. given a set I with #I < X and a family of parallel morphisms
(fi: A — B)er in C, there exists a morphism g: B — C such that

gfi=gfjforallijel

If A = Ng, we say that C is filtered. The dual notions are respectively

called \-cofiltered categories and cofiltered categories.

In what follows, by a A-limit, we mean a limit over a diagram of
shape D with # ar(D) < A, where ar(D) denotes the set of arrows of the
small category D.

Theorem 1.34. Let (5,3, E) be a A\-ary algebraic theory for a regu-
lar cardinal A. Then (S, X, F)-Alg is complete, cocomplete, exact and
its A-limits commute with its A-filtered colimits. The forgetful functor
Usxs,p): (5%, B)-Alg — Set® has a left adjoint, is regular conservative

and preserves A-filtered colimits.

In particular, regular epimorphisms in (5, 2, E)-Alg coincide with the
componentwise surjective X-homomorphisms. The left adjoint Fr(sx g) :
Set® — (S, %, E)-Alg of Uss,E) can be described using the notion of a

theorem.
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Definition 1.35. Let (S, X, E) be an algebraic theory and (¢1,t2) an
equation in ¥. We say that t; = t9 is a theorem of (S,X, F) if every
(S, X, E)-algebra satisfies the equation (t1, t2).

To construct the free (S, %, F)-algebra Fr(g s, g)(X) on the S-sorted
set X, we let Fr(g s, 5)(X)s be the set of equivalence classes of terms of
sort s in the variables from X, where two terms t1, ¢y are identified if
and only if 1 = t2 is a theorem of (5, %, E). The structure of (S, %, E)-
algebra on Fr(gy ) (X) and the reflection X — Uigs gy (Friss g (X))
are constructed in the obvious way.

Let us conclude this section with some characterisations of algebraic
categories. To be able to state them, we need to recall some classical
definitions (see e.g. [14]).

Definition 1.36. An object P in a category C is said to be a strong
projective object (or projective object in short) if, for any morphism
g: P — B and strong epimorphism f: A — B, there exists a morphism
h: P — A such that fh =g.

pra—
f

Example 1.37. In an algebraic category (5,2, E)-Alg, the free algebras
Fr(g s, g)(X) are projective objects.

Definition 1.38. Let A be a regular cardinal. We say that an object P
in a category C is A-presentable if the representable functor C(P,—): C —
Set preserves A-filtered colimits. If A = Ny, P is said in that case to be
finitely presentable.

As examples of A-presentable objects, let us give their classical char-

acterisation in A-ary algebraic categories.

Proposition 1.39. Let (5,3, E) be a A-ary algebraic theory for a reg-
ular cardinal A. The A-presentable objects in (S, X, E)-Alg are exactly
the (5,3, E)-algebras P which can be expressed as a coequaliser

Frg s p)(X) —=Frgs p(Y) —=P
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where X and Y are S-sorted sets such that #| [ ¢ Xs < A and
#leg Ys <A

Example 1.40. In view of the above proposition, for a regular cardinal
A, a set X is A-presentable in Set if and only if #X < A

Definition 1.41. A set G of objects in a category C is said to be a set of
generators if for any pair of parallel morphisms f,g: A = B with f # g,
there exists a G € G and a morphism h: G — A such that fh # gh. If
G is the singleton {G}, we then say that G is a generator.

Definition 1.42. A set G of generators in a category C is called strong
if, given any morphism ¢g: A — C, any monomorphism m: B — C and
any family of morphisms (hy: G — B)geg, rec(a,a) satisfying mhy = gf
for each G € G and each f: G — A, there exists a (unique) morphism
d: A — B such that md = g. If G is the singleton {G}, we then say that
G is a strong generator.

a1

hfl ; - lg

B———C

Proposition 1.43. Let G be a set of objects in a category C with small

coproducts. For an object A € C, we consider the unique morphism

YA H dom(f) — A
g

Ge
feC(G,A)

satisfying y4 oty = f for any G € G and any f: G — A, where ¢f is the
coproduct injection. Then, G is a set of generators if and only if v4 is
an epimorphism for each object A € C. It is a strong set of generators if

and only if 74 is a strong epimorphism for each object A.

Example 1.44. Let (5,3, E) be an algebraic theory. For a sort s € S,
we denote by G the free (S, X, F)-algebra on the S-sorted set X defined
by Xs = {*} and Xy = @ for & # s. Theset G = {Gs|s € S} isa
strong set of generators in (5,3, E)-Alg.

We can now give the classical abstract characterisation of algebraic

categories. The finitary one-sorted case was proved by Lawvere in [76].
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Theorem 1.45. Let A be a regular cardinal. The following conditions

are equivalent for a category C:
1. C is a A-ary algebraic category,

2. (a) C is exact,

(b) C has a strong set of generators G such that each object of G

is projective and A-presentable,
(c) for each set X and function f : X — G, the coproduct
[,ex f(x) exists in C.

Let us write its one-sorted version.

Theorem 1.46. Let A be a regular cardinal. The following conditions

are equivalent for a category C:
1. C is a one-sorted A-ary algebraic category,

2. (a) C is exact,
(b) C has a projective A-presentable strong generator G,

(c) for each set X, the copower [[ G exists in C.
And to conclude, here is the famous Birkhoff Variety Theorem.

Theorem 1.47. [13, 6] Let S be a set of sorts and ¥ an S-sorted sig-
nature of algebras. The following conditions on a full subcategory C of

3-Alg are equivalent:

1. there exists a set E of equations of ¥ such that C is the category
(Sa Ea E)_Alg7

2. (a) Cis closed under small products, i.e., if I is a set and (4;);er
a family of objects in C, then the product [[;.; A; in 3-Alg

is actually in C,

(b) C is closed under subobjects, i.e., if f: A — B is a monomor-
phism in ¥-Alg with B € C, then A € C,

(c) C is closed under quotients, i.e., if f: A — B is a regular
epimorphism in X-Alg with A € C, then B € C.
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1.4 Lawvere theories

Birkhoff’s presentation of universal algebra does not use the categorical
point of view. In his thesis [76], Lawvere proposed an equivalent, but
much more elegant approach using category theory. In this presentation,
a theory is now a small category with finite products and an algebra for
this theory is a finite product preserving functor. A homomorphism
is then nothing but a natural transformation. Lawvere considered in
his PhD thesis only the finitary one-sorted case, but it is not hard to
generalise it to the other cases (see e.g. [5]). We only briefly recall the

original case here.

Definition 1.48. [76] A Lawvere theory T is a category whose set
of objects is N, n being the n-th power of 1 with fixed projections
Ply--.,Pn: n — 1 and such that p; =17 if n = 1.

Definition 1.49. [76] Let 7 be a Lawvere theory. A T -algebra is a finite
product preserving functor A: T — Set. A homomorphism of T -algebras
(or T-homomorphism) f: A — B is a natural transformation A = B.

This gives rise to the category T-Alg.

This category of T-algebras comes equipped with the faithful and
conservative functor Usy: T-Alg — Set of evaluation at 1. We thus
consider that a 7T-algebra A is a structure on its underlying set A(1)
(by abuse of notation, also sometimes denoted A) and that a 7-homo-
morphism f: A — B is a function f: A(1) — B(1) satisfying some
properties. This forgetful functor has a left adjoint Fry: Set — T-Alg.
The reflection of the set {1,...,n} for a natural number n € N is given
by the T-algebra T (n,—): T — Set.

Now, for each finitary one-sorted algebraic theory (X, E), one can
construct a Lawvere theory 7Ty g) in the following way: For natural

numbers n,m € N, Tix, gy(n,m) is the set

(%, E)—Alg(Fr(Z,E)({l, co,m}), Fr(27E)({1, ..,n})).

Composition and identities in 7(x; gy are computed as in the dual category

(3, E)-Alg®?, while the chosen projections are the images of the n maps
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{1} = {1,...,n} under Fr(s; ). We can then construct an equivalence
of categories between (X, E)-Alg and T(x, p)-Alg making the triangle

(3, B)-Alg T=.p-Alg
m ;/T@,m

Set

commute.

Conversely, given a Lawvere theory T, we can construct a finitary
one-sorted algebraic theory (X7, E7) as follows: The set of operation
symbols of arity n (i.e., *™ — %) is given by 7 (n,1). To each n-ary term
t of X7 (let us say in the variables from {z1,...,x,}), we associate an

operation symbol ¢: n — 1 recursively:

e T; is the chosen projection p;: n — 1 for each 1 < i < n,

e if t1,...,t, have been defined and if o: m — 1 is an m-ary
operation symbol, then m is defined as the composite
go(ti,. . tm).

n (F1yestm) 1

We then define E7 as the set of equations t = (1, ..., 2, ) foreachn € N
and each n-ary term t of ¥7. One can easily prove that the Lawvere
theory 7(s, g,) is isomorphic to 7 (with the same chosen projections).
We thus also have an equivalence of categories between (X7, Ey)-Alg

and 7-Alg making the triangle

(37, E7)-Alg T-Alg

U(% /

commutative. A finitary one-sorted algebraic category is thus a category

which is equivalent to T-Alg for some Lawvere theory 7. We can thus
see a T-algebra A as the structure of a (X7, E1)-algebra over the set
A(1) and a T-homomorphism f: A — B as a function f: A(1) — B(1)

preserving these structures.
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In view of this, we will call a term ¢ of X7 a term of T. It gives rise

to a morphism ¢: n — 1 in 7 and so to the n-ary operation

tA A"

for any T-algebra A. If (X, F) is a finitary one-sorted algebraic theory
such that T(x, gy is isomorphic to 7 (with the same chosen projections),
each such map f: n — 1in T is associated to a morphism Fr(s; gy ({1}) —
Fris gy({1,...,n}), thus to (an equivalent class of) an n-ary term f of
Y. If (t1,t2) is an equation of X7, we say that 1 = to is a theorem of T

if one (thus all) equivalent conditions bellow is satisfied:
1. t1 = tg is a theorem of (X7, E7),
2. each T-algebra A: T — Set satisfies A(t;) = A(t2),

3. for each T-algebra A, t{ = ¢3!,

=
=
S

Y

5. T; = & is a theorem of (3, E) for a (X, F) as above.

We conclude this section with the notion of a morphism of Lawvere

theories and its associated algebraic functor.

Definition 1.50. A morphism 7 — R between the Lawvere theories 7
and R is a finite product preserving functor F: 7 — R such that for
each n € N, F(n) = n and for each 1 <i < n, F(p]) = p € R(n, 1) for
the chosen projections piT and pzz.

Such a morphism associates to each n-ary operation symbol o of X7
(i.e., amap n — 1 in 7) an n-ary operation symbol ¢* of ¥%. Hence,
each term t of T is interpreted as a term t* of R.

Let us denote by Th[Set] (resp. Th[Set.]) the Lawvere theory cor-
responding to Set (vesp. Set.), i.e., Tz g) for (3, E) given by ¥ = @
(resp. ¥ = {0: 1 — %}) and E = &. Analogously, we write Th[AD]
(resp. Th[ComMon]) for the Lawvere theory corresponding to Ab (resp.
ComMon). Note that these are unambiguously defined since if 7 and
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T’ are two Lawvere theories with an equivalence between the categories
T-Alg and 77-Alg making the triangle

T-Alg = T-Alg
o
Set

commutative, there is an isomorphism of Lawvere theories 7 = 7.

Proposition 1.51. The theory Th[Set] is an initial object in the cate-

gory of Lawvere theories and their morphisms.
Each morphism of Lawvere theories induces an algebraic functor.

Definition 1.52. Let 7 and R be two Lawvere theories. A functor
G: R-Alg — T-Alg is said to be algebraic if there exists a morphism of
Lawvere theories F': 7 — R such that G is naturally isomorphic to the

functor F* given by precomposition with F'.

F*: R-Alg — T-Alg
A— AF

They have an easy characterisation (see e.g. [14]).

Theorem 1.53. Let G: R-Alg — T-Alg be a functor where 7 and R
are Lawvere theories. Then G is an algebraic functor if and only if Ugr

is naturally isomorphic to Uy o G. In this case, G has a left adjoint.

R-Alg T-Alg

Set

For a morphism of Lawvere theories F': T — R, the left adjoint to
F* is denoted by Frp: T-Alg — R-Alg.
1.5 Monadic categories

One slogan on monadic categories could be ‘monadic categories over

Set® are categories of algebras for which we allow an arbitrary large
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number of operations and equations, provided that free algebras exist’.
We will then recover the previous examples of algebraic categories but
also the category \/-Lat of complete lattices which have a proper class of
operations as we said in Example 1.32. Classical references for monads
and monadic categories are [11] (where a monad is called a triple), [82]

and the second volume of [14].

Definition 1.54. A monad T on a category C is a triple (T',n, u) where
T:C — C is an endofunctor and n: 1¢ = T, pu: TT = T are natural

transformations such that the equalities

po (nxlp)=1p = po (lr*n)

and
pro(pxlp) = po (1r* p)
hold.
Ay o Tl S o0 o AN o0

TT T

ky / o |»

The main example of a monad is given by adjunctions.

F

Example 1.55. Let C _L D be an adjunction with unit : 1¢ = GF
G

and counit e: FG = 1p. This gives rise to a monad (7,7, ) on C by

setting I’ = GF and p = 1lgxe* 1p.

Example 1.56. The powerset functor P: Set — Set together with the
natural transformations n: 1get = P and p: PP = P given by

nx: X —P(X) and px: PPX)—PX)
x—{z} {Ai|i€I}r—>UAi
i€l
for each set X gives rise to the powerset monad P = (P,n, 1) on Set.

Definition 1.57. [38| Let T = (T, n, 1) be a monad on the category C.
A T-algebra is pair (A, «) where A is an object of C and a: T'(A) — A
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a morphism satisfying the identities « omg = 14 and o T'(a) = o p4.

AT TT(A) 2l T4

T(A)

«

A homomorphism f: (A,a) — (B,) of T-algebras (or T-homomor-
phism) is a morphism f: A — B in C such that SoT(f) = foa.

7(4) YL 7(B)
oal B
A———B

This forms the Eilenberg-Moore category CT for the monad T.

Example 1.58. A P-algebra for the powerset monad P can be seen as a
complete lattice. The morphism a: P(A) — A sends a subset S C A to
its join \/ S. A homomorphism of P-algebras is a map which preserves
arbitrary joins. The Eilenberg-Moore category Set” is thus equivalent to

the category \/-Lat of complete lattices and sup-preserving maps.

Next proposition describes free T-algebras and tells us that any mo-

nad is in fact induced by an adjunction as in Example 1.55.

Proposition 1.59. [38] Let T = (7,1, 1) be a monad on the category C.
The forgetful functor UT: CT — C and the free algebra functor

FT.c—c"
A (T(4), o)
f—T(f)

form an adjunction FT 4 UT which induces, as in Example 1.55, the
monad T. The functor U7 is faithful, conservative, preserves, creates

and reflects limits which exist in C.

This Eilenberg-Moore adjunction can actually be seen as the terminal

adjunction giving rise to the monad T.
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F
Proposition 1.60. [38] Let C _L~ D be an adjunction inducing the
G

monad T on C. There exists a unique functor K: D — CT such that
UK =G and KF = F".

D K

Definition 1.61. A functor G: D — C is said to be monadic if it has a
left adjoint F': C — D and the functor K: D — CT from Proposition 1.60

is an equivalence of categories.

By abuse of notations, we will sometimes write that the category D
is monadic over C if it is unambiguous which functor D — C we consider.
As we said in the introduction of this section, monadic categories over
Set® can be thought of as ‘algebraic-like categories’ for which we allow
an arbitrary large number of operations and equations, in such a way
that free algebras exist. With Example 1.58 in mind, we already know
that the category \/-Lat (with its forgetful functor) is monadic over Set.
We can also prove that algebraic categories are monadic over Set® for
some set S (see Theorem 1.66). Moreover, it is proved in [95] that the
forgetful functor CompHaus — Set from the category of compact Haus-
dorff spaces is also monadic. On the other hand, the forgetful functor
U: (V \)-Lat — Set from the category (\/ /)-Lat of complete lattices
and maps preserving arbitrary suprema and infima is not monadic be-
cause it does not have a left adjoint (the ‘free complete lattice’ on {z, y, 2}
is not a set but a proper class). For more details, we refer the reader
to [88, 2]. Let us now give some properties of monadic categories over

Set® and their characterisation.

Theorem 1.62. Let S be a set and U: C — Set® a monadic functor.
Then C is exact, complete and cocomplete and U is regular and conser-

vative.

Theorem 1.63. [35] For a category C, the following conditions are equiv-

alent:
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1. there exists a monadic functor U: C — Set,

2. (a) C is exact,
(b) C has a projective strong generator P,

(c) the copower [ P exists for every set X.
And here is its many-sorted version.

Theorem 1.64. For a category C, the following conditions are equiva-

lent:
1. there exists a set S and a monadic functor U: C — Set?,

2. (a) C is exact,
(b) C has a strong set of generators G such that each object of G
is projective,
(c) for each set X and function f : X — G, the coproduct
[.cx f(x) exists in C.

The analogy with Theorem 1.45 is striking. Here is the reason why.

Definition 1.65. Let A be a regular cardinal and T = (T, n, u) a monad
on a category C. We say that T is a A-ary monad if the functor T': C —
C preserves A-filtered limits. A monadic functor G: D — C is A-ary
monadic if the monad induced by the adjunction F' 4 G is A-ary.

Theorem 1.66. Let )\ be a regular cardinal and S a set. The following

conditions on a category C are equivalent:
1. C is an S-sorted A-ary algebraic category,
2. there exists a A-ary monadic functor U: C — Set”.

We conclude this section with a lemma about monadic categories
over regular categories which will be useful in Chapter 5. It has been
stated without proof in [101] and proved in [61].

Lemma 1.67. Let C be a regular category and T = (T',n, u) a monad

on it. Then,
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1. T preserves regular epimorphisms if and only if UT: CT — C does,

2. if T preserves regular epimorphisms, UT reflects them. In this case,

C" is regular.

Proof. 1. Firstly, suppose UT preserves regular epimorphisms. Since
T = UTFT, T preserves regular epimorphisms since UT and FT do.
Conversely, suppose T preserves regular epimorphisms. Let f: (A, o) —
(B, B) be a morphism in CT. Then, f factors as

N

in C, with p a regular epimorphism and m a monomorphism. So, T'(p)

is a regular epimorphism and there exists a unique morphism ¢ making

the following diagram commutative.

Since m is a monomorphism and (B, 3) a T-algebra, (I,¢) is also a T-
algebra and p and m are T-homomorphisms. Now, if we suppose f
to be a regular epimorphism in CT, m will also be. But since it is a
monomorphism, it is an isomorphism in CT and so in C. Thus, f is a
regular epimorphism in C.

2. Since UT creates finite limits, CT has them. Now, let f: (4, o) —
(B, 8) be a T-homomorphism such that f: A — B is a regular epimor-
phism in C. We denote by

1
(R7 p) T2> (A7 OZ)

the kernel pair of f in CT. Since UT preserves limits, it is also its kernel
pair in C. So, f is the coequaliser of the pair (r1,7r2) in C. Using this
and the fact that T'(f) is an epimorphism in C, one easily proves that
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f is the coequaliser of (r1,r2) also in CT. Therefore, UT reflects regular
epimorphisms. Moreover, since UT preserves and reflects regular epimor-
phisms and since they are stable under pullbacks in C, they are also in
CT. Finally, considering the construction done in Point 1, the kernel pair
of f is also the kernel pair of p, which is a regular epimorphism in CT. It
is thus the coequaliser of its kernel pair, which proves that each kernel

pair in CT has a coequaliser. O

1.6 Essentially algebraic categories

Gabriel and Ulmer defined in [44] locally presentable categories as co-
complete categories which have a strong set of generators formed by
A-presentable objects for some regular cardinal A\. They characterised
them as categories of A-limit preserving functors from a small category
with A-limits to Set. Compared with Lawvere theories, the important
difference is that products have been replaced by limits. The idea is thus
that we are now allowed to consider operations defined not from A™ but
from a regular subobject of it, i.e., a solution set of some given n-ary
equations. This idea has been made precise in [4, 3]. These categories
are not regular in general and we give here a syntactic characterisation

when they are.

1.6.1 Definition, characterisations and free models

Definition 1.68. [44] Let A be a regular cardinal. We say that the
category C is locally A-presentable if it is cocomplete and has a strong
set of generators G such that each G € G is A-presentable. If A = N,
we say in that case that C is locally finitely presentable. If C is locally -

presentable for some regular cardinal A, C is said to be locally presentable.

Before giving some examples, let us give two of their characterisa-
tions. In what follows, if A is a regular cardinal and D a small category
with A-limits, we will denote by A-Lex (D, Set) the category of A-limit pre-
serving functors from D to Set and natural transformations. If A = N,

we will denote it simply by Lex(D, Set).
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Theorem 1.69. [44] Let A be a regular cardinal. For a category C, the

following conditions are equivalent:
1. C is locally A-presentable,

2. C is equivalent to A\-Lex(D, Set) for some small category D with

A-limits.

In that case, D can be chosen to be equivalent to the dual of the full

subcategory of C of A-presentable objects.
We now describe them in terms of algebras with partial operations.

Definition 1.70. [4] An essentially algebraic theory is a quintuple I' =
(S, %, E, 3, Def) where

1. (S,%, F) is an algebraic theory,
2. Y, is a subset of X,

3. Def is a function assigning to each operation symbol o: [];_, si —
s in 3\ 3; a set Def(o) of equations of ¥; in the variables from
X, the S-sorted set defined by Xy = {x;]i < n,s; = s’} for each

ses.

Definition 1.71. [4] Let A be a regular cardinal. The essentially alge-
braic theory I' is said to be A-ary if

1. (S,%,E) is A-ary,
2. for each 0 € ¥\ ¥, # Def(0) < A

If A = N, we say in this case that I' is a finitary essentially algebraic

theory.

Definition 1.72. [4] Let I" be an essentially algebraic theory. A I'-
model is an S-sorted set A together with, for each operation symbol
A, — A such that:

o: [;-, i — s in X, a partial function o: [[,_,

1. for each o € ¥, 0 is defined everywhere,
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2. given o: [[,.,s — s in ¥\ ¥ and a family (a; € As,)i<n,
04((ai)i<n) is defined if and only if the elements a;’s satisfy all

equations of Def(c) in A,
3. A satisfies the equations of E wherever they are defined.

We can easily give a precise meaning to when some elements of A
satisfy a given equation and when a term is defined at some elements
using the recursive definition of a term (see page 28). This is left to the

reader.

Definition 1.73. [4] Let I" be an essentially algebraic theory and A, B
two I'models. A I'-homomorphism f: A — B is an S-sorted function

such that, given o: [[,_,, 8 — s in ¥ and a family (a; € As,)i<pn such

i<n
that 0 ((a;)i<n) is defined, the identity

fs(0Mai)) = o (fs.(ai)) (1)
holds.

Notice that if (1) holds for all o € ¥, then for each ¢/ € ¥\ Xy,
o'B(fs,(a;)) is defined if 0’4 (a;) is, while the converse does not hold in
general. The category of I'-models and their homomorphisms is denoted
by Mod(I'). A category which is equivalent to some model category
Mod(T") for an essentially algebraic theory I' is called essentially alge-
braic. The notions of A-ary and finitary essentially algebraic categories

are defined in the obvious way.

Theorem 1.74. [44, 4, 3] A category C is locally presentable if and only
if it is essentially algebraic. More precisely, if A is a regular cardinal, C

is locally A-presentable if and only if it is A-ary essentially algebraic.

Example 1.75. Of course, every algebraic category is essentially al-
gebraic. As another example, one can say that Cat is locally finitely
presentable. Indeed, the only partial operation defining small categories
is the composition law. This is an operation A2 — A (where A denotes
the set of arrows) and it is defined on the set {(f,g) € A?|c(f) = d(g)}
where d and c are the domain and codomain maps. Note that this solu-

tion set is nothing but the pullback of ¢ along d.



1.6. Essentially algebraic categories 47

If N8y denotes the successor cardinal of Xy, the category Ban of (real)
Banach spaces and linear mappings L of norm ||L|] < 1 is locally N;-
presentable (86, 4, 14].

To give another family of examples, we need a few definitions.

Definition 1.76. Let S be a set of sorts and ¥ an S-sorted signature of

algebras. An implication in 3

il

is the collection of an S-sorted set X, an equation (¢t = ¢’) in ¥ in the
variables from X, a set I and for each i € I, an equation (¢; = ¢}) in ¥ in
the variables from X. A Y-algebra A satisfies this implication when, for
any S-sorted function f: X — Ux(A), if the unique -homomorphism
f: Fre(X) — A extending f satisfies f(t;) = f(t;) for each i € I, then

ft)=ft).
Note that an equation can be seen as an implication with I = @.

Definition 1.77. A category C is said to be a quasivariety if there
exists a set S of sorts, an S-sorted signature of algebras X and a set
of implications in ¥ such that C is equivalent to the full subcategory of

3-Alg of Y-algebras satisfying the given implications.

Example 1.78. The category TorsFreeAb is a quasivariety. Indeed, an

object in it is an abelian group satisfying the implications

r+r=0=—=x=0

r+zrz+r=0=—x=0

for each element z.
Proposition 1.79. [4] Every quasivariety is essentially algebraic.

Let us go back to essentially algebraic categories.
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Proposition 1.80. Let I be an essentially algebraic theory. The cat-
egory Mod(I") is complete, cocomplete and the forgetful functor Ur :
Mod(I") — Set® is conservative and has a left adjoint.

The fact that Ur has a left adjoint implies it preserves limits so that
small limits in Mod(I") are computed in each component as in Set. To
describe this left adjoint Frp: Set® — Mod(T'), we need to introduce the

notion of an everywhere-defined term.

Definition 1.81. Let I' be an essentially algebraic theory and t1,%s :
[Lic; si — s two terms of ¥. We say that t; = to is a theorem of T if,
given a Imodel A and a family (a; € As,)ier such that ¢1((a;)ier) and
to((a;)icr) are both defined, the equality ¢1((a;)icr) = ta((a;)ier) holds
in A,

Definition 1.82. Let I' be an essentially algebraic theory and X an S-
sorted set. A term of X in the variables from X is said to be everywhere-
defined if it belongs to the smallest S-subset Y of Fry(X) satisfying the

following conditions:
1. for each s € S, X; C Yy,

2. if o: [[;.,, 8 — sisin ¥ and (t; € Y, )i<n is a family such that
either o € 3; or o € ¥\ 3 and for each equation (uy,us) € Def(o),
w1 ((ti)icn) = u2((t;)i<n) is a theorem of I', then the term o ((¢;)i<n)

belongs to Y.

Intuitively, everywhere-defined terms are terms which are everywhere
defined in any I'-model. We can now describe the left adjoint Frr to Ur
as follows. If X is an S-sorted set, for each s € S, Frp(X), is the
set of equivalence classes of everywhere-defined terms of sort s in the
variables from X, where we identify the two terms ¢; and to if and only
if ¢ = t9 is a theorem of I'. Notice that this is an equivalence relation
since we only consider everywhere-defined terms. The I'-model structure
on Frp(X) and the S-sorted function X — Ur Frr(X) are defined in the
obvious way. This is the reflection of X along Ur and this describes the

announced adjunction Frpr 4 Up.
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1.6.2 Regular essentially algebraic categories

Essentially algebraic categories are in general not regular. For instance,
Cat is locally finitely presentable (Example 1.75) but not regular (Ex-
ample 1.7). However, we still have a (strong epi, mono)-factorisation
systermn in those categories. By that we of course mean a factorisation
system (£, M) where & is the class of all strong epimorphisms and M

the class of all monomorphisms.

Definition 1.83. Let A be a I'-model for an essentially algebraic the-
ory I'. A submodel of A is a Imodel B included in A for which the

inclusion B < A is a I'-homomorphism.

Proposition 1.84. Let I' be an essentially algebraic theory. The cate-

gory Mod(T") has a (strong epi, mono)-factorisation system.

Proof. Properties 1, 2 and 3 of Definition 1.12 are true in any category
for the above cited classes £ and M. For the last one, if we have a ho-
momorphism f: A — B of I-models, we can factorise it in the following
way. We consider the submodel I of B defined by

I, = {t((fsi(ai))ig) | t: Hsi — sis a term of ¥ and (a; € A, )ier a
el
family such that ¢((fs,(a;))ier) is defined in B}

for each sort s € S. I is the smallest submodel of B for which fs(a) € I
for all s € S and a € As. This means that the corestriction p: A — I of
f to I is an extremal epimorphism (and so a strong one since Mod(I") is

complete) and f factors as f = ip with 4 the inclusion I < B. O

As usual, we will refer to I = Im(f) as the image of f. Notice
that in the case where I' is finitary, we could have considered in the
definition of Im(f)s only finitary terms ¢t: [[;"; s; — s in the variables
from a finite S-sorted set X (ie., #| |, Xs < Ng). We also remark
that ¢((fs,(a:))ier) could not have been written as fs(t((a;)icr)) (as we
do in the algebraic case) since t((a;);cr) might not be defined in A.

In [30], regular locally finitely presentable categories Lex (D, Set) have

been characterised in terms of the corresponding theory D.
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Definition 1.85. [30] A category C is said to be weakly regular if any

commutative square

Ao

h k
C—g»D

with g a regular epimorphism can be factorised in a commutative diagram

as

9. B

A
C

— =D
g9

where ¢’ is a regular epimorphism.
Of course, any regular category is weakly regular.

Theorem 1.86. [30] Let D be a finitely complete small category. The

following conditions are equivalent:
1. Lex(D, Set) is regular,
2. D°P is weakly regular.

Such characterisations in terms of the corresponding category D have
been called ‘syntactic’ in [30]. However, it does not seem easy to derive
from Theorem 1.86 a characterisation of those (finitary) T' for which
Mod(T") is regular. It is this second type of characterisations that we
will call ‘syntactic’ in this thesis. We provide now such a syntactic char-
acterisation of essentially algebraic theories for which the category of

models is regular. The finitary case has been proved in [55].

Lemma 1.87. Let I be an essentially algebraic theory and ¢: J[,c;si —
s a term of X. If (a; € A, )ier are elements of a I'-model A, we can find
a strong epimorphism ¢: A — B in Mod(I") such that ¢((¢(a;))icr) is
defined in B and if f: A — C is a homomorphism such that ¢((f(a;))ier)
is defined in C, then f factors uniquely through q.
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Proof. We are going to prove this lemma by induction on the number of
steps used in the construction of the term ¢. If ¢ is a projection (or any
everywhere-defined term), 14 is the homomorphism we are looking for.

Now, suppose t uses the operation symbols or projections

O']‘GEU{pk: Hsi—>sk|k€I}
el

for each j € J as first step of its construction. Thus, ¢ can be written as

t=t"((oj((zs)icr))jer)

where t': J[;c; s — s uses less steps than ¢ to be constructed. Let R be
the smallest submodel of A x A which contains (u((a;)icr), v ((ai)icr))
for each j € J such that o; € £\ 3; and each equation (u,u’) € Def(o;).
Let g1 be the coequaliser of r1 and 7o

1 q1
R—=A— B
2

where r; = mr with r the inclusion R — A x A and m and mo the
projections. Thus, in By, all 0;((q1(a;))ier) are defined. Now, we use
the induction hypothesis on ¢’ to build a universal strong epimorphism
q2: By — B such that

t'((g2(05((q1(ai))ier)))jer) = t'((0j((q2q1(ai))icr)) je)
= t((q2q1(ai))icr)

is defined. Let us prove that g¢oq; is the strong epimorphism we are
looking for. Let f: A — C be a homomorphism such that ¢((f(a;))ier)
is defined. Since the kernel pair R[f] of f contains (u((a;)icr), v’ ((a;i)icr))
for all j such that o; € £\ X, and all equations (u,u’) € Def(c;), we have
R C R[f] and fry = fry. Therefore, f factors through ¢; as f = gq1.
Finally, g factors through g2 since

t((f(as))ier) = t((9q1(a:))icr)
=t'((0j((9q1(a:))icr))jer)
= t'((g(o((q1(ai))icr)))jes)
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is defined. O

Theorem 1.88. Let I be an essentially algebraic theory. Then Mod(I")
is a regular category if and only if, for each term ¢: [[;c;s; — s of X,

there exists in I'

e aterm m: [[;c;8; — s,
e for each j € J, an everywhere-defined term o;: s — s;-,

e for each j € J, an everywhere-defined term pu;: [[,c;si — s;-
such that

L. m((cj(x))jes) is an everywhere-defined term s — s,

2. m((j(2))jes) = x is a theorem of T',

3. o (t((xi)ier)) = pj((z4)ier) is a theorem of T' for each j € J.

Proof. Since Mod(I') is complete and has a (strong epi, mono) factori-
sation system, by Proposition 1.16, it is regular if and only if strong
epimorphisms are pullback stable. So, let us suppose the condition in

the statement holds in I' and consider a pullback square

/

P-r.p
_

f’l f

A?C

in Mod(T") with p a strong epimorphism. We have to prove that Im(p) =
B. So, let b € B, for some s € S. Since p is a strong epimorphism, there
exists a term ¢: [[;c;s; — s of ¥ and a family (a; € As,)ier such that
t((p(a;))ier) is defined and equal to f(b) (see the description of Im(p)
from Proposition 1.84). Let 7, c;’s and p;’s be the terms given by the

assumption for this ¢. For each j € J,

flaj(b)) =

Q

i(f(0))

= a;(t((p(ai))icr))
= 1 ((p(ai))ier)
= p(p;((ai)ier))
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since oj and i are everywhere-defined. But small limits in Mod(I") are
computed in each sort as in Set. Hence, d;j = (u;((ai)ier), (b)) € Py
with
b =m((a;(b))jes) = 7((¢/(d)))jes)-

Therefore, b € Im(p)s and p’ is a strong epimorphism.

Conversely, we assume that Mod(I") is regular and consider a term
t: [liersi — s of £. Let X and Y be the S-sorted sets defined by
Xy ={x;j|iel,s; =5} foreach s € S, Y; = {y} and Yy = & for all
s’ # s € S. We consider also the strong epimorphism ¢: Frp(X) - B
given by Lemma 1.87, for the term ¢ and the elements x; € Frp(X)s,.
Thus t((q(x;))ier) is defined. Let f: Frp(Y) — B be the unique map
such that f(y) = t((¢(x;))icr) and consider the pullback of ¢ along f.

P—L s Frp(Y)
b

Frp(X) B

q

Since Mod(T") is regular, p is also a strong epimorphism. So, y € Im(p)s
which means that there exists a term m: [[;; s} — s and elements
d; € PS; for each j € J such that 7((p(d;))jes) is defined and equal

to y. Using the descriptions of P, Frp(X) and Frp(Y), it implies that,
/

i and

for each j € J, there exist everywhere-defined terms «aj: s — s

pj: [lier si — ) such that dj = (u;, ;). Thus, the equalities

y = m((p(d)))jer)
= 7(((y))jer)

hold in Frp(Y), and for each j € J, we have

i ((q(i))ier) = a(pi((wi)ier))

in By. Equalities (2) mean that 7((oj(x))jes) is everywhere-defined
J
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and 7((c(x))jes) = x is a theorem of I'. With the universal properties
of Frp(X) and ¢, equalities (3) mean that a;(¢t((ai)ier)) = wj((ai)icr)
holds in any I'-model A as soon as t((a;);er) is defined. Indeed, if it is so,
let g: Frp(X) — A be the unique I'-homomorphism such that g(z;) = a;
for all + € I. Since t((g(x;))icr) is defined, g factors through g as g = hgq

and

i (t((ha(xs))ier))

(a (t((a(wi))ier)))

(1 ((q(xi))ier))

((hq(w;))ier)

((Cbz')iel)- O

aj(t((ai)ier)) =

!
h
h

J

J

1
1
Using the remark after Proposition 1.84, if I is finitary, we are allowed

to only consider finitary terms ¢: [[;;s; — s.

Theorem 1.89. [55] Let I" be a finitary essentially algebraic theory.
Then Mod(T") is a regular category if and only if, for each finitary term
t: [[;-, si = s of X, there exists in I':

m 8/'

e a finitary term m: J[/Z; s’

— S,
e for each 1 < j < m, an everywhere-defined term «;: s — 3;,

e for each 1 < j < m, an everywhere-defined term y;: [["; s; — s;-

such that
1. m(aq(x),...,am(x)) is an everywhere-defined term s — s,
2. w(ai(x),...,am(x)) = x is a theorem of T,
3. oj(t(z1,...,2n)) = pi(x1,...,2,) is a theorem of T' for each
I<sjsm.

1.7 Sketches

In this section we deal with the concept of a sketch, introduced by Ehres-

mann in a slightly different form (see e.g. [36] or the second volume
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of [14]). We can get in this way a common framework for the notions of

algebraic and essentially algebraic categories.
Definition 1.90. A sketch S is a triple (S, P,Z) where:
1. S is a small category,

2. P is a set of cones on functors F': D — S, defined on small cate-

gories D,

3. T is a set of cocones on functors F': D — S, defined on small

categories D,

and we consider the two cones \: Ax = F and \: Ax = F’ equal if
there exists an isomorphism i: D — D’ of categories such that F'i = F
and \p = )‘Q(D) for each D € D (and similarly for cocones). A morphism
of sketches F:' S — §' is a functor F': § — 8§’ which maps each cone in
P on a cone in P’ and each cocone in Z on a cocone in Z’. This gives

the category Sk of sketches.

Remark 1.91. Each small category C can be viewed as a sketch in
several ways. Firstly, I(C) = (C, @, @) is the indiscrete sketch on C. This

gives rise to the adjunction

where U is the forgetful functor. Besides, D(C) = (C,P,Z) is the discrete
V-sketch on C where P (resp. Z) is the class of all small limit cones (resp.
all small colimit cocones) in C (for a bigger universe V > U). As an
intermediate step, we also have FD(C) = (C,P,Z), the finitely discrete
sketch on C where P (resp. Z) is the set of all finite limit cones (resp.

finite colimit cocones) in C.

Definition 1.92. [36] Let S = (S,P,Z) be a sketch. An S-model is a
functor A: & — Set which sends each cone in P (resp. each cocone in
7) to a limit (resp. a colimit) in Set. A homomorphism f: A — B of S-

models is a natural transformation A = B. The corresponding category
is denoted by Mod(S).
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The following characterisation is the idea behind Lawvere’s work [76].

Theorem 1.93. For a category C, the following conditions are equiva-

lent:
1. C is an algebraic category,

2. C is equivalent to a category of the form Mod(S) for a sketch S =

(S, P, @) where cones in P are cones over discrete diagrams.

Its essentially algebraic version is the idea behind Gabriel-Ulmer’s
work [44].

Theorem 1.94. For a category C, the following conditions are equiva-

lent:
1. C is locally presentable,

2. C is equivalent to a category of the form Mod(S) for a sketch S =
(S,P,2).

1.8 Internal algebras and 7 -enrichments

Replacing the category Set by an arbitrary category C (with enough

products), we get the notion of an internal algebra.

