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1 Introduction

The purpose of the present paper is to prove the following:

(1.1) Main Result: Let (W,S),(W’,S") be Cozeter systems and let ¢ : W — W' be
a reflection-preserving isomorphism, i.e. ¢(S) C S Suppose furthermore that S is
finite, that W is infinite, that (W, S) is irreducible, and that (W, S) is 2-spherical (which
means that for all s,t € S the order of st is finite). Then ¢(S) is conjugate to S" in W'.

In the language of [2] our main result can be stated as follows:

(1.2) Rigidity-version: Coxeter systems of finite rank which are non-spherical, irre-
ducible and 2-spherical are strongly reflection rigid.

Our main result follows from a slightly more general statement, which is Theorem (12.13)
below. Let us record that Coxeter groups of type Hs or Iy(n) for n = 5 orn > 7
provide counter examples to the preceding statement if the assumption of non-sphericity
is removed. Similarly, if we do not assume the Coxeter system to be 2-spherical, then the
statement is false (see [2]).

(1.3) Applications: As a consequence of our main result we obtain the main result
of [13] which says that the outer automorphism group of a 2-spherical Coxeter group of
finite rank is finite. By a result of Richardson, there are only finitely many conjugacy
classes of involutions in a Coxeter group W of finite rank and Aut(1V) acts naturally on
them. The kernel of this action is contained in the stabilizer of the set of reflections which
we denote by Autgea(WV). In [13] it is shown that Inn(W) has finite index in Autges(W).
As a consequence of our main result it turns out that Autges(W) is actually equal to the
group of inner automorphisms extended by the group of diagram automorphisms in the
irreducible non-spherical case.
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As already indicated in (1.2), our main result has a rigidity version. In the context
of rigidity of Coxeter groups a conjecture was formulated in [2] whose validity for the
2-spherical case is a consequence of our main result. Our main result (and the methods
of its proof) can be used to prove the validity of this conjecture for a much larger class of
Coxeter groups [4].

Automorphisms of nearly finite 2-spherical Coxeter groups have been also considered
in [10]. Several of the results there are consequences of our main result. However, in order
to prove our result we use the result of [10] in a special case (see the proof of Lemma
(12.10)).

Finally, we would like to mention, that our main result yields in combination with the
main result of [9] the following:

(1.4) Theorem. Let (W,S) be as in the statement of our main result and let R C W
be such that (W, R) is a Coxeter system. Then R = S™ for some w € W.
The details are given in [9].

(1.5) The proof of the main result is based on some refinements and modifications of the
ideas and techniques used in [18]. In that paper the notion of a geometric (2-geometric,
universal) set of reflections (which will be recalled in (3.2)) plays a crucial role in order
to prove that certain Coxeter systems are strongly reflection rigid. One of the crucial
ideas in the present paper is to prove and use the following general fact concerning these
notions:

(1.6) Fact: Any 2-geometric, universal set of reflections in a Cozeter group is geometric.

It was pointed out to us by Bob Howlett, that the fact above could be deduced as
a corollary from Theorem 1.2 in [13] which is a statement about isometries of the root
system associated to a Coxeter group. It turns out that a slightly stronger version of the
fact above which was proved by the first author in [5] is equivalent to that theorem. Thus,
our Theorem (3.3) can be considered as the being the ‘Cayley graph’-version of Theorem
1.2 in [13]. There is also a ‘Kac-Moody’-version which can be found in [14], Sections 5.9
and 5.10, for Coxeter groups of spherical, affine and hyperbolic type (see also [17]). In [11]
some ideas are described how the general case can be dealt by modifying the techniques
of [14] and [17]. It is remarkable that different interpretations of the same fact have
been proved independently by completely different approaches. In [13] the crucial idea
is to use the dominance-order on the set of roots associated to a Coxeter group whereas
the Kac-Moody approach is based on the consideration of the positive imaginary cone.
We make use of the well-known combinatorial facts about the Cayley graph. However,
it appears that all approaches need at a certain point a tedious case by case distinction
([12]). We include our combinatorial proof of the Cayley-graph-version in the paper. This
enables us on the one hand to avoid the somewhat technical task of doing the ‘translation’
between real root systems and abstract root systems ; on the other hand it makes the
paper self-contained.

2 Preliminaries

(2.1) Let I be a finite set. A Coxeter matrix over [ is a symmetric matrix M = (m;); jer
with entries in NU{oo} such that m; = 1foralli € I and m;; > 2 foralli # j € I. Given
a Coxeter matrix M, then we put E(M) := {{i,j} C I|1 < m;; # oo}. The Coxeter
diagram associated to M, and also denoted by M, is the graph (I, E(M)) whose edges



are labelled by the corresponding m;;. The Coxeter matrix (and the associated Coxeter
diagram) is called irreducible of the associated diagram is connected. We shall often
confuse the notions of ‘Coxeter matrix’ and ‘Coxeter diagram’. For example, the sentence
‘the Coxeter matrix M is a tree’ will be a shorthand for ‘the Coxeter graph assicated to
the Coxeter matrix M is a tree’.

(2.2) Let M be a Coxeter matrix over I. A Coxeter system of type M is a pair (W, 5)
consisting of a group W and a set S = {s;|i € I} C W such that S generates W and that
the relations ((s;s;)™¥); jer form a presentation of W. The group W is called a Coxeter
group. An element of W which is conjugate to an element of S is called a reflection.
The Coxeter matrix (or diagram) M is called spherical when W is finite.

(2.3) Given a subset J of I then M denotes the restriction of M onto J. In that case, M
is called an extension of M. It is called a k-extension if k is the cardinality of I\.J. If
M is a l-extension which is a tree, then there is a unique vertex in J which is joined to a
vertex in I\ J ; this vertex is then called the extension vertex. In the general situation,
we put Wy := (s;|j € J) ; in that case (W, {s;|j € J}) is a Coxeter system of type M.

(2.4) Let (W, S) be a Coxeter system of type M over I. The chamber system associated
to (W, 9) is the graph 3(W, S) with vertex set C':= W and edge set P := {{c,d}|c"'d €
S}. The vertices of X(W, S) are called chambers, the edges are called panels. Since the
si’s generate W, the graph (W, S) is connected. Note that we have a natural mapping
type : P — I, defined by type({c,d}) =i if ¢c7'd = s;. The group W acts from the left
(via left translation) on (W, S). This action is regular on C' and type-preserving on P.
Let J be a subset of I, and let ¢ € C. The J-residue of ¢ is the set R;(c) := c¢W.
A residue is called spherical if it contains finitely many chambers. It is a fact that a
subgroup U of W is finite if and only if it stabilizes a spherical residue. For any residue R
and any chamber ¢ of X(W, S) there is a unique chamber of R at minimal distance of ¢ in
Y(W,S). This chamber is called the projection of ¢ on R, and is denoted by projg(c).

(2.5) Given a reflection t € W we define P(t) C P to be the set of edges of (W, 5)
which are fixed by ¢, and we put C(t) := Upep(t)p. It follows from Proposition 2.6 in
[19] that the graph (W, P\P(t)) has two connected components ; these are called the
roots associated to t. The set of all roots is denoted by ®(W,S). Given a root «, then
the reflection to which it is associated is uniquely determined and it is denoted by r,.
Moreover, we denote by —a the root which is associated to r, and which is not equal to
a. If U is a set of roots, we put =V := {—v|¢p € ¥}.

(2.6) Given a chamber ¢ and a reflection ¢, then H(t, c) denotes the root associated to t,
which contains ¢. More generally, if R is a residue in (W, S) which is not stabilized by t,
then we denote by H (¢, R) the unique root associated to ¢ which intersects R. This makes
sense because of the following fact : t stabilizes R if and only if both roots associated to
t intersect R.

3 Geometric sets of roots

(3.1) Let X be a set, and let W be a group acting on ¥ from the left. A subset D # () of
Y is called prefundamental (or a prefundamental domain) if, for w € W, we have
w = 1 whenever wD N D # (). We call D fundamental (or a fundamental domain) if,



moreover, we have | J,, o,y wD = X.

(3.2) Let now (W, S) be a Coxeter system, 7" the set of its reflections, ® = ®(W, S) the set
of its roots and ¥ = (W, S) be the corresponding chamber system. A set R C T is called
universal if ((R), R) is a Coxeter system. For any R C T we set M(R) := (o(st))ster,
where o(g) denotes the order of the group element g.