Definition 1.95. Let A be a regular cardinal, (S, %, E) a A-ary algebraic
theory and C a category with A-products. An internal (S, %, F)-algebra
A in C is a collection of objects (As € C)ses together with, for each
ien As; — Ag such that they
satisfy the equations of E. A homomorphism f: A — B of internal

o: [lic,, 88 = s in X, a morphism o4 ]

(S, X, E)-algebras is a collection of morphisms (fs: As — Bs)ses such

that, for each o: [[._ s; — s in %, the square

<n

O'A
Hi<n Asi AS

Hi<n fszi lfﬁ

Hi<nB8i oB By
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commutes. The corresponding category is denoted by (S, %, F)-Alg(C)
and the forgetful functor by Ugs g): (S, %, £)-Alg(C) — (&

The sentence ‘they satisfy the equations of £’ has to be understood
in the obvious sense: To each term ¢: [[,c;s; — s in X in less than A

variables, we associate a morphism ¢4: [Lic; As; = As recursively by:

1. to the variable z; of sort s; for j € I, we associate the j-th projec-

. AL
tion m; =z [Licr As; — As;,

/A
J

been defined and if o: [[;_, s} — s is in X, we associate the

2. if for the terms t;: [[,c;si = s/ (j < n), the morphisms tf have

morphism

(t?)]'<n

A
g
Hie[ Asi > Hj<n As; = As

to the term o ((¢);ec)-

Then, A satisfies the equation (t1,to) if ¢t = t4.

The situation is easier for Lawvere theories.

Definition 1.96. Let 7 be a Lawvere theory and C a category with
finite products. An internal T -algebra in C is a finite product preserving
functor A: T — C. A homomorphism f: A — B of internal T-algebras
is a natural transformation A = B. This gives rise to the category
T-Alg(C) and the functor Uy: T-Alg(C) — C of evaluation at 1.

As in the classical case, we have the following equivalences.
Proposition 1.97. Let C be a category with finite products.

1. If (X, E) is a one-sorted finitary algebraic theory, there is an equiva-
lence between the categories (3, E)-Alg(C) and Tx 5)-Alg(C) mak-
ing the triangle

(%, E)-Alg(C) = Tis,m)-Alg(C)

U, k) %
’ (3,E)
C

commute.
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2. If T is a Lawvere theory, there is an equivalence between the cat-
egories (X7, Er)-Alg(C) and T-Alg(C) making the triangle

(X7, Er)-Alg(C) = T-Alg(C)

U%%

C

commute.

Example 1.98. In a category C with finite products, an internal group
is an object G together with morphisms 0: 1 — G, +: G?> — G and

—: G — G satisfying the usual axioms for groups.

Without going into the details here, it is possible to define internal I'-
models in a complete category for an essentially algebraic theory I'. For
example, this leads to the notion of an internal category in a category
C with finite limits. This is the collection of two objects Ag and A

together with morphisms

d
Ay Xeq Al —= A —= Ag
Cc

x—_
e

satisfying the well-known axioms for categories, where A; x4 A; is the

pullback of ¢ along d.

T
Ay Xoqg Al — A4

n| . ld

Ay Ao

C

Similarly, an internal groupoid is an internal category A together with an

additional morphism i: Ay — Ay which satisfies the axioms for inverses.

Let us now get back to the case of a Lawvere theory 7.

Definition 1.99. [72] Let 7 be a Lawvere theory. A T -enriched category

(or T -category in short) is a category C equipped with a factorisation



1.8. Internal algebras and 7 -enrichments 59

Hom of the hom functor through Ur.

T-Alg
Hom lUT

C°P x C ——— Set
hom

Such a factorisation is called a T -enrichment of C. A T -enriched functor
(or T-functor in short) between the 7-enriched categories C and D is a
functor F': C — D such that for all objects A, B € C,

F: Hom¢(A, B) — Homp(F(A), F(B))

is a homomorphism of T-algebras. Small T-categories and T-functors

form the category T-Cat.

If C has finite products, a T-enrichment of C can be defined in an
equivalent way as a section for the forgetful functor Ur: T-Alg(C) — C.
In order words, it is the assignment of an internal T-algebra structure on
each object of C in such a way that every morphism is a homomorphism
of internal T-algebras. Given a factorisation Hom as in Definition 1.99,

one gets an internal 7-algebra structure on A € C with

tA =t(my, ..., mp): A" A
for each n-ary term ¢, where the m;’s are the product projections. Con-

versely, given a section of Ur, one gets the Hom factorisation letting
t(fi,..., fn) be the map

(f15::fn) tB

A B" B

for each n-ary term t and morphisms fi,..., fn: A — B.

It is easy to see that a T-enrichment of a category C induces a T-
enrichment on every functor category C¥ for a small category P, looking
componentwise (and so on every power C° for a set S). We can also notice
that 7T-enrichments on a category C are in one-to-one correspondence
with T-enrichments on its dual C°?. Hence, if C has finite coproducts,

it gives rise to an internal 7-algebra structure on every object of C°P,
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which is called an internal T -co-algebra in C. We thus have a morphism
tAP =11y, ) A= nA

for each n-ary term ¢ of T, where ¢1,...,t, are the coproduct injections.

Example 1.100. A Th[Set]-category is nothing but a usual category.
A Th[Set,]-category is also called a pointed category. If C has a terminal
object 1, there is at most one Th[Set,]-enrichment of C. It exists if and
only if 1 is also a initial object, called in that case a zero object. Then, for
A, B € C, the morphism 0: A — B is the unique morphism A — 0 — B
which factors through the zero object 1 = 0.

A Th[Ab]-category is also called a preadditive category. If C has finite
products, there is at most one Th[Ab]-enrichment of C. If it exists, we

say that C is an additive category.
We would like now to describe T-enrichments of algebraic categories.

Definition 1.101. Let s (resp. t) be an m-ary (resp. n-ary) term of a
Lawvere theory T. We say that s and t commute if

t(s(z11y - s Tm1)s oy S(Tiny v oy Tonn))

=s(t(z11, -, Z1n)y -« o H(Xmly ooy Tinn))

is a theorem of 7. If s: m — 1 and t: n — 1 are the corresponding

morphisms in 7, this means that the square
m-n——sn

| 7l

*>1

|

commutes.

Definition 1.102. A morphism F': 7 — R of Lawvere theories is central
if for each term ¢ of T, its interpretation as a term t* of R induced by F

commutes with each term of R.

Proposition 1.103. [40] Let 7 and R be two Lawvere theories. 7T-
enrichments of R-Alg are in one-to-one correspondence with central mor-

phisms 7 — R.
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As a consequence, we have a characterisation of commutative theo-

ries.

Definition 1.104. [79] A Lawvere theory T is commutative if the iden-

tity morphism T — T is central, i.e., if any two terms of 7 commute.

Example 1.105. The Lawvere theories Th[Set], Th[Set. |, Th[ComMon)]

and Th[ADb] are commutative.

Proposition 1.106. [79] The following conditions on a Lawvere theory

T are equivalent:

1. 7 is commutative,

2. T-Alg has a T-enrichment defined as follows: given two T-algebras
A and B, an n-ary term ¢t of 7 and n 7-homomorphisms f1, ..., f, :
A — B, the function ¢(f1,..., fn): A — B defined by

t(f1,..., fo)(a) =t (fi(a), ..., fula))

for every a € A extends to a T-homomorphism which is the value
of the action of ¢ on (fi,..., fn).

Let us now focus on T -enrichments of Mod(I") for an essentially alge-
braic theory T' = (S, %, E, ¥, Def). We view T as Tsv gy for a finitary
one-sorted algebraic theory (X', E’). By an operation symbol (resp. an
axiom) of 7 we thus mean an element of ¥’ (resp. E’). Suppose we
have a T-enrichment on Mod(I") and let 7 be an n-ary operation sym-
bol of T. For a given s € S, we consider the S-sorted set X such that
Xs ={z1,...,2,} and Xy = & for s’ # s. The T-algebra structure on
Frr(X) gives rise to an interpretation of 7 into an everywhere-defined
term 7°: 8" — s of I' (75 = (7Fr(X)) (zy,...,3,) € Frp(X),). Given
any I'-model A and aq,...,a, € A, let f: Frp(X) — A be the unique
I'-homomorphism such that fs(z;) = a; for each 1 < i < n. Then, since

f is also a T-homomorphism, the square

7Frp (X)

Frp(X)™ Frr(X)
| |
A" A
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commutes. This implies that (74)s(ay,...,an) = 7°(a1, ..., a,). Hence,
these interpretations turn axioms of 7 into theorems of I', in the sense
that t§ = ¢35 is a theorem of I' for each axiom t; = to of 7 where t]
and t3 are defined in the obvious way. Moreover, since 74: A" — Ais a

I~-homomorphism for any I'-model A,

(o ((21)i<cm), -+ 0(@ni)i<m)) = o (77 (T14s -+ o, Tni) Jicm)  (4)

is a theorem of I" for each operation symbol o: [] s; — s of ¥. These

<m

observations lead to the following proposition.

Proposition 1.107. Let I" be an essentially algebraic theory and T a
Lawvere theory. T-enrichments of Mod(I') are in one-to-one correspon-
dence with assignments, for each n-ary operation symbol 7 of T and sort

s € 5, of an everywhere-defined term 7°: s™ — s of I' such that

1. these interpretations turn axioms of T into theorems of I' at each
sort s € S,

2. for any operation symbols o of ¥ and 7 of 7, 0 commutes with the

interpretations of 7, i.e., (4) is a theorem of T.

Proof. We proved above that each T-enrichment gives rise to such an
assignment. On the other hand, given such an assignment, we define an
internal 7T-algebra on every I'-model A by letting (74), = 7°: (A")s =
(As)™ — Ag for all operation symbols 7 of 7 and s € S. It is routine
verifications to check that this yields a I'-homomorphism 74: A" — A,
that this gives rise to a T-enrichment on Mod(I') and that these two

applications are reciprocal inverses. ]

If 7 = Th[Set.], this reduces to the following corollary.

Corollary 1.108. Let I' be an essentially algebraic theory. The category
Mod(T") is pointed if and only if, for each s € S, there exists a unique
(up to theorems) everywhere-defined constant term 0° of sort s such that,
si = sin X, 0((0%);<,,) = 0° is a

for each operation symbol o: [],_,

theorem of T'.
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Notice that the above conditions imply in particular that o((0%);<y)
is always defined since, if 0 € ¥\ ¢, for each equation (¢1,t2) € Def(0),
t1((0%)i<n) = 0% = t2((0%)icn)-

We would like now to describe the link between T-categories and

R-categories for a morphism 7 — R of Lawvere theories.

Proposition 1.109. Each morphism of commutative Lawvere theories

F: T — R gives rise to an adjunction between R-Cat and 7-Cat.

Frp
<
R-Cat 1 T-Cat
- -
F*

Proof. Let D be a small R-category. We define F*(D) by ob(F*(D)) =
ob(D) and F*(D)(A, B) = F*(D(A, B)) for all A,B € D. Composition
and identities are defined as in D since F* commutes with the forgetful
functors R-Alg — Set and T-Alg — Set. We extend F™* to a functor in
the obvious way.

Let now C be a small T-category. We are going to construct a re-
flection of C along F*. Let ob(Frp(C)) = ob(C) and Frr(C)(A,B) =
Frp(C(A,B)) for all A,B € C. We denote by f the image of f €
C(A, B) under the reflection C(A,B) — F*(Frp(C(A,B))). For such
an f, we define — o f: Frp(C(B,C)) = Frp(C(A,C)) as the unique R-
homomorphism such that g o f = ;f for each g € C(B,C). Now, we
define

— o —: Frp(C(A, B)) — R-Alg(Frp(C(B,C)), Frp(C(A, C)))

as the unique R-homomorphism such that — ofis the one defined above
for each f € C(A, B). Note that this can be done since R is commutative.
Together with the assignment 14 = 14, this makes Frp(C) an R-category
and the obvious map C — F*Frp(C) a T-functor. The fact that this is
the reflection of C along F* also follows from the universal property of
Frp: T-Alg — R-Alg. O

Corollary 1.110. Let 7 be a commutative Lawvere theory. Then, the
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forgetful functor Uy: T-Cat — Cat has a left adjoint.

Frr
T-Cat 3 Cat
Ur

Proof. Let Fry be Frp for F' the unique morphism of Lawvere theories
Th[Set] — T. O

The same occurs with sketches.

Definition 1.111. Let 7 be a Lawvere theory. A T -enriched sketch
(or T-sketch in short) is a sketch S together with a 7-enrichment on
the underlying category. A morphism of T -sketches is a morphism of

sketches which is a 7T-functor. The corresponding category is denoted
by T-Sk.

Proposition 1.112. Let F: T — R be a morphism of commutative

Lawvere theories. Then, the adjunction

Frp
R-Cat i T-Cat
F*

of Proposition 1.109 gives rise to an adjunction between R-Sk and 7T-Sk.

FI'F
R-Sk~ 1 7T-Sk.
F*

Proof. If S = (S, P,Z) is an R-sketch, let F*(S) = (F*(S),P,Z) and if
S'=(S8,P',T) is a T-sketch, we define

Frp(S) = (Frp(S"),ns (P"),ns (I'))
where ng: 8’ — F*Frp(S’) is the unit and ng/(P’) is the set of cones
1778’ * A Ans/(X) = 7’]3/G

where X\: Ax = G runs through P’ (and similarly for 7s/(Z’)). The rest
of the proof follows easily from Proposition 1.109. 0



1.8. Internal algebras and 7 -enrichments 65

The above results have their counter-part in 2-dimensional category
theory. Without going into too much detail here, let us just recall the
definition of a 2-category and cite T-Cat and 7-Sk as examples.

Definition 1.113. A 2-category consists of
e 2 category C,

e for each A, B € C, a small category whose set of objects is C(A, B),

/ g
e for all morphisms A—=—= B —= (', an application
f g

C(A,B)(f, f') xC(B,C)(g,9") —C(A,C)(gf,g'f")

(@, ) — Bra

satisfying the following axioms

f g
1. 1% 1f = 14¢ for any diagram A@B 1, C,
¥ g
1a f 1p
2. axly, = a = 11,xa for any diagram A IIAA:EBJEBB )
1a f! 1
f g h
3. (yxfB)*xa = y*(B*a) for any diagram A jE B 1@ C jE D,
f/ g/ h/

a g
4. (6xB)o(y*a) = (doy)*(Boa) for any diagram A@B@C .
N\

f// g//
We call a morphism in the underlying category C a I-cell and a

morphism in any category C(A, B) a 2-cell. An invertible 2-cell is called
a 2-isomorphism. If f: A — B is a l-cell and C' € C an object, we write
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C(C, f) for the composition functor

C(C, f): C(C, A) — C(C, B)

gr——fg

ar——lpxa

and C(f,C): C(B,C) — C(A, C) for the analogous functor.

Example 1.114. Each category C can be turned into a 2-category,
thinking of each hom-set C(A, B) as a discrete category. Small cate-
gories, functors and natural transformations organise themselves in a
2-category, also denoted by Cat. More generally, if T is a Lawvere the-
ory, small T-categories, 7-functors and natural transformations form
the 2-category T-Cat, while 7-sketches, morphisms of T-sketches and

natural transformations form the 2-category 7T-Sk.



Chapter 2

Matrix conditions

Now that we gave some definitions of categories of algebras and their
general characterisations, we would like to study categorical properties
that distinguish one from the others. Which properties does Gp have
and not Set? What are the differences and common properties of Gp
and Ab? The notion of an abelian category [81, 25, 52| gives one of the
first answers: it contains Ab, Modpg (the category of modules over the
ring R) and the categories of sheaves of abelian groups on a site, but these
are essentially the only examples. We thus want to study less restrictive
algebraic categorical conditions, in order to encompass categories such
as Gp, Mon and LieAlg;, (the category of Lie algebras over a field k).
This is what we call ‘non-abelian categorical algebra’.

One of the first major steps in that direction has been realised using
Mal’tsev’s result which characterises finitary one-sorted algebraic cate-
gories in which the equality RS = SR holds for any congruences (i.e.,
equivalence relations in the sense of Definition 1.20) R and S on a same
object as the ones whose theory has a ternary term p(z,y, z) satisfying
the axioms p(z,y,y) = x and p(z,z,y) = y [87]. This property of com-
mutativity of equivalence relations can be stated in any regular category
and is what defines Mal’tsev categories among them [28]. It is equivalent
to the condition that each binary relation is difunctional, a property that
can be stated in any category with finite limits and that distinguishes
Mal’tsev categories among them [29].

Another property studied in non-abelian categorical algebra is uni-

67
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tality [18]. A pointed finitely complete category is said to be unital if,
for any objects X and Y, the morphisms

x By oy Oy
are jointly strongly epimorphic. A Lawvere theory has a unital category
of algebras if and only if it has a unique nullary term 0 and a binary
term u(z,y) such that u(x,0) = z and u(0,z) = = are theorems.

Many other such properties have been defined in categorical alge-
bra and often have a characterisation of the finitary algebraic cate-
gories which satisfy it. Among them, one can cite: strongly unital cate-
gories [18], subtractive categories [63], n-permutable categories [27] and
protomodular categories [17].

In [64], Z. Janelidze proposed a way to unify many of these categorical
properties. Given a matrix of terms in a Lawvere theory 7 (often Th[Set]
or Th[Set.]), we can consider those T-categories in which relations satisfy
a property described by the columns of the given matrix. In this way,
we recover the examples of Mal’tsev, (strongly) unital and subtractive
categories. Finitary one-sorted algebraic categories which satisfy such an
exactness property are characterised by the existence of a term satisfying
some axioms given by the lines of the matrix. We provide in this chapter
a generalisation of this result characterising such essentially algebraic
categories.

An extension of these matrix conditions introduced in [67] encom-
passes in the regular context some more examples such as n-permutabi-

lity. These matrices are also recalled in Section 2.2.

2.1 Categories with M-closed relations

2.1.1 Definitions and algebraic characterisations

Let us start by recalling simple matrix conditions in general; examples

will be provided in the next subsection.

Definition 2.1. [64] Let 7 be a Lawvere theory. A simple extended
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matriz of terms in T is a matrix

tin -0 T | W
M = : : : (5)

tal -+ tab | Ua

where the ¢;;’s and the w;’s are k-ary terms of T (in the variables from
a finite set X such that #X = k) witha>1,b6> 0 and k > 0.

Definition 2.2. [64] Let M be a simple extended matrix of terms in
the Lawvere theory T as in (5) and C a T-category with finite products.
We say that the a-ary relation r: R — A® in C is M -closed when, for
each object Y in C and all morphisms y1,...,yx: Y — A, if, for each
j€{1,...,b}, the morphism

(tlj(yh e ,yk), .. ,taj(yl, ... 7yk))5 Y — A°
factors through r, then so does the morphism

(w1 (Y1, -y Yk)y -y Ua (Y1, .-, Uk)): Y — A%

Definition 2.3. [64] Let M be a simple extended matrix of terms in the
Lawvere theory 7 asin (5) and C a T-category with finite products. We
say that the a-ary relation r: R — Ay x---x A, in C is strictly M -closed

when, for any object Y in C and any family of morphisms
(Wiir: Y = Ai)ieq1,...a}ive{l, .. k}>
if, for each j € {1,...,b}, the morphism
(ti (Wit - Yik)s - s taj(Yats -+ Yak)): Y — A1 X - X Ag
factors through r, then so does the morphism

(ul(yll7° . '7y1k)a' . '7ua(ya17' ")yak)): Y — Al X oo X Aa'
Here is the link between M-closedness and strict M-closedness.

Theorem 2.4. [64] Let 7 be a Lawvere theory, M a simple extended
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matrix of terms in 7 as in (5) and C a finitely complete T-category.

Then, the following conditions are equivalent:
1. every relation r: R — A% in C is M-closed,
2. every relation r: R — Ay X --- X A, in C is strictly M-closed.

If the above conditions are satisfied, we say that C has M-closed
relations. With this matrix notation, we have an easy characterisation

of algebraic categories with M-closed relations.

Theorem 2.5. [64] Let F': T — R be a central morphism of Lawvere
theories. Let also M be a simple extended matrix of terms in 7 as
in (5). Then, the T-enriched category R-Alg (induced by F) has M-

closed relations if and only if there exists a b-ary term p in R such that

pti (@1, x), .ty (2, .. xk)) = i (@, ..., k)

is a theorem of R for each ¢ € {1,...,a}, where t* denotes the interpre-
tation in R induced by F' of the term ¢ in 7.

We now generalise this result to essentially algebraic categories.

Theorem 2.6. Let I be an essentially algebraic theory, 7 a Lawvere
theory and M a simple extended matrix of terms in 7 as in (5). Given
a T-enrichment on Mod(I") (as in Proposition 1.107), Mod(T") has M-
closed relations if and only if, for each s € S, there exists a term p*: s* —
s of I' such that

1. for each i € {1,...,a}, p*(t}, (21, ..., 2k), ..., t(z1,...,2)) is an

everywhere-defined term s* — s,

2. for each i € {1,...,a},
Pt (T, oy xp)y ety () = i (2, .. k)

is a theorem of T".

Proof. Notice firstly that a relation 7: R — A; x -+ x A, in Mod(T")

can be seen as a submodel of A; x --- x A,. We suppose that terms as
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in the statement exist in ' and we are going to prove Mod(I') has M-
closed relations. So let R be a submodel of A® and y1,...,yx: Y — A

homomorphisms such that

(Wi, Yk), s tag (Y1, -y yk)) Y — AC

factors through R for every j € {1,...,b}. We have to prove that

(w1 (Y1 s Yk)y -5 Ua(Y1y ooy Yk)): Y — A®

also factors through R. In other words, we must show that, for each
s € § and each x € Y,

(i1 (@), yk(@), - ua(yr(2), - ye(2)))

belongs to Rs. But we know that

(151 (@), - k(@) - to (Wi (@), - yk(2))) € Ry

for every j € {1,...,b}. Thus

(ui(yr(2), - u(@), - ug(yi(e), - - ye(2)))
= (P* (1 (wr(); - ye(@)), st (1 (@), - wk (),
(a1 (W1 (2)s s gk (@), s tap (91 (@), - yk(2))))
= (@), k(@) - taa (v (2), - k() -
(

s (@), wk ()5 ey (Wi (), -y (@)
€ R

since R is closed under the operation p®.

Conversely, suppose Mod(T") has M-closed relations and let s € S be
a sort. We denote by X the S-sorted set defined by X, = {z1,...,zx}
and Xy = @ if s # s. Let R be the smallest submodel of Frp(X)® such
that

(1 (21, s mh), - toi (1, ) € Ry

for each j € {1,...,b}. It is not hard to prove that R is actually given
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Ry = {(a(ty (@ omn)s o iyl o),

o a(tar (@, me)s -ty (@, - k) |
q: 8* — &' is a term of T such that
k

gt (1, xp), e (T, Tp)) s 8T — S

is everywhere-defined for all ¢ € {1,... ,a}}

for each s’ € S. Let now Y be the S-sorted set defined by Y; = {y}
and Yy = g if & # s. For Il € {1,...,k}, we consider the unique
I-homomorphism y;: Frp(Y) — Frp(X) which sends y on ;. The mor-
phism

(i (yrs - uk)s s tai(yn, - k) s Fro(Y) — Frp(X)*

factors through R for each j € {1,...,b} since its image at y belongs
to Rs. But Mod(I') has M-closed relations, so we can say that the

morphism

(ur(yt, -+ Yr)s - Ua(y1, -5 yk)) s Frr(Y) — Frp(X)®

factors through R. Evaluated at y, this means
(uf (1, @)y ug(x1,...,2)) € Rs.

In view of the description of Ry, this gives the expected term p®. 0

2.1.2 Examples

We now give some examples of categorical properties induced by simple

extended matrices.

x r yly
C a finitely complete category. A binary relation R — A x B is said

Example 2.7. We consider 7 = Th[Set], M = and

to be difunctional when it is strictly M-closed. Explicitly, this means
that, given morphisms y11,y12: Y = A and y21,y22: ¥ = B in C such
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that (y11,921), (Y12,921) and (y12,922): ¥ — A x B factor through R,
then (y11,y22) also factors through R. This is of course equivalent to R
y y|x

u U v|v
R — A x B as a classical relation R C A x B. It is difunctional when

being strictly -closed. If C = Set, we can view a relation

the implication
a1 Rbi A\ aa Rbi A\ aa Rby = a1 Rbs

holds for all a1,a2 € A and by,by € B. A finitely complete category C is
then called a Mal’tsev category when it has M-closed relations [29].

As a particular case of Theorem 2.5, we have the following Mal’tsev’s

result.

Corollary 2.8. [87, 75] Let R be a Lawvere theory. R-Alg is a Mal'tsev
category if and only if R contains a ternary term p(z,y,z) such that

p(z,y,y) = z and p(z,x,y) = y are theorems of R.
Such a ternary term p(z,y, z) is called a Mal’tsev operation.

Example 2.9. Gp is a Mal’tsev category. A Mal’tsev operation p is

1

obtained as p(z,y, z) = xy~'z. The categories Heyt of Heyting algebras,

TopGp of topological groups, Ab and Set®? are also a Mal’tsev categories
but Set, Mon and Top are not.

Here are some characterisations of Mal’tsev categories.

Theorem 2.10. [29] Let C be a finitely complete category. The following

statements are equivalent.
1. C is a Mal’'tsev category,
2. any relation r: R — A x B in C is difunctional,
3. any relation r: R — A x A in C is difunctional,
4. any reflexive relation in C is an equivalence relation,
5. any reflexive relation in C is symmetric,

6. any reflexive relation in C is transitive.
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In a regular context, we have even more characterisations.

Theorem 2.11. [28] Let C be a regular category. The following state-

ments are equivalent.
1. C is a Mal’tsev category,

2. the composite of two equivalence relations on the same object is

an equivalence relation,

3. if R and S are equivalence relations on the same object, then the
equality RS = SR holds.

We now focus on unital categories.

z 0

0 z|z
be a finitely complete pointed category. When C has M-closed relations,

X

Example 2.12. [18, 64] Let 7 = Th[Set.], M = and C

we say it is unital.
Let us again give the corresponding particular case of Theorem 2.5.

Corollary 2.13. Let R be a Lawvere theory. R-Alg is unital if and only
if R has a unique (up to theorems) constant term 0 and a binary term

u(z,y) such that u(z,0) = z and u(0,z) = z are theorems of R.

A direct proof of this fact can be found in [15]. A binary term u(z, y)

satisfying such axioms is called a Jonsson-Tarski operation [71].

Example 2.14. The categories Mon, Gp, Ab and Seti" are unital but

Set, is not.

In order to recover the usual definition of unital categories, let us

generalise the notion of strong and extremal epimorphisms.

Definition 2.15. Let I be a set and (f;: A; — B);es a family of mor-
phisms with a common codomain in a category C. We say that these
morphisms are jointly epimorphic if, for any pair of parallel arrows
g,h: B = C, gf; = hf; for each i € I implies ¢ = h. Such jointly
epimorphic morphisms are said to be jointly extremaly epimorphic if any

monomorphism m: C' »— B through which each f; factors is necessarily
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an isomorphism. Jointly epimorphic morphisms (f;);c; are said to be
jointly strongly epimorphic if, given any monomorphism m: C' »— D,
any family (g;: A; — C)ier and any morphism h: B — D such that
hf; = mg; for each ¢ € I, there exists a morphism d: B — C such that
md = h (and df; = g; for each i € I).

fi

A ——
i

i -B
T d

P
C>——D

m

This terminology is consistent with the previously defined one in the

following sense.

Proposition 2.16. Let I be a set and (fi: Ai — B)ier a family of
morphisms in a category C in which the coproduct [[;.; A; exists. Let
also f: [[,c; Ai = B be the morphism induced by the f;’s. Then, these
morphisms (f;);er are jointly epimorphic (resp. jointly extremaly epimor-
phic, resp. jointly strongly epimorphic) if and only if f is an epimorphism
(resp. an extremal epimorphism, resp. a strong epimorphism).

As in the classical case, it gets simpler with finite limits.

Proposition 2.17. In a category C with finite limits, jointly extremaly
epimorphic families of morphisms coincide with jointly strongly epimor-
phic ones. Moreover, if I is a set and (f;: A; — B)icr a family of
morphisms in C such that, if they factor through a common monomor-
phism m, this m is an isomorphism, then this family (f;);ecs is jointly

epimorphic and so jointly strongly epimorphic.
We can now give the classical characterisation of unital categories.

Proposition 2.18. [18] The following conditions on a finitely complete

pointed category C are equivalent:

1. C is unital,

2. for each objects X,Y in C, the morphisms (1x,0) and (0, 1y) are
jointly strongly epimorphic,

X (1x,0) X xY (0,1y) v



76 2. Matrix conditions

3. for each object X in C, the morphisms (1x,0) and (0,1x) are
jointly strongly epimorphic.

(1x,0) (0,1x)

X X xX X

Let us now say a word on strongly unital categories.

0 0
Example 2.19. [18, 64] Let 7 = Th[Set,] and M = | * v )
T Y|y
A finitely complete pointed category C with M-closed relations is called

a strongly unital category.

Example 2.20. The category Gp is strongly unital. Although Mon is

unital, it is not strongly unital.

Proposition 2.21. |18, 15| The following conditions on a finitely com-

plete pointed category C are equivalent:
1. C is strongly unital,

2. in C, for every diagram

AéCﬁB
g

f

where fs =14, gt = 1p and ft = 0, the factorisation
(f,9): C - AxB

is a strong epimorphism.
Our last example is about subtractive categories.

0
Example 2.22. [63] We consider 7 = Th[Set,] and M = v g .
T x

A finitely complete pointed category with M-closed relations is called a

subtractive category.
Let us particularise Theorem 2.5 one more time.

Corollary 2.23. [100, 63] Let R be a Lawvere theory. R-Alg is sub-

tractive if and only if R has a unique (up to theorems) constant term
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0 and a binary term u(z,y) such that u(x,0) = = and u(x,z) = 0 are

theorems of R.

Such a binary term w is called a subtraction.

Here is how these properties are linked to each other.

Proposition 2.24. [18, 15, 63] Let C be a finitely complete pointed
category. The following implications hold:

1. if C is a Mal’tsev category, it is strongly unital,
2. C is strongly unital if and only if it is unital and subtractive.

In order to stress another link between those properties, we recall the

construction of the category of points.

Definition 2.25. [17] A point in a category C is a pair of morphisms
(p: A— I,s: I — A)such that ps = 1;. A morphism of points (p, s) —
(p', s') is a pair of morphisms (u: A — A’,v: I — I') such that vp = p'u

and us = s'v.

This forms the category Pt(C) of points of C.
Together with this category, we have a forgetful functor
T Pt(C) — C
A<= 1
P
(u,v) — v.

Proposition 2.26. [17] Let C be a category with pullbacks of split epi-
morphisms along arbitrary morphisms. The functor 7: Pt(C) — C is a
fibration.

This fibration is called the fibration of points of C. The fibre over
I € C of this fibration is denoted by Pt;(C) and is a pointed category
(the zero object is (17,17)). If v: J — I is a morphism of C, the change
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of base functor v*: Pt;(C) — Pt;(C) sends (p, s) to (q,t), where (B, q,u)
is the pullback of p along v

. A
2

jj |

—_

S
——1T
v

and t is the unique morphism such that ¢t = 1; and ut = sv. If
f:(p,s) = (p/,s") is a morphism in the fibre Pt;(C),

A f

the corresponding morphism v*(f): (¢,s) — (¢/,s) is the unique mor-

phism satisfying ¢'v*(f) = ¢ and v'v*(f) = fu.
Looking at these fibres leads to the following characterisations of

Mal’tsev categories.

Theorem 2.27. [18, 63| Let C be a finitely complete category. The

following statements are equivalent:
1. C is a Mal’tsev category,
2. for each I € C, Pt;(C) is a Mal'tsev category,
3. for each I € C, Pt;(C) is unital,
4. for each I € C, Pt;(C) is strongly unital,
5. for each I € C, Pt;(C) is subtractive.

A generalisation of the previous theorem using the matrix presenta-
tion can be found in [65]. The equivalence between points 1 and 3 can

be stated in the following way (see also Proposition 2.18).

Theorem 2.28. [18] A finitely complete category C is a Mal’tsev cate-
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gory if and only if, for any pullback of split epimorphisms,

I

Y

P
f/
lxwg ol
f

X VA

~

!

the induced morphisms Ix and ry (defined by ¢'lx = 1x, f'lx = tf,
g'ry = sg and f'ry = 1y) are jointly strongly epimorphic.

2.1.3 Approximate co-operations

We have seen that Mal’tsev finitary one-sorted algebraic categories are
characterised by the presence of a Mal’tsev operation p(x,y, z) (see Cor-
ollary 2.8). Of course, in a general category, such a characterisation does
not exist any more. D. Bourn and Z. Janelidze showed however that in
the regular context (with binary coproducts), an approximate Mal’tsev
co-operation still exists [21]. Approximate stands here for the fact that
it is not a map Y — 3Y but instead p: Z — 3Y with an approximation
d: Z — Y. This co-operation p satisfies the Mal’tsev axioms, up to
the approximation d. Mal’tsev categories are then characterised by the
condition that such a couple (p,d) can be found with d being a regular
epimorphism. Z. Janelidze generalised this with his matrix presentation
in [68]. Let us first recall the Mal’'tsev case and then the more general

matrix case.

Definition 2.29. [21]| Let C be a finitely complete category with binary
coproducts and Y an object of C. An approzimate Mal’tsev co-operation
on Y is a morphism p: Z — 3Y together with an approximation d: Z —
Y such that the square

~
o
=

(¢1,02)

commutes, where ¢; and o are the coproduct injections.

For each object Y, one can build the universal approximate Mal’tsev
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co-operation on Y, denoted (p¥,d"), by considering the following pull-
back.

Theorem 2.30. |21] Let C be a regular category with binary coproducts.

The following statements are equivalent:
1. C is a Mal’'tsev category,

2. for each Y € C, there is an approximate Mal’tsev co-operation on

Y for which the approximation d is a regular epimorphism,

3. for each Y € C, the universal approximate Mal’tsev co-operation

on Y is such that d¥ is a regular epimorphism.
Let us now discuss its generalisation appearing in [68|.

Definition 2.31. [68] Let 7 be a Lawvere theory and M a simple ex-
tended matrix of terms in 7 as in (5). Let also C be a finitely complete
T-category with finite coproducts and Y one of its objects. An approz-
wmnate co-solution for M on Y is a morphism p: Z — bY together with
an approzimation d: Z — Y such that the square

p
A bY

Y,op Y,op
il o tad

d : :
Y,op Y,op
by o tap

)a

(u}’YOP,m’uZ@P)

commutes.

For each object Y, one can build the universal approximate co-so-

lution for M on 'Y, denoted (p¥,d"), by considering the following pull-
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back square.

pY
W (Y) bY
|
Y,op Y,op
il tad
av :
Y,op Y,op
tlb . tab
a
Y,op Y,op (kY)
(uy P, ug ")

And here is the generalisation of Theorem 2.30.

Theorem 2.32. [68] Let 7 be a Lawvere theory and M a simple ex-
tended matrix of terms in 7. The following conditions on a regular

T-category C with finite coproducts are equivalent:
1. C has M-closed relations,

2. for each Y € C, there is an approximate co-solution for M on Y

for which the approximation d is a regular epimorphism,

3. for each Y € C, the universal approximate co-solution for M on Y

is such that d¥ is a regular epimorphism.

2.1.4 Categories with M-closed strong relations

Considering only strong relations instead of all relations, one gets the no-
tion of a category with M-closed strong relations. If M is the Mal’tsev
matrix of Example 2.7, we recover weakly Mal’tsev categories introduced
in [91], while if M is the matrix defining unital categories (see Exam-
ple 2.12), we get the notion of a weakly unital category |90]. In both
cases, the idea is to replace ‘jointly strongly epimorphic’ by ‘jointly epi-
morphic’ in their respective characterisations.

Strong monomorphisms are dual to strong epimorphisms, i.e., these
are the monomorphisms m for which e L m for every epimorphism e. In
addition to the dual properties of those in Proposition 1.15, one also has

the following.

Proposition 2.33. In a category with pullbacks, a morphism m such

that any epimorphism is orthogonal to it is necessarily a monomorphism,
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and thus a strong monomorphism. Moreover, the pullback of a strong
monomorphism along an arbitrary morphism is again a strong monomor-

phism.

Definition 2.34. Let C be a category with finite limits and a > 1 a
natural number. An a-ary strong relation in C is a relation r: R —

Ay x -+ x A, which is also a strong monomorphism.

Theorem 2.35. Let 7 be a Lawvere theory, M a simple extended matrix
of terms in 7 as in (5) and C a finitely complete T-category. Then, the

following conditions are equivalent:
1. every strong relation r: R — A% in C is M-closed,

2. every strong relation r: R — Ay Xx---x A, in C is strictly M-closed.

Proof. 2 = 1 being trivial, let us prove 1 = 2. So, let us consider a
strong relation r: R — Aj x---x A, in C. Since r is strong, its pullback
s along w1 X -+ X m, is also strong, where m;: Ay X -+ X A, — A; is the

i-th projection.
S R

i i

(A] X -+ x Ay)® Ay x - x A,

TLX X Tq

We conclude the proof by Proposition 1.9 in [64] which says that r is
strictly M-closed if and only if s is M-closed. O

If the above conditions are satisfied, we say that C has M -closed
strong relations. In view of the following examples, we could also have

written that C is ‘weakly with M-closed relations’.

T x Y|y
be a finitely complete category. When C has M-closed strong relations,

Example 2.36. [91, 69] Let 7 = Th[Set], M = and C

we say it is weakly Mal’tsev.

The reader should compare the above example and following propo-

sition with Example 2.7 and Theorem 2.28.
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Proposition 2.37. [91, 69] A finitely complete category C is weakly
Mal’tsev if and only if, for any pullback of split epimorphisms,

T

|

Y
Y

P
f
leg gi t
f
X

VA

A

~

!

the induced morphisms [x and ry (defined by ¢'lx = 1x, f'lx = tf,

g'ry = sg and f'ry = ly) are jointly epimorphic.

Example 2.38. Of course, every Mal'tsev category is weakly Mal’tsev.
The category of commutative monoids with cancellation is a weakly
Mal’tsev category but not a Mal’tsev one (this is due to G. Janelidze,
see [91]). Top®P is also a weakly Mal'tsev category (see [92]). This
example can be generalised to other topological contexts using (T, V)-

categories (see [92, 32, 84] for more details).

z 0

0 z |z
finitely complete pointed category. If C has M-closed strong relations, it

X

Example 2.39. Let 7 = Th[Set,], M = and C be a

is called weakly unital [90].

Proposition 2.40. The following conditions on a pointed category C

with finite limits are equivalent:
1. C is weakly unital,

2. for all objects X and Y in C, the product injections

X (1x,0) XxY (0,1y) v

are jointly epimorphic,
3. for any object X in C, the product injections

x U0 v x O ¢

are jointly epimorphic.
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Proof. We first prove 1 = 2. Let f,g: X x Y == Z be morphisms
such that f(1x,0) = ¢g(1x,0) and f(0,1y) = g(0,1y). Their equaliser
e: E— X xY is a strong relation through which (px,0) and (0, py):
X xY — X xY factor. Thus, by assumption, lxxy = (px,py):
X XY — X xY also factors through it, so that e is an isomorphism and
f=g

2 = 3 being trivial, it remains to prove 3 = 1. So, given a strong
relation 7: R »— A? and a morphism z: X — A such that (x,0) and
(0,z): X — A2 factor through r, we have to prove that (z, ) also factors

through r. Let us consider the pullback s of r along x2.

S——R

37

X2 > A2
x2

The relation s is strong, (1x,0) and (0,1x): X — X? factor through it
and we only have to prove that (1x, 1x) also factors through s. But since
(1x,0) and (0, 1x) are supposed to be jointly epimorphic, s is an epimor-
phism. Together with the fact that it is also a strong monomorphism, s

is an isomorphism and so (1x,1x) factors through it. O

Again, compare this with Example 2.12 and Proposition 2.18.

2.2 Categories with (M, X)-closed relations

In order to encompass also the example of n-permutable categories [27],
we present in this section a more general type of matrices [67] which, in

a regular context, also give rise to conditions on categories.

Definition 2.41. [67] Let 7 be a Lawvere theory. An eztended matriz
(M, X) of terms in T is given by a matrix

tin -+l U o Uy

tar -+ lab | Ual -0 Ul
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witha >1,b> 0, > 0 and where the u;;’s are k-ary terms of 7 in the
variables from a finite set X’ with #X’ = k and the ¢;;’s are [-ary terms
of T in the variables from X” C X’ with #X” =l and X = X"\ X".

For simplicity, we will often think of X" as {z1,...,7;} and X

as {xy41, ..., Tk}

Definition 2.42. [67| Let T be a Lawvere theory, (M, X) an extended
matrix of terms in 7 as in (6) and C a regular T-category. An a-ary
relation r: R — A% in C is said to be (M, X)-closed if, when we consider
the pullbacks

P R Q RY
_ _
f rb g Tb/
Al A@ b Ak Ao b
(tfl txlqb) ( ) ufl Ufb/ ( )
tél tla.qb ui?l u(‘i‘b,
and
T Ay
_
g
: Ak =2 ALy AR
lm=(p1,--~7pl)
p Al
f

then ¢ is a regular epimorphism (or, in other words, f factors through the

image of m1g). Here, p;: AF — A is the j-th projection for 1 < j < k.

We also have a description of (M, X)-closedness in terms of gener-

alised elements as in the following proposition.

Proposition 2.43. Let (M, X) be an extended matrix of terms in the
Lawvere theory T as in (6). Let also r: R — A% be an a-ary relation in
the regular 7-category C. Then, R is (M, X)-closed if and only if, for
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each morphism 3 = (y1,...,y): Y — Al in C such that

(tlj(yla"'7yl)>"'7taj(y17'-->yl)): Yy — A?

factors through r for each j € {1,...,b}, there exists a regular epimor-
phism p: Z — Y and morphisms 2;41,...,2x: Z — A such that the
map Z — A®

(Ulj(ylp, N 2 S P 7Zk)7 o 7uaj(y1p7 ey YDy Rl415 - - '7Zk))

factors through r for each j € {1,...,V'}.

Proof. For the ‘if part’, it suffices to consider, using the notations of
Definition 2.42, y = f. We then get a regular epimorphism p: Z - P
and morphisms z;41,...,25: Z — A such that, for each j € {1,...,V'},
the morphism Z — A®

(wig(prfp, P 21415 2k) o ey (DL, - LD 2041 - 21)
factors as rw;. Considering the morphisms
(wi,...,wy): Z — RY
and

(plfp7' "7plfp7zl+17" . 7Zk): Z — Ak?

we get a morphism z: Z — @ such that

9z = (p1fp, -, pifD 2141, -5 28)

which implies m1gz = fp. Therefore, p factors through ¢ and so ¢ is a

regular epimorphism.
For the ‘only if part’, let v;: Y — R be the unique morphism such
that
7"[)3' = (tlj(y17 soe 7yl)7 s 7taj(y17 s 7yl))

for each j € {1,...,b}. Then, let h: Y — P be the unique morphism
such that fh = (y1,...,y) and f'h = (v1,...,v). Eventually, we con-
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struct p as the pullback of t along h

/

p

J ——T
|
p t
Y —P
h

and z; = p;gt'p’ for each j € {I{+1,...,k}. It remains to see that

Wi (Y1Ds - -+ YIDs 20415 - - - 5 2k)

= uij(prfhp, ... ,pifhp, priagt’y’s ... prgt'p’)
= uij(pfty’, ..., fto' s piagt’'s - prgt'p’)
= uij(prgt'v’s ..., prgt'p’)

= uij(p1,.... pr)gt'p’

zuf}gt'p’
foralll <i<aand1<j <V, andso

(U1 (Y1Ds - s YDy 211y - o3 Zh)s - - oy Ua (YID, o YD, 21415 - - - k)

= (ufj, cel ufj)gt/p/

_ rpjg’t’p’
factors through r for each j € {1,...,V'}. O

Definition 2.44. Let T be a Lawvere theory and (M, X) an extended
matrix of terms in 7 as in (6). We say that the regular 7-category

C has (M, X)-closed relations if every a-ary relation R — A% in C is
(M, X)-closed.

Matrices from Section 2.1 are particular examples of extended ma-

trices.

Example 2.45. If M is a simple extended matrix of terms in the Law-
vere theory T, it gives rise to the extended matrix (M, &) of terms in 7.
In this case, b’ =1 and | = k.

Proposition 2.46. [67] Let 7 be a Lawvere theory, M a simple extended

matrix of terms in 7 as in (5) and C a regular T-category. An a-ary
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relation R — A% in C is M-closed if and only if it is (M, &)-closed. Thus
C has M-closed relations if and only if it has (M, @)-closed relations.

Let us now discuss the case of n-permutable categories. If R — X XY
and S — Y x X are two binary relations in a regular category, and
n > 1 a natural number, we denote by (R, S),, the relation given by the
composite

(R,S), = RSR - --

which contains exactly n occurrences of Ror S. f R=Sand X =Y,

we write as usual (R, R), = R".

Definition 2.47. |27| Let n > 2 be a natural number. A regular cate-
gory C is said to be n-permutable if, given two equivalence relations R

and S on a same object, the identity
(R,S)n = (S,R)n

holds.

Example 2.48. In view of Theorem 2.11, a 2-permutable category is
nothing else than a regular Mal’tsev category. A 3-permutable category

is also called a Goursat category [27].

Theorem 2.49. |27, 70] Let n > 2 be a natural number and C a regular

category. The following conditions are equivalent:

1. C is n-permutable,

2. (R,S)n = (S, R),, for any two effective equivalence relations R and

S on the same object,
3. (P, P°P)p4+1 < (P, P°P),,_; for any binary relation P,
4. (E, E°P),,_; is an equivalence relation for any reflexive relation F,
5. E°° < E™! for any reflexive relation E.

Example 2.50. We consider here the case 7 = Th[Set] and

T Yy y|r 21 22 Tt Zn—2
(M,X): (( >;{217---72n—2})
r T Y|z1 22 - Zp-2 Yy
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for a natural number n > 2. We can prove that a regular category has
(M, X)-closed relations if and only if it is n-permutable, but it would be
very long to do it directly. We will instead prove it as an application of

Barr’s Embedding Theorem 4.2 (see Proposition 4.6).

As for simple extended matrices, we can nicely characterise finitary

one-sorted algebraic categories with (M, X)-closed relations.

Theorem 2.51. [67] Let F': T — R be a central morphism of Law-
vere theories. Let also (M, X) be an extended matrix of terms in 7 as
in (6). Then, the regular T-enriched category R-Alg (induced by F') has
(M, X)-closed relations if and only if there exist b-ary terms p1,...,py
and l-ary terms qi,...,qr_; in R such that

Pyt (@1, @), (@, )

= uéj(xl, PN ,xl,ql(agl, .. .,I’l), PN 7q1~c—l($17 . .,xl))

is a theorem of R for each i € {1,...,a} and each j € {1,...,V'}, where
t* denotes the interpretation in R induced by F of the term ¢ in T.

We now prove a similar characterisation of essentially algebraic cate-
gories with (M, X)-closed relations. Since images in those categories are
a bit harder to describe than in the algebraic case, we need more terms

here.

Theorem 2.52. Let I' be an essentially algebraic theory such that
Mod(I") is regular, 7 a Lawvere theory and (M, X) an extended ma-
trix of terms in 7 as in (6). Given a T-enrichment of Mod(T") (as in
Proposition 1.107), Mod(I") has (M, X)-closed relations if and only if,

for each s € S, there exists in I’

e aterm 7 [[,cppsu — s,

e for every v € {1,...,k} and u € U, an everywhere-defined term
qy: sb— s,

o for every j € {1,...,b'} and u € U, a term p}: st — sy,

such that
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1. the term
pi(th (s xp), (T, @) st — sy

is everywhere-defined for all i« € {1,...,a}, j € {1,...,b0'} and
u e U,

2. the theorem

Py (@, -y, (2, a)

= uf;(qi‘(ml, ey X))y QXL 1))

holdsin T for all ¢ € {1,...,a}, j € {1,...,0'} and u € U,

3. the term

ﬂs((qg(xl, s 7xl))ueU)f Sl — S

is everywhere-defined for each v € {1,...,1},

4. the theorem

WS(<q11j(x17 s 7xl))uEU) = Ty

holds in T for each v € {1,...,1}.

Proof. Suppose firstly that such terms are given. Let R C A% be an
a-ary relation on A in Mod(I"). Let also P and @ be as in the definition
of (M, X)-closedness. We have to prove that f: P — A! factors through
the image of mg: Q — Al. Let s € S and (a1,...,a;) € Ps C AL, We
know that

S

(fj(al,...,al),..., aj(al,...,al))eRs

for each j € {1,...,b}. So, for each j € {1,...,b'} and u € U,

(u‘i;‘-(qqf(al, ces @)y qi(ar, .o a)), .
e an, e @)

= (pq;(t“lql(al, coar), .. tplar, . ar), .

.. ,p}‘(tzl(al, v ,al),. .. ,tzb(al, . ,al)))



2.2. Categories with (M, X)-closed relations 91

=pj (t1(a1, - ar), .. ta(ar, .. ar), ...
.. .,(t‘ib(al,...,al),. . .,tib(al,.. . ,al)))

€ Rs,
since R is a submodel of A%. This means that

by = (¢ (a1, ..., a1),...,qi(a1,...,a;) € Qs, < AIS“U

for all w € U. Therefore,

(alv 7al) = 778((‘]%(“17 val))ueU)7""Ws((Q?(alv ‘7al))u€U))
=m°(((¢1 (a1, ... a1), .., q'(a1,...,a1)))uev)
= Ws((ﬂlg(bu))uEU)

and R is (M, X)-closed.

Conversely, let us suppose that Mod(T") has (M, X)-closed relations.
Let s € S and Y be the S-sorted set such that Yy = {y1,...,y;} and
Yy, = @ for s # s. We denote by R the smallest a-ary homomorphic
relation on Frp(Y') such that

(ij(ylw”7yl)7"'7t2j(y17”'7yl)) e-RS

for each j € {1,...,b}. Tt is easy to prove that for each s’ € S,

Ry = {a—tuple of everywhere-defined terms

(t(til(yh s '7yl)7 s 7tib(y17' . '7yl))7 s
catar (YY)t w) |

t: s — s is a term ofF}
C Frr(Y)%.
Let P and @ be as in the definition of (M, X)-closedness for R. Since

(y1,--.,uy1) € Psand R is (M, X)-closed, (y1,...,y) € Im(m1g)s. There-

fore, there exists a term 7°: [], .y s« — s and an element ¢* € Qs, for
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each v € U such that

m*(m19(q"))uev) = (Y1, -+ 01)-

So, for each v € U, using the description of Q)s,, there exist everywhere-

defined terms ¢, ..., q;: st — s, such that

(W2 (gt gl S (a o q1)) € R,

for any j € {1,...,b'} and the term

T ((qy (Y15 -+ Y1) Juev)

is everywhere-defined and equal to y, for each v € {1,...,1}. The above

b

description of R,, gives the terms pji s’ = Sy for every u € U and

j €{1,...,b'} with the required properties. O

Of course, using the remark after Proposition 1.84, if I" is finitary,
we can consider that 7° is a finitary term []" ; s, — s. This case has
been proved in [59]. If we consider the matrix from Example 2.50, we get
in this way a syntactic characterisation of n-permutable locally (finitely)
presentable categories. Another characterisation of regular n-permutable
categories of the form Lex(D, Set) for a small finitely complete category
D is proved in [47] in terms of D. Since finitely presentable objects in the
category Mod(T") are hard to understand, it does not seem obvious how
to lift the characterisation from [47] to the above syntactic one. More-
over, with our Theorem 2.6, we described Mal’tsev locally presentable
categories with no assumption of regularity.

Let us conclude this chapter with a generalisation of approximate co-
solutions for M (Definition 2.31 and Theorem 2.32) from the previous
section to the extended matrices (M, X). The n-permutable case appears
in [97] while the general case is from [59]. In view of Theorem 2.51, we

now need several approximate co-operations.

Definition 2.53. [59] Let 7 be a Lawvere theory and (M, X) an ex-
tended matrix of terms in 7 as in (6). Let also C be a regular T-category

with finite coproducts and Y an object of C. An approzimate co-solution
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for (M,X) onY is a span

A
(p1,u-jiij//// i (q1s-qk—1)

d

Y

Y)Y (1Y )k

satisfying
5P
: pj:Uij(le,...,le,ql,...,qk_l):Z—)lY
t5oP

foralli € {1,...,a} and j € {1,...,V'}, where ¢1,...,4: Y — IY are

the coproduct injections.

For any object Y in C, there is a universal such. Let L be the following

product,

L=0BY)Y xY x (IY)k!

(bY)?' Y (1Y )kt

consider the equaliser

Y,
tilop
b
£ °P ie{l,...,a}
. je{1,...b'} ,
W(Y)— I (1Y yaxb
(Uij(bld/:-~7bld/:q/1,'~~:Q;€,l)) ZE{]_,#]/}
je{i b}

and let d¥ = d'e, (q}/,...,qz_l) = (¢je,...,q,_,e) and (p}/,...,p};) =
(ple,...,pje). Then

W(Y)

(ply,...,z:V ldy (@7 ar_y)

(bY )V Y (1Y)k—!
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is the wuniversal approximate co-solution for (M,X) on Y in the sense

that any other factorises uniquely through it.

Theorem 2.54. [59] Let 7 be a Lawvere theory and (M, X) an extended
matrix of terms in 7. The following conditions on a regular T-category C

with finite coproducts are equivalent:
1. C has (M, X)-closed relations,

2. for each Y € C, there is an approximate co-solution for (M, X) on

Y for which d is a regular epimorphism,

3. for each Y € C, the universal approximate co-solution for (M, X)

on Y is such that d¥ is a regular epimorphism.

Proof. 3 = 2 is obvious and 2 = 3 follows from the universality of W (Y).
Let us prove 1 = 2. So, let Y € C and consider the pullbacks

f/

P (bY)?
_
e - 2’
f . .
(1Y) T (@y))?
tin ot
e
/
Q : (bY)”
_
e e\
g . .
k b’
() — e (Y))

Iy .. 1Y

Uql ab’
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and
T a Q
|
g
¢ (V)= (1Y) x (1
P (1Y)

f

Since the image of
tY,OP tY,op

11 al

tY,OP tYyop

bY 1b ab

Y)k:—l

)"

is an (M, X)-closed relation, ¢ is a regular epimorphism. In addition, the

diagram
Y (Llu “}Lb) (bY)b
T
(t15ee5t1)
;P
) 1Y)a)®
(1Y) - (Y
(tf;% tg)
commutes and so (t1, ..., ;) factors through f. Hence, if we consider the
pullback
Z & Q
1
g
d (IY)F = (1Y)l x (1y)+

)
lm
Y Y)!

(1

(t1,00501)

the morphism d : Z — Y, being a pullback of ¢, is a regular epimorphism.

Therefore, we have the expected approximate co-solution for (M, X)
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onY:
Z
g'd i \29;1/
d
(bY )Y Y (1Y )kt

It is actually an approximate co-solution for (M, X) on Y since, for each
i€{l,...,a} and each j € {1,...,b'}, by definition of the pullback @,
we know that
tZYl,op
L) pigd = ul) gd
Y,op
tib
= wi;(pYgd, ... prgd’)

= ’u,,'j(l,ld, ey le,pggrlgd/, e ,p/k,gd/)
where pf, ..., ph: (BY)Y = bY and p, ..., p}: (IY)* — 1Y are the prod-

uct projections.

It remains thus to prove 3 = 1. Let r: R — A® be an a-ary relation
in C. We are going to use Proposition 2.43 to prove that R is (M, X)-
closed. So, we consider a morphism y = (y1,...,4): Y — Al such that

(tlj(ylv"')yl)v"')taj(ylv"'vyl)): YHAG

factors through r for each j € {1,...,b}. By assumption, we have a
regular epimorphism d¥ : W(Y) — Y and a morphism

n
2y = ( : )qu_l:W(Y)—)A

Y

for each v € {l+1,...,k}. Now, for each j € {1,...,V'},

(ulj(yldY, e ,yldY, Zl41y ey Zk>7 N ,uaj(yldy, N ,yldY, Zl41y -y Zk))

Y1
= << : )ulj(leY,...,leY,q}/,...,q}c/_l),...

i

vl Y Y Y Y

..,(f)uaj(bld yooyud ,ql,...,qkl)>
Y
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Y1 7P Y1 tai®
Y t}’l;op Y 2taYb-,op
tll(ylv"'ayl) tal(ylv"'zyl)
= : 5 Pj
t1o(W1s-y) 0 tab(Y1,-01)
which factors through r by assumption on yi,...,y;. This proves that R
is (M, X)-closed. O







Chapter 3

Unconditional exactness

properties

The free cofiltered limit completion of a small finitely complete cate-
gory C is obtained as the Yoneda embedding C < Lex(C, Set)°P [7, 44].
One of the crucial part of Barr’s proof for his embedding theorem [10]
is the fact that, if C is regular, then so is Lex(C, Set)°P. Since we will
need the same ‘preservation’ if C has (M, X)-closed relations for our em-
bedding theorems, we are going to study in this chapter such properties
which are ‘preserved’ under this completion.

We thus devote the first section of this chapter to precisely define
what we call an ‘unconditional exactness property’. Roughly speaking,
this is a property which can be stated as ‘if we start with a finite diagram
of a given shape in C and add to it some finite (co)limits, then some finite
(co)cones are also (co)limits’. This is called unconditional to contrast
with properties of the kind: ‘if some (co)cones are (co)limits, then some
others are as well’. Many properties can be expressed as unconditional
exactness properties: regularity, having (M, X)-closed relations, being
Mal’tsev exact, abelian, and so forth (see Examples 3.15, 3.16 and 3.17).

We then prove in Section 3.2 that these unconditional exactness prop-
erties are ‘preserved’ under the free cofiltered limit completion. This gen-
eralises many already existing theorems (but not all), see Remark 3.22.
As we said above, this will be used as a crucial tool in our embedding

theorems. In addition, it will be shown in Subsection 3.2.2 how this

99
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preservation property can be used to remove an assumption on the exis-

tence of some colimits in a theorem.

3.1 Definition and examples

Since we would like to have as example of unconditional exactness prop-
erties the one of having (M, X)-closed relations for an extended matrix
(M, X) of terms in a commutative Lawvere theory 7, we will actually
define T-unconditional exactness properties. Roughly speaking, it is the

collection of
e a shape of diagram &g,

e an algorithm of construction of some finite (co)limits from this

diagram (and some factorisations induced by them),
e some specified finite (co)cones in the resulting diagram.

In this language, a T-category C satisfies it if, when we start with a dia-
gram of shape & in C and when we add to it the finite (co)limits specified
by the algorithm, then the specified finite (co)cones are (co)limits. This
is equivalent to ask that some specified morphisms are isomorphisms.
In order to define them properly, we need to recall the notion of a
conditional graph (see for instance the first volume of [14]). Graph theory
was invented by Euler [39] in 1736, see e.g. [99] for recent developments.

Definition 3.1. The category Graph of graphs is the two-sorted alge-
braic category 3-Alg where ¥ is the S-sorted signature of algebras with
S = {x4,*0} defined by ¥ = {d, c: x4 — *0}. Asusual, if G is the graph
d,c: A= 0, A=ar(G) is the set of arrows of G, O = ob(G) is the set
of objects of G and an arrow f € A is represented as f: d(f) — ¢(f).

Definition 3.2. Let G be a graph. A path in G is a non-empty finite
sequence p = (A, f1, Az, fo,..., A,) alternating objects A; and arrows
fi, the first and the last item being objects and each f; is an arrow

A; — Ai+1. In this case we write p: A — A,.

Definition 3.3. A commutativity condition on a graph G is a pair of
paths ((A1, f1,...,4,),(B1,91,...,Bn)) with A} = By and A,, = By,.
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Definition 3.4. A conditional graph is a graph G together with a set of
commutativity conditions. A morphism F: G — G’ of conditional graphs
is a morphism of graphs such that, for each commutativity condition
((A1, f1,.-.,4), (B1,g1,...,Bn)) of G,

((F(Al)vF(fl)v“'7F(An))’(F(Bl)’F(gl)7"'7F(Bm)))

is a commutativity condition of G’. This gives rise to the category
CondGraph.

Each small category C has of course an underlying graph. But it has
also an underlying conditional graph, considering the set of all commu-
tativity conditions ((A1, fi1,...,4n), (B1,91,-..,Bm)) such that

fa—10-r0ofi=gm-10---0g1

(where the left hand side is considered as 14, if n =1 and similarly for
the right hand side). We thus have a forgetful functor

U: Cat — CondGraph.

Proposition 3.5. The forgetful functor U: Cat — CondGraph has a
left adjoint Path: CondGraph — Cat.

The construction of Path can be found in [14]. It goes as follows: For
a conditional graph G, let D be the category defined by ob(D) = ob(G)
and for A, B € ob(G), D(A, B) is the set of paths A — B. Composition
is the concatenation of paths and 14 is the path (A). Then, let R be the

smallest subcategory of D x D which satisfies the conditions
1. ob(R) ={(A,A) | A € D},

2. for any A, B € D, R(A, B) contains the commutativity conditions
of G made of parallel paths A — B,

3. R(A,B) C D(A,B) x D(A, B) is an equivalence relation for any
ABeD

where, for the sake of brevity, we denoted R((A, A), (B, B)) by R(A, B).
We then set ob(Path(G)) = ob(G) and for any objects A,B € G,
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Path(A, B) is the quotient of D(A, B) by R(A, B). Composition and
identities are computed as in D. The unit G — U(Path(G)) is the
identity on objects and sends f: A — B to [(A, f, B)].

We now need to prove a few lemmas which deal with other universal

constructions.

Lemma 3.6. [58] Let 7 be a Lawvere theory and C a T-category. Sup-
pose we have, for all A, B € C, a subset S(A,B) C C(A, B) x C(A, B).
Let S = U4 pec S(A, B). Then, there exists a unique (up to isomor-
phism) T-functor Q: C — D satisfying Q(f) = Q(g) for all (f,g) € S
and such that, for any T-functor F': C — D’ satisfying F(f) = F(g) for
each (f,g) € S, there exists a unique 7-functor F': D — D’ such that
FQ=F.

9 D

VR s AT

Dl

C

Proof. By a T-subcategory of a T-category £, we mean a subcategory
&' C & such that t(fi,..., fn) € E'(A,B) for all fi,...,f, € E'(A, B)
and n-ary term t of 7. Let now R be the smallest T-subcategory of
C x C such that

1. ob(R) = {(A4,4) | A C},
2. S(A, B) C R(A, B),

3. R(A,B) C C(A,B) x C(A, B) is an equivalence relation for any
A, BeC

where, for the sake of brevity, we denoted R((A, A), (B, B)) by R(A, B).
Now, let ob(D) = ob(C) and D(A, B) = C(A, B)/R(A, B) for all objects
A, B € C. Dis a T-category where the identities, the composition and
the T-enrichment are induced by the ones in C. Moreover, the quotient
map @: C — D is a T-functor such that Q(f) = Q(g) for each (f,g) € S.

If we have a T-functor F': C — D’ satisfying F(f) = F(g) for every
(f,9) € S, to prove the existence of F, it suffices to consider the 7-
subcategory R’ of C x C such that ob(R') = {(A4,4) | A € C} and
R'(A,B) = {(f,9) € C(A,B) xC(A,B) | F(f) = F(g)}. By definition
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of R, R C R/, and we can construct F with the universal property of

the quotient. Uniqueness follows easily. O

We will denote this T-category D by C/S. The notations Uy, Frr,
U and Path in the next lemma come from Corollary 1.110 and Proposi-
tion 3.5.

Lemma 3.7. [58] Let 7 be a commutative Lawvere theory, C a small
T-category and F': UUr(C) — G a morphism of conditional graphs.
Then, there exists a unique (up to isomorphism) morphism of condi-
tional graphs F:G — UUr (D) with D a small T-category such that
FF:C — D is a T-functor and satisfying the following universal prop-
erty: if H: G — UU7(D’) is a morphism of conditional graphs with D’
a small T-category such that HF': C — D’ is a T-functor, there exists a
unique 7-functor H: D — D’ such that UU(H)F = H.

UUr(C) -G 2 UUT (D)

R R UU ()
»

UU7T(D')

Moreover, the analogous property also holds if D’ is a (not necessarily

small) T -category.

Proof. Let F be the composite

G i U (Path(G))
U(F:)
U(UT (Frr (Path(G)))) —7— 7= U(Ur (Fr7(Path(G))/5))

where

S(A7 B) :{(t<F2F1F<h’1)7 s 7F2F1F(hn))7 FQFIF(t(h’lv v 7hn))) ’
t is an n-ary term of 7 and hy,...,h, € C(4, B)}.

The result then follows from the universal properties involved in the

construction. Since the construction of F' does not change if we consider
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a bigger universe V > U, the universal property also holds if D’ is not
small. O

This small T-category D will be denoted by T-Path(F'). Next def-
inition describes how to formally add a (co)cone in a T-sketch (or an
induced morphism). In order to shorten notations, if there is no ambi-
guity, we will not always write the functors U and Uy when we apply
them.

Definition 3.8. [58] Let 7 be a commutative Lawvere theory and S =
(8,P,I) a T-sketch. A wniversal augmentation of S is a morphism of
T-sketches F': S — S = (§',P',Z") which can be built up from S by one

of these four operations:

a. Choose a diagram G: D — S with D a finite category. Then, define
the conditional graph S as follows:

e the set of objects of S is
ob(S) = ob(S) U {L},
e the set of arrows of S is
ar(S) = ar(S) U { L 22~ G(D) | D € D},

e the commutativity conditions on S are the ones from UU7(S)

and
((L, Ap,, G(D1), G(d), G(D2)), (L, Ap,, G(D2)))
for any map d: Dy — D5 in D.
Then, define F': S — &’ to be the composite
S — S = T-Path(S — S),

P’ to be induced by P and A\: Ay = G and Z’ to be induced by Z.

b. Choose a diagram G: D — S with D a finite category. Then, define
the conditional graph S as follows:
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e the set of objects of S is
ob(8S) = ob(S) U {C},
e the set of arrows of S is
ar(S) = ar(S) U { G(D) 22~ C | D € D},

e the commutativity conditions on S are the ones from UU7(S)

and
((G(D1), Ap,, 0), (G(D1),G(d), G(D2), Ap,, C))
for any map d: D1 — Dy in D.
Then, define F': S — S’ to be the composite
S — S — T-Path(S — S),
P’ to be induced by P and Z’ to be induced by Z and X\: G = A¢.

c. Choose a cone A\: A, = G in P and any cone u: Ax = G over
G: D — S. Define the conditional graph S as follows:

e the objects of S are the same as the ones of S,

e the set of arrows of S is
ar(S) = ar(S) U { X —= L },

e the commutativity conditions on S are the ones from UU7(S)
and
((Xa KD, G(D))v (Xa m, L, A\p, G(D)))

for any object D € D.

Then, define F': S — S’ to be the composite
S — 8§ — T-Path(S — §),

P’ to be induced by P and Z’ to be induced by Z.
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d. Choose a cocone \: G = A¢ in Z and any cocone pu: G = Ax
over G: D — 8. Define the conditional graph S as follows:

e the objects of S are the same as the ones of S,

e the set of arrows of S is
ar(S) = ar(S)U{ C "= X },

e the commutativity conditions on S are the ones from UU7(S)
and
((G(D), Ap,C,m, X),(G(D), up, X))

for any object D € D.

Then, define F': S — S’ to be the composite
S — S — T-Path(S — S),

P’ to be induced by P and Z’ to be induced by Z.

Definition 3.9. Let T be a Lawvere theory and £ a T-category. We say
that € has finitely presentable hom-algebras if, for all A, B € £, £(A, B)
is a finitely presentable object in T-Alg.

Note that a better name would have been ‘locally finitely present-
able’, but this terminology is already used (Definition 1.68). In view of
Example 1.40, if 7 = Th[Set] or 7 = Th[Set.], a category & has finitely
presentable hom-algebras if and only if £(A, B) is a finite set for each
pair of objects A, B € £. We are now able to define T-unconditional

exactness properties.

Definition 3.10. [58] Let 7 be a commutative Lawvere theory. A
basic T -unconditional exactness property is a morphism of 7T-sketches
e: I(&) — E; where & is a small T-category with finitely presentable

hom-algebras and e is the composite of

1s,

Eq

(&) = So S . Sn

where each S; — S;11 is a universal augmentation of S; = (S;, P;, Z;) and
E; is (Sp,P,Z) with P 2 P,, and Z D Z,, containing only (co)cones over
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finite diagrams. A T -unconditional exactness property is a class of basic

T-unconditional exactness properties.

Definition 3.11. [58] Let 7 be a commutative Lawvere theory. We
say that a T-category C satisfies the basic T-unconditional exactness
property e: 1(&) — E; if, for any 7-functor H: & — C, there exists a
morphism of V-T-sketches (for some bigger universe V > U) H: E; —
FD(C) such that He = H.

(&) £ Eq

%‘\ s 3H

FD(C)‘Y

We say that a T-category C satisfies a T-unconditional exactness prop-

erty P if it satisfies all basic ones in P.

Note that this definition does not depend on the bigger universe V
we choose. In the next lemma, we also choose any bigger universe V 3 U
and, for the sake of brevity, we denote the V-2-category V-T-Sk of V-T-
sketches simply by SK.

Lemma 3.12. [58] Let 7 be a commutative Lawvere theory and e :
I(&)) — E; a basic T-unconditional exactness property. Then, the fol-

lowing statements hold:

1. If C is a T-category, the composition functor
SK(e,FD(C)): SK(E;,FD(C)) — SK(I1(&), FD(C))

is full and faithful. Thus, each natural transformation a: H = H’
between T-functors & = C with extensions H, H': E; = FD(C)
extends uniquely as 3: H = H' with fx1, = a.

I(&) = Eq
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2. A T-category C satisfies e if and only if
SK(e,FD(C)): SK(E1,FD(C)) — SK(I(&), FD(C))

is essentially surjective on objects. This means that for each 7T-
functor H: & — C, there exists a morphism of V-T-sketches H :
E; — FD(C) such that He is isomorphic to H.

1(&) - K,
FD(C)

3. If a T-category C satisfies e, the extension H of H is unique up to

isomorphism.

4. If H :C =2 D : K is an equivalence of T-categories (with H and K
T-functors), C satisfies e if and only if D does.

Proof. 1. SK(1s,,FD(C)): SK(E;,FD(C)) — SK(S,,FD(C)) is ob-
viously full and faithful. So, it remains to prove the same for
SK(F,FD(C)) for a universal augmentation

F:S— S — T-Path(S—S) =¥

Faithfulness follows from the fact that each object of S’ which does
not come from S is sent to a (co)limit by H’. Besides, fullness
follows from the universal property of those (co)limits and the fact

that each morphism of S’ is on the form

t(fll"‘flmlu-nvfnl"‘fnmn)

where ¢ is an n-ary term of 7 and the f;;’s come from S.

2. The ‘only if part’ is trivial. Let us prove the ‘if part’. A morphism
of V-T-sketches S,, — FD(C) extends to E; if it does only up to iso-
morphism. Indeed, both statements mean that some diagrams in C
are (co)limits. Similarly, a morphism of V-T-sketches S; — FD(C)
extends to S;y1 if it does only up to isomorphism. Indeed, both
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statements mean that some diagram in C has a limit (Operation a
in Definition 3.8), or some diagram in C has a colimit (Operation b)
or are trivial (Operations ¢ and d). The result follows then from
Point 1 in which we proved that SK(F,FD(C)) is conservative for

each universal augmentation F'.
3. Tt follows directly from Point 1.

4. Direct consequence of Point 2. O
The notion of a T-unconditional exactness property is self-dual.

Proposition 3.13. [58] Let 7 be a commutative Lawvere theory and
e: I(&) — E1 a basic T-unconditional exactness property. Then, the

dual morphism
P IER) — B = (S, 1% P)

is also a basic T-unconditional exactness property. Moreover, a T-

category C satisfies e if and only if C°P satisfies e°P.

Proof. The conditions on &* and E}® hold since they do for & and E;.
Then, it suffices to notice that F': S; — S;41 is a universal augmentation
if and only if F°P: S} — S}, is. Indeed, Path(G°P) = (Path(G))°P for
a conditional graph G, Fry (D) = (Fry (D)) for a small category D
and C°P/S°P = (C/S)°P for a small T-category C and sets S(A,B) C
C(A,B) x C(A,B). Thus, Operations a and b are dual to each other
as well as Operations ¢ and d. The second part of the statement is

obvious. O

Before giving some examples of T-unconditional exactness properties,

let us prove they interact well with morphisms of Lawvere theories.

Proposition 3.14. [58] Let F': 7 — R be a morphism of commutative
Lawvere theories and e: 1(&)) — E; a basic T-unconditional exactness

property. Then,

FI‘F(E): FI“F(I(S())) — FI"F(]El)
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is a basic R-unconditional exactness property. Moreover, an R-category
C satisfies Frr(e) if and only if the T-category F*(C) satisfies e.

Proof. By construction, Frp(1(&)) = I(Frp(&)). Since Frp: T-Alg —
R-Alg preserves coequalisers, in view of Proposition 1.39, it sends finitely
presentable T-algebras to finitely presentable R-algebras. So, Frp(&)
is a small R-category with finitely presentable hom-algebras. Also by
construction, Frr(E;) has only finite specified (co)cones. To prove that
Frr(e) is a basic R-unconditional exactness property, it remains to show
that, if G: S — S’ is a universal augmentation of the 7-sketch S, then
Frp(G): Frp(S) — Frp(S') is a universal augmentation of the R-sketch
Frp(S). In order to do so, we first remark that a (co)cone over D — S
gives rise to a (co)cone over D — & — Frp(S) as in Proposition 1.112.
With this in mind, we can construct, for each operation of Definition 3.8,
two morphisms of conditional graphs H and K such that the following
diagram in CondGraph (where we omit to write U, Uy and F*)

S & S
ns \ g /7;/
H
Frp(S) - Frp(S)
\ /

commutes and H and Frp(S) — Frp(S) are jointly epimorphic (using
notations of Definition 3.8). The universal properties involved in this
construction imply that Frp(S’) = R-Path(Frp(S) — Frg(S)), which
proves that Frp(G) is a universal augmentation of Frp(S).

For the second part of the statement, we remark that F*(FD(C)) =
FD(F*(C)). The result is then a straightforward consequence of the
universal property of Frp. O

In view of Proposition 1.51, the above result says in particular that

each Th[Set]-unconditional exactness property can be considered as a
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T-unconditional exactness property for each commutative Lawvere the-
ory T. Let us now conclude this section with some examples of uncon-

ditional exactness properties.

Example 3.15. One can express regularity as a Th[Set]-unconditional
exactness property. Indeed, having equalisers can be expressed via the
morphism I(£y) — S; where & is the category e4 = ep and S; is
obtained via Operation a representing the equaliser. One can do analo-
gously with the properties of having a terminal object and binary prod-
ucts. For the coequalisers of kernel pairs, we can proceed as follows: &
is the arrow category e4 — ep. We then construct S; using Operation a
for the kernel pair of the arrow and Sy is constructed using Operation b
for the corresponding coequaliser. We still need to express the condition
that regular epimorphisms are stable under pullbacks. This property
can be rephrased as follows: for each pair of arrows f, g with the same
codomain, the map p’ (constructed as in the diagram bellow) is the co-

equaliser of s1 and so.

S1

R[] Ax;(IxpC) C
52 _ ’ /
P i
I XB C
g// J g
g/
T1
R[f] = A - B
I

Therefore, to express this property as a Th[Set]-unconditional exactness

property, we can start with & given by

oC

Jo

o) ——>0p.
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Then, we use an Operation a to create ep ::;: o4, an Operation b
to have p: ¢4 — e, an Operation d to get i: ¢; — ep, and so forth.
Hence, we construct Sg in this way. Eventually, to construct E;, we add
a cocone which encodes the information that p’ is the coequaliser of sq

and ss.

Example 3.16. Let now 7 be any commutative Lawvere theory and
(M, X) an extended matrix of terms in 7. Using Proposition 3.14,
we know that being a regular 7T-category is an 7-unconditional exact-
ness property. On the other hand, for a regular 7T-category, to have
(M, X)-closed relations it is equivalent to consider any morphism r =
(ri,...,7q): R — A® and require that ¢ constructed as in Definition 2.42
is a regular epimorphism. This can be expressed as a T -unconditional
exactness property in a analogous way than above (but much longer),

starting with & = Fry(&)) where & is the finite category below.

T1
—
op ——>e4

Ta

In view of Proposition 1.39, & has finitely presentable hom-algebras.
Example 3.17. In addition to the above examples, we can also say that

1. having limits of shape D for a finite category D,

2. having colimits of shape D for a finite category D,

3. being a groupoid,

4. being a preorder,

5. being pointed,

6. being exact Mal’tsev
are Th[Set]-unconditional exactness properties and

7. being additive,

8. being abelian
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are Th[Set,]-unconditional exactness properties.

In view of Proposition 3.13, their dual properties are also Th[Set]

(resp. Th[Set,])-unconditional exactness properties.

3.2 Preservation under C — Lex(C, Set)°?

3.2.1 The theorem

The aim of this subsection is to prove that if a small finitely complete
T-category C satisfies some T-unconditional exactness property, then so
does its free cofiltered limit completion Lex(C,Set)°P. For the sake of
brevity, let us denote Lex(C, Set)°P by C and the full Yoneda embedding
C < C by i. We will often identify C' and i(C)) = C(C, —) for an object
C € C, and thus consider C as a full subcategory of C. To fix notations,

let us recall the definition of comma categories.

Definition 3.18. Let F': C — D be a functor and D an object in D. The
comma category (D | F') has pairs (C, d) as objects where C is an object
of C and d: D — F(C) a morphism in D. A morphism (C,d) — (C’,d’)
in (D | F)isamap c: C — C’in C such that F(c)d = d’. We write D*
for the forgetful functor (D | F') — C.

Next theorem sums up some important properties of C. Point 1
has already been stated (Proposition 1.80) since the dual of C is locally
finitely presentable (Theorem 1.69).

Theorem 3.19. |7, 44] The following statements hold for a small finitely

complete category C:
1. Cis complete and cocomplete,
2. in 5, cofiltered limits commute with limits and finite colimits,
3. the embedding i: C — C preserves all colimits and finite limits,

4. forall A € C, (A, (¢)(C,e)e(ALq)) 1s the cofiltered limit of the functor

(ALi) Ao i@
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5. i: C = C is the free cofiltered limit completion of C, in the sense
that, for any functor F': C — D to a category D with cofiltered
limits, there exists a unique (up to isomorphism) functor F': C—D

preserving cofiltered limits and such that Fi is isomorphic to F.

c————cC
VF\ AT
D

Now, if C is a small finitely complete T-category for a Lawvere theory
T, we want to construct a 7-enrichment on C in order to make i a T~
functor. Since C and C have finite products, this can be done in the
following way. For each object A € C and n-ary term t of 7, we set t4

to be the unique morphism making the square

Ani>A

S
commute for each (C,c) € (A ] ). There is a unique such morphism ac-

cording to Point 4 of the above theorem. This makes Ca T-category and

i: C — C a T-functor. Moreover, this extends Gabriel-Ulmer’s result.