Let ¥ C @ be a set of roots. We put R(¥) := {r,|¢) € U} (where ry is the reflection
associated to ¥) and M (V) := M(R(¥)). The set U is called universal if R(V) is
universal. It is called 2-geometric if for all ¥,v)’ € WU the set ) N’ is a fundamental
domain for the action of (ry,ry) on (W, S). It is called geometric if it is 2-geometric
and if, moreover, ﬂwew 1 is not empty. A pair of roots {«a, 3} is called weakly geometric
if anporif (—a)N(—p) is a fundamental domain for (r,,75). A set ¥ C & is called
weakly 2-geometric if each 2-subset is weakly geometric.

The set R itself is called geometric (resp. 2-geometric, weakly 2-geometric) if
there exists a geometric (resp. 2-geometric, weakly 2-geometric) set of roots ¥ C & such
that R = R().

(3.3) Let now s and ¢ be two reflections such that the order of st is infinite. Then
C(t) is completely contained in one of the two roots associated with s ; this root is
denoted by H(s,t). The only geometric set of roots ¥ such that R(¥) = {s,t} is given by
U = {H(s,t),H(t,s)} ; the set (—H(s,t))N(—H(t,s)) is empty. If ¢’ is a third reflection
such that st’ has infinite order and that H(s,t) = —H(s,t’) then ¢t has infinite order (see
Lemma 3.8 in [18]).

(3.4) Let D be a set of chambers in the chamber system (W, S) associated to the Coxeter
system (W, S), and let t € W be a reflection. Then ¢ is said to border D when no element
of P(t) is contained in D and C(t)N D # (). In particular, if D is a root, then ¢ borders D
if and only if ¢ = rp. The following result is essentially a consequence of (3.5) ; we omit
the proof.

(3.5) Proposition. Let (W, Sy) be a Cozeter system, let ¥ = X(Wy, Sy) be the associated
chamber system, let W C ®(Wy, Sy) be a geometric set of roots and put D := ﬂwe\y Y.
Then

1) D is a fundamental domain for the action of W = (R(V)) and (W,R(¥)) is a

Coxeter system.

2) If we set C := {wDJw € W} and P := {{vD,wD}v"'w € R(V)} then the graph
(C, P) is isomorphic to (W, R(V)).

3) R(V) ={t|t borders D}.
4) SN W = R(W)W.

Proof. This is essentially a consequence of Lemma 1 in [20] (see also Sections 3 and 4 of
[18] for further details). O

In particular, if £ € W then there is a unique root associated with ¢ and which contains
D. This root is denoted by H(t, D).



4 An outline of the proof of the main result

The proof of our main result is based on the following proposition which is essentially
Proposition 5.2 in [18].

(4.1) Proposition. Let M be a Cozeter matriz. Then the following are equivalent.

1) If (W, S) is a Cozeter system and if R C SV is a universal set of reflections such
that M(R) = M then R is a geometric set of reflections.

2) If (W, S), (W', S") are Cozeter systems such that M(S) =M and if p: W — W' is
an isomorphism such that o(S) C W'Y, then p(S)*" =S for some w' € W'.

In view of this proposition, it suffices to prove that every irreducible, universal and
2-spherical set of reflections generating an infinite group is geometric. In order to achieve
this we use the following characterization of geometric sets which we already mentioned
in the introduction.

(4.2) Theorem. Any finite, universal and weakly 2-geometric set of reflections is geo-
metric.

The proof will be given in Section 10.

In view of this theorem, it suffices to prove that every irreducible and universal set of
reflections generating an infinite group is 2-geometric. In a first step, we will prove the
latter fact for any universal set of reflections whose diagram is a circuit, is geometric. This
is done in Section 11. This partial result has an interesting consequence, which will be
also given in Section 11. In order to explain it, we need a further notion. We call a set of
reflections in a Coxeter system sharp-angled, if any of its 2-subsets is geometric. In view
of the result for circuits, one obtains that each sharp-angled, universal and 2-spherical set
of reflections is 2-geometric (see Proposition (11.7)). Hence it suffices to show that each
universal and 2-spherical set of reflections generating an infinite group is sharp-angled.
This will be done in Section 12.

5 Fusion

We start with a preliminary observation.

(5.1) Lemma. Let (Wy,Sy) be a Cozeter system, let {«, 3} be a geometric pair of roots
such that the product rorg has order 3. Let 1 be a root such that ry, commutes with r,.
Then the pair {H(rorsre, N B),1¢} is geometric if and only if {B3,1} is geometric.

Proof. By hypothesis, we have r,(¢) = ¢ and ro(8) = H(rargra,o N (). The claim
follows. []

(5.2) Let M be a Coxeter diagram over a set I. A subset F' = {f, g} of I is called a
fusion edge of M if my, = 3 and if my. = 2 or m,, = 2 for each ¢ € I'\F. Given a fusion

edge F, we define the Coxeter diagram M* over the set I” = (I\{f, g}) U{F} by setting

mL, = mgy if {z,y} C I\F and mf, = max{mgys, mq,} for all z € I\ F.



(5.3) Proposition. Let (W, Sy) be a Coxeter system, and let W be a set of roots in
X (Wo, So). Suppose that there is a geometric pair of roots {«, 5} C W which corresponds
to a fusion edge in the diagram M (V). Let vy be the unique root associated with rorgr,
which contains aNB. Then W is a 2-geometric set of roots if and only if (V\{«, 5})U{7} is
a 2-geometric set of roots. If W is geometric (resp. universal), then sois (V\{«, 5})U{~}.

Proof. The first part is an immediate consequence of (5.1). For the second part, assume
first that W is geometric. In particular, the set W is then 2-geometric, whence (V\{a, 8})U
{7} is 2-geometric by the first part. Moreover, as a N3 C v and (¥ # 0, it follows
that v N (V) is not empty, proving that (V\{«, 3}) U {7} is geometric. Finally, if ¥ is
universal, then we may apply the preceding statement to the geometric set of roots

{ € P((R(¥)), R(¥))|1 € ), 1y borders 1}

in the chamber system X((R(V)), R(V)). Since a geometric set of roots is necessarily
universal (see (3.5)), the result follows. -

6 The non-irreducible case

(6.1) Proposition. Let (Wy,Sy) be a Coxeter system, and let Wy and Wy be disjoint
geometric sets of roots such that R(¥y) and R(Vs) centralize each other. Fori € {1,2}, set
W; = (R(V;)) and D; = (\V;. Then W stabilizes Dy, Wy stabilizes Dy, and DiNDy # ().

Proof. Set ¥ := X (Wy, Sp) and let € W,. The proof is divided into several steps.

Claim 1: The set rD; is fundamental for the action of Wi on 2.
This is an easy computation, in view of the hypotheses.

Claim 2: There exists w € Wy such that rDy = wD;.

Let us choose w € W, such that rD; NwD; # (. If rD; ¢ wD;, then there exists
a reflection ¢ bordering wD;, such that there is a panel in P(t) which is contained in
rD;. Hence, we have ¢(rDy) N (rD;) # 0. But on the other hand, ¢t belongs to W,
by ??, which implies that ¢ = 1 by Step 1. This is a contradiction. Thus rD; C wD;.
Similarly, one obtains r~'D; C w’D; for some w’ € W;. From D; C ww'D; it follows that
w' = w~! since D, is fundamental for W;. Finally, we obtain »~'D; C w~'D;, whence
the conclusion.

Claim 3: We have rDi = D;.

It suffices to prove the claim for r € R(W,). Assume rD; # Dy, whence rD; N Dy = ()
by Step 2. Let us choose a minimal path ~ joining a chamber of D; to a chamber of rD;.
Let m be the panel of ¥ stabilized by r and crossed by . Since the reflection r does not
belong to R(W¥,) by hypothesis, ?? implies that 7 is contained in vD; for some v € W;.
Therefore, by Step 2, we have r(vD;) = vD;, and, transforming by v~!, we obtain a
contradiction.

Claim 4: We have D; N Dy # (.
By Claim 3, the group W, stabilizes D;. Now, suppose D; N Dy = (). Then, for each
w € Way, wDy NwDy = Dy NwDy = (0, whence D; = Dy N'Y = ), a contradiction.

This concludes the proof of the proposition. ]



7 The “almost spherical” case

(7.1) Lemma. Let (Wy,Sy) be a Coxeter system, and let ¥ be a geometric set of roots
in (W, So). Then M(V) is spherical if and only if —V is also geometric. In that case,
if we put D := (V¥ and D" := (\(—=V), then H(t,D) = —H(t,D’) for each reflection t in
(R(¥)).

Proof. The ‘if’ part follows from Lemma 3.10 in [18]. The ‘only if’ part, as well as the
last statement of the lemma, is a consequence of Theorem 2.15 in [19]. -

We now prove a special case of (1.6).

(7.2) Proposition. Let U := {4, 91,...,1¥,} be a universal 2-geometric set of roots
in the chamber system 3 associated to a Coxeter system (W', S"). Put ¥y := W\ {¢p},
and assume that M (W) is spherical. Then there is a sign € € {4, —} such that eV is a
geometric set of roots. If M (V) is non-spherical, this sign is unique, and in that case,
every spherical residue stabilized (R(Vy)) is contained in ey.

Proof. The proof is by induction on n ; the result is trivial for n = 1.

Let R be a spherical residue invariant under Wy := (R(¥)), but not under W :=
(R(W)). Such a residue exists : this follows from the geometric representation of a Coxeter
group, using the universality of R(V) (see [1]) — actually, if M (V) is not spherical, no
spherical residue is stabilized by W.

By the induction hypothesis together with (7.1), we know that D := (), ¢; and
—D = ()_,(—;) are both fundamental domains for Wy (see (3.5)). Now, since R is
invariant under W, it follows that R N D and RN (—D) are both non-empty. Now, if
€ € {+,—} is such that H(ry,, R) = €y, then RN (eD) C (ethp) N (eD), and the latter set
is not empty, proving that eV is geometric.

Finally, assume that M (W) is non-spherical. In that case, the uniqueness of the sign
e follows from (7.1). Now, if R is another spherical residue stabilized by Wy, and if
H(ry,, R') # H(ry,, R) = €y, then we conclude as in the previous paragraph that —eW¥
is geometric, which contradicts the uniqueness of e. -

8 Critical extensions

(8.1) Let M be an irreducible and spherical Coxeter diagram over the set I. Let M be a
2-extension of M over the set I = {a,b} U I. If the l-extensions M 1u{a} and M TUfp} are
both non-spherical, then M is called a critical extension of M.

Before going further, we record the following consequence of (7.2).

(8.2) Lemma. Let V. = {ay, a0} UV be a universal 2-geometric set of roots in the
chamber system associated to some Coxeter system. Assume that M (V) is irreducible and
spherical, and that M(V.) is a critical extension of M (V). Fori = 1,2, let ¢, € {+,—}
be the unique sign such that €;({c;} U W) is geometric (see (7.2)). If €1 = €, and if we
denote by € the common value, then eV, is geometric. Conversely, if R(V,.) is geometric
then €, = €.

Proof. Let R be a spherical residue stabilized by (R(¥)). By (7.2), we have R C (e1a4) N
(e202). Now, if €1 = € =: € then by (7.1) and (3.5) we have ) # RN(( oy €¥) C (€a)N(€B)
and so eV, is geometric.



Conversely, assume that R(V) is geometric. By Lemma 3.9 in [18], we know that
the only geometric set of roots ¥ such that R(¥) = R(¥,) is ¥, or —¥,. Now, since a
subset of a geometric set of roots is itself geometric, the equality €; = €5 follows from the
uniqueness of these signs. ]

(8.3) A Coxeter diagram M is said to have property (LG) if the following holds : given
any Coxeter system (W, Sp) and any 2-geometric and universal set of reflections 7" in W}
such that ((T'),T') has type M, then T is a geometric set of reflections.

Hence, the fact (1.6) is equivalent to the statement that any finite Coxeter diagram
has property (LG). Thanks to the following result, we will see that it suffices to prove the
validity of that fact for critical extensions of spherical diagrams.

(8.4) Proposition. Let V =V ,U W, UV, be a universal 2-geometric set of roots in the
chamber system X associated to a Cozxeter system (Wy,Sy). Assume that the following
hypotheses are satisfied :

(i) M(¥) is irreducible ;

(i) M(Wy) is irreducible and spherical, and every critical extension of M(W¥,) has

property (LG) ;

(11i)  for each v € Wy, M (Vs U{¢}) is non-spherical ;

(iv)  for for each ' € W, M(WsU{y'}) is reducible.
Then there is a sign € € {+,—} such that e(¥s U Uy) is geometric. If moreover eV, is
geometric, then eV is geometric.

Proof. By (7.2), we may assume that ¥, is not empty. By (iii) and (7.2), we know that for
each 1 € Uy, there exists a unique sign €, € {4, —} such that €, (¥, U{¢}) is geometric.
Now, for all ¥,¢' € Wy, the diagram M (¥, U {1, ¢'}) is a critical extension of M (Wy),
and it follows from (ii) that ¢, = €,. We may (and we do) assume that the common
value of all €,’s is the sign +. Hence ¥, U {9} is geometric for each ¢ € ;.

Let now p be a minimal spherical residue of ¥ which is stabilized by (R(Vs)). It
follows from (7.2), that

0 # (m@s)ﬁpcw for each ¢ € Uy. (1)

In particular, ¥, U ¥y is a geometric set of roots.

Now, assume moreover that ¥ is geometric. Thus the set D, = (¥ is not empty.
By the minimality of p and the universality of ¥, U W, it follows that no element of
R(WV ) stabilizes p. Therefore p is contained in wD, for some w € (R(¥,)). Replacing p
by w™!p, we may assume that p is contained in D . Since w centralizes R(,), it is still
true that p is a minimal spherical residue stabilized by (R(¥y)). Therefore, by (1), we
finally obtain (W # (). This proves the claim. O

The following two results will be used in order to prove that critical extensions of
spherical diagrams have property (LG).

(8.5) Proposition. Let M be an irreducible spherical Cozeter graph over I, and let M
be a critical extension of M over I = {a,b} UI. Let (W,S) be the Coxeter system of
type M, and suppose that there exists a reflection t € Wy such that st and syt have both
infinite order. Then M has property (LG).

Proof. Let (Wy, Sp) be a Coxeter system, and let ¥ be the corresponding chamber system.
Let U = {a, B} U{¢;|i € I} be a universal 2-geometric set of roots such that M (V) = M,



put s, := T, Sp 1 =1g, S; =1y, fori € [ and U := (s;|i € I). Let R be a spherical residue
which is stabilized by U. Put also U, := {a} U{;|i € I} and ¥}, := {B}U{¢s|i € I}. By
(7.2), we know that there is a unique sign ¢, € {+, —} (resp. €¢,) such that the set ¢,¥,
(resp. €¥y) is geometric. Let D, := ((e,V,), Dy := (V) and let ¢ € U be a reflection
such that s,t and st have infinite order. By 77, the sets C(s,) N D, and C(s) N D, are
both non-empty, and so H(t, D,) = H(t,s,) and H(t, D) = H(t, sp).

Assume that mg, # oo. This implies H(t,s,) = H(t,sp) by (3.3), and therefore
H(t,D,) = H(t, Dy). This implies that ¢, = ¢, by (7.1), and hence eV is a geometric set
of roots by (8.2).

Assume now that mg, = co. Since ¥ is 2-geometric, we have H(s,, sp) = o, H(Sp, $4) =
B and (—H (84, $p)) N (—H (sp,84)) = 0 by (3.3). Since R C (e,c0) N (€p3) by (7.2), this
implies that ¢, and ¢, are not both equal to —. On the other hand, if ¢, # ¢, then
H(t,sq) = H(t,D,) = —H(t,D,) = —H(t,s,) where the second equality follows from
(7.1). In that situation, we have oo = H(s,, sp) = H(Sq,t) = H (84, R) = €, and similarly
B = 0 whence €, = ¢, = +, a contradiction. This implies that ¢, and ¢, are both equal
to +, and the conclusion follows from (8.2). -

The importance of the notion of fusion is due to the following result.

(8.6) Proposition. Let M be an irreducible spherical Cozeter diagram over I and let_M
be a critical extension over {a,b} U 1. Suppose there is a fusion edge F' C I such that MF
is a critical extension of M¥. If MY has property (LG), then M has property (LG).