Proposition 3.20. Let 7 be a Lawvere theory and C a small finitely
complete T-category. The embedding i: C — C is the free cofiltered

limit 7-completion of C, meaning the following properties hold:
1. i is a T-functor and C has cofiltered limits,

2. for any T-functor F': C — D where D is a T-category with cofil-
tered limits, there exists a unique (up to isomorphism) T-functor
F:C—D preserving cofiltered limits and such that F is isomor-
phic to F.
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Proof. Point 1 follows from the construction of the T-enrichment of C.
For Point 2, by Theorem 3.19.5, it suffices to prove that F is a T-functor
knowing that F'is. So let ¢t be an n-ary term of 7 and fi1,...,fn,: A—> B
morphisms in C. We denote by a: Fi = F the given natural isomor-

phism. We have to prove the equality

F(t(flw . afn)) = t(F(fl)v s 7F(fn))

holds. Since F preserves cofiltered limits and in view of Theorem 3.19.4,

we only have to show that

F(C)F(t(fh ce fn)) = 7(C)t(F(f1)> cee 7F(fn))

for any morphism c¢: B — C with C' € C. It then suffices to compute:

F(O)F(t(f1,.- - fa))

= F(t(cfi,...,cfn))

= F(t(m1,...,m))F((cf1,- .., cfn))

= aalF(t(m, ooy m))acn F((efi, ... cfn))

S F(m ) F((cfty - efn))
o Flefn))
= F(c t(F(fl), .. ,F(fn))

where 71, ...,7m,: C™ — C are the product projections. O

We can now prove our main theorem about 7-unconditional exact-

ness properties.

Theorem 3.21. [58] Let 7 be a commutative Lawvere theory and P
a T-unconditional exactness property. If a small finitely complete T-
category C satisfies P, then C = Lex(C, Set)°P also satisfies P.

Proof. We can of course suppose without loss of generality that P is a

basic 7-unconditional exactness property e: I(&) — E;. Let V be a
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bigger universe such that & € V. For the sake of brevity, let us write SK
for the V-2-category V-T-Sk, Ey for 1(&), E; for Ei, C for FD(C) and
C for FD(C) in SK.

By Lemma 3.12, we know that SK(e,C): SK(E:,C) — SK(Ep,C)
is an equivalence of categories and we have to prove that SK(e,C) :
SK(Ey, C) — SK(Eo,a) is essentially surjective on objects. Moreover,
Theorem 3.19.4 tells us that for each A € C, (4, (b)(Bp)e(aLi)) is the

cofiltered limit of i o A¥: (A | i) — C.

If £ € SK has only finite specified (co)cones, SK(E,@) has cofil-
tered limits and they are computed componentwise, meaning they are

preserved and jointly reflected by the evaluation functors
evg: SK(E,C)—C

for K € E. Indeed, if G: D — SK(E, C) is a cofiltered diagram, let L
be its componentwise limit in the V-category of V-functors from U(FE)
to C. Then L is actually a morphism of V-T-sketches since all G(D) are,
L is computed componentwise and by Theorem 3.19.2. Therefore it is
the limit of G.

In addition, if g: Fy — Cisa morphism in SK, the comma category
(9 4 SK(Ey,1)) is cofiltered. Indeed, it is small since & and C are and it
has finite limits since C (and so the category of T-functors from & to C)
has and ¢ preserves them by Theorem 3.19.3.

Finally, let us prove that for each K € Ej, the evaluation functor
evi: SK(Ep,C) — C has a right adjoint. This proof follows the ideas
of [72]. Since Ey = 1(&), SK(Ey, C) is just T-Cat(&,C). So, let B € C
and let us construct its coreflection R: & — C along evg. Let K’ € &.
Since &y has finitely presentable hom-algebras, & (K', K) can be seen as
the coequaliser in T-Alg

h / /
Frr({1,...,mg'}) HT Frr({gf, ... ,gﬁ{w}) — &) (K, K)

where h(j) (resp. k(j)) is the ng/-ary term hf(/ (resp. ij/) of T for each
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je{l,...,mg'}. Let Dk be the finite category defined by
ob(Dgr) = {Y, Z1, .., Zony,}
and
ar(Der) = {1 | W € ob(Dg)} U{ Y y: Z: |1<j<mgl.

Then, we consider the functor F': Dg» — C defined by

vj (h)E
F(Y—=Z;)= B"" —=%B
Zj K'\B
(k5°)
for each j € {1,...,mg }. Since C is finitely complete, we can consider

its limit (R(K"), (s{f,’)WepK,). This construction gives us, for all B’ € C,

an isomorphism of T-algebras

C(B',R(K')) = T-Alg(&(K', K),C(B', B))
f (f: &K K) = C(B,B): [gK— miosi of)

where m;: B"’ — B is the i-th projection. Let us denote by s& :
E(K',K) — C(R(K"),B) the morphism Ign. This is the unique
morphism such that SK/([giK,}) =T; 0 s{f/ for each 1 <7 < ngs. Now, if
k: K1 — Ky is an arrow in &, R(k) is the morphism R(K;) — R(K3)

corresponding to the 7-homomorphism
Eo(Ky, K) = C(R(K,), B): g — s51(gk).

In other words, it is the unique morphism R(K;) — R(K32) such that
s%2(g)R(k) = s%1(gk) for each g: Ko — K. This makes R into a T-
functor & — C, and together with the map s¥(1x): R(K) — B, the
expected coreflection of B. Indeed, if R is another T-functor & — C
and z: R'(K) — B a morphism in C, we have to prove there is a unique
natural transformation o: R’ = R such that s¥ (1x)ax = x. Naturality

of o imposes that, for each K’ € & and each 1 <i < ngr,

misy axr = 5% (g8
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= " (Lg) R(lg! Do

= 5" ()oscR (o)
R

This implies that such an « is unique. To prove the existence, the equal-
ity above defines ags in view of the definition of R(K’). Then, the
equality s (¢)ag: = xR'(g) holds for any g: K’ — K since it does
for the generators [gX']. This implies s%(1x)ax = x. Moreover, if

k: K1 — Ky is a morphism in &y, one has

for each 1 < ¢ < ng,, which prove the naturality of a. Therefore, we
have constructed a coreflection of B along evg: SK(Ey,C) — C which
proves this evaluation functor has a right adjoint.

Since we can apply the same construction to C and since i: C < C
preserves finite limits, the evaluation functors evg: SK(Ej, 5’) — C also

have right adjoints and the square

SK(Ey, €)1 2¢

K
SK(Eo,i)l iz

SK(Ey, )Y 12 ¢

evy

satisfies the Beck-Chevalley condition, meaning that the rightward and
leftward squares commute and 7 (resp. SK(Ep, ¢)) maps the counit (resp.
the unit) of the first adjunction to the counit (resp. the unit) of the

second one.

We have now all the ingredients to prove that
SK(e,C): SK(Ey,C) — SK(Eq,C)

is essentially surjective on objects and conclude the proof. So let g:
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Ey — C be a morphism in SK and consider, for each K € Ej, the
comma categories (g | SK(Ep, 7)) and (g(K) | ). Since the construction
of comma categories is functorial, the Beck-Chevalley condition above
induces an adjunction such that the rightward and leftward squares below

commute.
(94 SITEm i) —— (9(K) L 19)
SK(FEy, C)

SK(EO,i)l/

SK(Eo,C)~___>¢

>
<~ N =<—

Since g(K) is the limit of i o g(K)*, the top adjunction implies that
g(K) is also the limit of evy o SK(Ep,4) o g*. In addition, we know that
(g 4 SK(Ep,1)) is cofiltered and such limits are jointly reflected by the
evaluation functors evy : SK(FEy, C ) — C. This means that g is the limit
of SK(FEy,1) o g*.

By assumption, we know that SK(e,(C) is an equivalence of cate-

gories. Let us write
T: SK(Ey,C) — SK(E1,C)

for its pseudo-inverse. We thus have the following diagram, in which the

rightward square commutes.
(9 1 SK(Eo,1))
T lgi
“—
SK(FE1,C) SK(Ey, C)
SK(El,i)l lSK(Eo,i)

SK(E,,C) SK(Ey, C)

€,

SK(e,C)

Since it exists, we denote the cofiltered limit of SK(E1,i)oTog* by [ €
SK(E1,C). We would like to prove SK(e, C)(1) = le = g. To see this, we
are actually going to prove that le is also the limit of SK(Ey, i)og*. Since
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the evaluation functors evi: SK(Ep,C) — C jointly reflect cofiltered
limits, it is enough to show that le(K) is the limit of evg o SK(FEy,4)og".
But [ is the limit of SK(Ey,i) o T o g+ and evyx: SK(E1,C) — C
preserves it. Therefore, le(K) is the limit of

eve(k) o SK(E1, ) o Togh= evKoSK(e,é) 0 SK(Ey,i)oT og*
= evg 0 SK(Ep,i) o SK(e,C) o T o g*
>~ evy o SK(Ep, i) o g+

which concludes the proof. ]

Remark 3.22. In the literature, particular cases of Theorem 3.21 have
already been proved, for the following 7T-unconditional exactness prop-

erties:
e regularity (for 7 = Th[Set]) (Theorem 2.2 in [10]),
e coregularity (for 7 = Th[Set]) (Section 1 in [33]),
e additivity (for 7 = Th[Set.]) (Proposition 2.5 in [34]),
e abelianness (for 7 = Th[Set,]) (Proposition 2.12 in [34]),

e being exact Mal'tsev with pushouts (for 7 = ThiSet]) (Proposi-
tion 3.2 in [16]),

e being coregular co-Mal’tsev (for 7 = Th[Set]) (Corollary 2.6
in [47]).

Analogous results have also been proved for properties which might
not be some 7-unconditional exactness properties. Without giving defi-

nitions here, we can cite:
e being a pretopos (Theorem 2.4 in [10]),
e being co-extensive (Theorem 5 in [30]),
e being extensive (Theorem 8 in [30]),

e being co-(cartesian closed) (Proposition 2.8 in [34]).
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In [16] and [30], it is also shown that one needs more conditions on
a small co-exact category C in order to have C co-exact (without going
into details, C needs to be co-pro-exact). Exactness is thus not a Th[Set]-

unconditional exactness property.

Let us finally say that, in the particular case where &; is of the form
Fry (&) for some finite category &), one could also have used Lemma 5.1
in [85] to prove Theorem 3.21.

3.2.2 An application

Theorem 3.21 will be used as a crucial tool in our embedding theorems.
We explain in this subsection another of its applications. The idea is
quite simple: suppose P and () are ‘exactness properties’ involving finite
limits with P being an unconditional one. If we can prove that, for each
finitely complete category with finite colimits, the implication P = @)
holds, then we can often (depending on the nature of @) prove this
implication also holds for any finitely complete category (without the

assumption on colimits).

Indeed, let C be such a category satisfying P. Up to a change of
universe, we can suppose it is small. By Theorem 3.21, C also satisfies
P. It thus satisfies ) since it is cocomplete. In view of the embedding
1: C — C~7 it often implies that C satisfies @ too. We provide such an

example here.

Moreover, in order to apply Theorem 3.21 in the case 7 = Th[Set],
we need to check that some category & has its hom-sets & (A, B) finite.
This is not always obvious and we provide an algorithm which makes it

easler.

As explained above, we are going to use Theorem 3.21 in order to
get a characterisation of n-permutable categories. We are actually going
to prove only one direction here, the complete theorem will be proved

in Chapter 4 (see Theorem 4.11). So, for a natural number n > 3, we
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consider in a regular category the diagram

in which the equalities
fs=gt =1y, Bi=pi' = kv=hu = lw, Bg = Bf = hy = k9,
vs =up, 6t =vB, ft =if, gs =B, A = yp1 and g\ = 0pn_1

hold, the square
Uxw VLV

is a pullback and (L,p1,...,pn—1) is the limit of the zig-zag formed by
the alternating split epimorphisms f and g. The following proposition
is due to D. Rodelo in [60].

Proposition 3.23. [60] Let n > 3 be a natural number and C a regular
category with finite coproducts. If, for each diagram (7) in C for which
v and § are regular epimorphisms, the morphism A turns out to be a

regular epimorphism as well, then C is n-permutable.

Proof. The particular case of Theorem 2.54 for the extended matrix of

Example 2.50 already appears in [97]. It tells us it is enough to construct,
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for each object Y in C, a commutative diagram

Y
/ \

2Y d 2Y

1y+Vy Vy+1ly
1

3Y 3Y
Vy+1ly 1ly+Vy

Y1y+Vy 3Y 3Y Vy+1ly 2v

2Y ~—3Y

where d is a regular epimorphism, ¢1,19: Y — 2Y the coproduct in-
jections and Vy: 2Y — Y the codiagonal (g) In order to do so, we
consider diagram (7), with f =6 = Vy+1y,s=(}2),9 =7 = ly+Vy,
t=(l),=k=h=Vy,v=14=1 and u =14 = 1. Since v and &
are split epimorphisms, by assumption, the unique A satisfying the con-
ditions is a regular epimorphism. We then consider the kernel pair of

Vv, the induced morphism j

R[Vy] . 9y
_
thi \LVY

2Y Y

Y

and its pullback 7' along the regular epimorphism .
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We get in this way the expected commutative diagram

1y +Vy

3Y
Vy+ly

2Ym3f

2y <—3Y

where )\ is a regular epimorphism. O

We would like now to remove the coproduct assumption in the previ-
ous proposition. For that purpose, we first need to transform the prop-

erty of being regular and satisfying

P: for any diagram (7), if v and 0 are regular epimorphisms, then so
is A

into a Th[Set]-unconditional exactness property. In a regular context,

this property is equivalent to the following one:

P’: For any diagram (7), let v = mp and § = m/p’ be the (regular
epi, mono)-factorisations of v and § (which are constructed via the
coequaliser of their kernel pairs). Then, considering the pullback
of hm along km/’,

IxwJ 257
"
q3 km/

I——W
hm

the unique morphism \: L — I xy J such that ¢gsA = pp; and

qa\ = p'pn_1 is a regular epimorphism.
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L A IxwJ UxwV
pP1 q3 q1
Pn—1 q4 q2
X . I _ U
X : J : 1%
p m

This Property P’ is implied by P since we get a new diagram (7) replacing
U by I and V by J (u factors through m as u = mpsi and v through m’
as v = m'p'ti). The converse implication is obvious.

To prove the above property is a Th[Set]-unconditional exactness
property, it remains to show the diagram we start with to build (7) is of
the form D: & — C for some finite category &. In order to do that, we
are going to prove a lemma about the finiteness of Path(G) for a finite
conditional graph G (i.e., with ob(G) and ar(G) finite). If X is an object
of G, we denote by G \ X the conditional graph constructed from G by
removing X and all arrows from or to X. We consider the biggest set of

commutativity conditions on G \ X such that the composite
G\ X — G — U(Path(G))

is a morphism of conditional graphs. Intuitively, we consider as commu-
tativity conditions any pair of parallel paths in G\ X inducing the same

composite in the category generated by G.

Lemma 3.24. [60] Let G be a finite conditional graph and X one of its
objects. Suppose that for any pair of arrows f: Y — X and g: X — Z
in G, there exists a path (A1, h1,...,hp—1,4,): Y — Z in G\ X such
that the composites go f and hy,_10---0h; are equal in Path(G). Then,
Path(G) is finite if and only if Path(G \ X) is finite.

Proof. Firstly, we can suppose without loss of generality that all com-
mutativity conditions of G \ X are also in G. Indeed, we can add them
to the ones of G keeping Path(G) the same. Thus G\ X — G is a

morphism of conditional graphs.
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This inclusion morphism G \ X < G gives rise to a faithful functor
Path(G \ X) — Path(G).

Indeed, suppose that two parallel paths of G \ X are equalised by the
composite
G\ X — U(Path(G \ X)) — U(Path(G)).

Since the natural square

G\ X G

| |

U(Path(G \ X)) —= U(Path(G))

commutes, they are also equalised by G \ X — G — U(Path(G)). This
means it is a commutativity condition on G \ X and so they correspond
to the same arrow in Path(G \ X). This shows the ‘only if’ part.

Let us now prove the ‘if part’. If Path(G \ X) is finite, there exists
a N € N such that any morphism of Path(G \ X) can be represented by
a path of at most N arrows of G \ X. Consider a path (A1, f1,...,A4n)
in G. By the assumption on X, we know that this path is equal in
Path(G) to a path (By,hq,...,By) where ha, ..., hy_o are in G \ X.
We can thus suppose m — 3 < N, which proves that Path(G) is finite
since ob(Path(G)) = ob(G) = ob(G \ X) U {X} is and

N+2
#ar(Path(G)) < #0b(G) + Y #ar(G)' < Xy, O
i=1

This lemma gives us an easy way to prove that some category gen-
erated by a finite conditional graph is finite. In what follows, for the
sake of brevity, we write f,_1--- f1 = gm_1--- g1 for the commutativ-
ity condition ((A1, f1,...,4n),(B1,91,...,Bm)) and G\ {X1,..., X}
is defined recursively as (G \ {X1,..., Xn—1}) \ X»n. Remark that

G\{X1,.... Xu} =G\ {X;s01),-- -, Xom)}

for any permutation o of {1,...,n}. Let us apply Lemma 3.24 here with
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the conditional graph G given by

where the commutativity conditions are

fs=gt=1y, fi =i’ =kv=hu=1ly, Bg=Bf =hy =k,
vs =ufB, 6t = vB3, ft =i and gs = i'B.

Notice that Property P’ is built up from a diagram of shape Path(G) by
adding some finite (co)limits to it. Due to the equalities hy = gf and
hu = 1y, Path(G) is finite if and only if Path(G'\{U}) is. Since ké = B¢
and kv = 1y, we only have to prove that the category Path(G\ {U,V'})
is finite. Then, with the equalities ft =i and gs = /$3, it is enough to
show that Path(G \ {U,V,W}) is finite. Since fs = gt = 1y, if we add
some formal arrows y,7y': Y = Y and the conditions ft = y and gs = v/,
we only have to show that the category generated by the graph

yCYDy’

and the commutativity conditions coming from Path(G) is finite. But
this is obvious since yy = ftft =ifif =i =y, yy' =y, y'y = v and
vy =y

We are now able to remove the coproduct assumption from Proposi-
tion 3.23.

Proposition 3.25. [60] Let n > 3 be a natural number and C a regular
category. If, for each diagram (7) in C for which v and ¢ are regular
epimorphisms, the morphism X\ turns out to be a regular epimorphism

as well, then C is n-permutable.
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Proof. Up to a change of universe, we can suppose C to be small. Since
the property of being regular and satisfying P is equivalent to the one of
being regular and satisfying P’, which is a Th[Set]-unconditional exact-
ness property by the discussion above, we know from Theorem 3.21 that
C is also a regular category which satisfies P. Since it has small colimits,
we deduce from Proposition 3.23 that C is n-permutable. Finally, since
the embedding C — C is full, faithful and preserves finite limits and

colimits, this implies that C is also n-permutable. 0

The converse of this proposition will be proved in the next chapter
using our embedding theorem for n-permutable categories (see Theo-
rem 4.11).



Chapter 4
Embedding theorems

The idea behind embedding theorems is to provide a representative el-
ement among a collection of categories, such that each category in that
collection has a ‘nice’ embedding in the representative category (or one
of its powers). Probably the most famous one is the Yoneda embedding
which embeds any small category C in Set®” with a full and faithful func-
tor which preserves and reflects small limits. Another such embedding
theorem has been proved by Barr [10]: for any small regular category,
one can build a small category P and a full and faithful embedding
C < Set” which preserves and reflects finite limits and regular epimor-
phisms. Such theorems have a very practical consequence: if one has
to prove a statement about small limits in any small category (or about
finite limits and regular epimorphisms in any small regular category), it
is enough to prove this statement in the powers of Set. If the statement
is ‘componentwise’, it can be further restricted to show it only in Set. Up
to a change of universe, one can also remove the smallness assumption
in this technique.

For such applications, notice that we actually do not need the embed-
ding to be full but only faithful and conservative. Indeed, looking at the
components, fullness only tells us that it reflects isomorphisms. In other
words, the fullness of an embedding C < Set” can not be easily stated
in terms of the functors C < Set” — Set, while the reflection of isomor-
phisms simply means that these functors jointly reflect isomorphisms.

With this idea in mind, Z. Janelidze proposed another version of Barr’s

129
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embedding theorem: any small regular category has a faithful conserva-
tive embedding in SetS"P(1) which preserves and reflects finite limits and
regular epimorphisms (here 1 is the terminal object of the category being
embedded). This phenomenon already occurred with abelian categories:
Lubkin proved in [80] that each small abelian category admits a faith-
ful conservative functor C < Ab which preserves finite limits and finite
colimits, while Mitchell showed that any small abelian category has a
full and faithful embedding which also preserves finite limits and finite
colimits in a category of modules Modp for a ring R (see [93, 42]).

After recalling Yoneda and Barr’s embedding theorems in Sections 4.1
and 4.2 respectively, we turn our attention in Section 4.3 to the case of
categories with (M, X)-closed relations for an extended matrix (M, X)
of terms in a commutative Lawvere theory T. There, using characterisa-
tions 1.88 and 2.51, we construct a regular essentially algebraic category
Mod(T") with (M, X)-closed relations and prove that any small regular
T-category with (M, X)-closed relations admits a faithful conservative
T-enriched embedding in Mod(I')5"P(1) which preserves and reflects finite
limits and regular epimorphisms. A similar result is proved for proto-
modular categories in Section 4.4, but we need there an assumption on
the existence of some colimits.

The last section of this chapter is devoted to an embedding theorem
for categories with M-closed strong relations for a simple extended ma-
trix M. In that case, the embedding is full, faithful and preserves finite
limits. It is actually a factorisation of the Yoneda embedding through
Part§;” where objects in Partys are also defined using partial operations.
One of the major differences with essentially algebraic categories is that,
for monomorphisms f: A — B in Party; (which are not strong), the fact
that p(f(a1),..., f(am)) is defined does not imply that p(ai,...,an) is.

4.1 Yoneda embedding

As detailed in [83], Mac Lane learned about the Yoneda lemma in 1954
in a café at the Gare du Nord at Paris from Yoneda himself. We explain
in this section how the embedding derived from it can be used to reduce

proofs about limits to the particular category Set, or 7-Alg in the T-



4.1. Yoneda embedding 131

enriched case.

If C is a small category, the Yoneda embedding is given by

Y:C —s Set¢”
C—C(—,0).

This functor Y is full and faithful (and so conservative), preserves limits
and reflects small limits.
Now, consider a statement of the form P = @ where P and @ are

conjunctions of properties which can be expressed as
1. some finite diagram is commutative,
2. some finite diagram is a limit diagram,
3. some morphism is a monomorphism,
4. some morphism is an isomorphism,
5. some morphism factors through a given monomorphism.

Then, this statement P = () is valid in all V-categories (for all uni-
verses V) if and only if it is valid in V-Set (for all universes V). The
‘only if part’ being obvious, let us prove the ‘if part’. Let C be a V-
category. Up to a change of universe, it is a W-small category. Then,
every part of the statement P = () is preserved and reflected by the
Yoneda embedding C < W-Set®”. Indeed, f being a monomorphism
can be expressed as the fact that its kernel pair (r1,72) is such that
r1 = 1o, and the fact that f factors through the monomorphism m is
equivalent to say that the pullback of m along f is an isomorphism. It
is thus enough to prove P = @ in W-Set®”". But each part of this
statement can be reduced ‘componentwise’ to W-Set, which concludes
the proof.

Of course, since the choice of our base universe U is arbitrary, this
roughly means that the statement P = () is valid in all categories if and

only if it is valid in Set. Let us give an example.

Proposition 4.1. Every reflexive difunctional binary relation in a fini-

tely complete category is an equivalence relation.
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Proof. Let M be the Mal’tsev matrix of Example 2.7. A relation is M-
closed if and only if it (M, @)-closed (Proposition 2.46). Since k = [ in
this case, in view of Definition 2.42; this only means that a morphism
factors through another monomorphism. Being an equivalence relation
can also be expressed in such a way. In view of the discussion above,
it suffices thus to prove the statement in Set. In this category, for a
relation R C A x A, being reflexive, symmetric or transitive has the

classical meaning. We recall that being difunctional means
a1 Ra) A asRa) N aaRaly, = a1 Ra),

for all ay,a},as,a, € A. A reflexive difunctional relation is thus sym-
metric since
aRa' = d'Ra’ A aRa' AN aRa = d'Ra

for all a,a’ € A and it is transitive since
aRa' N d'Ra" = aRa' N d'Rd' N d' Ra" = aRad”

for all a,d’,a” € A. O

We conclude this section with the 7-enriched version of the Yoneda
embedding. If 7 is a commutative Lawvere theory and C a small T-

category, the Yoneda embedding Y factors as

T-Alg®”
YT iU’(;—OP
cop

C ? Set
where U%Dp is the functor which acts by composition with Us. This 7-
enriched Yoneda embedding Y7 is a full and faithful 7-functor which also
preserves and reflects small limits. In the same way as above, with this
embedding, one can reduce proofs about finite limits from 7T -categories

to T-Alg:

Let 7 be a commutative Lawvere theory. Suppose we are given
a statement of the form P = @ where P and ) are conjunctions of

properties which can be expressed as
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1. some finite diagram is commutative,
2. some finite diagram is a limit diagram,

3. the equality t(f1,..., fn) = ¢ holds for an n-ary term ¢ of 7 and
parallel morphisms fi,..., fn, g,

4. some morphism is a monomorphism,
5. some morphism is an isomorphism,
6. some morphism factors through a given monomorphism.

Then, this statement P = @ is valid in all V-T-categories (for all uni-
verses V) if and only if it is valid in V-T-Alg (for all universes V).

4.2 Barr’s embedding

In this section, we state Barr’s embedding theorem, prove Z. Janelidze’s
variant in which the power is replaced by the set Sub(1) of subobjects of
the terminal object 1 (but loosing fullness) and give some applications
of this embedding.

Theorem 4.2. [10] Let C be a small regular category. There exists a
small category P and a full and faithful regular embedding C < Set”.

An enriched version of this theorem can be found in [31]. A crucial
tool in Barr’s proof is the free cofiltered limit completion C —» C. He
first showed that if C is regular, then so is C (which is also a consequence
of Theorem 3.21 and Example 3.15). The next step was to construct a

C-projective covering in C.

Definition 4.3. Let C be a small regular category. An object P € C is
said to be C-projective if, for any regular epimorphism f: A - B in C
and morphism ¢g: P — B in C. , there exists a morphism h: P — A such
that fh =g.

4
A—1B

fec
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Using the Yoneda embedding, this exactly means that the functor
P: C — Set preserves regular epimorphisms (compare with Definition
1.36). Barr constructed a regular epimorphism X — X foreach X € C
such that X is a C-projective object. This argument goes actually back
to [52] in the case of an abelian category. In this context, Grothendieck
constructed such a C-projective covering in a functorial way. This func-
torial part was omitted by Barr since he did not need it. In order to
complete this result, we provide here the functorial construction in the

regular context.

Theorem 4.4. Let C be a small regular category. Then Cis regular and
there exists a functor (): C — C and a natural transformation e: () = 1z
such that, for every object X € C~, X is C-projective and ex : X > X is

a regular epimorphism.

Proof. As mentioned above, C is regular in view of Theorem 3.21 and
Example 3.15. Now, for X € 5, let us describe Barr’s construction of the
regular epimorphism ex : X — X. We are going to recursively construct

some regular epimorphisms

n

i xInl & xIn—1] xhl <, xlo — x

such that, if we have morphisms

eitl

X[i-l—l} e X[z]

|

C c’

with C,C" € C, f a regular epimorphism and i € N, there exists a
morphism h: X+ — € such that fh = ge*!. We suppose

xlnl €y xn-1]
has been defined and we are going to construct

n+1

xntl] ¢ xln]
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with the required properties. We well-order (using the Axiom of Choice)

the set of diagrams
x [ (8)

|

—_ !
C 7 C

where C,C" € C, f is a regular epimorphism and g does not factor
through e™ (if n > 1). Then, we construct with a transfinite recursion a

sequence (indexed by ordinals) of regular epimorphisms

n eZ_H n n
XU, Xl e ]

in the following way:

]

Firstly, X" = X. Then, if o is a limit ordinal, X" is the limit
of (9) for the Xgl] with 8 < a. For such an ordinal 3, the leg e, 5: ng] —»
X gn] of this limit is a regular epimorphism. Indeed, if we consider the

following commutative diagram on the right,

Rlengl -+ Rlehy ehs] — Rlehy ] — X — o — x| — x{
n n ngr? \u; eg 1 \u/’n uIn ey uIn
xl xt, xbl e x e e x
EZ’SL eg+1eg+2i iegﬂ il il i]
ng] . X[[_}n,] . X /[;L] X /[i'n] o X{"’] . X([)’n,]

XL”] is by definition the limit of the middle row and X EL] the limit of
the stationary third row. The top row is formed by the kernel pair of
the downward morphisms. Since limits commute with limits, its limit is
the kernel pair of 637 3 The downward morphisms being regular epimor-
phisms, they are the coequaliser of they kernel pairs. Since cofiltered
limits commute in C with finite colimits, eg’ 3 is the coequaliser of its

kernel pair, and so a regular epimorphism.

Finally, suppose we have defined X&”] and let us define X c[ﬂl Con-

sider the a-th diagram of shape (8) and define e, | as in the following
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pullback.
i, o x
o
kx. f.g x[nl
lg
!
C 7 C

We stop this process when we run through all diagrams of shape (8).
We then take X1 as the limit of (9) with e"t!: X1 — X[l the

corresponding leg. By construction, it satisfies the required properties.

We have thus constructed a sequence (indexed by N) of regular epi-

morphisms
2

X2 €y e, xl = x

with the stated properties. We finally write X for its limit with exn
X — X[ the corresponding leg and ex = ex .

Now, let us construct, for each pair of morphisms (f,g) as in the

diagram

X
lg
H)C/

“

where C,C’" € C and f is a regular epimorphism, a canonical morphism
c(f,9): X — C such that foc(f,g) = g. By the Yoneda lemma, g is
represented by an element of X (C"). But, by duality, X is the filtered

colimit of

X = xIo] x x2

in Lex(C, Set). Moreover, filtered colimit in Lex(C, Set) are computed as
in Set®, so componentwise. Hence, there exists an n € N such that g
factors through ey ,. Consider the least such n and

h(g)

X[ c’



4.2. Barr’s embedding 137

the unique map such that h(g)ex,, = g. Suppose now that

x[n]

ih(g)

!
C*»f C

is the a-th diagram of shape (8). Then, we construct ¢(f, g) canonically
as k:XJ’h(g) €X n,a+1, Where ex , o and dx p o are the canonical projections

as pictured below.

~

X €X,n,«
€EX n,a+1
n
[n] Cat1l y[n]
Xep1 — Xa
-
c(£,9) dx .o

kx,pnig) X

h(g)

C

Thus,
foc(fig) =h(g)oexn=yg

and X is C-projective.
We extend now this construction functorialy on arrows. Let f: X —

Y be a morphism in C. Let us suppose by recursion that we have written

fex as dy,, fn, where, again, dy,, is the projection as below.

X X X

fo ;

Y — s Yt ynl Y
dY,n

Let us extend it to Y"1 We are going to extend it to YOE"], for every
«, by a transfinite recursion. The 0-th step is already done and we do it

for limit ordinals in a unique way by definition of a limit. Now, suppose
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we have written f,, as dy n.afn,a. S0, we can draw the diagram

~

X
w
Y

Y()Eﬂl SAAt Yo[cn}

|
C(f’,gfn) idY,n,a
by, Y
lg

C c’

f/

where f’ and ¢ forms the a-th diagram of shape (8). We then define
fn,a+1 as the unique arrow X = Yo[ﬂl which makes commute this dia-
gram. We can thus extend those f,, o’s uniquely to yln+1], defining f,41.
Eventually, we extend those f,,’s uniquely to Y and define ]?

It remains to prove that this construction is functorial. If we started
with f = 1x, we have to prove by induction that (1x), is the canonical
projection ex p: X —» Xl Tt is obviously true if n = 0. Let us suppose
it is true for n. In order to prove it for n + 1, let us show by transfinite
induction that (1x)p « is the canonical projection ex o X X([Xn]. It is
obviously true for 0 and the limit ordinals. If we suppose it for o, we have
to prove it for a+1. We denote by (f’, g) the a-th diagram of shape (8).
We know that el (1x)nat+1 = (Ix)na = €Xna = €np1€Xnat+l and
kx ¢.g(1x)n,ar1 = c(f', gexn). But g = h(gex ) since g does not factor
through e”. Thus, kx, / o(1x)nat+1 = c(f',9exn) = kx,f/ gexna+1 and
(1x)n,a+1 = €xmn,a+1 by definition of a pullback.

Finally, let us consider f: X — Y and ¢g: Y — Z in C. We want
to show that 5} = §f With the same inductions as above, we only
have to prove that if ezyngf = ez,nfq\fA‘ and ezynyaﬁ = ezymafq\ﬁ then
ezvn,aﬂgg} = €Z7n’a+1lg\]?. In order words, we know that (gf), = gn]?
and (gf)na = gma]? and we want to show (¢f)nat1 = gn7a+1f. We
already know it is true if we compose it by e}, ;. So, it remains to prove

that kz ¢ g (9 )nat1 = kz,f/,g/gn,aﬂfwhere (f',¢") is the a-th diagram
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of shape (8). Since kZ’Ju’g/gn,aHf: c(f',g'gn)f, let us suppose that

y ']
ih(glgn)

C*/»Cl
f

is the -th diagram of shape (8). Thus,

kz g 9natrf =c(f' ' an)f
= Ky, h(g'gn) €Y', 8+1f

= kaf/7h(g/gn)fn/7B+1

= c(f/, h(glgn)fn’>'

But we know that

h(g'gn) fur = D(d' g0)eym f = d'9nf = ¢'(gf)n

by assumption. Therefore,

kZ,f’,g’gn,oc—l—lf: C(f/, h(g/gn)fn’) = C(f/7g/(gf)n) = kZ,f’,g’ (gf)n,oz—i-l
which concludes the proof. ]

We are able to prove a variant of Barr’s embedding theorem, for which
the power P is now known to be the set (or discrete category) Sub(1).
However, this embedding is not full but only conservative. These changes
are due to Z. Janelidze. We recall from Lemma 1.10 that a regular
conservative functor between regular categories is faithful, preserves and

reflects finite limits and regular epimorphisms.

Theorem 4.5. Let C be a small regular category with 1 as terminal ob-

ject. Then, there exists a regular conservative embedding C — SetSub(1),

Proof. Let e: (A) = 1z be the natural transformation given by Theo-
rem 4.4. If I is a subobject of 1, let I, be the coproduct in C of the C’s
for all C' € C such that the image of the unique morphism C — 1
is I. Then, if I € Sub(1l) and C € C, we define ¢(C); as the set
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C(I,,C). If f: C — C" is an arrow in C, we set ¢(f); to be the map
fo—:¢(C) = &(C"); acting by composition with f. This defines a
functor ¢: C — SetS"™P() . Let us check it satisfies the required proper-

ties.

Firstly, to prove ¢ preserves finite limits, it is enough to show that
é(—)r: C — Set preserves them for each I € Sub(l). By the Yoneda
lemma, ¢(—); is isomorphic to I, : C — Set which preserves finite limits
by definition.

We see it preserves regular epimorphisms in a similar way. Indeed, we
must show ¢(—); (or equivalently I, ) preserves them for any I € Sub(1).
In order words, we have to prove I, € Cis a C-projective object, which

follows directly from the fact it is the coproduct of C-projective objects.

It remains to show ¢ is conservative. For each object C' € C, we

consider the image factorisation of the unique morphism C’ — 1.
C/ $ I > 1

For each C” € C such that I is also the image of C” — 1, since C" is

C-projective, there exists a morphism gor : " — making the square

€cl/

—
C// S C'//

]

C/T>>I>—>1

commute. In particular, we choose gov = ecr. This gives an induced
morphism g: I, — C’ which is a regular epimorphism since ecr = geer is.
Now, if f: C' — C"is a morphism in C such that ¢(f); is surjective, there
exists a morphism h: I, — C'in c satisfying fh = g, which implies that
f is a regular epimorphism. Therefore, ¢ reflects regular epimorphisms

and it remains to prove it reflects monomorphisms.

So let f: C'— D be a morphism in C such that ¢(f); is injective for
any I € Sub(1). If we are given two morphisms h,k: C' = C in C such
that fh = fk, we consider I and g: I, — C' defined as above. We thus
know that fhg = fkg which implies hg = kg by assumption on f. Since

g is a regular epimorphism, this means h = k and f is a monomorphism.
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Hence, ¢ reflects monomorphisms and isomorphisms. O

In the same way we explained in Section 4.1, Theorems 4.2 and 4.5
allow us to reduce the proof of statements about finite limits and regular
epimorphisms in regular categories to Set: Suppose we are given a state-
ment of the form P = @ where P and @ are conjunctions of properties

which can be expressed as
1. some finite diagram is commutative,
2. some finite diagram is a limit diagram,
3. some morphism is a monomorphism,
4. some morphism is a regular epimorphism,
5. some morphism is an isomorphism,
6. some morphism factors through a given monomorphism.

Then, this statement P = @ is valid in all regular V-categories (for all
universes V) if and only if it is valid in V-Set (for all universes V).

As an application of this theorem, we can now prove in a quicker
way the characterisation of n-permutable categories in terms of a matrix

condition we left unproven in Example 2.50.

Proposition 4.6. [60] Let n > 2 be a natural number, (M, X) the

extended matrix
r 21 22 ce Zn—2
) {Zla o 7Zn72}
21z Zp—2 Y

(M,X):<<‘”’“” y oy
T T Yy

of terms in Th([Set] and C a regular category. Then the following condi-

tions are equivalent:
1. C is n-permutable,

2. (AxNR)R®(AxNR) < R" ! for any binary relation R — X x X
in C,

3. C has (M, X)-closed relations.
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Proof. Let us first prove that a binary relation R — X x X is (M, X)-
closed if and only if

(Ax "R)R®(Ax NR) < R" %

In view of Definition 2.42 and the construction of the composition, dual
and intersection of relations, it is enough to prove these implications
only in Set. So let R C X? be a relation in Set. With the notations of
Definition 2.42,

P ={(z,2') € X?| xRz, 2’ Rz, 2’ Rx'}
and
Q={(z,2,21,...,2n-2) € X" |2Rx1, 21 RT2, ..., 28 2 R2'}.

Thus, R is (M, X)-closed if and only if, for each (z,z') € P, there exist
Z1,...,Tp—2 € X such that (z,2',z1,...,2,-2) € Q. On the other
hand, z(Ax N R)R°?(Ax N R)x’ exactly means that xRz, 2’ Rr and
2’ R, while zR" '’ holds if and only if there exist z1,...,2, 2 € X
such that zRx1, x1Rxa, ..., v,_oRx’. This already proves 2 < 3.

The implication 2 = 1 follows directly from Point 5 of Theorem 2.49

since for any reflexive relation ¥ on X, the equalities
EP? = AxE°Ax = (AX N E)EOP(AX N E)

hold.