Proof. Let (W, Sy) be a Coxeter system, and let ¥ be the corresponding chamber system.
Let U = {a, 8} U{t]i € I'} be a universal 2-geometric set of roots such that M (V) = M,
put s, 1= 14, S = 13 and s; 1= 1y, for ¢ € I. Put also ¥, := {a} U {¢;|i € I} and
U, = {Bf} U {Y|li € I}. By (7.2), we know that there is a unique sign ¢, € {+,—}
(resp. €,) such that the set €,¥, (resp. €W¥) is geometric. Let now F' = {c,d} C I be
the fusion edge of the statement, and let 7,0 € ¥ be the roots corresponding to ¢ and d
respectively. Denote by ¢ the unique root associated with s.s4s. which contains v N 4.
Let U .= (W, \{v,0}) U{o}, UL = (U,\{v,0}) U{p} and U := {¢y]i € I\F} U{o}. Tt
follows from (5.3) that €,V and €, ¥{" are geometric sets of roots. On the other hand, we
know by assumption that R(¥!) is geometric, and this implies €, = ¢, by the converse
part of (8.2). Now, using (8.2) again, this time applied to ¢,¥, and €, ¥}, we obtain that
e,V = ¢V is geometric. This concludes the proof. ]

9 Root bases

In this section, we develop some tools related to spherical Coxeter systems. These tools
will be very useful for the proof of Theorem (4.2), which is given in the next section.

(9.1) Let M be a Coxeter matrix over I. A root basis associated with M is a triple
(V,b, (ei)icr) consisting of a real vector space V' endowed with a bilinear form b and a
basis (e;);er such that b(e;,e;) = —cos(m/my;) for all 4, j € I. In that situation, we put
si(v) :==v—2b(v, ¢;) for each i € I and each v € V. The mapping s; : V' — V is an isometry
of (V,b). We put S := {s;|li € I}, W := (S) and ®(V,b) := {w(e;)|w € W,i € I} ; the
elements of ®(V,b) are called roots. The coordinates of a root with respect to the basis
(e;)ier of V are always greater than or equal to 1 in absolute value. Moreover, they are
either all positive or all negative ; we call this root positive or negative accordingly.



Given ¢ € ®(V,b), we define r, € W by putting r4(v) = v — 2b(v,$)¢. Note that
Fuw(e) = wrew™ ! for all ¢ € ®(V,b) and all w € W.

(9.2) Note that the term root has been used to designate two distinct notions till now : in
(2.5), a root is a subset of the chamber system associated to the Coxeter system (W, S),
while in (9.1), a root is a vector in the vector space V of the root basis (V,b, (€;)icr)
associated with (W, S). However, there is a natural correspondence p : ®(V,b) — &(W,.S)
between the roots of (V,b, (¢;)icr) and the roots in X (W, S), defined

ple;) = H(s; 1) for each i € 1

and by the requirement that p commutes with the action of W on the sets ®(V,b) and
O(W,S). It is easily checked that the correspondence p is well defined. The positive roots
in ®(V,b) are mapped by p onto the roots of (W, .S) which contain the chamber 1.

(9.3) Proposition. Let M be a Coxeter matriz over a set I, and let (V,b,(e;)icr) be a
root basis associated with M. Define S, W and ® as above. Then
1)  The pair (W, S) is a Coxeter system of type M ;
2) If J C I is such that My is spherical, then (U,bly) is a Fuclidean subspace, where
U= (ejlj€J).

Proof. See [1], in particular §3.2 of Chapter V for 1) and §4.8 of for 2). See also [8]. [

(9.4) Corollary. Let ®(V,b) be the set of roots of the root basis (V,b,(e;)icr). Given
a, 5 € ®(V,b) such that |b(cv, B)] > 1, then ro = rg or r41g has infinite order.

Proof. Suppose 1,75 has finite order. Then X := (r,,rs) is a finite subgroup of W, and
hence it is conjugate to a subgroup of some finite group of the form W; for J C I. Thus
we can assume that r,, 7z € W,. It follows that o, 8 € U where U := (¢;|j € J). As
bl is positive definite and as b(a, ) = b(5,5) = 1 it follows from the Cauchy-Schwarz
inequality that |b(a, B)| < 1 with equality if and only if « and ( are linearly dependent,
which means that precisely that r, = rgs. I

(9.5) Corollary. Let M be a spherical Coxeter diagram over I, let M be a 1-extension of
M over I = {a} UI, and assume that M is a tree. Denote by x the extension vertex. Let
(V;b, (ei)1) be the corresponding root basis. Let ¢ =3, Aje; € ®(V,b). Then the product
5474 has finite order if and only if Ay < 2 and Mg, # 0o. If moreover, V2> )\, <2 then
the product s,ry has finite order if and only if Mq, = 3.

Proof. By hypothesis, we have |b(eq, @)| = |b(€a, Av€z)| = |z cos(7/Mqz). The result
follows from (9.4), using |A.| > 1. -

(9.6) We know fix a choice of labelling for the irreducible spherical Coxeter diagrams,
the list of which is known since their classification by H.S.M. Coxeter. Recall that there
are three infinite families, namely A,,C, and D, some exceptional diagrams, namely
Fs, Er, Es, Fy, H3 and Hy, and another family I,(k) for £ > 5 corresponding to the
dihedral groups of order 2k (the cases k = 3 and k = 4 are covered by A, and Cs
respectively). Our choice of labelling is as follows. For the diagrams Hz and Hy, the
vertices are numbered in a linear order such that the edge {1, 2} has label 3 ; the diagrams
I,(k) are indexed by the set {1,2}. For the other irreducible spherical diagrams, we adopt
the labelling from [1] (see Planches I, III, IV, V|, VI, VII and VIII at the end of op. cit.) ;
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hence the indexing set is {1,...,n} where n is the cardinality of the set of vertices of the
diagram in question.

(9.7) In the following table, we define one or two roots in the root system associated to
each irreducible spherical diagram. These roots are called the highest roots of the root
system in question. The symbol 7 denotes the real number 7 = 1+T‘/5

An ¢h - 22:1 €;

o | on V2Y i ei+en

"on = e +230 e+ V2,

D, | on e +23 0 ten s +en

E6 ¢h e+ 262 + 263 + 364 + 265 + €6

E7 ¢h == 261 + 262 + 363 + 464 + 365 + 266 + €7

Eyg gf)h = 2e1 4 3eq + 4es + 6ey + des + deg + 3er + 2eg
F4 ¢h = \/561 + 2\/562 + 363 + 264
or = 2e1+ 3eq + 2v/2e3 + V/2e4
Hy | ¢n = 7e1+271ea+ (74 1)eg
Hy |¢n = (T+1Der+ 27+ Dea+ 37+ 1)es + (27 + 1)ey
L(5) | ¢n = Ter+Tes
[2(6) o = 2e+ \/362

ng = \/?_)61 + 262
Lk) | ¢on = mpeitypes  (K2>T)

where x;, and gy are chosen such that xy,y, > 2. In the following, we write r;, and rg in
place of 14, and ry4, respectively.

(9.8) Lemma. Let M be an irreducible spherical Coxeter graph over I, and let M (over
I = {a} UI) be a non-spherical 1-extension of M which is not a tree (see (2.3)). Let
(W, S) be the Coxeter system of type M. Then the products s,y and s,ry have both
infinite order.

Proof. This follows by considering the root basis associated with M, and by applying (9.4).
[

(9.9) Lemma. Let M be an irreducible spherical Coxeter graph over I such that there
exists a label m;; > 4. Let M (over I = {a,b} U1) be a critical extension of M. Suppose
that s, and s, do not commute. Then s,spSqrn (as well as SqspSary if Ty is defined) has
infinite order.

Proof. Let (V. b, (e;);cr) be the root basis associated with M. The reflection associated
to sq(ep) is precisely s,8p5,. Since mq, > 3 we have s,(e;) = ze, + ¢, for a real z € [1,2].
Now a case by case consideration shows that b(s,(ep),dn) > 1 (and b(s.(€p), dg) > 1 if
¢p is defined), and the claim follows from (9.4). |

(9.10) Lemma. Let M be an irreducible spherical Coxeter graph over I, such that either
M = Eg or there exists a label m;; > 4. Let M (over I = {a} U 1) be a non-spherical
1-extension of M which is a tree, and let (W, S) be the Cozeter system of type M. Then
we have the following. If ry is not defined then s,ry has infinite order. If r, and ry are
both defined, then at least one of the products s,ry, and s,rg has infinite order, except in
the following situation : M = C,,, n > 4, the extension vertex is n (with the labelling of
M as in (9.6)) and mg, = 3.
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Proof. The claim follows from a case by case consideration, using (9.5) and (9.7). O

We end this section with a more specific lemma.

(9.11) Lemma. Let (W,S) be a Coxeter system of type M € {C,, Fy, I(6)|n > 2}
over the set I. Then {rp,ru} is a geometric set of reflections, and {p(¢n), —p(du)} is a
geometric set of roots (see (9.2)).

Proof. The first assertion follows from the second. Moreover, if M = I5(6) then the
statement is straightforward. Now, we assume M = C, or M = Fj. Let (V,b, (e;)icr)
be the root basis associated with M. One computes that b(¢p, o) = v/2/2, whence
o(rpry) = 4, and that r,(¢y) and ry(¢p) are both negative roots. Now, focusing on a
spherical residue of rank 2 of (W, S) stabilized by (ry,ry), it is easy to see that these
statements imply that {p(¢y), —p(Pn)} is a geometric set of roots, as was to be proved. [

10 Proof of Theorem (4.2)

The proof proceeds in three main steps. We first prove that a universal weakly 2-geometric
set of reflections is necessarily 2-geometric (see Proposition (10.3)), which implies that
Theorem (4.2) is a consequence of the fact (1.6). Then, we prove (1.6) in the special case
of critical extensions of spherical diagrams (see Proposition (10.4)). Next, we show that
the general situation reduces to that case.

(10.1) Lemma. Let ¥ = {«ay, s, a3, a4} be a universal set and weakly 2-geometric set
of roots in a Coxeter system (W, S). For each i € {1,...4}, set t; :=7q,. If a1 Ny =10
and (—ag) N (—ay) =0, then for each i € {1,2} and each j € {3,4}, the product t;t; has
order 2 (while tity and tsty both have infinite order).

Proof. The proof consists of a case by case analysis.

Case 1: there is an i € {3,4} such that tit; and tat; have both infinite order. We may
assume without restriction that i = 3. Assume now that C(t3) C «y. In that case, it
is easy to check that {aq, a3} or {as, as} is not weakly geometric (see Figure 1), which
contradicts the hypothesis. Similarly, it cannot happen that C(t3) C as, and we conclude
that C'(t3) C (—a1) N (—az). This implies that a3 N a3 = as N az = 0, whence by
hypothesis, we must have C(t;) C asz. Therefore, for each i € {1,2}, the product ¢;t, has
infinite order, and furthermore, the pair {«;, @y} is not weakly geometric (see Figure 2).
This is again a contradiction, showing that this case does not occur.

Case 2: there is ani € {3,4} such that one of the products tit; and tot; has infinite order,
and the other has finite order. We may assume without restriction that ¢ = 3, that ¢1t3
has infinite order, and that ¢,t3 has finite order. This implies that C(t3) C (—a1) because
otherwise, the product t,t3 would have infinite order. Therefor, we have oy N ag = () and
it is easy to check that this (together with the hypothesis (—a3) N (—ay) = ) implies
that the pair {ay, oy} is not weakly geometric (see Figure 3). Again, this is impossible.

Case 3: for each i € {1,2} and each j € {3,4}, the product t;t; has finite order (see
Figure 4). The lemma will be proved if we show that none of these products has an
order > 2. Let us thus assume that tit3 is of order n > 3. Then, for each i € {1,2}
and each j € {3,4}, there exists a spherical residue R;; of rank 2 which is stabilized by
(ti,t;). Let us also define 8 by = t3(aq), and let t = t5t;t5 (hence ¢t = r3). Since the
pair {ay, as} is geometric, the set a; N ag lies entirely in 8 (indeed, the projection of any
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chamber in a; N ag on Ry3 must belong to # N Ry3). Therefore, if ¢14 is a chamber lying
in o N (—ay) N Ry, then its projection projg,,(c14) onto Ri3 must lie in 3, which implies
that ci4 itself lies in #. On the other hand, the set (—a;) N (—ag) lies entirely in —/f, and
one deduces similarly that a chamber co3 € ag N (—ag) N Reg must lie in —3. Therefore,
any path of (W, S) joining c14 to co3 must cross the wall P(t).

On the other hand, it is easy to compute, using the fact that 7" is universal, that the
products tty and tt, have both infinite order. Therefore, we have C(t) C ayN(—as). Now,
it is easy to see that there exists a path joining ci4 to ce3 (passing through Rsy), and lying
entirely in (—ay) U ap. Hence, this path does not cross P(t), which is a contradiction.
The proof is complete. -
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Figure 1: Proof of Lemma (10.1), Case 1 (1)

U0-4f

{a1, a3} is not weakly geometric {az, a3} is not weakly geometric

Figure 2: Case 1 (2)

{a1, a4} and {as, au} are not weakly geometric
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Figure 3: Proof of Lemma (10.1), Case 2

{a1, a4} is not weakly geometric

Figure 4: Proof of Lemma (10.1), Case 3

1
O
o0
< 0 < o0
< 00 O
3 4
[e’e)

C(t) must meet C(tg) or C(ty4)

Figure 5: Proof of Lemma (10.2)
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(10.2) Lemma. Let {1{, 1o, 1, ..., Un, Y.} be a universal weakly 2-geometric set of roots
in a Coxeter system (W,S). Assume that the diagram M ({io,1,...,¥n}) is linear,
irreducible and 2-spherical, and that M ({1, ¥}4}) and M({1n,9.}) have both type A;.
Then {psig, ¥y} is geometric if and only if {1n, V) } is geometric.

Proof. Let us denote by t(, to, t1, . .., ty, t,, the reflections associated to ¥, o, 1, . . ., Y, YL,
respectively. By hypothesis, we know that ¢yt and t,¢, have both infinite order. By sym-
metry, it suffices to prove that if {1, 1] } is geometric, then so is {tg, 1) }. Let us assume
that {1y, 4]} is geometric and that {t, v} is not geometric, and so {—,, —¢} is
geometric. We prove by induction on n that this situation yields a contradiction. The
preceding lemma implies that n > 2.

Let 2 < m < oo be the order of ¢, _ot, 1. Let r = t,t,_1t,, and set ¢ := H(r,¢,_1 N
). Since t,, and t,_o commute, we have ¢, (1,_2) = ¥,_. On the other hand, it is easy
to see that ¢ = t,,(¢,_1). Therefore, {¢,_2,¥} = t,,({¥n_2,%n_1}) is a geometric pair of
roots. Moreover, t,,_or = (t,_st,_1)" has order m.

On the other hand, it is easy to compute that rt/ has infinite order ; moreover, the
definition of ¢ implies that {1, v/ } is a geometric pair of roots (see Figure 5). Therefore,
the set {10, Yo, V1, ..., ¥n_o,1, 1} is weakly 2-geometric.

Now, the set {t,t0,t1,..,tn2,7} = {th,t0,t1,.-.,tn_o, 7} is obviously a universal
set of reflections. Since the product 7t/ is of infinite order, and since ¢, commutes with
each reflection of that set distinct from r, we finally conclude that {{, ¥, V1, ..., ¥n_2, 0, ¥}
constitutes a universal and weakly 2-geometric set of roots which contradicts the induction
hypothesis. This concludes the proof of the lemma. ]

(10.3) Proposition. Any universal weakly 2-geometric set of reflections is 2-geometric.

Proof. Let ¥ be a universal and weakly 2-geometric set of roots in a Coxeter system
(W, S). We have to prove that there exists a 2-geometric set of roots U’ such that R(¥V') =
R(¥). Without loss of generality, we may assume that M (V) is irreducible. If ¥ is 2-
geometric, then we are done. Assume that ¥ is not 2-geometric. Then there exists a
pair of roots {«,a’} C W which is not geometric. Hence {—a, —a’} is geometric. Since
M (V) is irreducible, the preceding lemma implies that for each pair {3, 5’} C ¥, the pair
{=p,—0"} is geometric (notice that if M ({53, 3'}) is spherical, this assertion is obvious).
This means that the set —W is 2-geometric, which concludes the proof. I

(10.4) Proposition. Let M be an irreducible spherical Coxeter graph over I, and let M
be a critical extension over I = {a,b} UI. Then M has property (LG).

Proof. It M = Eg, Hs, Hy, I5(5) or if M = Iy(k) with k& > 7 then s,r, and sr, have
infinite order (see (9.8) and (9.10)), and the result is given by (8.5). In any other case,
we may assume that the diagram A 1Ufa} is a tree by (9.8) ; we denote by x € I the
corresponding extension vertex (see (2.3)).

Let now (Wp, Sp) be a Coxeter system, and let X be the corresponding chamber system.
Let W = {a, B} U{t;]i € I'} be a universal 2-geometric set of roots such that M (V) = M,
put s, :=rq, Sp :=71g, S; ;= 1y, fori € I and U := (s;]i € I). Let R be a minimal spherical
residue of ¥ stabilized by U. Put also ¥, := {a} U{¢;|i € I} and U, := {S}U{¢;]i € I}.
By (7.2), we know that there is a unique sign €, € {4, —} (resp. ¢€,) such that the set
€V, (resp. €Wy) is geometric. Finally, let Dy, := ((€,¥,) and Dy := (€5 Wy).