It remains to prove the implication 1 = 2, which is due to D. Rodelo
in [60]. Let 7: R — X x X be a binary relation in C. We treat the case
n = 2k — 1 is odd first. In that case, we define, for each 1 < i < k, the

relation s; via the pullback
R

X"“xX’“mXxX

where 71, ..., m: X¥ — X are the product projections. We also define
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for each 1 < j < k — 1 the relation ¢; via the pullback

T R

|
th r
Xbx Xk = X xX—>XxX
Tj41 XTj tw
where tw is the twisting isomorphism. We then write P »— X* x X* for

the intersection of all these relations si, ..., sk, t1,...,tx_1 (formed via
a finite limit). By Theorem 2.49, we know that

(P, PP)pg1 < (P, P%P)pr.

Now that all the constructions have been done, it remains to prove that
this implies the required inequality. By Barr’s embedding theorem, it
suffices to do it in Set. There, the relation P C X* x X* is defined by
(a1,...,ar)P(b1,...,b;) if and only if

a; Rb;, for each 1
bjRaji1, for each 1

Let 2,y € X be such that xRz, yRx and yRy. We have to show xR"ly.

From the relations

(,...,2) P (x,...,2)
(y,z,...,2) P (x,...,2)
(y,z,...,x) P (y,z,...,x)
(y,y,z...,2) P (y,z,...,x)
(y7"'7y7x) P (y""7y7x)
(y7"'7y) P (y""7y7x)7
we get (z,...,2)(P, P°?)ok—ns1(Yy,...,y). By assumption, we conclude

that (z,...,2)(P,PP)p_1(y,...,y), i.e.,

(,...,x) P (z11,---,21k)
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(221, .., 22k)
(221, -, 22k)
(241, - -, 2ak)
(Zn—3,15- -+ Zn—3k)
(y7' * '7y)

for some (z1,..

g

P
P

(2’11, e
(2’31, ces

(2’31, v

(Zn-2,1,-

(Zn-2,1,- -

we get xRz11, 211292, 200R232, 232R243,. ..

Zn—2.k—1Ry, which implies TRy

721k)
) 23k)

723k)

B Zn—2,k:)

< Zn—2,k)7

L zik) € XF 1 < i < n—2 From these relations,

s Zn—3k—1Rzn—2%-1 and

It remains to treat the case n = 2k is even. In a similar way, we define

the relation P, suppose we have (P, P°P), 41 < (P, P°P),_; and prove

the required inequality in the particular case C = Set. So let z,y € X be

such that xRz, yRx and yRy and we want to show that R"'y. Again,

the relations

(x,...,7)
(y,z,...,x)
(y,z,...,x)
(y,y,z...,2)
(y,...,y,x)
- y)

¥, y)

=B~ R - Bl

~

P
P

tell us that (z,...,2)(P, P®)opt1=n+1(y, ...,

that (z,...,2)(P, P°P),_1(y,. ..

(z,...,x)
(2215 -, 22k)
(221, ..., 22k)

P

P
P

(211, .
(211, . -

(231, -

Y, )
Y, T)
"7y)7

y). From this, it follows

,y), which means

'721k)
'7zlk)

- 23k)
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(2415, 248) P (231,...,23)
(Zn—2,15++r2n—2k) P (2n-31,---,2n-3)
(zn—Z,la ce >Zn—2,k> P (ya . 7y)7
for some (21, ..., zix) € X*, 1 <i < n—2. This implies in particular that
TRz211, 211R222, 200Rz232, 232Rz43,. .., 2n-3k-1R2n 2 and z, 2 Ry.
Therefore, zR" 1y which concludes the proof. O

Note that some equivalences similar to 1 < 2 were already mentioned
in [70].

4.3 Embedding for categories with (M, X)-closed

relations

Putting together Theorems 2.54, 3.21 and 4.4, we are now going to prove
an embedding theorem for regular 7-categories with (M, X)-closed re-
lations. As a first step, we construct a finitary essentially algebraic the-
ory I'(a,x) for which the category of models Mod(I'(5/ x)) will be our
‘representative category’. By that we mean Mod(F(M7X)) is a regular 7 -
category with (M, X)-closed relations and every small regular T -category
with (M, X)-closed relations admits a regular conservative T-enriched

Sub(1) - We will conclude this section with a

embedding in Mod(I'(5/ x))
similar embedding theorem for exact T-categories with (M, X)-closed re-
lations, using the exact completion (introduced in [77], see also |98, 73])

of the regular category Mod(T'(as,x))-

4.3.1 Construction of I'(y x)

Firstly, if ' and T are two essentially algebraic theories, we will write
FCTItomean SC S X CY ECE Y CY, Y\ CY¥\X and
Def(c) = Def’(0) for all o € ¥\ 3;. In this case, we have a forgetful
functor U: Mod(I') — Mod(T").

Let now 7 be a commutative Lawvere theory. We will see it as T(x g

for a finitary one-sorted algebraic theory (X, ). By an operation symbol
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(resp. an axiom) of 7, we thus mean an element of ¥ (resp. E). For the
sake of brevity, for each natural number r, we denote by EZ— the set of

r-ary operation symbols of 7. Let also

tin -0 T Ul 0 Uy
(M,X) = : : : : , X

ta1 -+ lap | Ual 0 Uk

be an extended matrix of terms in 7. We are going to construct recur-

sively a series of finitary essentially algebraic theories
cAlc...cmc A C...

and a 7-enrichment on the Mod(I')’s and Mod(A™)’s. Let us first define
10 = (89 20 E9 %9 Def!):

. 50— (s},
e YO =20 ={r: 4" s x|reN, T},
e EY = {all axioms from T for the 7*'s}.

We consider the obvious T-enrichment on Mod(T"?) = T-Alg (see Propo-

sition 1.107). Now, let us suppose we have defined

and the T-enrichment on Mod(I'™) (with I'™ = (S™, X" E™, 37, Def™)).

We are going to construct
APt (S/n—Q—I E’n—l—l E/n—l-l Z;nJrl Def/m'l)
first (below S° = S° and §" = S7\ S"Lif n > 1);
S = 57 U {(s,0), (s,1)|s € Sy = Ss"US LS,

E;n+1 = E? U {T(&O): (87 0)r - (57 0) ’T € N7T € EZ” 5¢€ gﬂ}
U{reD: (5,1)" = (s,1)[r eN, 7 € S ,5 € 5"}
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Uf{a®:s— (5,0)|s€ 5"}
U{p;,...,p5: s® = (5,0)|s € 5"}
U{kS,..., k5 ;s = (5,0)]s€S"}

U{n®e®: (5,0) = (s,1)|s € S},

N =y U Rt U {rt: (5,0) > s|se S,

E’n—l—l —

E"U {ug’o)(as(xl), o al (@), ki (xR (T, 1)

= pi(th (1, m), -t (T, ) |
1<i<a,1<j<l,seS"}

U{n®(a®(z)) = *(a(x)) |s € S"}

U{r¥(a*(@) = 2|5 € T)

U{e®(m*(z)) =2|se 5"}

U {all axioms from 7 for the 7*%’s and the 7’s|s € §"}

{0 (@ (1), ., 0 () = o (75 (@, ) |

reNrexl selS"}

)
)

U {T(S,O)(pj(xlh - ,:L’lb), - 7p§(l}1, ey $rb))
= (T (@11, s p1)s o TV (10, -, X)) |

1<j<V,reNrexl seS"}

{0 (kS (211, oy ), ey K5 (01 -y 1)
= k(T (T11y oy Tp1)y oy TO(X10y e oy ) |
I1<v<k-IlreNrexl sef§"}
ATV (0, . (@) = 1 (OO o, ) |

reNrexl seS§"}
U{rD (e (1), ., %)) = (75D (... 2) |

reNrexl sels"}
U{r* (7% (1), ..., 75 (x) = 7 (7D (@1, .., 2) |

reNrexl seld"}
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and
Def "1 (o) = Def™(0) if o€ X"\ L0
{ Def "t1(7%) = {n°(z) = e5(z)} for s S".
Hence, we have I'™ C A"+ and we consider the obvious T-enrichment on
Mod(A™1). Let now T™"! be the set of finitary terms 0: [[I%, s; — s
of 7! which are not terms of X (where we consider ¥'0 = &). We
then define T "1 as:

S = S [, 85 |0 € Ty 22 gLt

Z?Jrl :E;nJrlU{TSQZ 85—>39|T6N3762Z’96Tn+1}
U{r: (sp)" = shlr e N7 e ST, 0 € T}

m
U{ag: s — sg|0: Hsi—>8€T”+1}
i=1

m m

U {pe: Hsi — 5| 0: Hsi —se Ty
i=1 i=1

U {ne,c0: 59 — sy |6 € T},

m
sl — st et g sg — 5| 0: Hsi — s T,

i=1

En+1 —

E™ U {ng(ap(x)) = eg(ap(z)) |0 € T}
U {mp(ag(z)) == |0 € T"H'}
U {ap(mp(x)) = x|6 € T"*'}

U {ap(0(@r, ... m)) = o1, ) |03 [ 56 = s € T

i=1
U {all axioms from 7T for the 7°¢’s and the 7%’s |6 € T}
U {7_50 (O[g([l?l), o 7049($r)) = 040(7'8(.%'1, ... 7$r)) ’

m
reN, 7%l 0: Hsi —se Tty
i=1
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U7 (o(z115 -+ T1m)s - - 10(Trly -+ oy Tem))
= o (TN (X11y ey 1)y e T (X imy ey Tem)) |
reN, 7%l 6: ﬁsi —se Ty
i=1
U{r* (no(21), .., mp(2)) = mp (7™ (1, ..., 7)) |
reN,rexl 0eTm!)}

U {7'559 (eg(z1),...,e0(xr)) = €o(T% (21, ..., 2)) |
reN,rexl 0eTm!)}
U{r*(mg(x1),...,mo(xy)) = mo(7% (21, ..., 2:)) |

m
reN,7ex 6: Hsi —se Ty
i=1

and / )
Def"*1(0) = Def "*1(0) if 0 € X1\ B0+
Def" ™ (mg) = {ng(z) = eg(2)} for § € T,

Thus, we have A" C I+ and we consider the obvious 7-enrichment

on Mod(T'™*1). In this way, the expected series
MMcatcrtc...

has been constructed. We then set I' (57 x) to be the union of these fini-
tary essentially algebraic theories. By that we obviously mean S x) =
Unen ™ 2ar,x) = Unen 2" Eoux) = Unen B Ze1,x) = Upen 2¢
and Def(y; x)(0) = Def"(o) for all n € N and o € ¥ \ Xf. We provide
Mod(I'(p7,x)) with the T-enrichment coming from the 7-enrichments on
the Mod(T")’s. Remark that for each 7:s" — s € B x) \ e, (a1, %)
there are three corresponding operation symbols in 3 (7 x), these are

a:s— s and n,e: s = 5.

Proposition 4.7. [59] Let 7 be a commutative Lawvere theory and
(M, X) an extended matrix of terms in 7. Then the T-enriched category
Mod(I'(p,xy) is regular with (M, X)-closed relations.

Proof. 1t is the ‘I" ingredient’ of the construction which makes the cate-

gory Mod(I'(5,xy) regular. Indeed, each finitary term 6 of ¥, x) is in
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T+ for some n € N, which makes the conditions of Theorem 1.89 hold.

On the other hand, the ‘A part’ of the construction ensures that
Mod(I'(p7,x)) has (M, X)-closed relations. To see that, it suffices to use
Theorem 2.52 with the terms 7°: (s,0) — s,

a’opy,...,a’ 0P Ry, ..., KLt st — (s,0)
(where py,...,p;: s — s are the projections), and
03, e s® = (s,0). O

4.3.2 Proof of the embedding theorem

Let us now prove our embedding theorem. The Mal'tsev case already

appears in [55].

Theorem 4.8. [59] Let 7 be a commutative Lawvere theory, (M, X) an
extended matrix of terms in 7 and C a small regular T-category with
(M, X)-closed relations. Let 1 be the terminal object in C. Then, there

exists a regular conservative 7 -enriched embedding
¢: C < Mod(I' (7 x)) 5™V,

Moreover, for each morphism f: C' — C’ in C, each I € Sub(1) and each
s € S, x)5

(Im o(f)r)s = {(@(F)1)s(@) |z € ((C)r)s}-

Proof. By Theorem 3.21 and Examples 3.15 and 3.16, we know that Cisa
regular T -category with (M, X)-closed relations. In what follows, we de-
note by e: 6 = 15 the natural transformation given by Theorem 4.4. If
C € Cand P € Sub(1), we are going to construct ¢(C')p € Mod(I' (5 x))-
More precisely, we are going to construct a I'(y; x)-model ¢(C)p satisfy-

ing the following conditions:

L. For each s € Sy, x), (#(C)p)s = C(Ps,C) for some C-projective
object P; € C.
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. For each s € S(y7,x) and r-ary operation symbol 7 of T,

7% C(Ps, C)" — C(Ps,C)

is the operation 7 coming from the T-enrichment of C.

. For each m: & — s € Ym,x) \ Zi(m,x) and its corresponding

a: s — s, there is a given regular epimorphism
la
Py —— P,

in C such that

a: C(Ps,C) —C(Py,C)
fr— fla

and

7m: C(Py,C) — C(Ps, C)
g — the unique f such that fl, =g

where 7 is defined if and only if such an f exists. For the corre-
sponding operation symbols n,e: ' = s”, we consider the kernel
pair (v, w) of l,.

l

S €eRr v
R R—=P, = P,
w

We require then Py = ﬁi,

n: C(Ps/,C) — C(PS//,C)

g — guer

and

€: C(PS/7C) — C(PS//,C)

g —— gweRr.
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4. For each sort s € S(y,x), we consider the universal approximate
co-solution for (M, X) on P

(bP,)Y

where d"* is a regular epimorphism by Theorem 2.54. We require

_—

then P(s,(]) = W(Ps)7
pj: E(PS, C)b — 5(P(S,0)7 C)

f1

(fl,...,fb) — < >p§35€W(Ps)
fo

for each j € {1,...,b'} and
/if): CN(PSa C)l — C~(P(s,0)v C)

(fla"'afl) — < ) qq];DSeW(PS)

for each v € {1,...,k —1}.

5. For each finitary term 6: [[~, s; — s of Y (n,x), there is a given
morphism [,,: Ps, — P, + -+ Ps,, such that

pg: C(Ps,,C) x -+ xC(Ps,,,C) — C(Ps,,C)
J1
(fl,...,fm)'—>< )lue.

fm
Since I'(j7, x) is the union of the series
rcatcrtc...

of essentially algebraic theories, to construct a I'(j x)-model ¢(C)p, it
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is enough to construct recursively a I'"-model for each n € N such that

they agree on the common sorts and operations.

Firstly, to define a I'%-model, we set P, to be the coproduct in C
of the C”'s for all C’ € C such that the image of the unique morphism
C’ — 11is P € Sub(1). P, is C-projective since it is the coproduct of
C-projective objects. The I'’-structure is then imposed by conditions 1
and 2.

Now, we suppose we have defined a I"-model satisfying the above
conditions. We are going to extend it to a I"*!-model with the same
properties. Firstly, we extend it to a A™tl-model. Let s € §". Condi-
tion 4 above imposes the constructions of P, ), the p3’s and the xj’s.
Moreover, condition 3 with lns = dF “ew(p,) from condition 4 defines
a®, %, P 1), n° and €* and condition 2 forces the construction of the
7505 and the 7(&1’s. Tt follows then from the definitions that this
gives a A"Tl-model which satisfies conditions 1-5. Indeed, to see that
the operations 7° for 7 € X7 commute with the other ones, it suffices to
use the fact that, in a T-category with finite coproducts, if we are given

morphisms (zi;: X = Y)ic(1,.. r}.je{1,...,}, then the equality

T11 xr1 T(T1150,%r1)
()0,
L1yt Loyt T(@ gt seeesTppt)
holds, which can be seen by composing with the coproduct injections.

We can also compute for f1,...,f;: Ps -+ C,1<i<aand 1 <j <V,

pj( fl(fla'"7fl)7‘-'7tfb(f17'"7fl))
<t¢1(f1,.--,fz)> b
= : P ew(py)
tiv(f1,e5 1)
f1 ti1(L1,-.500)
(5
i tip(L1,ee0tt)
fi
= ( > uij(lepsa ceey leps7 Q{Dsa v 7Q,Ifil)eW(PS)
fi
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= uij(f1dew(p,) - - idew p,),

fi b f1 b
Clactew s | L Gliewpy))
fi fi

= w0 (1), @ ()85 (fry s ) By (frs o, 1))

It remains to extend it to a I'™*!'-model. In order to simplify the

proof, we are going to construct Ps,, [, and l,, for each finitary term

0
0: T2, si —» sof > such that it matches the previous construction if
0 is actually a term of ¥"". Then, condition 3 will force the construction

of ayg, mg, Py, 1y and &g, condition 2 will define the 7%¢ and 756’s, and

’x
condition 5 will impose the definition of pug. We are going to do it

recursively in such a way that the equality

a9(9(f17 cee >fm)) = Me(fla cee 7fm)

holds for any cospan (f;: Ps; — C)icq1,... my such that 0(f1,..., fin) is
defined.

Firstly, let @ = p;j: [[:, s; — s; be a projection (1 < j < m). In
= Py, lyy = tj: Ps; = Py +---+ P, and
lay = 1psj. Obviously, one has

this case, we define P,

f1
ag(0(f1,..., fm)) = fj = ( : )Lj:NG(fl)~-'afm)
fm

for any cospan (fi: Ps;, = C)ieq1,....m}-

Secondly, let 6: T[], si — s be a finitary term of X! for which
lu, and lo, have been constructed. If m: ' — s € X1\ X+ hag
= P,

corresponding a: s — s, we define P, 501 Lo

) = lolo, and

l#ﬂ(o) = lyy-

K (6) =lug

PSW(G):PSH%Psl—i_"’—’_P

Sm

If the cospan (f;: Ps;, = C)icq1,...,m} 18 such that 0(f1,..., fm): Py = C
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is defined, we know from the previous step in the recursion that

0(f1,- s fm)lag = a0 (0(f1,- - fm)) = po(fr, - fim)-

If moreover w(0(f1,..., fm)): Ps = C is defined, we have

T O(f1, s fm))la = 0(f1,-- o, fm)-

In this case,

(@) (T (Ot s fin)) = TOf1s - fon) e

(
(

=m(0(f1, -, fm))lalag
=0(f1,---, fm)lay
:Me(flv"'afm>

= IUTr(B)(flv oo fm)-

Eventually, let us suppose o: [[i_,sf = s € E/”H is an operation
symbol and for each 1 < j < r, 0;: Hl 18 — sj is a finitary term
of ¥'"+1 for which lue]- and laej have been defined. We already have a

corresponding morphism l,: Py — Py + -+ + Py such that

0: C(Py,C) x - x C(Py,C) = C(P;,C)

fi
i ()
fr

(if o = 7° for some T € Z;r, we have l;s = 7(t1,...,4,): Ps = rPs). Let

us cousider the following diagram where the square is a pullback.

lue1
o~ lugr
Py =U—>U——Py, +---+ P, Py +---+ P,
L ilagl +"'+la9T
P PS, 44 PS'r

Denoting the term o(01,...,0,): [[%; si = s by 0, we define Ps, = U,
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loy, = ugey and
lMg1
lﬂe = : uiey.

lugr

Then, if the cospan (fi: Ps; = C)igq1,...,m} is such that 0;(f1,..., fm) :
P — (' is defined for each 1 < j < r,

ae(e(fla"wfm 091 fla"'af’m "70T(f17"'7fm))la

f17 7fm
o‘u2€U

f17 7f7n
fl,

) lag, + -+ +lay, Jurey
91 fl, 7f7n

a01 Hl(flv 7fm)
aGT 9 (f17 7fm)
1o

Hoq (fl ----- fm
uley
)

1o, f17 o fm

g,
f ujey
T’L l}tg

flv"'afm)

using the previous steps in the recursion.

This ends the construction of P, l,, and [,, for each finitary term
0 of X'7*+1. Similarly as above, this defines a I !-model which satisfies
conditions 1-5. This concludes the recursive construction of our I'-
model for each n € N. Considering them all together, we get a I'(p7 x)-
model ¢(C)p.

Now, if f: C — C" € C and P € Sub(1), we define a morphism
6(f)p: H(C)p — 6(C)p by

(¢(f)P)s:éi}%aCU ——961}2,67)
g—fg

for all s € S(ar,x)- By conditions 2-5, ¢(f)p is a I'(as, x)-homomorphism.
This defines the expected functor ¢: C — Mod(F(M,X))SUb(l).
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To prove ¢ is a T-enriched functor, we only need to show that
¢(—)p is T-enriched for all P € Sub(1l) since the 7T-enrichment on
Mod(F( M, X))SUb(l) is computed componentwise. We thus have to prove

that given 7 € 7, parallel morphisms fi,...,f,: C — C'inC, P €

SUb(l) and s € S(MX (¢( (fl? < fT))P)S iT(¢(f1)Pa cee 7¢(f7’)P)S'
This holds due to condition 2, since given g € C(Ps, C),

(A(r(fr,-- - fr)P)s(g) =T

=T

(fi,-- fr)g

(f19,~- , frg)

=7°(f19,- -, fr9)

=7((¢(f1)P)s(9), - - -, (&(fr)P)s(9))
=T7(¢(f1)p, .- 0(fr)P)s(9)-

Similarly as we described for Barr’s Embedding Theorem 4.5, ¢ pre-
serves finite limits and regular epimorphisms since for each P € Sub(1)
and each s € S(y,x), Ps: C — Set preserves them. Note that if a ho-
momorphism f of I'(js x)-models is such that fs is surjective for each
s € S(m,x), it is a strong epimorphism and so a regular epimorphism.

Again, in the same way we did for Theorem 4.5, if f: C — C" € C is
such that (¢(f)p)s is surjective (resp. injective) for each P € Sub(1) and
each s € Sy x) (or even just for s = %), then f is a regular epimorphism
(resp. a monomorphism). This implies that ¢ is conservative.

It remains to check that, for f: C — C’" € C, P € Sub(1l) and
s € S(m.x)s

(Im o(f)p)s = {(¢(f)p)s(x) [ € (4(C)p)s}-

Consider m: 5" — s € Y x) \ Xy ,x) and x € C~(P5/,C) such that
7((¢(f)p)s(z)) is defined. So, there exists g: Ps — C’ making the
square

Py —=C

d)

PS?C/

commute (with a: s — s’ corresponding to 7). Let f = ig be the
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image factorisation of f. Since [, is a strong epimorphism, there exists
a g': Ps — Im(f) such that ig’ = g. Since Ps is C-projective, there
exists a morphism y: Ps — C such that qy = ¢’. Thus, fy = g and
(o(f)p)s(y) = g=7((¢(f)p)s(x)). Therefore, in view of the description
of images in categories of I'-models given in Proposition 1.84 for any

essentially algebraic theory I', this concludes the proof. O

The reader may have noticed we actually defined in this proof, for

each P € Sub(1), an internal I/ x)-co-model in C.

4.3.3 Applications

As we previously explained for Yoneda and Barr’s embedding theorems,
Theorem 4.8 gives a way to reduce the proof of statements about finite
limits and regular epimorphisms in regular 7T-categories with (M, X)-
closed relations to the particular case of Mod(F(MX)). With more de-
tails, let (M, X) be an extended matrix of terms in the commutative
Lawvere theory T and suppose we are given a statement of the form
P = @ where P and @) are conjunctions of properties which can be

expressed as
1. some finite diagram is commutative,
2. some finite diagram is a limit diagram,

3. the equality t(f1,..., fn) = ¢ holds for an n-ary term ¢ of 7 and
parallel morphisms fi,..., fn, g,

4. some morphism is a monomorphism,

5. some morphism is a regular epimorphism,

6. some morphism is an isomorphism,

7. some morphism factors through a given monomorphism.

Then, this statement P = (@ is valid in all regular V-T-categories with
(M, X)-closed relations (for all universes V) if and only if it is valid in
V-Mod(T'(yr,x)) (for all universes V).
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Remark 4.9. At a first glance, one could think this technique will be
hard to use in practice, in view of the difficult definition of Mod(I'(5/ x))-
However, due to the additional property in Theorem 4.8, we can suppose
that the homomorphisms f: A — B considered in the given statement

have an easy description of their images in Mod(I'(5/ x)), i.e.,

(Im f)s = {fs(a)|a € As}

for each s € S(yr x) (compare with the one given in Proposition 1.84). In
particular, if f is a regular epimorphism, f; will be a surjective function
for each s € S(ys x). Therefore, in practice, it seems we will never have
to use the operations agy, g, Mg, €9 and mg. They were built only to
make Mod(I"(ys x)) a regular category.

We now show on concrete examples how to use this embedding theo-
rem to prove some results using elements and operations. We recall that,
for the sake of brevity, we sometimes write f instead of f; for the s-th
component of an S-sorted function f. Firstly, we give an example in the

regular subtractive context.

Lemma 4.10. [24] Let C be a regular subtractive category and d an
approximate subtraction (i.e., a morphism d: A x A — B such that

d(14,14) = 0).

A
(lAle)i 0
AxA——B
d

Let also x,y, z,w: C — A be four morphisms in C such that d(z,y) =
d(z,t). Then d(z,z) = d(y,t).

Proof. By our Embedding Theorem 4.8, it is enough to prove this lemma

0
in Mod (T (y7.x)) with (M, X) = (( v

T
and ¢ € (5. We can compute:

X

. ) ,@). So, let s € S(ar,x)
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= d(pi((z(c), 2(c)), (2(c), 2(c))))
= d(pi(z(c), 2(c)), pi(z(c), 2(c)))
= d(p} (z(c), 2(c)),07)

= d(pi(x(c), z(c)), pi(y(c), y(c)))
= d(pi((z(c), y(e)), (2(c),y(c))))
= pi(d(z(c), y(c)), d(2(c), y(c)))
= pi(d(z(c),t(c)), d(z(c), y(c)))
= d(pi(z(c),z(c)), pi(t(c),y(c)))
= d(pi(y(c),y(c)), pi(t(c), y(c)))
= pi(d(y(c), t(c)), d(y(c),y(c)))
= pi(d(y(c),t(c)),0%)

= a’(d(y(c), t(c))).

Since 7¥(a®(x)) is everywhere-defined and 7°(a®(x)) = x is a theorem
of T'(ar,x), @’ Bs — By is injective. We can thus deduce from the
above calculation that d(z(c), z(c)) = d(y(c), t(c)). O

As announced above, we now prove the converse implication of Propo-
sition 3.25. For a natural number n > 3, we are going to use the diagram

below in a regular category C, of which (7) is a particular case:

U x w V
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in which the equalities

fS = gt = 1Y’ kv = hu = 1W’ h’Y = Blfa Vs = uﬁlv ko = 5%*297
0t = vBp—2, @1A = YP1, @A = Opn—1 and Bji; = 1w,
Bif = Bj—1g9, ft =i;8j—1 foreach 2 < j<n—2

hold, (U xw V,q1,q2) is the pullback of k along h and (L,p1,...,pn—1)
is the limit of the zig-zag formed by the alternating split epimorphisms
f and g.

Theorem 4.11. [60] Let n > 3 be a natural number and C a regular

category. The following statements are equivalent:
1. C is n-permutable,

2. for each diagram (7) in C, if v and § are regular epimorphisms,

then A is also a regular epimorphism,

3. for each diagram (10) in C, if v and § are regular epimorphisms,

then A is also a regular epimorphism.

Proof. 2 = 1 being the content of Proposition 3.25 and 3 = 2 being
trivial, it remains to prove 1 = 3. Due to our Embedding Theorem 4.8,

it is enough to prove it in Mod(I'(yy,x) for

r Yy y|r z Z9 Zn—2
(M,X)—<< " )7{Z17-~-72n—2}>-
r T Y|z1 22 - Zp-2 Yy

Moreover, using Remark 4.9, we can suppose without loss of generality

that v and 0 are surjective in each sort. So, let s" € S5/ x) (to avoid
clashes of notations with the section s of f), a € Uy and b € Vi be such
that h(a) = k(b). We must prove that (a,b) is in the image of A. Since
~vs and dg are surjective, there exist z, 2’ € Xy such that v(x) = a and

0(z") = b. This implies the equalities

Bif(x) = hy(x) = h(a) = k(b) = kd(2') = Bn-29(2) (11)
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hold. Let us also compute the following identities:

Y(sg)" (2)) = vsg(sg)"

and

('

-3
= uBig(sg)" (2’
= ufaf(sg)" (2
= uBafsg(sg)"*(z)

= ufag(sg)"(a")

)
)

= uBn-39(s9)' (z')
= uPp_2fsg(x)
= ufn—2g(a’)

W g f(a)

= ysf(z)

S(tf)"(z) = Stf(tf)" " (x)

= W af (tf)" ()
= Bn-sg(tf)"*(x)
= 0B _sgtf(tf)"*(x)
= vBnsf(tf)" (z)

= 0B f(tf) (x)
= vhigtf(x)
= vp1f(z)

w vBn—29(x")
= dtg(z’).

For 2 < j < n—2, we also find

ftg(sg)" (')

iiBj-19(sg)" 7~ (a')

= i;B8;f(s9)" 7 (")
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= ijBfsg(sg)" 772 (a")
= i;8jg(s9)" 72 (a)

= i;Bn—39(s9)" ()

= ijBn—2fsg(z’) (14)
= 4jfn_2g(z")

= i)

= ij(Bj-1ij-1)(Bj—2ij-2) - -~ (B2i2) 1 f (x)
= (ijBj-1)(1j-1Bj-2)(ij—2 - - - B2)(1251) f (%)
= (fty "' f(=)

= f(tf) ().

Now, we define
w1 = pi (2, 5f(2), (s9)"*(2)) € X(w )
and for 2 < j <n—1,
v = 0 (4P (1), tg(s9)" 7 (@), (s9)" 71 (') € X

We can compute the following identities:

~

f(@) = pi (f(@), fsf(x), f(s9)">(2"))
= pi (f(x), f(x).9(s9)" (')
= &} (f(2),9(s9)" ("))
= p5 (f(2),9(s9)"(2'), g(s9)" (')
= p5 (gtf(x), gtg(sg)" " (a'), g(s9)" (')
= g(z2)

and for each 2 < j < n — 2,

Fz) = pf (FtF) (), fta(sg) (), F(s9)" (')
W o (Fry (@), FEFY (@), F(s9)" 7 ("))
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= &5 (f(tfY (), f(s9)" 77 (2"))
= pg+1(f(tf) H(x), f(sg)" 7N a), f(s9)" ()
(

= p5La(g(tf) (@), g(s9)" 7 (a'), g(s9)" 72 (a'))
= g(jt1).
This exactly means that (z1,...,2,-1) € Ly g)- Moreover, the equali-
ties
Y(@r) = pf (&), 7sf(x),(s9)"(2"))
2 0 (@), s (). 75 ()
o (v(x))
= o (a)
and

5(%—1) = Ph_1(8(Ef) P (@), Stg(a’), 6(a"))

2 i1 tg(a), stg(a'), o(a))
= 045 (5(3&‘/))
= o (b)

hold. This implies that

! / /

Mz, ... xn—1) = (& (a),a® (b)) = a® (a,b)

and
(a,b) = 7% (a* (a, b))
=7 (A (@1, .., Tn_1))
S Im(/\)s/
which concludes the proof. ]

The particular case n = 3 of the above theorem (i.e., for Goursat
categories) already appears in [49]. For the case n = 2 (i.e., Mal’tsev

categories), a similar characterisation also exists: We now consider the
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following digram in C

X xy Z A UxwyV (15)
p2 A a2
5 q1
p1 Z V
v
X 7 >U kl|v
\j t
! N
Y 3 W

in which the equalities gt = 1y, kv = 1w, hy = B8f, ké = Bg, 6t = vp,
@1A = yp1 and g2 A = dp2 hold, (X Xy Z, p1, p2) is the pullback of g along
fand (U xw V,q1,q2) is the pullback of k along h.

Theorem 4.12. [48] The following conditions on a regular category C

are equivalent:
1. C is a Mal’'tsev category,

2. for any diagram (15) in C, if v and § are regular epimorphisms,

then X is also a regular epimorphism.

Proof. In order to illustrate Theorem 4.8, we are only going to prove the

implication 1 = 2 here. Using this embedding theorem, it is thus enough
to prove it in Mod(I"(y x) for

(2 00) )
T T Y|y

supposing that v and d are surjective in each sort. So, let s € S/ x),
a € Us and b € V; be such that h(a) = k(b) and let us prove that
(a,b) € Im()\)s. By assumption, we can find x € X, and z € Z; such
that v(x) = a and 0(2) = b. Let 2’ = pi(tf(x),tg(2),2) € Z(5 ). Since

the equalities

=
—~~
~
—~
=
=2
J
=2
o
I
L
»
—~
~
—~~
8
~—
I
~
Q
»
—~~
8
~—

g(z")=p
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hold, we can consider (a*(z), 2’) € (X xy Z)(50). Moreover, since

—

5t f(x),otg(2),0(2))
vhy(x),vkd(z),0(z))
vh(a),vk(b),b)
vk(b), vk(b),b)

—n = o =
e

—

Q

we know that A(a®(x), 2") = (y(

*(2)),0(2)) = (a’(a), @*(b)) = o*(a, b).
Therefore, (a,b) = 7°(a®(a,b)) s

w5 (AMa®(z),2")) € Im(N)s. O

Our last example is the proof of the implication 1 = 3 in Theo-

rem 2.49 for the particular case of Goursat categories (i.e., n = 3).

Lemma 4.13. [27] Let R ~— A x B be a binary relation in a regular
Goursat category C. Then, RR°P RR°? < RR°P.

Proof. Our embedding theorem again tells us it is enough to prove this
lemma in Mod(T'(5s,x)) with

<M,X>=<<"“" e z>,{z}>.
r r Y|z y

With Remark 4.9 in mind, we can assume without loss of generality that

(RR°P)s = {(b,1/) € Bs x Bs|Ja € Ag such that aRb,aRV'}

for each s € Sy x). In the same way, we can assume without loss of

generality that

(RRPRRP)s = {(b,V") € Bs x Bs|3a,d’ € A,V € By
such that aRb,aRV,a' RV, a' RV}

for each s € Sy x). So, let s € Sy x), (b,0") € (RRPRRP), and we
want to prove that (b,b”) € (RR°P),. Since (a,b) € Ry, (a,V') € Ry and

(a',V') € Ry (for some a,a’, V'), we know that

(pi(a,a, a/)7 P (b, b/, b/)) = (x1(a, a/)7 a’(b)) € R(S,O)'
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Moreover, since (a,b') € R, (a/,b') € Rs and (d/,b”) € R, we also know
that

(p; (av a,a a/)7 p;(blv b/v b”)) = (ﬁi (av a/)v as(b/,)) € R(S,O) :
Therefore,
a’(b,0") = (a’(b), * (V")) € (RR)(5)

which implies
(b,0") = m*(a®(b, V")) € (RRP)s. O

4.3.4 The exact case

The aim of this subsection is to prove a similar result to Theorem 4.8 in
the exact context. Since Mod(I'(7,x)) is a priori not an exact category,
we need to turn it into an exact one. This can be realised with the exact
completion of a regular category, introduced in [77] (see also [98, 73]).
Let us recall it here. Let C be a well-powered regular category. We define

its ezact completion C, as the following category:

x / reg

e objects of Cey /req are pairs (A4, R) where A is an object of C and R

an equivalence relation on A,
e a morphism T': (4, R) — (B, S) is a relation T — A x B satisfying

1. STR=T
2. TTP L S

3. R T°PT
e the identity on (A, R) is R itself,
e composition is the composition of relations.
We then get a functor

:C — Cex/reg

Av— (A, AQ)
f: A= B+ (14,f): A— Ax B.



168 4. Embedding theorems

Proposition 4.14. [77]| Let C be a well-powered regular category. Then,
« /reg 18 full, faithful and regular. It is the

exact completion of C in the sense that, for each regular functor F': C —

Cex /reg 18 €xact and i: C — C,

D to an exact category D, there exists a unique (up to isomorphism)

regular functor F': Coy /reg — D such that Fi is isomorphic to F.

C—F——— Cex/reg
VF\ &7 H'F
D

Now, if we consider a T-enrichment on C for a Lawvere theory T, we

can build one on C, Indeed, for each n-ary term ¢ of T and object

x /reg*
(A, R) of Cex reg, We consider the map

Ro (lAn,tA)
_— >

(A,R)" = (A", R™) (A, R)

where R™ denotes here the equivalence relation given by the product
Rx- xR AZx - x A2 A" x A™.

One can prove this defines a 7-enrichment on Cey /e such that i: C —
Cex /reg 18 @ T-functor. Moreover, this makes Cey /1eg the exact T-com-
pletion of C, in the sense that, with the notations of Proposition 4.14,
if D and F are T-enriched, F is also T-enriched. We now need a few

results in order to get our embedding theorem in the exact context.

Lemma 4.15. [59] Let (M, X) be an extended matrix of terms in the
Lawvere theory T as in (6). Let also r: R — A“ be an a-ary relation in
the regular T-category C. If p: B — A is a regular epimorphism and if
we consider the pullback

S—1=R

]
BG?AG,

p

then R is (M, X)-closed if and only if S is (M, X)-closed.

Proof. We are going to use Proposition 2.43. Let us first suppose that
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Ris (M, X)-closed and let (yi,...,y): Y — B! be such that

(i), tai(yn, - ) = svj: Y — BY

for some vy,...,vp: Y — S. Thus,

(tii(yt, - spy1), - - s tag(PY1, - - - PYL))
:pa(tlj(yh’ . '7yl)7 CIEaE 7taj(y1) .. '7yl>)
= p”sv;

= rqU;

factors through r. Since R is (M, X)-closed, there is a regular epimor-

phism p': Z — Y and morphisms zj11,...,2;: Z — A such that

(ulj(pylplv cee 7pylp/7 Zl41y- - 7Zk)7 o 7uaj(py1p/7 CIEaE 7pylp/7 Zl41s-+ s Zk))

= TW;j
for some wq,...,wy: Z — R. Now, we consider the pullback
7 (Z1410-21) Bl
q/i - ipkl
7 Ak—l
(Zl+17"'»zkr)

and we prove that the required property is satisfied with the regular
epimorphism p'q': Z’' — Y and the morphisms z;,,,...,2,: Z' — B. In

view of the definition of s, we only have to notice that

p“(ulj(ylp'q', ourd, sz, . ,zllf), o
. ,uaj(ylp’q', oup'd, ZZ—H’ e z,{c))
= (u(py1p'ds - pup'd s 211d’s - 2d)s -
o uai(pyp'd s oy d 2 d - 2d)

— Al
=Trw;q

factors through r for each j € {1,...,V'}.

Conversely, let us suppose S is (M, X)-closed and consider a mor-
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phism (y1,...,y): Y — Al such that

(tlj(yh e yl), Ce ataj(yly ceey yl)) =Tvj;: Y — A°
for some vy,...,vp: Y — R. We also consider the following pullback.