The proof is divided into the consideration of several cases.
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Case 1: M = C,, Fy or 1,(6), and if M = C,, with n > 4, then neither MIU{Q} nor
Miugy contains a subdiagram of type Fjy.

By hypothesis, we see that the reflections rj, and ry of U are both defined (see (9.7)).
Moreover, again by (8.5) together with (9.8) and (9.10), we may assume the following

facts: B B
(i) the l-extension Mj g is also a tree (as is Mjuge}) ; we denote by y the corre-

sponding extension vertex ;
(i1)  o(sern) = 00 = o(spry), while o(s,ry) and o(spry,) are both finite (recall that o(g)
denotes the order of g) ; in particular, m,, and m, are both finite.
Note that (ii) implies that z and y are distinct. Moreover, by (9.5), together with
(9.7), gives precise information on z,y and Mg, My, in function of M.
There are three subcases.

Subcase 1 : Mg, = 00. Since W is 2-geometric, we have H(s,, sp) = «, H(sy, S,) = [ and
(—H(Sa,8p)) N (—H (85, 84)) = 0 by (3.3). Since ry,s; has finite order, we have H(s,, s5) =
H(sq,7p) by the last statement of (3.3). Therefore, we have a = H (4, 55) = H(Sq,71) =
H(sq, R) = €, where the last equality follows from (7.2). Similarly, we have § = ¢,0,
which proves that ¢, = €, = +, and the result is given by (8.2).

Subcase 2 : 2 < mg, < 0o. Let R be a spherical residue of rank 2 of ¥ which is stabilized
by (Sq, ). Let D = (;,c; s and let ¢y, := H(ry, D) and ¢y := H(rgy, D). By (9.11) we
know that ¢, N (—¢x) is a fundamental domain for the action of (r,,ry) on X.

We claim that, up to switching the names of a and b if necessary, there exists a reflection
t € (rp,rH) which commutes with s,, and such that o(spt) < co. Let us assume for a while
that this claim is proved. Then o(s,$ps.t) = o(spt) is finite. On the other hand, we have
0(Sa5pSaTn) = 0(SaSpSaTH) = 00 by (9.9). Therefore, if R' C ¢, N (—¢p), then C(s,5p84) is
completely contained in ¢, N (—¢y), and since the latter set is a fundamental domain for
the group (rp,ry) which contains ¢, we see that there cannot exist a spherical residue of
rank 2 which is stabilized by ¢ and s,s,5,. But this contradicts the fact that o(s,sps,t) is
finite. Similarly, the case R’ C (—¢y) N ¢y yields a contradiction. This shows that R’ C
(edn)N(epy) for some sign € € {+, —}. Now we have €,¢y, = H(rp, D,) = H(rp, Sq) = €dp,
where the second equality follows from 7?7, and similarly we obtain e,¢y = epy. This
shows that ¢, = ¢, = €, and the conclusion follows from (8.2).

It remains to prove the claim. For that purpose, we consider the root basis (V, b, (€;);c5)
associated with M. Up to switching the names of a and b if necessary, we may assume by
(ii) and (9.5) that y = 1. Now, if M = C,, or if M = I5(6), then an easy computation in
(V,b) shows that s; € (rp,rg). In that case the choice t = s; yields the claim. It remains
to treat the case M = Fj. By (ii) and (9.5) we have x = 4 and my, = My, = 3. On
the other hand, an easy computation in (V,b) yields rgr,ry = s15253s2s1, and we define
t = rgrpry. Since my; = 2 for i € {1,2,3}, the reflections s, and ¢t commute. Moreover,
since M{b,m,g} = (y, the order of syt is finite, and the claim follows.

Subcase 3 : mge = 2. In that case, possibly by using repeated applications of (8.6), we
are reduced to an almost spherical Coxeter diagram. The conclusion then follows from
Lemma (7.2).

This concludes the proof in Case 1.

For the remaining cases, the strategy is to use fusions (namely (8.6)) in order to reduce
the problem to cases which have previously been settled. The details are quite tedious,
and are not systematically written down. The reader should keep in mind (9.5) as well
as the table of (9.7) throughout the discussion.

Case 2: M =C,,n>4, and Mlu{a} or Mlu{b} contains a subdiagram of type Fj.
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Without loss of generality, we may assume that x = n (with the labelling of M as in
(9.6)), and so m,, = 3. Hence we have M{n,g,n,l,ma} = F,. By Case 1, the theorem is
true for M = Fy. Therefore, possibly using repeated applications of (8.6), we are reduced
to the situation of (8.4) or (7.2). In any case, the conclusions follows.

Case 3: M € {Es, E7}.

First assume that M = FE;. Still with the labelling of M as in (9.6), we may assume
by (9.5) and (8.5) that z = 7 and 4 < M, < co. If me; = 4 (whence ]\_4{173,475,6,77&} =Cy)
or if mg, > 2, then (8.4) gives the conclusion, using the fact that Case 1 and Case 2
are already settled. We may thus assume that mg, = 2 and mg7; > 5. Now if M 1U{b} 18
a tree, with 1 as extension vertex, and if my; = 3, then M, 30\ (6}) is spherical, and
the conclusion follows from (7.2). In any other case, the conclusion follows from (8.4),
possibly by using also repeated applications of (8.6).

The case M = Ejg can be easily settled by similar arguments.

Case 4: M =D,.

Here again, we use the labelling of M as in (9.6). Thanks to (8.5), we may assume
that x € {1,n — 1,n} and that m,, < co. As in Case 3, if M., = 4 or if Mg, > 2, then
(8.4) gives the conclusion. If m,, > 5 and mg, = 2, then, possibly by using repeated
applications of (8.6), we are reduced to the situation of (8.4) or to an almost spherical
Coxeter diagram. Again, the conclusion follows.

Case5: M=A,.

By (8.5), we may assume that n > 2 and that m,, < co. We keep the labelling of M
as in (9.6). There are several subcases.

Subcase 1 : n € {2,3}. If mgy, > 2, the conclusion follows from (8.4). Otherwise, possibly
by applying (8.6) once or twice, we are reduced to the situation of (8.4) or to an almost
spherical Coxeter graph. Again, the conclusion follows.

Subcase 2 : n >4, and x € [2,n — 1]. If my, > 4, then (8.4) yields the conclusion (again,
some applications of (8.6) are possibly necessary), except if mgq = 2, My = My, = 3
and 1my; = 2 for ¢ € [2,n — 1]. But in the latter case, M, (2}) is spherical, and the
conclusion then follows from (7.2). Finally, if m,, = 3, then n > 7 and M/, contains a
subdiagram FE; or Eg which is maximal with respect to the property of being irreducible
spherical. Therefore, once again by using repeated applications of (8.6) if necessary, we
are reduced to the situation of (8.4), and the conclusion follows.

Subcase 8 : n >4, and x € {1,n}. Since MIU{Q} is non-spherical, we have m,, > 5. Here
again, the conclusion follows from (8.4), possibly with repeated applications of (8.6).
This concludes the proof of the proposition. ]

(10.5) Proof of (1.6). Let M be a Coxeter graph over a finite set I. Let (W, Sp) be
any Coxeter system, let ¥ = (W, Sp) and let ¥ be a universal 2-geometric set of roots
in ¥ such that M(¥) = M. By (6.1), we may assume that A is irreducible. We prove
by induction on |¥| that ¥ or —W is geometric, the result being true if M is spherical,
thanks to (7.2). The conclusion follows.

Choose a subset W, of ¥ such that M (W) is irreducible and spherical, and assume
that W, is maximal with respect to that property. Hence, for each m € W\ W, the Coxeter
diagram M (¥, U {7}) is either non-spherical or reducible. Set S = R(V,). Let

U, ={y € W\, | ry centralizes S}.
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Finally, we set Wy := U\ (¥, UV ). By (7.2), we may assume that ¥y # (.
By (8.4), we may also assume, up to replacing ¥ by —V¥, that ¥, U ¥ is geometric.
Suppose now that M(¥,) is reducible, and let ¥}, ... Uk be the subsets of ¥
corresponding to the irreducible components of M (¥ ). Since M(¥) is irreducible, we
deduce that M (¥, U W, UWY) is irreducible for every i € [1, k]. Hence, by induction, the
set

D= ()T, UL, UT)

is not empty. In particular, the set W) is geometric for each i € [1, k], and so W itself is
geometric by (6.1). Now, the conclusion follows from (8.4).

From now on, we assume that M (V) is irreducible. There are two cases.

First, suppose that |[¥;| > 2. It is then possible to choose ¥; € W¥; such that
M(W\{¢1}) is irreducible. Set ¥’ := ¥\{¢y}. By induction, there is a sign ¢ € {+, —}
such that eV’ is geometric. By (7.2), this sign is unique, and the convention on ¥ taken
at the beginning of the proof implies that € = +. In particular, (| ¥, is not empty, and
so U, is geometric. The conclusion follows again from Proposition (8.4).

In a second case, we suppose that |W;| = 1. The symbol ¢, now denotes the unique
element of Wy. Let )5 be an element of W,. Set ¥” := W\{t»}. We may choose 1, in
such a way that M (W,) is irreducible. By induction and (7.2), the set U” is geometric
(and —¥” is not). In particular, the set (W, \{%2}) is not empty.

On the other hand, the induction implies also that W, or —W is geometric. By (8.4),
we may assume that ¥, is not geometric, whence —V | is geometric, and in particular,
the set (| —(V, \{¢2}) is not empty. Now, by (7.1), this implies that M (W \{¢s}) is
spherical. Choose now W, C ¥ in such a way that W, contains W, \{is}, that M(W,) is
irreducible and spherical, and that it is maximal with respect to the previous property. If
we now put ¥, := {¢ € ¥|r, centralizes R(V)}, then we have ¥, C ¥,, whence M (V)
is spherical. In that situation, (8.4) again yields the conclusion.

The proof is complete. ]

Notice that Theorem (4.2) is an immediate consequence of (1.6) and (10.3).

11 Rigidity of circuits

In this section we prove that any universal set of reflections whose diagram is a 2-spherical
circuit is geometric. An important step is to handle the case of ‘large circuits of length
4’. In (11.5), we give a proof of the corresponding result which is due to Niels Mense [16].

(11.1) Lemma. Let (Wy,Sy) be a Cozeter system and let T' be a universal set of re-
flections, such that M(T) is irreducible and spherical but not of type Hs, Hy or Is(n) for
n=>5orn>7. Then T is geomelric.

Proof. This is a consequence of [10] and the solution of the isomorphism problem for finite
irreducible Coxeter groups. []

(11.2) Lemma. Let (Wy,Sy) be a Coxeter system and let T be a universal 2-spherical
set such that |T| =3 and M(T) is irreducible but not of type Hs. Then T is geometric.

Proof. This is consequence of [10] (or alternatively [6]) and [18]. O
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(11.3) Lemma. Let (Wy,Sy) be a Cozeter system and let T be a universal 2-spherical set
of reflections such that |T| > 3 and M(T) is an extra-large tree (i.e. o(st) > 2 = o(st) > 3
forall s,t € T). Then T is geometric.

Proof. Since M (T) is a tree it suffices to show that any pair of reflections in T is geometric,
using the fact (1.6).

Let s,t € T. If o(st) = 2 there is nothing to prove. Else, it follows from the hypotheses
that there exists u € T" such that M ({s,,u}) is compact hyperbolic. By the main result
of [6], the set {s,t,u} is geometric and, therefore, so is {s,t}. -

(11.4) Extra-large circuits of length at least five.

In this paragraph we consider the following situation : (W, Sp) is a Coxeter system
and S = {sr41 = s1,82,...,5k = So} is a universal set of reflections of cardinality strictly
greater than 4 such that its diagram is a 2-spherical circuit whose labels are at least 4.

Proposition. The set S is geometric.

Proof. Given a proper subset S’ of S whose diagram is irreducible and whose cardinality
is at least 3, then it is geometric by Proposition (11.3). Given any pair (s, S’) consisting
of a reflection s contained in an S’ just described, we denote the unique root associated
with s and contained in the geometric set of roots associated with S’ by H(s,S’). Given
two such sets S’,S” having cardinality 4, containing s € S and such that S’ N .S” has
cardinality 3, then H(s,S") = H(s,S'NS") = H(s,S"). It follows by a shifting argument
that H(s,X) = H(s,Y) for any two irreducible proper subsets of S of cardinality at least
3 and containing s. Now, for each 1 < ¢ < k we put H; := H(s;, X;) where X; is an
irreducible set of cardinality 3 containing s;. As one may choose the same subset X; for
s; and s;11, it follows that the set {H; | 1 <i < k} is 2-geometric and hence geometric as
it is universal. -

(11.5) Extra-large circuits of length four.

In this paragraph we consider the following situation : (Wy, Sp) is a Coxeter system
and s,t,u,v are four reflection such that R = {s,t,u,v} is a universal set and such that
o(vt) = o(su) = 2 and the orders of all other products are finite and at least 4.

Proposition. The set R is geometric.

Proof. By Lemma (11.2) any 3-subset of R is geometric. Given 3 pairwise distinct reflec-
tions x,y, z in R, then H,(y,z) denotes the unique root associated with x that contains
all spherical residues fixed by the group (y, z) (see Proposition (7.2)). We know by (11.2)
and (7.2), that for any 3-subset {z,y, z} of R, the set {H,(y, 2), H,(z, ), H.(x,y)} is a ge-
ometric set of roots. It remains to show for all x € R that H,(y, z) = H,(y,r) = H.(z,7),
where vy, z, 7 denote the three reflections distinct from x in R. Suppose that this is not
the case. Then we may assume without loss of generality that H,(t,u) # H,(s,u). We
will show in several steps that this yields a contradiction.
Claim 1: The orders of vutu,uvsv and utuvsv are infinite.

As R is supposed to be universal, this is an immediate consequence of the solution of
the word problem.
Claim 2: H(v,utu) = H,(u,t).

Let @ be a spherical residue stabilized by the group (u,t). The, by definition, @ is
contained in H,(u,t); at the same time () is a spherical residue fixed by utu. As H (v, utu)
and H,(u,t) are both roots associated with v the claim follows.

Claim 3: H(vsv,u) = H(vsv, utu).
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This follows from the fact that the order of ut is finite.
Claim 4: v(H,(u,v)) = H(vsv, utu).

Observe first that v(H(u, v)) is a root associated with vsv. Let @ be a spherical residue
fixed by (u,v); then @ is fixed by v and therefore contained in v(H(u,v)) (because @ is by
definition in Hy(u,v)). Now @ is fixed by u and therefore v(H(u,v)) = H(vsv,u); now,
as tu has finite order and vsvutu has infinite order it follows that H (vsv,u) = H(vsv, utu)
yielding the claim.

Claim 5: The pair {H(v,utu), H(vsv,utu)} is geometric.

Since  the pair {H,(s,u),Hs(u,v)} is geometric, so is the pair
{v(Hy(s,u)),v(Hs(u,v))}. Now v(H,(s,u)) = —H,(s,u) = Hy(u,t) = H(v,utu)
where the second equality is our assumption and the third is Claim 2; by Claim 4 we
have v(H,(u,v)) = H(vsv,utu) which yields the assertion.

The contradiction: {H (v, utu), H(vsv, utu)} is a geometric pair of roots whose intersec-
tion C' contains every finite residue stabilized by utu. On the other hand, as s € (vsv,v)
it follows by Lemma ?7? that C' is contained in the root H(s, (') associated with s which
contains C. As sutu has finite order, there is a spherical residue @) stabilized by (s, utu).
Thus @ C H(s,C) and s(Q) = @ which yields a contradiction. -

(11.6) Circuits.
In this paragraph we consider the following situation: (Wp, Sp) is a Coxeter system,
S C Sy¥° is a universal set of reflections such that M(S) is a circuit of length k& > 3.

Proposition. S is geometric.

Proof. The proof goes by induction on k. If £k = 3, then the assertion follows from Lemma
(11.2). Suppose k > 3. If all labels of the diagram M (S) are at least 4, then the we are
done by the previous two paragraphs. If not, we find two reflections s,t € S such that the
order of st is 3. Assume that S is not geometric. By (1.6) S is not 2-geometric (because
it is assumed to be universal). By (5.3) S\ {s,t} U {sts} is a universal set of reflections
whose diagram is a 2-spherical circuit and which is not 2-geometric. This contradicts our
induction hypothesis. ]

(11.7) Proposition. Let (Wy, Sy) be a Cozeter system and let S C S} be a universal set
of reflections such that M(S) is 2-spherical. Suppose that each 2-subset of S is geometric.
Then S is geometric.