W esy])

Since

Pt W) tai (Y- 1)
= (tlj(qu/a v 7qu/)7 ERE) taj(qu,a s 7qu/))

= T’qu,
factors through r, the morphism

(YY) s tag (Yo -5 Y1)

factors through s for each j € {1,...,b}. But S is (M, X)-closed, so
there exists a regular epimorphism p’: Z — Y’ and some morphisms

2141, .-+ 2k £ — B such that

(ulj(y{[p/7 see 73/219/’ Zl41y .- ,Zk), e 7uaj(y{[p/7 RN y;p/7 241y .- ,Zk;))
= SQUj
for some wy,...,wy: Z — S. Now, the required property is satis-

fied with the regular epimorphism ¢'p’: Z — Y and the morphisms
D241, .-, P2k 4 — A. Indeed,

(ui;(y1d'?, -, ud' P p2igas - D), -
! ! /N
ooty (i’ ud Y prsa, - k)

= pa(ulj(yip/7 v )yl/p/7 Zl41ye - 7Zk)7 ey uaj(:yip/, cee >y;p/7 Zl41y- - 7Zk))



4.3. Embedding for categories with (M, X)-closed relations 171

— Q.
= p“sw;

= rquw;

factors through r for each j € {1,...,V'}. O

Lemma 4.16. [59] Let (M, X) be an extended matrix of terms in the
Lawvere theory 7 as in (6). Let also r: R — A% be an a-ary relation
in the well-powered regular T-enriched category C. This gives an a-ary
relation i(r): i(R) = i(A%) = i(A)* in Cex /reg- Then, Ris (M, X)-closed
if and only if i(R) is (M, X)-closed.

Proof. This comes from the fact that i: C < Coy /1eg 18 T-enriched, con-

servative and regular. O

It is proved in [46] that if C is a regular well-powered Mal’tsev cate-
gory, then its exact completion Cey /e is also a Mal’tsev category. We

now generalise this result for matrix conditions.

Proposition 4.17. [59] Let n be a natural number and (M, X1),. ..,
(M, X,,) and (M, X) be extended matrices of terms in the Lawvere the-
ory T with the same number a of lines. Let also C be a well-powered reg-
ular T-category. If every a-ary relation in C which is (M;, X;)-closed for

eachi € {1,...,n} isalso (M, X)-closed, then the same occurs in Cey / yeg-

Proof. Let r: R A% be an a-ary relation in Cey /e Which is (M;, X;)-
closed for each ¢ € {1,...,n}. It is proved in [98] that there exists an
object B € C and a regular epimorphism p: i(B) — A in Cey /reg- S0, We

can consider the following pullback.

Moreover, it is also shown in [98], that with the embedding i: C —

Cex /reg, C s closed under subobjects in Cey /reg (up to isomorphism).
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Hence, we have the following pullback

i(S) —L>=R

_
z(s)I IT

i(B®) ?»Aa

for some a-ary relation s: S — B® in C. Now, by Lemma 4.15, i(S) is
(M;, X;)-closed for each i € {1,...,n}. By Lemma 4.16, S is (M;, X;)-
closed for each ¢ € {1,...,n}. Thus, by the assumption on C, S is
(M, X)-closed. Again by Lemma 4.16, i(S) is (M, X )-closed and finally
by Lemma 4.15, R is (M, X)-closed. O

Corollary 4.18. [59] Let 7 be a commutative Lawvere theory and
(M, X) an extended matrix of terms in 7. Then Mod(I'(as,x))ex / reg
is an exact T -category with (M, X)-closed relations.

Proof. Since subobjects of Mod(I'(y, x)) are represented by its submod-

els, it is well-powered. Then Mod(T'(,x)) is exact from Proposi-

ex /reg
tion 4.14 and has (M, X)-closed relations by Propositions 4.7 and 4.17.

O]

With this in mind, we can state our embedding theorem in the exact

context.

Theorem 4.19. [59] Let 7 be a commutative Lawvere theory, (M, X)
an extended matrix of terms in 7 and C a small exact T-category with
(M, X)-closed relations. Let 1 be the terminal object of C. Then, there

exists a regular conservative 7-enriched embedding
¢: C = (MOd(P(M,X))ex/reg)SUb(l)
which preserves coequalisers of equivalence relations.

Proof. We just have to compose the embedding of Theorem 4.8 with the
embedding ™M Mod(T'(ps,x))**™™™) = (Mod (T (as,x))ex / reg) ™"V

Notice that an equivalence relation is the kernel pair of its coequaliser in
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an exact category. This implies that the embedding preserves coequalis-
ers of equivalence relations since it preserves kernel pairs and regular

epimorphisms. O

Remark 4.20. Theorem 4.19 is stated in a way which characterises
exact T-categories with (M, X)-closed relations among small T-cate-
gories with finite limits and coequalisers of equivalence relations. In
an analogous way, Theorem 4.8 characterises regular 7 -categories with
(M, X)-closed relations among small T-categories with finite limits and

coequalisers of kernel pairs.

4.4 Embedding for protomodular categories

Protomodular categories have been introduced by D. Bourn in [17] as cat-
egories whose change of base functors v*: Pt;(C) — Pt;(C) of the fibra-
tion of points are conservative (see for instance [15] for a detailed account
on the topic). As we will see, it is a key property to define homologi-
cal [15] and semi-abelian [62] categories which are known to provide good
contexts to develop homological algebra. In this section, we recall some
well-known characterisations of protomodular categories and syntacti-
cally describe protomodular essentially algebraic categories. We then
prove an embedding theorem for regular protomodular categories, in a
similar way we did for regular T-categories with (M, X )-closed relations.
However, in order to prove protomodularity is a Th[Set]-unconditional
exactness property, we need to assume the existence of some colimits,

which will then be a hypothesis in our embedding theorem.

4.4.1 Protomodular categories

Definition 4.21. [17] A protomodular category is a category C with
pullbacks of split epimorphisms along arbitrary morphisms such that, for
each morphism v: J — I in C, the change of base functor v*: Pt;(C) —

Pt;(C) of the fibration of points is conservative.

Example 4.22. The categories Gp, Ab, LieAlg;, (for a field k), Heyt

and Set®? are protomodular, while Mon and Set are not.
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Proposition 4.23. [17] Let C be a pointed category with finite limits.
Then C is protomodular if and only if the Split Short Five Lemma holds

in C. This means for any diagram

O*>K>k—>AéQ*>O

N

0—>K’>k—/>z4/3@’4>0

Sl

in C where gk =K' f, hq = ¢'g, gs = s'h, qgs = 1¢, ¢'s' = 1¢/ and k (resp.

k') is the kernel of ¢ (resp. ¢), if f and h are isomorphisms, then so is g.

In a regular context, this is even equivalent to the Regular Short Five

Lemma.

Definition 4.24. [15] A homological category is a pointed regular pro-

tomodular category.

Theorem 4.25. [15] A pointed regular category C is homological if and
only if the Regular Short Five Lemma holds in C. This means that, given

a commutative diagram

0 LAy Ny 0
"
0 K’ Al Q' 0
k/ q/

in C where g and ¢’ are regular epimorphisms with & and k" their respec-

tive kernel, if f and h are isomorphisms, then so is g.

The above characterisations do not help to ‘make protomodularity
look like a Th[Set]-unconditional exactness property’. The following one

gets it closer.

Proposition 4.26. [19] Let C be a finitely complete category. Then C

is protomodular if and only if, for each morphism (u,v): (p,s) — (p/, )
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in Pt(C) for which the square p'u = vp is a pullback,

AL A

J)

I?I,

the morphisms u and s’ are jointly strongly epimorphic.

If C has binary coproducts, this is equivalent to saying that the mor-

phism (): A+ 1" — A’ is a strong epimorphism. Or, if the pushout
of s along v exists and if ¢ denotes the factorisation of the pair (u,s’)
through it, then this pair is jointly strongly epimorphic if and only if ¢

is a strong epimorphism.

Indeed, g factors through a subobject of A’ if and only if u and s’ simul-
taneously do. If moreover C is regular, this means in both cases that a
morphism is required to be a regular epimorphism. This discussion leads

us to the following proposition.

Proposition 4.27. Being ‘regular protomodular with binary coprod-
ucts’ and ‘regular protomodular with pushouts along split monomor-

phisms’ are Th[Set]-unconditional exactness properties.

Let us now give a syntactic characterisation of essentially algebraic

categories. We first recall the one-sorted finitary algebraic case.

Theorem 4.28. [20] Let 7 be a Lawvere theory. Then 7-Alg is proto-

modular if and only if there exist in T, for some natural number n > 0,

o n nullary terms wi, ..., wy,,

e for each 1 < i < n, a binary term d;(x,y) such that d;(x,z) = w;

is a theorem of T,
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e an (n + 1)-ary term 7 such that 7(dy(x,y),...,dn(z,y),y) = x is

a theorem of 7.

Theorem 4.29. [57| Let I' be an essentially algebraic theory. Then
Mod(T") is protomodular if and only if, for each s € S, there exists in T’

e aterm 7: ([[icrsi) X s — s,

e for each i € I, an everywhere-defined term d; : s> — s;,

e for each ¢ € I, an everywhere-defined constant term w; of sort s;
such that

1. di(x,z) = w; is a theorem of T" for each i € I,

2. the term s2 — s
7 ((di(2,y))ier, y)

is everywhere-defined,

3. the theorem
©°((di(z,v))ier,y) =

holds in T'.

Proof. Firstly, let us suppose that the conditions in the statement hold
in T, and let us prove Mod(I") is protomodular. So, we consider a mor-
phism f in Ptp(Mod(I")). This yields a diagram

NS

¢
B
with pt = 1p = qu, qf = p and ft = u. We also consider a morphism

f

A

v: B’ — B such that the image f’ of f by the change of base functor v*

!/

A xpy B A x4, B

/ f
\ %
P’ q
B/
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is an isomorphism. We have to prove that f is also an isomorphism. Let
us first prove it is a monomorphism. So, let s € S and a,a’ € Ag be such
that f(a) = f(a’). We also consider the terms given in the statement

for s. For each ¢ € I, we have

= (di(f(a), f(a')), w;)
= (w;, w;)

= f'(wi, wy)
and d;(a,a’) = w; = d;(d’,d’) since f; is injective. Therefore, we have

a=7*((di(a,d))ier,d)
= m((di(d',a"))ier, a')

!
=a

and fs is injective. Now, we show that Im(f)s = A.. So, let ¢ € A, For

each ¢ € I, we know that

q(di(c, ftq(c))) = di(q(c), qftq(c))
= di(q(c), q(c))

from which (d;(c, ftq(c)),w;) € (A" xqu B')s;. Since f{, is bijective,
there exists an element a; € Ay, such that (a;,w;) € (A X, B')s, (ie.,
p(a;) = w;) and f(a;) = d;i(c, ftq(c)). Therefore, we can say that

¢ =7m°((d;i(e, ftq(c)))ier, ftq(c))
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= 1°((f(a:))ier, ftq(c))
€ Im(f)s

and f is an isomorphism.

Conversely, let us suppose Mod(I") is protomodular and let s € S.
Let also X and Y be the S-sorted sets defined by X, = {z1, 22}, Ys = {y}
and Xy = @ =Y, for each s’ # s. We consider the diagram

A}(X) XpJJFIT(@) —> Fip(2)
\

where the square is a pullback and p and t are defined by p(z1) = p(x2) =

Im(py) 1

FI“F (X) FYF(Y)

y and t(y) = x9. Since pt = I (y), ¢ 18 @ monomorphism and we can
see Frp(Y) as a submodel of Frp(X). We write Im(p;) V Frp(Y) for
the smallest submodel of Frr(X) which contains Im(p;) U Frp(Y). It is

routine to prove it is described by

(Im(p1) vV Frp(Y))y =

{T((pl(Zi))iej,l’g) | 7: (H Si) X s — s is a term in T,
i€l

zi € (Frp(X) xp1 Frr(@))s,
and 7((p1(2:))ier, x2) is defined in FIT(X)}

for each s’ € S. We have thus a morphism of points in the fibre over
Frp(Y) in Mod(T'):

Im(p1) V Frp(Y)C ' Frp(X)
St
I

By construction, its image by the change of base functor along the unique



4.4. Embedding for protomodular categories 179

morphism !: Frp(@) — Frp(Y) is the pullback of ¢ along p;, which is an
isomorphism since p; factors through i. Mod(I") being protomodular, i
is an isomorphism as well and 1 € (Im(py) V Frp(Y))s. In view of the

description of (Im(p;) V Frr(Y'))s, we have a term

i)

el

and elements z; € (Frp(X) %, Frp(@))s, (for ¢ € I) such that

7 ((p1(2i))ier, T2)

is defined in Frp(X) and equal to z1. Now, considering the description
of Frr (X)) x,1 Frp(@), there exist, for each i € I, two everywhere-defined
terms d;: s> — s; and w;: 1 — s; such that z; = (d;,w;) and p(d;) =

(w;). We thus got all the terms and theorems we were looking for. [

Let us make the above theorem explicit in the case where Mod(I") is
pointed (see Corollary 1.108).

Corollary 4.30. Let I' be an essentially algebraic theory such that
Mod(T") is pointed. Then Mod(T") is protomodular if and only if, for
each s € 9, there exists a term 7°: (Hie[ si) x s = s in I' and, for each

i € I, an everywhere-defined term d;: s> — s; such that
1. di(x,z) = 0% is a theorem of T for each i € I,
2. the term 7°((d;(x,y))icr,y) is everywhere-defined,
3. w5((di(x,y))icr,y) = x is a theorem of T

Again, if I is finitary, the term 7° from Theorem 4.29 and Corol-
lary 4.30 can be supposed to be finitary.

Analogously to the case of (M, X)-closed relations, we can charac-
terise protomodularity using approximate co-operations. The pointed

case has been proved in [22] while the general case is from [23].

Theorem 4.31. [23| Let C be a finitely complete category with finite
coproducts. Then C is protomodular if and only if, for each Y € C, the
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morphism
() WY)+Y Y +Y

L2

is a strong epimorphism where the square

W)Ly 4y
_
| ()
0 Y

is a pullback, 0 the initial object and t2: Y — Y 4Y the second coproduct

injection.

4.4.2 Construction of I'"

proto

As we did for matrix conditions, we now construct a finitary essentially
algebraic theory whose category of models will be our ‘representative
regular protomodular category’. In order to encompass at the same time
the homological case, we do it in the T-enriched context. So let T be
a commutative Lawvere theory. As before, we suppose it is of the form
T(s, k) for some one-sorted finitary algebraic theory (¥, E). An operation
symbol (resp. an axiom) of 7 is thus an element of ¥ (resp. E). If r is
a natural number, we denote by X7 the set of r-ary operation symbols
of 7. We are going to construct recursively a series of finitary essentially

algebraic theories
McAlc...crmmcaArfttc...

and a T-enrichment on the corresponding categories of models. Let us
first define 0 = (89, %0, 0, £20, Def?):

. S0 {u},
e Y0 =)= {r: %" > x|reN,rex]}

e E° = {all axioms from 7T for the 7*’s}.
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We consider the obvious T-enrichment on Mod(T?) & T-Alg. Now, let

us suppose we have defined

and the T-enrichment on Mod(I'™) (with I'™ = (S™, X" E™, 37, Def™)).

We are going to construct
APl (S 'n+1 Z’n+17 Ew/7LJr17 2;n+17 Def/n+1)
first (below 5’ =5 and §" = 5" \Smtifn > 1):

S = 57 U {(s,0), (s,1)|s € Sy = S"US" LS,

Sl = s U {70 (5,0)7 = (5,0)[r €N, 7€ 2T s € 5"}
U{re: (5,1)" = (s,1)|reN,7e 2] s S"}
u{6%: 2 (s,0)|s e?n}
U {w(s70) constant operation symbol on (s,0)|s € ?n}

U{n®e®: (5,0) x s = (5,1)|s € 5"},

sl s yn U (s,0) x s > s|se S,

B =

E"U{8*(z,2) = w®? | s € §"}

U{°(8°(,),y) = £°(8° (2, y),y) | s € S}

U{r®(0%(z,y),y) =x|seS"}

U{6°(7*(z,y),y) =z|s € 5"}
U {all axioms from 7 for the 7(%%)’s and the 7(>"’s|s € §"}
U{r0 6 (@1, 1), -, 8 (2, 1)

=85 (21, .. x), Ty, ) [T EN, T eX] s e 8"
U {T(S’O) (w(s’o), . w(s’o)) = w0 |re N, 7€ ZZ, s € gn}
U{rED (@, m1), -1t (@, yr)

= (02, 2), Py, )| reN,TeX] se S}
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U {rED(E (@, m), .- e (@, yr))

= 68(7'(5’0)(331, ey Ty )y T (Y1, oY) [ r ENJT € Z,T,s € ?n}
U{r* (7 (@1, 91)s - - 7 (0, 7))

=0 @y, ), () [reN,Tex] se S}

and /
{ Def "*1(g) = Def"(0) if 0 € £\ &7

Def "t1(7%) = {n°(z) = e5(z)} for s € 5.

Hence, we have I' C A™*! and we consider the obvious 7-enrichment
on Mod(A"+1).

Let now T"*! be the set of finitary terms 0: [[, s; — s of X1
which are not terms of X (where we consider ' = &). We then define
[l as:

S = SN {sg, 5|0 € T} = ST L
sl — st e o 5 spr e N, 7 e X! 9 e T
U{r%: (s))" = sh|reN,7ex] 0T}

m
U{ag: s — sg|0: Hsi—>s€T"+1}

i=1
m m
U {up: Hsi — sp|6: Hsi — s € T"+1}
i=1 i=1

U {ng,c0: s9 — sp|0 € T”’Ll}7

m
sl = st (g osp — 5| 6: Hsi —se T,
i=1

En+1 —
E™U {ng(ag(x)) = eolap(w)) |0 € T}

U{mg(ag(x)) =x|0 € T”H}
U{ag(me(x)) = 2|0 € T}
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U {ag(Q(xl, cee 7$m)) = M@(xb .. '7xm) ‘ 0: Hsi — 8 € Tn+1}

i=1
U {all axioms from 7T for the 7°¢’s and the 7%0’s |0 € T"+'}
U{r% (ap(x1),...,cp(xy)) = ap(T%(z1, ..., 20)) |

m
TGN,TEEZ,Q: Hsi—>36T"+1}
i=1

UA{T* (po (w115 -5 T1m)s - - o (Tr1s - - o Trm))
= pg(T (x11y oy 1)y e T (T 1y - - 5 Tem)) |
reN,7ex’ 0: ﬁsi—hs e T}
i=1
U0 (g (@) - () = mg (7 (21, .. ,)) |
reN,rexl §ecTt}

U {753(59(:171), cooeg(xy)) =ep(T (21, ..y my)) |
reN,rexl §e1m!}
U {Ts(ﬁﬁ(xl)a o 7779(:1;7")) = 7r9(7_89 (‘rh ce 7$7')) ’

m
reN,7exl 6: Hsi—>seT"+1}
i=1

and / )
{ Def"*1 (o) = Def "t1(q) if ¢ € X1\ Bt

Def" ™ (1g) = {ng(2) = eg(2)} for § € T"*1.
Thus, we have A" C ™+ and we consider the obvious 7-enrichment
on Mod(I'"*1). This ends the recursive definition of the series

McaAtcrtc...

and we set T

proto

theories. We provide Mod(I‘;oto) with the T-enrichment coming from

to be the union of these finitary essentially algebraic

the T-enrichments on the Mod(I'"™)’s. Since they will be the most impor-

Th(Set] Th[Set.]

tant cases, we denote I'; ¢ simply by I'proto and I'piote ™ bY Thomo-

Proposition 4.32. [57] Let 7 be a commutative Lawvere theory. The
T-category MOd(Fg;oto) is regular and protomodular.
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Proof. The ‘A part’ of the construction makes Mod(l“;oto) protomod-
ular. Indeed, considering 7°: (5,0) X s — s, di = 0° and w; = w®0),
I

proto Satisfies the conditions of Theorem 4.29.

On the other hand, the ‘I" ingredient’ of the construction ensures that
T

Mod(Fg;Oto) is a regular category since each finitary term 6 of X/, is
in 77! for some n € N, which makes the conditions of Theorem 1.88

hold. O

4.4.3 Proof of the embedding theorem

This subsection is devoted to the proof of our embedding theorem for
protomodular categories. Since it is similar to the one for categories with

(M, X)-closed relations, we only sketch it.

Theorem 4.33. [57] Let 7 be a commutative Lawvere theory and C a
small regular protomodular T-category with binary coproducts. Let 1
be the terminal object of C. Then, there exists a regular conservative
T-enriched embedding ¢: C — Mod(Fg;Om)S“b(l). Moreover, for each
morphism f: C' — C’ in C, each I € Sub(1) and each s € ST

proto»

(Im &(f)r)s = {(@(f)1)s(@) |z € ($(C)1)s}-

Proof. By Proposition 4.27 and Theorem 3.21, C is regular and proto-
modular. The proof is very similar to the one of Theorem 4.19, up to two
differences. Borrowing its notations and the ones from Theorem 4.31, we

—

now define, for s € ", Pis0) as W(Ps).

5 CW(Ps)

}%S’O) = W(Ps) —= W (Ps) — P + P

|
-]
0 P,

We also define

§%: C(Py,C)? — C(Ps0),C)
(f.9) — (1) d"ew(p,)



4.4. Embedding for protomodular categories 185

and w9 ¢ 5(P(570), () is the composite

EW (Ps) wPs |

P50y = W(Ps) —= W (Fs) >0 ——C.
By Theorem 4.31, we can consider the regular epimorphism

dPs
€ +ls L
ps:P(s,0)+PSM»W(PS)+PS ( 2)

and define

71 C(Ps0), C) x C(Ps, C) — C(Py, C)
(fv g) — hbl

where h: Ps;+ Ps — C is the unique morphism such that hps = (5) (i.e.,
thSeW = f and hiy = g). We define this 7° if and only if such an
h exists. In order to construct P 1), we consider the kernel pair (rq,72)
of ps:
5 €R "1 5 Ps
P(Svl):R R4>r2 P(s,O)JFPs > Ps + Ps

and set P, 1) = R. We then define

1z C(Ps.0): C) x C(Py, C) — C(Pl1y, C)
(f,9) — (§) rer

and

The second difference with the proof of Theorem 4.19 is the follow-
ing. If 7°: (5,0) x s — s € ¥\ 5 and 6;: [T, si — (s,0),
02: TI7, si — s are finitary terms of X1 for which Lug, s gy s lag, and

la92 have been constructed, we define [, and [, for the term

0 = (01, 0): Hsz—>s
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as follows. We consider the diagram below where the rectangle is a

pullback.
lug,
g,

Py, = 6$U%Psel + Py 2 Py + -+ Py,
il% oy,
u2 Ps0) + Ps
ips
P P, + P;s

L1

We then set P, = (7, loy, = ugey and

_ 1“91
lup = <1H92 ) uiey-
Let us prove it satisfies the equality

ag(0(f1,-- -, fm)) = po(f1,-- -5 fin)

for any cospan (fi: Ps, — C)icq1,...m} for which 0(f1,..., fm) is de-
fined, assuming the similar property for #; and 65. Thus, for such a
cospan, 01(f1,..., fm): P — C and O2(f1,..., fm): Ps — C are de-
fined. Therefore,

O1(f1s- -, fm)lag, = @0, (01(f1,-- -, fm))
= ,UJ91(f17"'afm)

fi
= : luel
f77l

‘92(f17' . 'afm)la92 = 0692(02(f1, oo >fm))
= u92<f17"'1fm)

fi
= ZMGQ'
fm

and
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Moreover, since 7%(01(f1, ..., fm), 02(f1,- .., fm)) is defined, there exists
h: P; + P, — C such that

_ el(flv"'vfm)
hps o (92(f17---7f7n)> ’
It remains to compute

a@(e(flv . 7fm)) = 7TS(91(f1, . 'afm)792(f17 . -,fm))lag

= htiusey

= hps(lagl + la92 )uleU

9 f 7"'7fm
92%.}“17"'7.}“7”;) (lOégl + laez)uleU

O m)lag,

o 92(f1 ----- fm)lae u16U
()

= . ue

T ANCY A

(f'm)

wo(fis--oy fm)-

The rest of the proof goes as before. O

The assumption about binary coproducts in Theorem 4.33 is only
used to prove that C is also protomodular. If one has another condi-
tion on the small regular protomodular T-category C which also implies
that C is protomodular, such an embedding will also exist. In view of

Proposition 4.27, we thus also have the following theorem.

Theorem 4.34. [57] Let 7 be a commutative Lawvere theory and
C a small regular protomodular 7T-category with pushouts along split

monomorphisms. Let 1 be the terminal object of C. Then, there exists

a regular conservative T-enriched embedding ¢: C < Mod(T'7, proto o)),

Moreover, for each morphism f: C'— C’ in C, each I € Sub(1) and each
c ST

proto»

(Im &(f)1)s = {(&(f)1)s(x) |2 € (H(C)r)s}-
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4.4.4 The semi-abelian case

Since for a pointed regular category C, Sub(0) is reduced to the singleton,

one gets from Theorem 4.33 the following corollary.

Corollary 4.35. |57| Let C be a small homological category with bi-
nary coproducts. Then, there exists a regular conservative embedding
C — Mod(T'homo)-

Proof. Let T = Th[Set,] in Theorem 4.33. O

This corollary is very close to being an embedding theorem for semi-
abelian categories. The only missing part is the exactness, which can be

brought in via the exact completion as in Subsection 4.3.4.

Definition 4.36. [62] A semi-abelian category is an exact homological

category with binary coproducts.

Theorem 4.37. [57] The category Mod(I'homo )ex / reg 18 €xact and homo-
logical. Moreover, each small semi-abelian category C admits a regular

conservative embedding C — Mod(I'homo)ex / reg-

Proof. 1t is shown in [46] that the exact completion of a regular well-
powered protomodular category is also protomodular. Therefore, the
category Mod(Thomo)ex /reg 18 Protomodular. In the pointed context,
this can be proved using Proposition 4.17: We know from [66] that a

finitely complete pointed category is protomodular if and only if each

v )—closed and ( 0
z Y

-closed. Proposition 4.17 implies thus that Mod(I'omo)ex /reg

binary relation which is

X
y|x

is protomodular and so it is exact and homological.

Y

?(J) )—closed is also

Then, to prove such an embedding exists, it suffices to compose the
embedding C — Mod(T'homo) from Corollary 4.35 with the full embed-
ding i: Mod(I'homo) < Mod(T'homo)ex /reg given by the exact comple-
tion. O

However, this is not yet a good embedding theorem for semi-abelian
categories since we do not know if Mod(T'homo)ex /reg has binary coprod-

ucts.
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4.5 Embedding for categories with M-closed

strong relations

In this section we prove that the category of sets equipped with a partial
Mal’tsev operation is a weakly Mal'tsev category. Moreover, for each
small finitely complete weakly Mal’tsev category, the Yoneda embedding
fully embeds it into a power of this category of partial Mal’tsev algebras.
On one hand, as usual, this implies it is enough to prove some statements
about finite limits in this category in order to prove them for any weakly
Mal’tsev category. Moreover, as we will see, this technique also works to
prove results which are true for Mal’tsev categories (but not necessarily

for weakly Mal’tsev categories).

On the other hand, this embedding theorem better explains a fun-
damental difference between regular Mal’tsev and weakly Mal’tsev cat-
egories. For the former, they embed in a power of a category of partial
algebras in which the Mal’tsev term p = 7° o p: s° — s is defined for
triples satisfying an everywhere-defined equation. Therefore, for each
monomorphism f, if p(f(z), f(y), f(z)) is defined, then so is p(x,y, z).
On the contrary, not all monomorphisms satisfy this property in the
category of partial algebras used in the embedding theorem for weakly

Mal’tsev categories (but strong monomorphisms do).

Mal’tsev categories sit somewhere between weakly Mal’tsev and reg-
ular Mal’tsev categories. It would then be a major step in the under-
standing of Mal’tsev categories to know ‘exactly where’ by proving a
corresponding embedding theorem. However, as far as we know now, a
‘representing Mal’tsev category’ leading to such an embedding theorem
looks very hard to find. The reason is that ‘being Mal’tsev’ seems to
be not ‘as algebraic as being weakly or regular Mal’tsev’. Indeed, the
weakly Mal’tsev property can be characterised (see Proposition 2.37) by
the condition that a pair (I,r) of morphisms is jointly epimorphic. This

can be written as
(Vo)(Vy)(xl =yl Nar = yr = x = y).

The regular Mal’tsev property (with binary coproducts) is charac-
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terised by the condition that a morphism d is a regular epimorphism
(see Theorem 2.30). Denoting (r1,r2) its kernel pair, this can be repre-
sented as

(Vx)(xry = zry = (Ay)(yd = x)).

These two properties already look very much algebraic. On the con-
trary, Mal'tsev categories are characterised using a pair of morphisms
(I,7) which should be jointly strongly epimorphic. This last property
is (for now) far from being algebraic since it can not be expressed us-
ing ‘generalised elements’ in an algebraic way. This is the reason why
we do not think our present knowledge and understanding of Mal'tsev
categories can lead to an embedding theorem for them.

As before, for the sake of generality, we develop this section in the
context of categories with M-closed strong relations for a simple ex-

tended matrix of terms in a commutative Lawvere theory.
4.5.1 The category of partial M-algebras

Definition 4.38. [56] Let 7 be a commutative Lawvere theory and

tin - T | wn

tar o+ tap | Ua

a simple extended matrix of terms in 7. A partial M-algebra is a T-

algebra A equipped with a partial operation p: A — A such that
1. for each i € {1,...,a} and all aq,...,a; € A,
p(tin(ar,...,ag), ..., tip(a,...,ax))
is defined and
p(tir(ar, ..., ag), ... ti(ar,...,ax)) = ui(a,...,ar);
2. for any n € N, any n-ary term ¢ of 7 and any family of elements

(ag/ € A)jef1,...p},j'€{1,...n} Such that p(a{/, .. ,azl) is defined for
each j' € {1,...,n}, p(t(al,....a}),...,t(a},...,a})) is defined
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and the equality

p(t(a%, coal), .. .,t(a;, coap))

= (p(a%,...,aé),...,p(a?,...,a?))

holds. Note that if 7 is on the form 7Ty g) for some finitary one-
sorted algebraic theory (3, E), it is equivalent to require it only for

simple terms as o(x1,...,z,) where o € X.

A homomorphism f: A — B of partial M-algebras is a T-homomor-
phism such that, for all ai,...,a, € A for which p(ay,...,ap) is defined
in A, p(f(a1),..., f(ap)) is defined in B and

p(f(a1),..., flap)) = f(p(ar, ... ap)).

We denote by Partj; the corresponding category.

We have a T-enrichment on Partys: if ¢ is an n-ary term of T and
fi,---, fn: A — B are homomorphisms of partial M-algebras, we define
t(fi,...,fn): A— B by

t(fla e 7fn)(a/) = t(fl(a/)v s 7fn<a,))

for all @’ € A. Since T is commutative, this is a homomorphism of
T-algebras. Moreover, if aj,...,a, € A are such that p(ai,...,ap) is
defined, for each j" € {1,...,n}, p(fj(a1),..., fyr(ap)) is also defined.
This implies

p(t(fh .. -,fn)(al), v 7t(f17' . 'afn)(ab))
= p(t(fl(a1)7 ) fn(a1>)7 s 7t(f1(ab)v e '7fn(ab)))

is defined as well and equal to

t(p(fi(ar), ..., filap)), ..., p(fular), ..., fulas)))
=t(fi(p(ar,...,ap)),- .., fu(p(ar,. .., ap)))
=t(f1,..., fn)(p(ai,... ap))

in view of the second condition in the definition of partial M-algebras.
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This proves t(f1,..., fn) is indeed a homomorphism of partial M-alge-

bras.

Let us now describe small limits in Party;. For that purpose, we

consider a small diagram G: D — Party;. Let
(AD: L — UTG(D))DGD

be the limit of UG in T-Alg, where Uy : Party; — T-Alg is the forgetful

functor. So L is given by

L={(ap)pep € |[ G(D)|G(d)(ap) = ap Vd: D — D' € D}

DeD
with
t((ap)pep; - - - (a}h)pep) = (H(ap, .-, ap))pep
for each n-ary term ¢ of 7. Now, for (a},)pep,-..,(a%)pep € L, we
define p((ah)pep, - - -, (a5) pep) if and only if p(al,,...,a%) is defined

for each D € D. In this case, we set

p((ab)peps - - -, (b)) pep) = (p(ap, . .., ah)) pep.

This makes L a partial M-algebra. Indeed, for each i € {1,...,a} and

cach (ah)peps- - ., (a})pep € L,

p(til((alD)DED) sy (CLIB)DE’D)v L) tib((alD)DG'Dv ceey (a%)DED))
= p((tll(abv R ,alf)))DeDa sy (tib(ale R 7a’l€)))D€'D)
is defined since p(t;1(ab, . .. ,alfj), o ti(akh, ... ,alfj)) is for each D € D

and it is equal to

(p(til(ale SRR akD)’ s 7tib(a1Dv cee aakD)))DGD
= (ui(alD, e ,akD))Dep
= ui((alD)DGDa ey (G’IB)DED)

We check the second condition analogously: Let t be an n-ary term of

T and, for each j' € {1,...,n}, (aBj/)Dep, e, (aljj’j/)pep elements of L

such that p((a})’j/)pep,...,(a%j,)pep) is defined (i.e., p(a})’j/, e ,a%j,)
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is defined for each D € D). This implies

1,1 1, b,1 b,
p(t(ag . .,ap"), ... tlap,....ap"))

is defined and equal to

1,1 b,1 1, b,
t(p(aD 9 7aD )7 7p(aDn7 7aDn))
for each D € D. Thus
1,1 1,7’L b71 ;1
p(t((ap )peps---,(ap ) pep), .-, t((ap )pep, -, (a]) ) peD))
1,1 1, b,1 b,
=p((tlag ,...,ap"))pep, - -, (t(ap ,...,ap"))pep)
is also defined in L and equal to
1,1 b,1 1, b,
(t(p(aD yoeesap )?' '7p(aDn7"'aaDn)))D€'D
1,1 b,1 1, b,
= t(p((aD )DEDv SR (aD )DED)a s ap((aDn)DGDv SRR (aDn)DED))v

which shows that L is a partial M-algebra. Moreover, given a cone

(up: A — G(D))pep over G, let f be the unique T-homomorphism

fiA— L

a' — (up(a’))pep

such that Apf = pp for each D € D. If a1,...,a, € A are such that
p(ai,...,ap) is defined in A, p(up(ai),...,up(ap)) is defined in G(D)
for each D € D. Thus, p(f(ai1),..., f(ap)) is also defined and equal to

p((ep(a1))pep; - - -, (tp(ap)) pep) = (p(1p(ar), ..., uplap))) e
p

= (
= (up(p(a,...,ap)))pep

(
f(p(ala s 7ab))7

which proves that f is a homomorphism of partial M-algebras and the
cone (Ap: L — G(D))pep the limit of G. Therefore, Part,s is complete
and Uy: Party; — T-Alg preserves small limits, but it does not reflect
them in general. Indeed, one could have defined p on a smaller subset

of L’ in order to make L a partial M-algebra, but this would not have
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made it a limit in Party;. This means Uy is not conservative in general.
Here is a simple counterexample.
z 0

x
0 z|x )
Let A be the pointed set {0,2} endowed with the structure of a partial
M-algebra given by p(0,0) = 0, p(z,0) = z = p(0,x) and p(z,x) unde-
fined. Let also B be the partial M-algebra on {0, z} given by p(0,0) =0
and p(z,0) =z = p(0,z) = p(z,x). Then, the identity map A — B is a

Counterexample 4.39. Let 7 = Th[Set,] and M =

bijective homomorphism but not an isomorphism in Part,.

We turn now our attention to strong monomorphisms in Party;. In
order to understand them better, we need to construct a left adjoint to
the forgetful functor U: Party; — Set. As an intermediate step, we
consider the category b-Part where objects are sets X equipped with a
partial b-ary operation p: X — X and morphisms are functions f: X —
Y such that if p(z1,...,zp) is defined for some x1,...,2, € X, then
p(f(x1),..., f(xp)) is also defined and equal to f(p(x1,...,2p)). The
forgetful functor U: Party; — Set thus factors as Party; — b-Part —
Set.

Proposition 4.40. [56] Let 7 be a commutative Lawvere theory and M
a simple extended matrix of terms in 7 as in (5). The forgetful functor
U’: Party; — b-Part has a left adjoint.

Proof. Let X be an object of b-Part. Let us add the constant operation
symbols ¢, for all z € X to the algebraic theory (X7, E) to form the
algebraic theory (X', E’) and the corresponding Lawvere theory 7' =
T(zr,er)- We denote by I the set

I={1,...;a}U{(x1,...,2) € X°|p(x1,...,xp) is defined}
={1,...,a} Udom(p)

and, for each i = (x1,...,2p) € dom(p), tij(y1,...,yx) is the k-ary term
cz; of T" for each j € {1,...,b} and w;(y1,...,yx) the k-ary term cp;

J
of T'. Let Q be the quasivariety of T’-algebras satisfying, for all n-ary

(resp. n-ary) terms 7 and 7' of 7 and all indices i1,...,%,,7},...,4,
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in I, the following implication: if, for each j € {1,...,b},
T(ti (Y11s -3 Y1) -+ tii (Unts - -+, Ynk))
= T/(ti/lj(ylll’ e ’y;_k.), e 7ti;,j(y;7/l’ e 7y;l,/k))
then

T(Uil (y117 DRI ylk)a ey uin(ynla cee 7ynk:))

= T/(ui’l(yih ce 7y/1k)7 ce 7“2';,(:%/1’17’ : '7y’ln’k))'

For an object A in Q, we define p in A via the equalities

p(T(till(aH, o ,alk), - 7tin1(an17 .. .,ank)), o
ooy T(tip(art, - ya1k), - tip(ant, - -y ank)))
= T(uil(an, . ,alk), e ,uin(anl, .. .,ank))

for all n-ary terms 7 of 7, all indices i1,...,4, € I and all families of
elements (ajir € A)jicqi,.. n}ire{l,... k). We do not define p for any other
elements of A%, In view of the implications defining Q, this partial op-
eration p is well-defined. We see that the first condition defining partial
M-algebras is satisfied by choosing 7 to be the identity term 7(y) = y.
The second condition is also satisfied: Let ¢ be an n-ary term of T, 77’
an r/'-ary term of T for each j' € {1,...,n}, z?i/ € I an index for each
j e {1,...,n} and each j” € {1,...,77'}, and a;:i,i, an element of A for
all j/ e {1,...,n}, j" €{1,...,r""} and ' € {1,...,k}. Then,

P (@@ i) y))m)

7.
J//J

is defined in view of the (7! + .- 4+ r™)-ary term

T Wty s Y1) e s T (Ynds e e ey Ynpm))

of 7. Moreover, it is equal to

/

. . . i
T (g (@ ))p)
J

. . . i b
= (P (b (@ ) i) )n)
J
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as required. So A has been endowed with a structure of partial M-

algebra. We consider the function

f: X —U'(A)

T —>Cy.

It is a morphism in b-Part. Indeed, if i = (z1,...,23) € dom(p), choosing

7 to be the identity term 7(y) = y and iy = i, we have

p(f(x1),..., f(zp)) = plcay,- -y cay)
=p(ti(a,...,ag), ..., ti(a,...,ax))
=ui(ay,...,a)
= Cp(i)

= f(p(xl, . ,[Bb>).

If g: A — A’ is a morphism in Q, it can be considered as a homomor-

phism of partial M-algebras making the triangle

x o)
RNy
U'(A)
commutative. Indeed, the above triangle commutes since g is a T'-

homomorphism and when

p(T(till(aH, ... ,alk), - 7tin1(an17 .. .,ank)), ..

ceey T(tilb(an, e ,alk), N ,tinb(anl, N ,ank)))

is defined in A,

p(g(T(tiy1(atty .- a1k), - ti1(anty -y ank))), - - -
o g(T(tip(art, -y a1k)s - s tip(@nt, - - ank))))
= p(r(tini(glan), ..., gaw)), - ti,1(g(ant), - - -, g(ank))), - ..
T (tie(g(ann), -, 9(aik))s - s tin(g(ant), - - -, g(ank))))
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is defined in A’ and equal to

T(uil (g(all)v s 7g(a1k))7 sy Uiy (g(anl)v s 7g(ank)))

= g(T(uil(aH, . ,alk), e ,uin(anl, e ,ank))).

We have thus define a functor F': Q — (X | U").
On the other hand, if f: X — U’(A) is an object of (X | U’), A

admits a T’-algebra structure considering ¢, = f(x) for each x € X.

Moreover, for each ¢ € I and aq,...,a; € A,
p(tﬂ(al, ve ,ak), e ,tib(al, e ,ak)) = ui(al, ves ,ak).
So, if 7 is an m-ary term of T, i1,...,i, € I and ayy € A for each

7 €{1,...,n} and each ¢/ € {1,...,k},

p(T(tiyi(ain, .. a1k), - ti1(anty .oy ank)),s - - -
. .,T(tilb(an, e ,alk), e 7tinb(an1> e ,ank)))
= T(uil(au, e ,alk), e ,uin(anl, .. .,ank))

since A is a partial M-algebra. Hence, A satisfies the implications defin-
ing Q and this makes G': (X | U’) — Q a functor.

Since the equality above holds in A for any object f: X — U’(A) of
(X 1 U’), the identity map on A defines a morphism e¢: F'G'(f) — f
in (X | U’). This gives a natural transformation ¢: F'G’ = 1:x ).
Moreover, G'F’ = 1g and we have constructed an adjunction F’ 4 G'.
But Q is a quasivariety, so it is locally presentable (see Proposition 1.79)
and has an initial object. Therefore, (X | U’) has also an initial object
which is the reflection of X along U’. O

To construct the reflection of the set X along the forgetful functor
b-Part — Set is much easier. It suffices to consider the identity map
1x: X — X where the partial operation p on X is nowhere defined.
This gives a left adjoint Set — b-Part. Composed with the left adjoint
b-Part — Partp; given by the above proposition, we have constructed
the left adjoint F': Set — Partys to the forgetful functor U: Party, —
Set. We remark that in the particular case X = &, the quasivariety Q
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described above is the quasivariety Qs of T-algebras satisfying, for all n-

ary (resp. n’-ary) terms 7 and 7’ of 7 and all indices 41, ..., in,9),..., 1,

in {1,...,a}, the following implication: if

T(tilj(an, e ,alk), N ,t,-nj(anl,. . .,ank))

— T,(tillj(alll’ . ,(Illk), N ,ti/n/j(a%/l, e ,a;/k))

for each j € {1,...,b}, then

T(Wiy (@115 -y Q1k)y - oy Wiy (Anly v oy k)

= T’(ui/l (Cl/ll, e ,a’lk), e ,Ui;/ (a;ﬂ, . 7(1;%)).

The functor F’': Q@ — (X | U’) is then nothing but the left adjoint
On — Partys to the forgetful functor Party; — Qur. The left adjoint
F: Set — Partys can thus be also obtained by composing F’: Qp; —
Part; with the free functor Set — Q.

We now consider the case X = {1,...,b+ 1} with p defined only
by p(1,...,b) = b+ 1. We denote by X — U'(F)) its reflection along
U’: Partpr — b-Part and g its restriction g: {1,...,b} = X — U(F).
The function g is such that p(g(1),...,g(b)) is defined in Fj; and uni-
versal with that property, i.e., if h: {1,...,b} — U(A) is a function to
a partial M-algebra A where p(h(1),...,h(b)) is defined, there exists
a unique homomorphism of partial M-algebras h: Fj; — A such that

UR)og = h.

{l,...,b} g U(FM)

k /’3' o

Since U: Partp; — Set preserves kernel pairs, monomorphisms in
Party; are exactly the injective homomorphisms. Let now f: A — B
be a strong monomorphism in Party;. Consider also the homomorphism
e: F({1,...,b}) — F given by the universal property of F'({1,...,b})
and the function g: {1,...,b} — U(Fu). If h,k: Fyy = C are homo-
morphisms of partial M-algebras such that he = ke, then hg = kg and
h = k. Thus e is actually an epimorphism in Party;. If a1,...,a; € A
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are such that p(f(a1),..., f(ap)) is defined, we can construct a commu-
tative square as below with k(j) = a; and h(g(j)) = f(a;) for each
je{l,...,b}.

F({1,...,b}) *»FM

i |7

/_ 5
Since f is supposed to be a strong monomorphism, h factors through f.

Hence, p(aq, ..., ap) is defined as well. Therefore, strong monomorphisms
in Party reflect the b-tuples where p is defined, i.e., if p(f(a1),..., f(ap))
is defined, then so is p(aq, ..., ap).

Definition 4.41. [53] Let 7 be a commutative Lawvere theory and
M a simple extended matrix of terms in 7 as in (5). A homomor-
phism f: A — B in Party, is said to be closed if, given a1,...,ap € A,
p(ay,...,ap) is defined in A if and only if p(f(a1),..., f(ap)) is defined
in B.

Such homomorphisms are also called ‘strong’ in [51]. The above

discussion leads us to the following proposition.

Proposition 4.42. [56] Let 7 be a commutative Lawvere theory and
M a simple extended matrix of terms in 7. Strong monomorphisms in

Part,s are closed.

The homomorphism from Counterexample 4.39 is an example of a
bijective homomorphism of partial M-algebras which is not closed. Note
that isomorphisms in Party; are exactly the bijective closed homomor-
phisms. Indeed, in view of the next lemma, closedness of a bijective
homomorphism f: B — C' is exactly what we need to prove the inverse

map f~': C — B is a homomorphism of partial M-algebras.

Lemma 4.43. Let 7 be a commutative Lawvere theory and M a simple
extended matrix of terms in 7. Let also g: A — B be a function between
partial M-algebras and f: B — C a closed monomorphism in Part,;. If

fg is a homomorphism of partial M-algebras, then so is g.
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Proof. Let t be an n-ary term of T and a4, ...,a, € A. Since

flg(t(ar, ... an))) = t(fg(ar), .., fg(an))
= f(t(g(a1), - -, 9(an)))

and f is injective, g is a T-homomorphism.
Besides, if a1, ..., ap € A are such that p(aq,...,ap) are defined in A,
p(fg(ai),..., fg(ap)) is defined in C and p(g(a1),...,g(ap)) is defined

in B since f is closed. We can also compute

f(p(g(ar), ..., g9(a))) = p(fg(ar),. .., fg(ap))
= fg(p(ar,...,a)),

which implies

p(g(ar),... . g(a)) = g(p(ay, ..., a))
since f is injective. O

We now want to prove that, for some M, closed monomorphisms in
Party, are exactly the strong monomorphisms. To achieve this, we need

to study the properties of closed monomorphisms.

Proposition 4.44. Let 7 be a commutative Lawvere theory and M a
simple extended matrix of terms in 7. Closed monomorphisms in Party,

are stable under pullbacks.

Proof. We consider a closed monomorphism f: A — B in Party; and its

pullback along g: C' — B.

If (a1,¢1),...,(ap, ) € P, p((a1,¢1),. .., (ap, cp)) is defined if and only
if p(ay,...,ap) and p(cy,...,cp) are defined. But if p(cq,...,¢p) is de-
fined, p(g(c1),...,9(e)) = p(f(ar),..., f(ap)) is also defined. Since f
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is closed, this further implies p(aq, ..., ap) and so p((a1,c1),-- ., (ap, cp))

are defined. Thus, f’ is a closed monomorphism. O

Let us recall the following well-known proposition, which will be used
in the particular case C = Party; and R the class of closed monomor-

phisms.

Proposition 4.45. Let R be a class of monomorphisms in the finitely
complete category C which is stable under pullbacks and contains regular
monomorphisms (i.e., equalisers). A morphism e in C is orthogonal to
all elements of R if and only if, when e factors as fg with f € R, then

f is an isomorphism. In this case, e is an epimorphism.

Proposition 4.46. [56] Let 7 be a commutative Lawvere theory and
M a simple extended matrix of terms in 7. If R denotes the class of

closed monomorphisms in Party; and
Rt = {e € ar(Party) | e L m¥m € R}

its orthogonal class, (R, R) is a factorisation system.

Proof. Since R contains regular monomorphisms, is stable under pull-
backs and closed under composition, it remains to prove that each ho-
momorphism f: A — B of partial M-algebras factors as an element of
R+ followed by a closed monomorphism. Let C be the smallest subset
of B satisfying the conditions:

e f(d') € C for each o’ € A,

e (' is a sub-T-algebra of B (in the sense of Definition 1.83),

e if ¢1,...,¢p € C are such that p(ci,...,c) is defined in B, then
pler, ..., ) € C.

We consider the unique structure of partial M-algebra on C' making
the inclusion i: C' < B a closed monomorphism. Then, f factors as if’
with f': A — C a homomorphism of partial M-algebras by Lemma 4.43.
Moreover, if f" = f"g with f” a closed monomorphism, the image of f”
contains C' by definition of C. Thus f” is surjective and so an isomor-
phism. By Proposition 4.45, this means f’ € R*. O
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Epimorphisms in Party; thus factor as an epimorphism orthogonal
to closed monomorphisms followed by a closed monomorphism (which
is also an epimorphism). Therefore, to prove that epimorphisms are
orthogonal to closed monomorphisms (i.e., that closed monomorphisms
are strong monomorphisms), it suffices to prove that closed epimorphisms
are surjective. Indeed, in that case, this would imply that the only
epimorphisms which are closed monomorphisms are the isomorphisms.

This will be true for some particular M’s.

Proposition 4.47. [56] Let M be a simple extended matrix of terms in

Th[Set,]. Closed epimorphisms in Party; are surjective.

Proof. Firstly, we notice that all partial M-algebras with one element
are isomorphic (since p(0,...,0) has to be defined). If this partial M-
algebra is the unique one, the result is trivial. Hence, we suppose that
there exists a partial M-algebra C with a non-zero element ¢ € C. Now,
we also suppose we have a closed epimorphism f: A — B in Party,
which is not surjective. Let Im(f) be the set-theoretical image of f and
D =D"= B\ Im(f) # @. Notice that 0 € Im(f). We define a partial
b-ary operation p on
Im(f)uDUD

in the following way:

1. p(tia(z1,. . xk), .o tip(z1, ..., x)) is defined as w;(x1, ..., xx) for
all i€ {1,...,a} and all z1,...,2, € Im(f)U DU D/,

2. prestricted on (Im(f) L D)? is defined as in B via the isomorphism
of pointed sets Im(f) U D = B,

3. prestricted on (Im(f)UD’)? is defined as in B via the isomorphism
of pointed sets Im(f) U D' = B,

4. p is defined nowhere else than required by one of the above condi-

tions.

Let us prove this p is well-defined. There is no problem with con-

dition 1 alone. Indeed, let us suppose by contradiction there exist
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i, € {1,...,a} and x1,...,zx,2),..., 2 € Im(f) U DU D" satisfy-

ing tij(x1,...,x) = tyj(a],...,x)) for each j € {1,...,b}, whereas
ui(xy, ..., o) # uy(x], ..., x)). Without loss of generality, we can sup-
pose w;i(x1,...,xx) # 0. We consider any morphism of pointed sets

g: Im(f)UDUD’" — C which sends u;(x1, ..., zx) to cand uy (z, ..., z})
to 0. Then,

tij(g(x1), ..., 9(xr)) = tij(g(x), ..., g(a}))

for each j € {1,...,b} and therefore

c=g(ui(xy,...,zx))
= ui(g(z1), .., 9(zr))
=pta(g(z1), ..., 9(x)), - talg(xr), . g(zr)))
=p(tin(9(x1), .., 9(})), - .- tin(g(h), .., 9(x})))
= uy(g(21), -, 9(21))
= g(uy (2, ..., 7))

=0,

which is a contradiction.

Since B is a (well-defined) partial M-algebra, there is no problem
with condition 2 alone nor with condition 3 alone. The cohabitation of
conditions 2 and 3 does not cause any problem neither. Indeed, the only
way it could, is to have x1,...,zp € Im(f) such that p(zy,...,xp) is
defined but does not belong to Im(f). If we write z; = f(a;) for some
a; € A, this means p(f(a1),..., f(ap)) is defined. But since f is closed,
it implies p(ay, ..., ap) is defined and

p(x1,. . wp) = p(flar),. .-, flap)) = fplar, ... ap)) € Im(f).

By symmetry, it remains to check there is no problem with the co-
habitation of conditions 1 and 2. If there is one, it means there exist
x1,...,x €Im(f) U DU D" and i € {1,...,a} such that

tij(l’l,. cxg) € Im(f)U D
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for each j € {1,...,b}, but p(tii(x1,...,2k),. .., ti(z1,...,2%)) defined
as in B (via Im(f) U D = B) is not u;(x1,...,x;). We denote by

q¢: Im(f)uDUD" — Im(f)UD

the homomorphism of pointed sets which coequalises the two copies of D.

This implies

tij(x1,. .. xk) = q(tij(z1, ..., 2)) = tij(q(z1), ..., q(zk))

for each j € {1,...,b}. Since we have already shown there is no problem

with condition 1 alone, we can write using this condition

wi(x1, ..oy xk) = p(tin(z1, .y xk), - tip(xr, .o, xk))
=p(tin(q(z1),...,q(xk)), .., tin(q(z1), ..., q(zg)))
= ui(q(z1), ..., q(zk)).

But since B is a partial M-algebra, if we compute using condition 2, we

also get

p(til(xl, e ,xk), . 7tib($1’ e ,xk))
= p(til(Q(xl)’ S Q(xk))v s ’tib(Q(xl)v s vQ(xk)))
= ui(q(21), .., (1))

This discussion proves p is well defined.

The first condition of Definition 4.38 is satisfied by Im(f)LU DU D’ in
view of condition 1. In the case 7 = Th[Set,], the second one resumes to
p(0,...,0) = 0 which is true since it holds in B. Thus Im(f)LUDUD" is a
partial M-algebra. Now, we consider the two obvious homomorphisms of
partial M-algebras g1, g2: B = Im(f)U DU D’. They satisfy g1f = gof
but g1 # g2 since D = D' # @. This is a contradiction since f was

supposed to be an epimorphism. ]

If 7 = Th[Set], there are two partial M-algebras with at most one
element, i.e., the empty partial M-algebra and the singleton one {*} (in
which p(x,...,*) has to be defined since @ > 1). Therefore, the first
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argument in the previous proof does not hold if we replace Th[Set,] by
Th[Set|. For instance, if M = ( T ‘ Yy ), the category Partys is equiva-
lent to the arrow category 0 — 1. With this M, the unique homomor-
phism of partial M-algebras @ — {*} is an injective closed epimorphism,
but not an isomorphism. However, if M is such that there exists a partial
M-algebra with at least two elements, the same proof can be repeated

to get the following proposition.

Proposition 4.48. [56] Let M be a simple extended matrix of terms
in Th[Set] such that there exists a partial M-algebra with at least two

elements. Closed epimorphisms in Party; are surjective.

Counterexample 4.49. If 7 = Th[{ComMon| and M is the trivial
matrix ( T ‘ x ), Party; is isomorphic to the category ComMon of com-
mutative monoids. There, the inclusion N < Z is an injective closed

epimorphism but not an isomorphism.

As explained above, Propositions 4.47 and 4.48 admit the following

corollary.

Corollary 4.50. [56] If M is the simple extended matrix of Exam-
ple 2.7, 2.12, 2.19 or 2.22, then closed monomorphisms coincide with

strong monomorphisms in Part;.
We now prove that Party; has M-closed strong relations.

Proposition 4.51. [56] Let 7 be a commutative Lawvere theory and M
a simple extended matrix of terms in 7 as in (5). Every a-ary relation
r: R — Ay x --- x A, which is a closed monomorphism in Party; is

strictly M-closed. In particular, Party, has M-closed strong relations.

Proof. Consider a family of morphisms (y;ir: Y — Ai)ieq1,..a}.ie{1,... k}
in Party; for which the morphism

(tlj(yn,...,ylk),...,taj(yal,...,yak)): Y — Al X e X Aa
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factors as rw; for each j € {1,...,b}.

(t15(Y115Y1k) 5+ ootaj (YalseYak))

We know that, for each y € Y and each i € {1,...,a},

p(ti (i (v)s - - yik(), -« 5 tin(Wir (V) - - ik (y)))

is defined and equal to u;(yi1(y),-..,vik(y)). Using the description of
small products in Part s, we can say that p(rwy (y), . . ., rwp(y)) is defined
for any y € Y and equal to

(u1(y11(y), - y16(Y)s - -+ ua(Yar (Y)s - - -, Yak (y)))-

Since r is closed, p(wi(y), ..., wy(y)) is defined in R and we can consider

the function w: Y — R: y — p(wi(y), ..., wy(y)) which satisfies

rw = (U1 (Y11s -+ Y1k)s - - - s Ua(Yals - - - » Yak))-

Finally, Lemma 4.43 tells us w is a homomorphism of partial M-algebras

since rw is and r is a closed monomorphism, which concludes the proof.
O

4.5.2 Proof of the embedding theorems

As announced at the beginning of this section, we can prove an embed-
ding theorem for small categories with M-closed strong relations, but
we also have one for small categories with M-closed relations (which is
however not as good since Part;; does not have M-closed relations in
general). In order to prove both at the same time, we are going to use a
set of monomorphisms, closed under composition, stable under pullbacks

and which contains regular monomorphisms.

Theorem 4.52. [56] Let 7 be a commutative Lawvere theory and M a

simple extended matrix of terms in 7 as in (5). Let also R be a set of
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monomorphisms in the small finitely complete T-category C such that R
is closed under composition, stable under pullbacks and contains regular
monomorphisms. Suppose also that all a-ary relations R — A% in R
are M-closed in C. Then, there exists a full and faithful T-enriched
embedding ¢: C — Part§{,” which preserves and reflects finite limits.
Moreover, for each monomorphism f: A — B in R and each X € C°P,

o(f)x is a closed monomorphism in Party.

Proof. We would like to factorise the T-enriched Yoneda embedding
Yr:C — T-Algt™ through Part§;".

Partﬁ;p
0.7 iU%c"’
- - : cov
C 7 T-Alg

In order to do so, let us provide C(X,Y) with a structure of partial
M-algebra, for all objects X, Y € C. Thus, let f1,...,fp: X — Y be
morphisms in C. We define p(fi,..., fp) if and only if there exist mor-
phisms x1,...,z5: X — W arelation r: Z — W% in R, and morphisms
91,---,9p: X — Z and f: Z — Y such that, for each j € {1,...,b},
fg; = fj and rg; = (t1j(z1, ..., 2k), ... taj(@1, ..., k).

X
(tlj({L‘l,...,fﬂk),.‘.,taj(x1,...% \f]‘
lgj

W“<T—<Z*>Y

In this case, since 1 is M-closed, there exists a unique morphism h: X —

2 (f 3 f ) _ fh'

(w1 (z1,sTk) ooy Ua (X100, Tk )

Let us first prove the independence of the choices. Given zf,...,z} :
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X->W,rZ —-We g,...,qp: X = Z', 2 Z - Y and 1: X —
7' which also satisfy the above conditions, let us prove fh = f'h/. We
consider the following pullback

7 n Z

1]

(W x W')e — W

1

where m: W x W/ — W is the first projection. We also consider the
unique morphisms /1, ..., lll’: X — Zp such that qll{ = g; and

Tll{ = (t1;((w1,2}),s -y (T, @), -+ s taj (21, 20), oo (TR, 23,)))

for each j € {1,...,b}. Let also hy: X — Z; be the unique morphism
such that ¢1h1 = h and

rihy = (ur((z1,2)), ..o, (g, @)y -y ua (@1, 21),5 - oy (T, 7))

Similarly, we define Zs, 9, qo, I3, . .. ,lg and hs using the pullback of 7’
along 7§ where mo: W x W/ — W' is the second projection. Since R is

stable under pullbacks, r1,re € R. We also construct their intersection,

T3

P Zo

A

Zl>71> (W x W")e

the unique morphism hs: X — P such that r3hs = he and r4hs = h;
and, for each j € {1,...,b}, the unique morphism lé: X — P such that
Tglg = l% and 7’4l§ = l{. Again, r3,r4 € R. Finally, we consider the
following equaliser diagram.
far
E>L> P é Y

f'qars

For each j € {1,...,b}, lé factors as eli = lé since

faraly = fail] = fg; = f; = /g, = 'e2ly = f'aorsli.
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Hence, for each such j, the morphism

(tlj((wla‘r/l)a R (:Ek’ l‘%)), s 7taj(($1>$,1)a R ($ka ZL‘%)))

factors as r1r4eli. But since the relation rirqe: E— (W x W' )% isin R,
it is M-closed and so there exists a unique morphism l5: X — FE such
that

rirgels = (ur (w1, 7)), o5 (T, 1)), -y ua (21, 20), -0y (T, )

The equalities rir4hs = r1hy = rirgels imply that hs = el; and it

remains to compute

fh= faih1 = fqrshs = fqirsels
= f'garsels = f'qarshs = f'qoho
— f/h/

Now that we have shown p is well-defined, let us prove it makes
C(X,Y) a partial M-algebra. If i € {1,...,a} and z1,...,z; € C(X,Y),
we can set W =Y, r = lya,

gj = (tlj(.’bl,...,xk),...,taj(l‘l,...,l‘k)),
f=m:Y? =Y the i-th projection and
h=(ui(zy,...,28), .., ua(T1,...,Tk)).

This shows that p(t;1(x1,...,2k),. .., ti(z1,...,2)) is defined and equal
to fh =ui(z1,...,x).

Let now t be an n-ary term of 7 with n > 0 and

(fj 6 C(X7 Y))je{lv""b}vjle{L“"n}

be families of morphisms such that p( ff/, cen fg/) is defined for each
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j € {1,...,n} using the diagrams below.

./ X

i ./ .7 j/

(t1j (@] ,osz], )yostag (@] s, ) NP
J
9j

A
Zj
i’
:
X— — (W)"
('lLl(fE‘i ,...,lei )1'“)“@(‘%{ 7“'7:”?@ ))
We consider the pullbacks
¢’
Sy Zj

s]

(Wh - -- x W) —> (W)

a
T
]/

where mj: Wi x -+ x W, — W) is the j’-th projection as usual. We
denote by lj:, the unique morphism X — S;s such that qj/l;:, = ggl and

Sjllj: = (tlj(xl, .. ,wk), .. ,taj(:nl, . ,:Ck))

where z; is the factorisation (z,...,2%): X — Wy x .- x W,,. Let also

h{/: X — S be the unique morphism satisfying qj/h{/ =1 and
sTR) = (ur(21, s )y Ua(T1, s Tg)).

We now consider the intersection of the s/'’s
A
St .. Sm
\ /
(Wl NEEE

X W’ﬂ)a
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and the unique morphisms [;, h: X — Z such that vjllj = lg/ and vi'h =
h{,. Since this intersection can be built using pullbacks and compositions,

slol = ... = s™" € R. Thus, we end up with the commutative diagrams

X

(t15(x1,0sTh) 5o ostaj (T1,0,T8 ) t(fjl”fjn)
)
Tw.o.. na
(WHx - x W) slyl t(flg' vt fr " ™) Y

and

/ I
Sl’U1
X (W x Wy

>< o e
(w1 (21, s Tl ) eyl (1500, ))

proving that p(¢(fl, ..., f1), ... t(f, ..., fI*)) is defined and equal to

t(frq*oth, o g R) = tp(fE, . ) ().

If n =0, we also have p(t,...,t) = t. To see it, we can use for instance

the commutative diagram below.

X

(tlj(1X,...7lx)7...7taj(1X7...,}y \L \

X<~—=<X?—>Y
1xa t

We have therefore provided C(X,Y) with a structure of partial M-
algebra.

In view of the definition of a T-enrichment, ifz: X’ - X andy: Y —

Y’ are morphisms in C,
—ox: C(X,Y) = C(X")Y)

and
yo—:C(X,Y) — C(X, Y/)

are homomorphisms of T-algebras. Let us prove they are actually ho-

momorphisms of partial M-algebras. So let fi,..., fp: X — Y be mor-
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phisms of C such that p(fi,..., f) is defined via the following diagrams.

X

(tlj(xl,...,xk.),...,taj(x1,...7q;y i Y
9j

(U1 (T1,0esTk )y s Ua (150, Tg )

Thus, in view of the commutative diagrams

X/

(t1j(T125 R T) s taj (T2, 2 ) fix
|

Wa<r—<Z—>Y

/ I
X' we

(u1(z124ee s @),y (T1 T4, TR X))

and

p(fiz, ..., fpx) is defined and equal to

fhm:p(flv"'afb)xa

which shows that — o x is a homomorphism of partial M-algebras. Be-

sides, since the diagram

X
(tlj(Ilw--vxk):mvta]'(xl7~~~7xy J{ Yj
9j

Wt ——=<Z—=Y'

yf

commutes, p(yfi,...,yfp) is defined and equal to

yfh:yp(flv"'afb)v
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which proves that y o — is a homomorphism of partial M-algebras. We

have thus constructed a functor ¢: C — Part§;” as announced.

Part§,”
@ Ul%Op
C T T-Alg"”
Yr

This ¢ preserves T-enrichment since Y7 and Uy do and Uy is faithful.
It is full and faithful since Y7 is full and faithful and Uy is faithful.

Since ¢ is full and faithful, it reflects isomorphisms. Thus, it will
reflect finite limits if it preserves them. So, let (Ap: L — G(D))pep be
the limit of G: D — C with D a finite category. We would like to prove
that, for each X € C,

(¢(Ap)x: C(X, L) = C(X,G(D)))pep

is a limit in Party;. But since Y7 preserves limits, and in view of
the description of small limits in Partys, we only have to prove that,
if f1,..., fo: X — L are such that p(Ap fi,...,Apfp) is defined for every
D € D, then p(f1,..., fp) is also defined.

Thus, to prove that ¢ preserves the terminal object, we have to show
that p(!,...,!) is defined where ! is the unique morphism X — 1. This

is obvious in view of the diagram below.

X
(CPTCRN)SREIRI(NIN)) l' \
1“=1~—<1——>1
11 11

Moreover, ¢ preserves the binary product Y x Y.

Y xY'
PN
Y Y’

Indeed, suppose fi,..., fy: X = Y and f{,..., fj: X — Y’ are such that
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p(fi,..., fp) and p(fi,..., fi) are defined using the following diagrams.

X
(tlj(xh...,xk),...,taj(Il,...,% l \f]
9j

Wt<-——~<7—=Y

X /

(tlj(xllv7x;€)77taj(x/177x;g)) i /\f]
9;

We consider again the pullback

7 "z

N

LSS

U5

and the unique morphisms I},.. ., llf: X — Zy such that qll{ = g; and

Tll{ = (t1;((w1,2}),s -y (T, @), -+ s taj (21, 20), o oy (TRy 23,)))

for each j € {1,...,b}. We define similarly Zy, ro, g2 and 13,...,15. We

also consider the intersection

P "7

S

Z1>T> (W x W')e

and the unique morphisms lé, .. .,lg: X — P such that r4l§ = l{ and

Tgl‘g = l% for each j € {1,...,b}. Then, since the diagram below is
commutative,
/ / / / X Y
(1 ((@1,21) oo (@15,))s sty (21,27) s (7)) (f5.17)
K
(W x W <—— P Y xY’

(faira,f'qors)
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p((f1, f1)s- -+ (fo, f7)) is also defined and ¢ preserves finite products.
Finally, to prove that ¢ preserves equalisers, it is enough to show
that ¢(e)x =eo—: C(X,Y) — C(X,Y’) is a closed homomorphism for
each X € C°P and each regular monomorphism e: Y »— Y’. To conclude
the proof, we are going to prove the more general fact that ¢(e)x is a
closed homomorphism for each e: Y »— Y’ in R and each X € C°P. So,
let fi,...,fp: X = Y be such that p(efi,...,efy) is defined using the

diagram below.
X
(t1j(9617---79%)7---7taj(961,---7ik% l xfg‘
9

Wt <~—<Z —— Y’

f

We consider the pullback of e along f

and the unique morphisms gj,...,g,: X — Z’ satisfying f'g; = f; and
r'g; = g; for each j € {1,...,b}. Then, considering the diagram

X
(tlj(11,...,xk),...,taj(331,...7}%% \L N
9;
Wa %/<Z/ H] Y
T f
we see that p(fi,..., fp) is defined, which concludes the proof. O

Taking R to be the whole set of monomorphisms in C, we immediately

get the following corollary.

Corollary 4.53. |56] Let 7 be a commutative Lawvere theory and M
a simple extended matrix of terms in 7. Let also C be a small finitely
complete T-category with M-closed relations. There exists a full and
faithful 7-enriched embedding ¢: C < Part§;” which preserves and re-

flects finite limits. Moreover, for each monomorphism f: A — B and
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each X € C°P, ¢(f)x is a closed monomorphism in Party,.
And now with R the set of strong monomorphisms.

Corollary 4.54. [56] Let 7 be a commutative Lawvere theory and M
a simple extended matrix of terms in 7. Let also C be a small finitely
complete T-category with M-closed strong relations. There exists a full
and faithful T-enriched embedding ¢: C — Part(]jv})p which preserves and
reflects finite limits. Moreover, for each strong monomorphism f: A —

B and each X € C°P, ¢(f)x is a closed monomorphism in Partyy.

Remark 4.55. Notice that Corollaries 4.53 and 4.54 characterise cat-
egories with M-closed relations (resp. with M-closed strong relations)
among all small finitely complete 7T-categories. Indeed, if we have such
an embedding, to prove that a (strong) relation r: R — A% in C is M-
closed, it is enough to show that ¢(r)x is M-closed in Partys for each
X € C°P, which is true by Proposition 4.51.

4.5.3 Applications

As usual, the Embedding Theorem 4.54 gives a way to use elements
and partial operations to prove statements about finite limits in finitely
complete T-categories with M-closed strong relations. Suppose we are
given a commutative Lawvere theory T, a simple extended matrix M
of terms in 7 and a statement of the form P = @) where P and @ are

conjunctions of properties which can be expressed as
1. some finite diagram is commutative,
2. some finite diagram is a limit diagram,

3. the equality ¢(f1,..., fn) = g holds for an n-ary term ¢ of T and
parallel morphisms f1,..., fn, 9,

4. some morphism is a monomorphism,
5. some morphism is an isomorphism,

6. some morphism factors through a given monomorphism.
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Then, this statement P = @ is valid in all finitely complete V-T-
categories with M-closed strong relations (for all universes V) if and

only if it is valid in V-Partys (for all universes V).

Moreover, due to Corollary 4.53, if we have to prove this statement
P = @ in all finitely complete T-categories with M-closed relations, it
is enough to prove it in V-Party; (for a bigger universe V 5 U) supposing

that each monomorphism considered in the given statement is closed.

To conclude this chapter, we illustrate those two techniques in con-
crete examples. The first one takes place in the ‘weakly strongly uni-

tal context’; i.e., for pointed finitely complete categories with M-closed

;)

(see Example 2.19). This lemma has been proved in [15] in the strongly

strong relations where

M:<x00
T oz Yy

unital case, we now slightly improve it.

Lemma 4.56. Consider the following diagram in a pointed finitely com-

. z 0 O0|«x .
plete category with -closed strong relations
T T Y|y
X xR R
IXXTlulxxm Tlum

X—"—— Y
h lw
9 f
Z
where ¥(1x,0) = h, ¥(0,1y) = f, gh = 1x, gf = 0 and (rq,r2) is the
kernel pair of f. Then (1x x r1,1x X ro) is the kernel pair of 9.

Proof. The above discussion tells us it is enough to prove it in Party; for
z 0 0|z
M =
x Ty

)

>. First of all, let us compute, for all x € X and
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ally ey,

Y(z,y) =
=

p(z,0,0),p(0,0,y))

which is always defined. Next, let 2,2’ € X and y,y € Y be such that
Y(z,y) = (2, y'). We have

z = p(z,0,0) = p(gh(z),0,9f(y)) = 9(¥(z,y))
=g, y')) = p(gh(a"),0,9f(y")) = p(z',0,0)

/
=X

and

(0,
(p((w, y)? ($7 0), (07 0))) = P(w(@“v y)7 1/’(377 0)7 ¢(0a 0))
(W(a,y'), (2, 0),4(0,0)) = ¥ (p(z, 2", 0),p(y",0,0))

Then,
X xR={(z,y1,92) € X xY x Y[ f(1) = f(y2)}

in which p is defined componentwise. For an element (z,y1,y2) in X X R,

we thus have

The kernel pair of 1 is given by

{(z,y,2",y) € X XY x X x Y [9(z,y) = ¢(z,y')}

in which p is also defined componentwise. It is thus isomorphic to X x R
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via the mutually inverse homomorphisms (z,y1,y2) — (z,y1,,y2) and

(z,y,2",y) — (z,9,7). O

To conclude, we prove a well-known fact in Mal’tsev categories.

Proposition 4.57. [29] In a Mal’tsev category, every internal category

can be extended to a groupoid.

Proof. 1f

A=(A1 xeqgAd —> A1 —=xA)

\/
e

is an internal category in any finitely complete category C, we can con-

struct its object of isomorphisms Iso(A) via the finite limit below.

Iso(A)
A Vo e
Al
71'1 7T2
>\4
Al Xed A1 A1 Xed A1
Ay . Ay

Then, A\s: Iso(A) — Aj is a monomorphism and A extends to a groupoid
if and only if A4 is an isomorphism (with i = A\zA\;*: Ay — A;). More-
over, there is at most one way to extend A to a groupoid. All these state-
ments can be eagily proved in Set and generalised to C by the Yoneda
embedding.

Now, if C is a Mal’tsev category, we have to prove A4 is always an

isomorphism. This is thus enough to prove it in Part; with

M::Uyyaﬁ.
Y

T Ty
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Let us first prove that

(7T27m)

Ay Xe,d Al — A x Ay

is a monomorphism. So let

X:>>Y—Q>Z

f/
be morphisms in A such that m(f,g) = m(f’,g). Then

f

m(f? 1Y)
(p(f, 1y, 1y),p(g,9,1y))

m(

Il
3

( 79)7m<1Y79)ﬂm(1Y71Y))
(

!

S
m(f,a g)? m(lYa 9)7 m(1Ya 1Y))

Il
- 8=

and (72, m) is a monomorphism. We can therefore suppose it is a closed
homomorphism (using the last part in Corollary 4.53).

Let us now prove that every map f: X — Y in A is invertible (i.e.,
that A4 is surjective). We know that

p((ly,1y), (f, 1y), (1x, f)) € A1 Xca A

is defined since p(ly, ly, f) and p(ly, f, f) are and (w3, m) is a closed
monomorphism. Thus, applying 71, we deduce that p(ly, f,1x) is de-

fined. It remains to compute
d(p(ly,f, 1X)> :p(Y7X7X) = Y7
C(p(lYafv 1X>) :p(KKX> = Xa
m(fvp(lefa 1X)) = m(p(fv 1X7 1X)7p(1Y7f7 1X))
=p(m(f,1y),m(1x, f),m(1x,1x))

:p(f7f71X)
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and similarly for m(p(ly, f,1x), f) = ly. Therefore, A4 is bijective and

can also be supposed to be closed. This means it is an isomorphism. [






Chapter 5

Bicategory of fractions for

weak equivalences

Let F: A — B be an internal functor between internal groupoids in
Gp and U(F): U(A) — U(B) its underlying ordinary functor. If F' is
a weak equivalence (i.e., essentially surjective, full and faithful), U(F)
is also a weak equivalence and so it is an equivalence. Moreover, its
pseudo-inverse U(F)*: U(B) — U(A) is a monoidal functor with respect
to the tensor product given by the group laws in A, but in general it
fails to be an internal functor in Gp. Denoting by MON the 2-category
of internal groupoids in Gp, monoidal functors and monoidal natural
transformations, this phenomenon can be formalised [102] as the fact
that the inclusion
Grpd(Gp) < MON

is the bicategory of fractions of Grpd(Gp) with respect to weak equiv-
alences. A similar result has also been proved in [102] if we replace the
category Gp by LieAlg,, for a field k¥ and MON by its analogue for Lie
algebras. Both Gp and LieAlg,, are monadic over regular categories (Set
and Vecty, respectively) in which the Axiom of Choice holds (i.e., every
regular epimorphism admits a section). As a generalisation, in [61], for

any monad T on a regular category C satisfying the Axiom of Choice,

223
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T-monoidal functors are defined and the corresponding inclusion
Grpd(CT) < T-MON

is proved to be the bicategory of fractions with respect to weak equiva-
lences.

To get an idea on how T-monoidal functors are defined, we can first
restrict our attention to the case where the functor part T': C — C of the
monad preserves pullbacks. In that case, T induces a pseudo-monad T on
Grpd(C) whose 2-category Alg(T) of strict algebras and strict morphisms
is isomorphic to Grpd(CT). Then, we define the 2-category T-MON as
the 2-category T-MON of strict algebras and pseudo-morphisms of T.

In the case where T does not preserve pullbacks, such a pseudo-
monad T does not exist because T" destroys the internal composition of
an internal groupoid A, so that T(A) is a reflexive graph but not an
internal groupoid. Nevertheless, we can still define pseudo-morphisms

since, for doing that, only internal natural transformations of the form

Ta) _ J- B

are needed, and, to express the naturality of «, one uses the internal
composition in B, not in T(A).

This last chapter is devoted to the definition of T-MON, its con-
nections with the theory of pseudo-monads and the proof that it is the
announced bicategory of fractions. We also compare it to the already
known cases C = Gp and C = LieAlg; from [102]. Observe that, since
Gp and LieAlg;, are semi-abelian categories, the bicategories of fractions
of Grpd(Gp) and of Grpd(LieAlg;) with respect to weak equivalences

can also be described using ‘butterflies’, see [94] and [1].

5.1 2-dimensional category theory

In this section, we recall many definitions of 2-dimensional category the-
ory we need in this chapter. The reader may consult [12, 74| or [14]
for a more detailed account on the topic. We start with bicategories,

a generalisation of 2-categories introduced by Bénabou [12]. Roughly
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speaking, these are ‘categories for which the axioms are satisfied up to

isomorphisms’.
Definition 5.1. [12] A bicategory C consists of
e a class of objects,

e for each pair A, B of objects, a small category C(A, B) (whose
objects f: A — B are called I-cells, and morphisms 2-cells),

e for any objects A, B,C, a composition law

C(A,B) x C(B,C) —C(A,C)
(f,9) —gof=ygf,

f g
e for any l-cells A—= B—=xC, a horizontal composition
r g

C(A, B)(f, ') x C(B,C)(g.9") — C(A,C)(gf.4'f)
(a, ) — Bra,

e for each object A, a 1l-cell 14: A — A,

o for each 1-cell f: A — B, two invertible 2-cells, natural in f,
ly:1pof= fandry: foly=f,

e for any l-cells f: A— B, g: B— C and h: C'— D, an invertible
2-cell, natural in f, g and h, apng.¢: (hg)f = h(gf)

satisfying

1. 1g%1p = 14¢ for all 1-cells f: A— Band g: B — C,

f g
a g

2. (0% B)(y*a) = (07) *x (Ba) for any diagram A —f'= B —g—=C,
AP

f/l g/l
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3. the Pentagon Axiom: (1xxap,g,1)ak ng,f(akhg* 1) = @k ngfaihg,f

fBgCthE

for any 1-cells A

7

4. the Triangle Axiom: (1gxlf)ag 1,5 = g% 15 for any 1-cells f: A —
Band g: B—C.

As for 2-categories, an invertible 2-cell is called a 2-isomorphism.
Besides the horizontal composition, the composition of 2-cells in a cat-
egory C(A, B) is called the wvertical composition. The bicategory is said
to be small if there is only a set of objects. Homomorphisms between

bicategories (as named in [12]) are called pseudo-functors in [14].

Definition 5.2. [12] Let C and D be bicategories. A pseudo-functor
F: C — D consists of:

for each object A € C, an object F(A) € D,

for any pair A, B of objects, a functor

F:C(A,B) — D(F(A), F(B)),

for each object A € C, a 2-isomorphism ¢ : Lpay = F(1a),

for any 1-cells f: A — B and g: B — C, a 2-isomorphism, natural
in f and g, ¢} . F(9)F(f) = F(gf)

such that

Lo (e * ) arm),rg).rp) = Flang.p)ery ((h o * 1i(p) for

any l-cells A ! Bp-—Yt-c-" D,

2. F(ri)eh, (e k) = ey and F(lp)et (0px1pn) = L)
for any 1-cell f: A — B.

Small bicategories and pseudo-functors form a category which we
denote by BiCat.

Example 5.3. A bicategory where all the isomorphisms ay g4 ¢, [y and
ry are identities is exactly a 2-category. A pseudo-functor F': C — D
between 2-categories for which all the isomorphisms api and ap?’ g are

identities is called a 2-functor.
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Example 5.4. A bicategory C with one object * can be seen as a small
monoidal category when looking at the category C(x,%). A pseudo-
functor between one-object-bicategories is then nothing but a monoidal

functor.

We now recall the notions of a pseudo-natural transformation, a mod-

ification and a biequivalence.

Definition 5.5. Let F,G: C = D be pseudo-functors between bicate-

gories. A pseudo-natural transformation 6: F = G consists of
e for each object A €C, a l-cell §4: F(A) — G(A) in D,

e for each 1-cell f: A — B in C, a 2-isomorphism, natural in f,

Tjio: G(f)0a = 0pF(f)
such that
Lo7f (oG x1g,) = (g, % 5)ry g, £ h object A € C
- T \Pa* Loy 94 %P 4)Tg, to, Tor each objec )

2. for any 1-cells f: A— Band g: B— Cin C,

F 0 -1 0
(Loc * Py, 1)000,7(9),F (1) (Tg * LE(1))G(g) 05,7 (LG(e) * TF)
_ 0 G -1
= Tos(Pg.r ¥ 104)06G(g),G(1) 04"
If C and D are 2-categories, F' and G 2-functors and if TJ‘Z is the

identity for each f, 0 is then called a 2-natural transformation. It is

thus a natural transformation between the underlying functors such that

f
lg, x F(a) = G(a) * 15, for each 2-cell A @ B.
9

Definition 5.6. Let F,G: C = D be pseudo-functors between bicate-
gories and 0,¢: F = G two pseudo-natural transformations. A modifi-

cation Z: 0 ~» 1) is a family of 2-cells (E4: 64 = ©¥4) acc in D such that

f
for each 2-cell A :E B inC, (Eg* F(a))TJQ = Tgw(G(Od) *xZ4).
9

A modification = for which =4 is a 2-isomorphism for each object

A € C is called an isomodification. If C and D are bicategories with
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C small, pseudo-functors C — D, pseudo-natural transformations and

modifications form a bicategory denoted by PsFunct(C, D).

Definition 5.7. A pseudo-functor F': C — D between bicategories is a

biequivalence if there exists
e a pseudo functor G: D — C,

o four pseudo-natural transformations 61: GF = 1¢, 63: 1¢ = GF,
932 FG = 1p and 64: 1p = FG,

e four isomodifications =1 : 0162 ~ 11,, Zo: 6201 ~ 1gF, Z3: 0304 ~

11D and 542 9493 ~ 1pg.
We can also define equivalences internally to a bicategory.

Definition 5.8. Let C be a bicategory. A 1-cell f: A — B in C is an
equivalence if there exists a l-cell g: B — A and two 2-isomorphisms
n:1lpa=g9gfande: fg=1p.

If such 2-isomorphisms exist, one can always choose them such that
they satisfy the triangular identities (e % 1f)a]77;7f(1f * 77)7*]71 = l;l and
(Igxe)ag qg(n*1g)lyt =1yt

In [96], Pronk defined bicategories of fractions as the 2-dimensional
analogue to the categories of fractions introduced by Gabriel and Zisman

in [45]. The idea is to universally send some 1-cells to equivalences.

Definition 5.9. [96] Let C be a bicategory and W a class of 1-cells in C.
A bicategory of fractions of C with respect to W is a bicategory C[W 1]
together with a pseudo-functor Py : C — C[W 1] satisfying the following

conditions
1. Pw(w) is an equivalence for each w € W,

2. for any bicategory D, the V-pseudo-functor (for a bigger universe
V3U)

— o Py : PsFunct(C[W™!], D) — PsFuncty (C, D)

acting by precomposition with Py is a biequivalence, where
PsFuncty (C,D) is the V-bicategory of pseudo-functors C — D
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which sends elements of W to equivalences, pseudo-natural trans-

formations and modifications.

This definition is independent of the bigger universe )V we choose.
Moreover, the bicategory of fractions is unique up to biequivalence. In
the same way, admitting a right calculus of fractions for a class of 1-cells

in a bicategory is the 2-dimensional version of the 1-dimensional case.

Definition 5.10. [96] Let C be a bicategory and W a class of 1-cells
in C. We say that W admits a right calculus of fractions if it satisfies

the following conditions:

1. all equivalences are in W,
2. W is stable by composition,
3. W is closed under 2-isomorphisms,

4. ifw: A — Bisin W and f: C — B is a l-cell of C, there exists
al-cell h: D — A of C and an element v: D — C of W such that

wh is 2-isomorphic to fuv,

5. if f,g: A = B are 1-cells of C, w: B — C an element of W and
a: wf = wg a 2-cell (resp. a 2-isomorphism) of C, there exists
v: D — Ain W and a 2-cell (resp. a 2-isomorphism) 5: fv = gv
such that ay g (@ *1y) = (Ly * B)ay,fu. If (v:i D — A, B: fo =
gv) and (v': D' — A,5": fu' = gv') are two such pairs, we also
require the existence of 1-cells u: E — D, v': E — D’ and a

2-isomorphism ¢: vu = v'v’ in C such that vu € W and
ag_,zl)’,u/(lg *€)agou(B * 1u) = (B'* 1u’)a]7,11/,u/(1f *E)afu-

Proposition 5.11. [96] Let C be a bicategory and W a class of 1-
cells in C which admits a right calculus of fractions. Then, the bicat-
egory of fractions C — C[W~!] exists. Moreover, consider a pseudo-
functor F': C — D which sends elements of W to equivalences and let

F: CIW~Y — D be its extension. Suppose the following conditions hold.

1. F is essentially surjective on objects (i.e., for each object D € D,

there exists an object A € C and an equivalence F'(A) — D),
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2. F is full and faithful on 2-cells (i.e., each functor F': C(A, B) —
D(F(A), F(B)) is full and faithful),

3. for each 1-cell f: F(A) — F(B) in D, there exist 1-cells g: C' — B
inCand w: C — Ain W such that F(g) is 2-isomorphic to fF(w).

Then, F is a biequivalence and F': C — D the bicategory of fractions of
C with respect to W.

We end this section by recalling the notion of a strong homotopy-
pullback.

Definition 5.12. The diagram

P,
“| A

in a bicategory C (where w: fmg = gne is a 2-isomorphism) is a strong

homotopy-pullback if

1. for any diagram

xX-*t.c
hl/ g
9

with 0: fh = gk being a 2-isomorphism, there exists a unique 1-cell
l: X — Psuchthat mal = h, ¢l = k and ag (W 1)) = Oay, 1,

2. given two 1l-cells [,I": X = P and two 2-cells (resp. two 2-isomor-
phisms) «: wal = wal', B: 7l = el satisfying

a;}rc,l'(lg * B)ag re1(wx1)) = (w* 11')aJ:,717A,l’(1f * Q) f a5

there exists a unique 2-cell (resp. 2-isomorphism) ~v: [ = [’ such

that 1, xv =a and 1, xvy = B.

When only condition 1 is satisfied, P is usually called a homotopy-
pullback. Compare for example with [50], or with [102| where bipullbacks
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are considered. Note also that strong homotopy-pullbacks are unique up

to equivalence.

5.2 Weak equivalences

With classical categories, a functor is an equivalence if and only if it is
essentially surjective, full and faithful. This is not the case any more with

internal categories. These functors are then called weak equivalences.

Definition 5.13. Let C be a category with finite limits and A and B two
internal categories (resp. internal groupoids) in C. An internal functor
F: A — B is given by two morphisms Fy: Ag — Bg and Fi: A1 — By

such that the downward squares

d
Ay Xea Ay —= A —= A

&C/
F1><c,dF1J/ Fll € J{Fo
Bi X¢ea B —5> B1=—= By
~~——

e

commute.
In the case where A and B are groupoids, this implies that F1i = iF}.

Example 5.14. If C = Gp, internal categories in Gp can be seen as
particular cases of monoidal categories, where the tensor product is given
by the group laws on the sets of objects and of arrows. Then, internal
functors can also be seen as particular cases of monoidal functors. While
internal functors A — B preserve the group structures of Ag and A;, a
monoidal functor F': A — B preserves the group structure of Ay only
up to (coherent) isomorphisms. This means that for each pair of objects
X,Y € Ay, we have an isomorphism F(X)+ F(Y) = F(X+Y) in B
satisfying some commutativity axioms. When these isomorphisms are

identities, the monoidal functor is actually an internal functor.

Definition 5.15. Let C be a category with finite limits and F,G: A = B

two internal functors in C. An internal natural transformation a: F = G
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is given by a morphism «: Ay — By making the diagrams

A A Ay (.00 By X4 B1
% lFo % lGo (ad>Gl)l J{m
B T> By B e By B, Xed B, pees B,

commutative.

Together with 1p = eFp, fa = m(«a,3): Ay — B; for a: F = G,
F F

f: G= H and o/ xa = m(F{a,d'Gy): Ag — C for A:EB@C,
G G’

this forms the 2-categories Cat(C) and Grpd(C) of internal categories
(resp. internal groupoids) in C, internal functors and internal natural

transformations. Note that every 2-cell in Grpd(C) is a 2-isomorphism.

Definition 5.16. [26] Let C be a category with finite limits and F': A —

B an internal functor between internal groupoids in C.

o We say that F'is full and faithful if the diagram

is a limit in C.
Moreover, if C is regular,

e [is said to be essentially surjective if

t
Ao X4 B1 —= By — By
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is a regular epimorphism, where t5 is the pullback of Fj along d.
Ao X4 B1 2. B

o |

A By

Fy

o ['is a weak equivalence if it is essentially surjective, full and faith-
ful.

We notice that if C = Set, this corresponds to the usual notion of a
fully faithful and essentially surjective functor between small groupoids.
In general, one needs the Axiom of Choice in C to build an inverse to

those functors.

Definition 5.17. The Aziom of Choice holds in a regular category when

every regular epimorphism is a split epimorphism.

Lemma 5.18. [102] Let C be a finitely complete category. An internal
functor F': A — B between internal groupoids in C is an equivalence if

and only if it is full and faithful and the morphism
Ao X Fy,a B1 BN ; RN By
from Definition 5.16 is a split epimorphism.

This lemma immediately implies the following proposition.

Proposition 5.19. [102] An internal functor F': A — B between inter-
nal groupoids in a regular category where the Axiom of Choice holds is

an equivalence if and only if it is a weak equivalence.

Our goal is to describe the bicategory of fractions of Grpd(C) with
respect to weak equivalences (for some monadic category C). In order to

apply Proposition 5.11, we need a right calculus of fractions.

Proposition 5.20. [102| Let C be a regular category and W the class
of weak equivalences in Grpd(C). Then W admits a right calculus of

fractions.
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It is also worthy to remark that a pullback preserving functor U: C —
D between finitely complete categories induces a 2-functor (also denoted

U by abuse of notations)

U: Grpd(D) — Grpd(C)
Ar— U(A) = (U(Ao),U(A1),U(d),U(c),U(e),U(m),U(i))
Fr— U(F) = (U(Fo), U(F1))

a— Ula).

Lemma 5.21. Let U: D — C be a pullback preserving functor between
finitely complete categories. Let also F': A — B be an internal functor

between internal groupoids in D. Then,
1. if U reflects pullbacks, F'is full and faithful if and only if U(F) is,

2. if C and D are regular and if U preserves and reflects regular epi-

morphisms, then F' is essentially surjective if and only if U(F) is.

Proof. The ‘only if parts’ follow from the preserving hypotheses while
the ‘if parts’ follow from the reflecting hypotheses. O

5.3 T-monoidal functors

As already written in Example 5.14, monoidal functors F: A — B be-
tween internal groupoids in Gp can be seen as ‘pseudo-internal func-
tors’. Indeed, since for all X,Y € A we have only an isomorphism
F(X)+F(Y)2 F(X+Y), F is not an internal functor in Gp, but only
an ‘internal functor up to isomorphisms’. The aim of this section is to
generalise this notion of a ‘pseudo-internal functor’ replacing Gp by any
monadic category.

So, we are given a monad T = (7,7, ) on a finitely complete cat-
egory C. By Proposition 1.59, the forgetful functor UT: CT — C pre-
serves, reflects and creates finite limits. It thus induces a 2-functor
UT: Grpd(CT) — Grpd(C). If A is a groupoid in C* and if the groupoid
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UT(A) in C is given by

d
Ay Xeq Al —= A —= Ag
C

~—_
e

then A is of the form

i

Oy
(Al Xe,d Al, (alT(m), alT(Wg)» -y (Al, a,l) :C>> (A(), ao)

~—_
e

where a1: T(A1) — A; and ag: T(Ap) — Ap are T-algebras and d, ¢, e,

m, ¢ are T-homomorphisms. In particular, this means that the square

T(m)
T(Al Xed Al) —— T(Al)
(GlT(m),mT(ﬂz))i lcu
Ay Xeqg Al ——— A1

commutes since the left downward morphism is the arrow part of

(A1,a1) Xcq (A1, a1). We can now define T-monoidal functors.

Definition 5.22. [61] Let T = (7,7, ) be a monad on a finitely com-
plete category C. We define the 2-category T-MON as follows:

e Objects are internal groupoids in CT.

e l-cells are T-monoidal functors (F,¢): A — B. These are inter-
nal functors F: UT(A) — UT(B) in C together with a morphism
¢: T'(Ag) — By such that the five diagrams

T(Ag) —— B, T(Ag) —— B,

wf oo

T(Bo) ——= Bo Ao By

Iy
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T(A) (01 T(F1),¢T(c)) By xeq By

(@T(d),Flal)i lm
B1 X q B1 — By
Ao T(Ag)  and TT(Ag) 2 T (Ag)
ei lﬂo (blT(lP)#PT(aO))\L lﬁp
A —p—> B By X¢q By —;— B1
commute.

[ lA = (lUT(A),eao).

B0 g &Y ¢ is (GF, m(yT(Fo), Gro))-

e The composition of A
e 2-cells a: (F,p) = (F',¢'): A — B are T-monoidal natural trans-
formations. These are internal natural transformations a: F = F’

in C such that the square

T'(Ao) ,a00) By X¢q By
(blT(Oé)#”)l lm
By X¢qg Bi——B1

commutes.

o Identities, vertical and horizontal compositions of 2-cells are com-
puted as in Grpd(C).

Using the Yoneda embedding, it is easy (but lengthy) to prove that
T-MON is actually a 2-category. Moreover, each of its 2-cells is a 2-
isomorphism since if a: (F, ) = (F’, ') is T-monoidal, then so is a™ L.

Diagrams involved in Definition 5.22 might be thought as unintuitive
at a first glance. The example of the free group monad on Set is treated
in Section 5.5 while an explanation where these axioms come from can be

found in Section 5.7 in the context of strict algebras for a pseudo-monad.
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Remark that we have two 2-functors

I: Grpd(CT) — T-MON  and  J: T-MON — Grpd(C)

A — A A UT(A)
F s (UYN(F), ebgT(Fp)) (F, ) —> F
a — Ul(a) a— a.

Thus, by abuse of notation, we say that a T-monoidal functor (F),¢) :
A — B is internal in CT when ¢ = ebgT(Fy). We will often identify an
internal functor F in CT with (UT(F), eboT (Fp)).

It is a well-known fact that, if a monoidal functor between monoidal
categories has a pseudo-inverse, then this pseudo-inverse can be equipped
with a monoidal structure. The next proposition asserts that the same

occurs for T-monoidal functors.

Proposition 5.23. [61] Let T = (T,n,u) be a monad on a finitely
complete category C. A T-monoidal functor (F,¢): A — B is an equiv-
alence in T-MON if and only if F': UT(A) — UT(B) is an equivalence in
Grpd(C).

Proof. The ‘only if part’ is clear. Let us prove the ‘if part’. Suppose
we have an internal functor G: B — A and internal natural isomor-
phisms a: GF = 1, and 8: FG = 1p in C. With the remark after
Definition 5.8 in mind, we can assume without loss of generality that the
triangular identities S x 1p = 1p x @ and 1g x 8 = a * 1g hold. Since
F is full and faithful, there exists a unique ¥: T(By) — A; such that
dy = aoT(Go), cp = Goby and F1ip = m(ipT(Go), m(bi1T(B),i8bo)).
This makes (G, ) and 8 T-monoidal. Moreover, since o and 3 satisfy
the triangular identities, « is also T-monoidal. Therefore, (F,¢) is an
equivalence in T-MON. ]

Let us notice here that, even if ¢ = ebgT'(Fp), this does not imply
that 1) = eagT(Gy). So, an internal functor in CT can be an equivalence
in T-MON without being an equivalence in Grpd(CT).
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5.4 T-MON as a bicategory of fractions

We show in this section that, for a regular category C where the Ax-
iom of Choice holds and a monad T on it, I: Grpd(CT) < T-MON
is the bicategory of fractions for Grpd(CT) with respect to weak equiv-
alences. As in [102], the key lemma to achieve this is the fact that
the strong homotopy-pullback of two T-monoidal functors exists and the
legs can be chosen to be in Grpd(CT). Firstly, from [102], we know that,
for a finitely complete category C, the 2-category Grpd(C) has strong

homotopy-pullbacks, constructed as follows. Given

A——B
F

in Grpd(C), we construct the pullback in C

m2

By B1 X¢a B1
J
mll lm
B X q B — B

and define Py and P; to be the limits below.

P
G J/W £
Ao By CO
By By
Py
e J/wl F

Aq

B C1
N N
By B,
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It turns out we can build an internal groupoid P in C on Py and P; and
that
w1 = ((wd, G1 FY), (F1GY,wc)).

Finally, the strong homotopy-pullback of F' and G is given by the fol-
lowing diagram.
C

P
| Ao
A B

As far as its universal property is concerned, if

TN

XLC
H /J/G
0
A——-DB
F

is another square in Grpd(C), the unique internal functor L: X — P
satisfying the required properties is constructed using the limit definition
of Py and P; via the equalities G'L = H, F'L = K, wLy = 6 and
w1l = ((0d,G1 K1), (F1Hy,0c)). Similarly, given two internal functors
L,L': X = P and two internal natural transformations o: G'L = G'L’
and f: F'L = F'L’ such that m(wLo, G18) = m(Fia,wLy), the unique
~v: L = L’ satisfying the required properties is obtained via the equalities
Gy = a, w1y = (wLo, G18), (Fla,wLj)) and F{y = . Knowing that,
we can prove T-MON has strong homotopy-pullbacks.

Lemma 5.24. [61] Let T = (T',n, 1) be a monad on a finitely complete
category C. The 2-category T-MON has strong homotopy-pullbacks.
Moreover, given T-monoidal functors (F,¢): A — B and (G,¢): C — B,
it is possible to choose a strong homotopy-pullback of (F, ¢) and (G, )

P
/ |@o
. .B

(Fyp)

G/

X

>

in such a way that F’ and G’ are internal functors in CT.
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Proof. Let

Gfi/c

A——DB
F

be the strong homotopy-pullback in Grpd(C) described above. We now
turn PP into an internal groupoid in CT in the following way. In view of
the limit defining Py, there exists a unique morphism pg: T'(Py) — Py
such that Gipo = aoT(GY), wpo = m(ieT(Gf), m(b1T(w), v T(F))) and
Fipo = coT(F}). Moreover, P; being also a limit, there exists a unique
morphism py: T(P1) — P; such that Gip1 = a1T(G}),

wipr = ((wpoT'(d), Grer T(FY)), (F1aa T(GY), wpoT (c)))

and F{p; = ¢;T(F}). This makes P an internal groupoid in CT, F’ and

G’ internal functors in CT and w a T-monoidal natural transformation.

If
(K,

X—=C
(H,h)l / l(Gﬂ#)
A——DB

is also a square in T-MON;, the unique internal functor L: X — P (in C)

S
N

defined above for the square

XLC
H /J/G
0
A——B
F

in Grpd(C) can be turned in a T-monoidal functor. Indeed, it suffices to
set 1: T(Xo) — P; as the unique morphism such that G}l = h, wil =
((wpoT'(Lo), G1k), (Fih,wLoxg)) and F{l = k. This is the only way it

can be done.

Finally, if (L,0),(L','): X = P are two T-monoidal functors and
a: (G'L,GYl) = (G'L',GYl'), B: (F'L,F{l) = (F'L', F{l') two T-mo-

noidal natural transformations satisfying m(wLo, G18) = m(Fio,wLy),
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the unique internal natural transformation (in C) v: L = L’ as above is
also a 2-cell in T-MON. To see this, it suffices to prove m(piT(v),l') =
m(l,yxy), which can be done by composing with the legs of the limits

involved. O
We are now able to prove the main theorem of this chapter.

Theorem 5.25. [61] Let C be a regular category where the Axiom of
Choice holds and T = (7,7, ) a monad on C. The inclusion 2-functor

I: Grpd(C") &= T-MON

is the bicategory of fractions of Grpd(CT) with respect to the class of

weak equivalences.

Proof. Since regular epimorphisms in C are split, T" preserves them. By
Lemma 1.67, the forgetful functor UT: CT — C preserves and reflects
regular epimorphisms and CT is regular. Let W be the class of weak
equivalences in Grpd(CT). Then, we know from Proposition 5.20 that
W admits a right calculus of fractions.

Now, let F' € W. By Lemma 5.21, we know that U™ (F) € Grpd(C)
is a weak equivalence. Since the Axiom of Choice holds in C, Proposi-
tion 5.19 tells us UT(F) is actually an equivalence. Thus, by Proposi-
tion 5.23, I(F') is an equivalence and I sends elements of W to equiva-
lences.

Therefore, it remains to prove that I satisfies conditions 1, 2 and 3
of Proposition 5.11. The first one is obvious and the second one is the
fact that, between internal functors in CT, T-monoidal natural trans-
formations are exactly internal natural transformations in CT. Let us

prove the last one. Given (F,¢): A — B in T-MON, consider the strong

P—Y.B
(Fyp)

homotopy-pullback

A B

given by Lemma 5.24, in such a way that G and V are internal functors

in CT. Thus, G = (F,¢) o V. Since strong homotopy-pullbacks preserve
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equivalences, V' is an equivalence in T-MON and thus in Grpd(C). By
Lemma 5.21 again, this implies that V € W. O

Corollary 5.26. [61] Let C be a regular category where the Axiom of
Choice holds and G: D — C a monadic functor. Denote by T = (T, n, )
the monad induced by the adjunction ¥ 4 G on C and K: D — CT the

comparison functor given by Proposition 1.60. Then, the composite
Grpd(D) £~ Grpd(CT) —L~ T-MON

is the bicategory of fractions of Grpd(D) with respect to the class of

weak equivalences.

Proof. Since G is monadic, K: D — CT is an equivalence and K :
Grpd(D) — Grpd(CT) a biequivalence of 2-categories. In additiomn,
by Lemma 5.21, F € Grpd(D) is a weak equivalence if and only if
K(F) € Grpd(C") is. Thus, I K satisfies conditions 1, 2 and 3 of Propo-

sition 5.11 since I does. O

5.5 The case of groups

We study in this section the particular case of the monadic forgetful
functor Uyr: Gp — Set, where T is the Lawvere theory corresponding
to groups. We denote by T the corresponding monad on Set. Since
we work under the axioms ZFCU, the Axiom of Choice holds in the
regular category Set. Therefore, T-MON is the bicategory of fractions of
Grpd(Gp) with respect to W, the class of weak equivalences. In order
to explain the axioms of Definition 5.22, we make them explicit in this
context. Let A and B be two groupoids in Set” (i.e., in Gp by the
biequivalence K). A T-monoidal functor (F,¢): A — B is a functor
F: A — B between the underlying categories, together with a function
¢: Fryr(Ag) — By satisfying the following axioms:

1 and 2: For all objects ay,...,a, € Ay and i1,...,i, € {—1,1},

i1 in) j
@(af ---alr) is an arrow

F(al)il 4t F(an)in
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3: For all arrows fi,...,fn, € A1 (with f;: a; — a) for each i €
{1,...,n}) and i1, ...,i, € {—1,1}, the diagram

i FUD) 44 F(fa)™n

Fa1)" +---+ F(an)’ F(a')" 4+ F(dn)™

w(ail'“aﬁ")l J{so(a'?“'a’il"‘)
F(a) +- +ajy) — F(a'f +---+ad})
F(fi 4+ fa)
commutes.
4: For each a € Ao, p(a) = 1p: F(a) = F(a).
5: For all aq1,...,01ny5- .-, Qk1, ..., Gy, € Ap, the diagram

e(ar1-akn,,)

F(an) + -+ F(akn,) F(ai1 + -+ agp,,)

plar1--ain, )+“'+5"(“k1"'“k“k)l %+a1n1 )(ak1t+takn, )

F(all+"'+a1n1)+"'+F(ak1+"'+aknk)

commutes (for the sake of simplicity, we only express axiom 5 with ex-
ponents 1).

The bicategory of fractions Grpd(Gp)[W ~!] has another description
in [102].

Definition 5.27. The 2-category MON is defined as follows:
e Objects are internal groupoids in Gp.

e 1-cells are monoidal functors (F, F3): A — B. We recall they are
given in this case by a functor F': A — B between the underlying

groupoids in Set and a family of arrows in B
Fy = (Fy*: F(a) + F(a) = Fla+a))awen,

natural in a and o’ and such that the rectangle

1 a—i—Fa,’aN
F(a)+ F(d) + F(a") 222

! ! 17
F3 +1F(a,,>i lFQ‘I ta

F(a+d)+ F(d") Fla+d +d")

F(a)+ F(a' +a")

F2a+a',a"
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commutes for all objects a,a’,a” € Ag. The suitable morphism

Fy: 0 — F(0) is then determined uniquely.

e 2-cells are monoidal natural transformations a: (F, Fa) = (G, Ga2).
In this case, these are natural transformations a: F' = G such that

the diagram

F2
F(a)+ F(d) —= F(a+d')

Oéa-i-oca/i \Lanra/

G(a) + G(d) —=G(a+d)
G3°

commutes for all a,d’ € Ap.
Theorem 5.28. [102| The inclusion 2-functor
Grpd(Gp) — MON

is the bicategory of fractions for Grpd(Gp) with respect to weak equiv-

alences.

Since they are both the bicategory of fractions with respect to weak
equivalences of Grpd(Gp), MON and T-MON are biequivalent. This
biequivalence K: MON — T-MON makes the diagram

Grpd(Gp) © MON Grpd(Set)
A
Grpd(Gp) H Grpd(setT)<—> T-MON Grpd(Set)

commutative. Moreover, it can be described by

K: MON —s T-MON
A — K(A)

(F,F2)

AER g gy L2

K (B)

ar—r

where : Frr(Ag) — By is defined on the word a! - - air (a), € Ag and
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i, € {—1,1}) to be the arrow part of the sum

7

(F(a1), 1pay, a1)™ + -+ (Fan), Ly, an)™ .
This sum is calculated in the group of triples
(b€ By, f: b— F(a),a € Ap)
and defined by

(b7 f7 a) + (b/7f/7a,) =

/
a,a

' F
b+ v, b+b’ﬂ>F(a)+F(a’)2*>F(a+a’) ,a+d

5.6 The case of Lie algebras

The aim of this section is to make the link between a result in [102]
and our Corollary 5.26 for the particular monadic forgetful functor U :
LieAlg; — Vecty, for a fixed field k. Now, T denotes the corresponding
monad on Vecty. This category is regular and the Axiom of Choice holds
in it since every vector space is free (admits a basis). Thus, we can apply
Corollary 5.26 to deduce that T-MON is the bicategory of fractions of
Grpd(LieAlg;) with respect to weak equivalences.

This bicategory of fractions has also been described as LIEj in [102].

Definition 5.29. [8] Let k be a field. The 2-category LIEy is defined as

follows.
e Its objects are the internal groupoids in LieAlg;,.

e 1-cells are homomorphisms (F, F3): A — B. These are given by an
internal functor F': A — B between the underlying groupoids in

Vecty, and a family of morphisms in B
F2 = (F2a’a : [F(a)aF(a/)] — F([au al]))a,a’er

natural in @ and o/, bilinear, skew-symmetric and such that the
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diagram
[F(a), [F(d), F(a")]] == [[F(a), F(a)], F(a")] + [F(d'), [F(a), F(a")]]
[1F(a)ana’al]i l[an’a/vlp(a”)]ﬂlF(a/)7F2a’a”]
[F(a), F(la’, a"])] [F([a,a]), F(a")] + [F'(a’), F([a, a"])]
an,[a/‘a“]l lFZ[a,a/],a”_"_F;/,[a,a”]
F([a’ [a/> a//]]) - F(Ha7 a/}’ a/q) + F([alv [av a//H)

commutes for all a,a’,a” € Ag.

e 2-cells a: (F, Fy) = (G, G2) are 2-homomorphisms. These are in-
ternal natural transformations «: F' = G in Vecty such that the
diagram

/
a,a
F2

[F(a), F(a")] — F([a,a'])

[aa7aa’]l la[a’a/]

G(a), G(a)] —— G([a.a))
G

commutes for all a,a’ € Ay.

Theorem 5.30. [102] Let k be a field. The inclusion 2-functor
Grpd(LieAlg;,) — LIEy

is the bicategory of fractions for Grpd(LieAlg,) with respect to weak

equivalences.

Therefore, the 2-categories T-MON and LIEj are biequivalent. As
for groups, this biequivalence K: LIE; — T-MON makes the diagram

Grpd(LieAlg,,) € LIEy Grpd(Vecty,)

Grpd(LieAlgy,) —-> Grpd(Vecty )~ T-MON

Grpd(Vecty,)
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commutative. Moreover, it can be described by

K: LIE;, — T-MON
A+— K(A)

(FvFQ) (F,QO)

AT B K(A) K(B)

o>

where p: T'(Ag) — Bj is defined as follows. T'(Ap) is the free Lie algebra
of the underlying vector space of Ap. It is actually the Lie subalgebra
generated by Ag of the tensor algebra

k@AO@(AO@AO)@(AO@AO@Ao)@”-:@Ag)n
neN

(considered as a Lie algebra with [v,w] = v-w —w-v). To each element

v € T'(Ap), we associate a triple
o) =(be By, f:b— F(a),a € Ap)
by recursion:
L. if a € Ag, ¢(a) = (F(a), 1r(),a),
2. ifx € kand v € T(Ap), ¢(xv) = (zb,x f, xa) where (b, f,a) = $(v),

3. if vi,v2 € T(Ao), ¢(v1 +v2) = (b1 + ba, f1 + f2,a1 + ag) where
(bi,fi,ai) = @(Uz) for 7 € {1,2},

4. ifvl,vz S T(Ao), gﬁ([’l)l,’UQ]) = ([bl, bQ], Fgl’m [fl, fz], [al, ag]) where
(bz-,fi,ai) = gf)(?)i) for i € {1,2}

Then, ¢(v) = f is the arrow part of this triple ¢(v) = (b, f, a).

5.7 Pseudo-algebras

In this last section, we give some intuition where the axioms of Defi-

nition 5.22 of T-monoidal functors come from. We will see that these
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axioms are actually particular cases of coherence axioms defining pseudo-
morphisms between strict algebras for a pseudo-monad. We adopt the
following definitions from [89] and [78].

Definition 5.31. Let C be a 2-category. A pseudo-monad T on C con-

sists of
e a 2-functor T: C — C,
e two pseudo-natural transformations n: 1c = T and pu: T2 = T,

e three isomodifications m, [ and r

T3 M2 T o2 I g
l r
Tul /,/m lu >< lu g
T2 T T
I
such that the two diagrams
m‘le.qT
w pr T p T Ty
0
and
1yxmr m*lTu
p pr por2 —— i pip Ty — T Ty
mx1,, Q\L llH*Tm
2 2
p T pupe T PR T et TpTp
commute.

Definition 5.32. Let C be a 2-category and T a pseudo-monad on it.
We define the 2-category PsAlg(T) as follows:

e The objects are the pseudo-algebras of T. These are quadruples
(A, a,ax,a2) where A is an object of C, a: T(A) — A a 1-cell and
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Qyx, G2 two 2-isomorphisms

Ao T4) TXA) EA-T(A)

b | |

A T(A) A

a
such that the diagrams

azxlr(n )

a pia T(na) aT(a) T(na)

% %*)
a

and

laxmy a2xlp(y )

aT(a) T(pa)
a2*1HT(A)i lla*T(lIQ)

apa T?%(a) aT(a) T?(a)

Taxrht azxlp2 g

a LA Pr(a) apa T (pa)

aT(a) pra)

commute.

1-cells (A, a, a, az) — (B, b, by, ba) are pseudo-morphisms between
pseudo-algebras, i.e., pairs (f, ) where f: A — B is a 1-cell and

( a 2-isomorphism

such that the diagrams

1b*7'}]

bT(f)na——=bnp f

<p*17,A i lb**lf

fC”?AWf
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and
b T g&*l“A 1f*a2
(f) pa fapa faT(a)
1b*T}Li TL,D*].T(@
b g T*(f) Toarlpag, b T(b) T*(f) T bT(f) T(a)
commute.

e 2-cells a: (f,¢) = (g,v) are 2-cells a: f = g such that the square

b ()L 7(g)
¢J/ izﬁ
fa—r—i—ga

commutes.

Similarly to Proposition 5.23, a pseudo-morphism (f, ) is an equiv-
alence in PsAlg(T) if and only if f is an equivalence in C.

We are now going to see how pseudo-morphisms are linked with T-
monoidal functors. Firstly, if T is a pseudo-monad, we define T-MON
to be the full sub-2-category of PsAlg(T) whose objects are the strict al-
gebras, i.e., the pseudo-algebras (A, a, ax, az) with a, and ag being iden-
tities. Moreover, we denote by Alg(T) the sub-2-category of T-MON
in which we only consider strict morphisms of strict algebras, i.e., the

pseudo-morphisms (f, @) where ¢ is the identity.
Alg(T) — T-MON — PsAlg(T)

Now, suppose T = (7,1, 1) is a (1-dimensional) monad on a finitely
complete category C. If T: C — C preserves pullbacks, then T induces
a pseudo-monad T on the 2-category Grpd(C). Moreover, T is such
that n and p are 2-natural transformations, given by na = (1n4,,74,)
and pg = (pay, pa,) for each A € Grpd(C). For this pseudo-monad, we
know that the modifications m, [ and r are identities and that the two

coherence axioms become trivial. Moreover, we have an isomorphism of
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2-categories

Grpd(CT) — Alg(T)
A (UY(A),a = (ag,a1))
F— UYNF)

ar— Ul (a)

where a;: T(A4;) — A; are the T-algebra structures for i € {0,1}. Note
that @ = (ag,aq) is an internal functor since d,c,e,m and ¢ are T-
homomorphisms. Notice also that the fact that UT(a) satisfies the co-
herence axiom for the definition of 2-cells in PsAlg(T) corresponds to
the fact that « is a T-homomorphism.

With this particular pseudo-monad on Grpd(C), we remark that, if
we extend this isomorphism, T-MON becomes the following 2-category:

e Objects are internal groupoids in CT.

e A l-cell (F,¢): A — B consists of an internal functor F': UT(A) —

UT(B) in C together with an internal natural isomorphism

TUT(A) 2L Tyt (B)

| A

Ut(A) U(B)

F

in C such that lyp,, = LF and pxly, 5 o= (x1lp@)) (LexT())-

b T(F) nyray =="bnyrm F
gp*anT(A)i

F anyryy =—=F

g A)

bT(F) pyr ) — F a pyr ) =———

b ey T?(F) == b T(b) TQ(F)lm)b T(F) T(a)
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e A 2-cell a: (F,p) = (G,v): A — B is an internal natural trans-
formation a: F' = G in C such that the square

b 7)Yy (@)
’ |
Fa I Ga

commutes.

We notice that these are exactly the axioms of Definition 5.22 of
T-MON. Indeed, the first three axioms defining a T-monoidal functor
are the fact that the 2-cell ¢: bT'(F') = Fais an internal natural transfor-
mation in C, while the last two are the above ones. In other words, if T is
the pseudo-monad on Grpd(C) induced by a pullback preserving monad
T on C (i.e., in which the functor part T of T preserves pullbacks), the
2-categories T-MON and T-MON coincide. What makes it possible to
define T-MON even if the monad T does not preserve pullbacks is the fact
that, to express the naturality of p: bT(F) = Fa: TUT(A) — UT(B),
one only needs the composition in the codomain category U™ (B) and not
in the domain TUT(A).

Analogously to Theorem 5.25, we are now going to prove that, under
some hypotheses, Alg(T) — T-MON is the bicategory of fractions of
Alg(T) with respect to a certain class of 1-cells W. The following lemma

is analogous to Lemma 5.24.

Lemma 5.33. [61] Let C be a 2-category where every 2-cell is invert-
ible and T = (T,n,u, m,l,r) a pseudo-monad on C such that n and
p are 2-natural transformations. If C has strong homotopy-pullbacks,
so has T-MON. In this case, given pseudo-morphisms of strict alge-
bras (f,¢): (A,a) — (B,b) and (g,v): (C,c) = (B,b), it is possible to
choose a strong homotopy-pullback of (f,¢) and (g, )

(7(0717\'011)

(P,p) (C,0)
(WA,lmp)i / i(ng)
(A, a) (B, b)

(f0)
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in such a way that (74, 1x,p) and (7w¢, 1r.p) are strict morphisms.

Proof. Consider the strong homotopy-pullback

p-r<.
TrAl/ g

in C. There exists a unique 1-cell p: T(P) — P such that map = aT(74),
mep = cl'(ro) and (W 1p) (@ * 1p(r,)) = (¥ x Ipirg)) (1p x T'(w)). 1t is
routine to check that this makes (P, p) a strict algebra and that we have

constructed the announced strong homotopy-pullback. O

As for Theorem 5.25, this lemma is the key point to prove the next

proposition.

Proposition 5.34. [61] Let C be a 2-category where every 2-cell is
invertible and which has strong homotopy-pullbacks. Let also T =
(T, n, p,m,l,r) be a pseudo-monad on C such that n and p are 2-natural
transformations. If W is the class of 1-cells (f, 1) of Alg(T) such that f

is an equivalence in C, then
Alg(T) — T-MON
is the bicategory of fractions of Alg(T) with respect to W.

Proof. In view of Proposition 5.2 in [102], we know that W has a right
calculus of fractions. The rest of the proof is similar to the one of The-

orem 5.25 using Lemma 5.33. O
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