Proof. By Proposition (6.1) we may assume that the diagram M (S) is irreducible.

For any triple (s,t¢,«) consisting of two reflections s, € S joined by an edge in the
diagram M (S) and a root « associated with s, we let a(t,s,«) denote the unique root
associated with ¢t such that {a, a(t,s,a)} is a geometric pair of roots. Let s € S and
choose a root «q associated with s. For any path P : s = s¢,8;,...,5. = t we define
recursively the o, 1= a(s;, Sit1, ;) and oy p := . As 2-spherical circuits are rigid it
follows that ay p does not depend on the path P. Setting oy := ay p for a path P from s
to t we find a 2-geometric set of roots associated with S. This shows that S is 2-geometric
and therefore geometric by (1.6). -

12 Proof of the main result

In this section the term 'Coxeter system’ always means ’Coxeter system of finite rank’.
In order to prove the main theorem we use the following well known fact about Coxeter
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systems which can be easily seen from the geometric representation.

(12.1) Lemma. Let (W,S) be a Cozeter system and R C S. Then ((R), R) is a Cozeter
system and SV N (R) = R,

The following proposition is an exercise in [1]. It can be proved by using the geometric
representation (see for instance [15]). It follows also from the fact that the Davis complex
has non-positive curvature ([7]).

(12.2) Proposition. Let (W,S)) a Coxeter system and U a finite subgroup of W. Then
there ezists a spherical subset R of S such that UV < (R) for some w € W.
We have the following consequence.

(12.3) Corollary. Let (W,S) be a Cozeter system and let U be a subgroup of W. Then
the following are equivalent:
a) U is a mazimal finite subgroup of W.
b) There exists a mazimal spherical subset R of S such that U = (R) for some
weW.

For a Coxeter system (W, S) we denote the set of all maximal spherical subsets of S
by Maxsph(S); the set of conjugacy classes of maximal finite subgroups of W is denoted
by Conmazx fin(W). In view of the previous corollary and the main result of [3] we have
the following:

(12.4) Lemma. Let 3 = (W, S) be a Coxeter system. Then the mapping s defined by
R— {(R)" | w e W} is a bijection from Maxsph(S) onto Conmazx fin(W).

(12.5) Proposition. Let ¥ = (W,5),Y = (W', S") be Coxeter systems and let « :
W' — W be an isomorphism. Then there ezists a bijection @ : Maxsph(S’) — Maxsph(.S)
such that {a(R')) is conjugate to (a(R')) for all R € Maxsph(S’). If a(S") C SV, then
M(R') and M(@(R')) are isomorphic. In particular, if « is reflection-preserving, then
there is a type-preserving bijection between the mazximal spherical subsets of M(S’) and
those of M(S).

Proof. The isomorphism « induces a canonical bijection «; from Conmazx fin(W') onto
Conmaz fin(W). The bijection @ is obtained by setting @ := 75" o @; 0 vy where 75 and
sy are as in the previous lemma.

Suppose now that a(S’) C SW. Let R’ € Maxsph(S’) and w € W be such that

(a(R))* = (@(R')). Tt follows that a(R)* C S" N (@(R')) = @(R')@E) where the
second equality holds by Lemma (12.1). We define 5 : (R') — (a(R')) by T a(:)s)

It follows that 3 is an isomorphism from (R') onto (@(R')) with B(R') C @(R')\*W) It
follows now from Theorem 3.10 in [2] that M (R') = M (a(R')). O

(12.6) Lemma. Let (Wy, Sy) be a Cozeter system and let S C Sg'° be a universal set
of reflections such that M(S) is 2-spherical and irreducible. If |S| > 3 and {s,t} C S is
such that o(st) # 5, then {s,t} is geometric.

Proof. 1If o(st) € {2,3,4,6} then there is nothing to prove. If o(st) > 7, then we may
choose u € S such that M ({s,t,u}) is irreducible. It follows from Lemma (11.2) that the
set {s,t,u} is geometric and hence {s,t} is geometric as well. [
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(12.7) Definition. Let x > 2 be an integer. We set

132 2 152 2
3155 513 3
Yar=1 95 1 4 and — Zy=| o 3 4
25 z 1 23 ¢ 1

The Cozeter diagram associated with the Coxeter matriz'Y, (resp. Z,) is also denoted by
Y, (resp. Z.).

(12.8) Lemma. Let (Wy, Sy) be a Cozeter system and let S C Sg'° be a universal set
of reflections such that M(S) is 2-spherical and irreducible. Suppose that |S| = 4, that
M(S) # Z, for x > 3 and that M(S) # Hy. Then S is geometric.

Proof. In view Proposition (11.7) and the previous lemma it suffices to show that {s,t} C
S is geometric for all s,t € S with o(st) = 5. Let {s,t} be such a pair. If there is u € S
such that M ({s,t,u}) is irreducible and different from Hj, then it follows from Lemma
(11.2) that {s,t,u} is geometric and hence also {s,t}. Thus we are left with the case
where there is no such u.

Let S = {s,t,u,v}. As M(S) is irreducible we may assume now w.l.o.g. that o(st) =
5,0(tu) = 3 and o(su) = 2. We know also that M ({s,t,v}) is either reducible or equal to
H;. Hence we are left with the following possibilities:

1. o(sv) = o(tv) = 2
2. o(sv) = 3 and o(tv) = 2
3. o(sv) =2 and o(tv) = 3

In the first case it follows that o(uv) > 4 because M(S) # H,. Using Proposition
(5.3) we see that S’ := {s,utu = tut,v} is a universal set of reflections such that M (S’)
is irreducible and not equal to Hz. By Lemma (11.2) we see that S’ is a geometric set of
roots. Hence S is 2-geometric by Proposition (5.3).

In the second case it follows that M(S) is either a circuit of length 4 or compact
hyperbolic. In the first case the assertion follows from Proposition (11.6). In the second
one uses the main result of [6].

In the third case it follows that M (S) is either compact hyperbolic (and we use again
[6]) or it is equal to Z, for some x > 3. n

(12.9) Lemma. Let (W, S), (W', S") be Cozeter systems and let o be an isomorphism
from W' onto W such that o(S") C SW. If M(S) = Z, for some x > 3, then M(S") =
M(S).

Proof. By Theorem 3.8 in [2] we have |S’| = 4. There are precisely 3 maximal spherical
subsets of S: two of type H3 and one of type I5(x) x A;. By Proposition (12.5) there are
precisely 3 maximal spherical subsets of S’ - two of type H3 and one of type Ir(x) x A;.
It follows that M (S") =Y, or M(S") = Z,.

Suppose that M(S’) =Y,. Then M(a(S’)) =Y, and by the previous lemma we know
that «(S’) is geometric. As « is an isomorphism it follows that a(S’) generates W. It
follows from Lemma (3.5) that «(S’) is conjugate to S in W and hence M (S’) = M(S5)
which yields a contradiction. We conclude that M(S’) = Z,. |
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(12.10) Lemma. Let (Wy, Sy) be a Cozeter system and let S C Sy° be a universal set
of reflections such that M(S) = Z, for some x > 3. Then S is geometric.

Proof. There exists a geometric set of refections R C Sg'° such that (R) = (S) and such
that St C R (see Proposition 4.2 in [18] and Lemma 3.7 in [2]). We have now two
Coxeter systems ({S), S) and ((S), R) and the identity on (S) maps R onto a subset of 5%,
Using the previous lemma it follows that M (R) = M(.S). Hence there is an automorphism
of (S) mapping S onto R. By Theorem 39 in [10] we know that this automorphism is
inner by graph. Hence it can be written as a product of an automorphism which stabilizes
the set S and an inner automorphism. Since geometric sets are sent to geometric set by
conjugation and since R is geometric, we conclude that S is geometric. ]

Combining the previous lemma with Lemma (12.8) we obtain the following proposi-
tion.

(12.11) Proposition. Let (W, Sy) be a Cozeter system and let S C Sy° be a universal
set of reflections such that M(S) is 2-spherical and irreducible. Suppose that |S| = 4 and
that M(S) # Hy. Then S is geometric.

(12.12) Lemma. Let (Wy, Sy) be a Cozeter system and let S C Sy° be a universal set
of reflections such that M(S) is 2-spherical and irreducible. Suppose that |S| = 5. Then
S is geometric.

Proof. In view of Proposition (11.7) and Lemma (12.6) it suffices to show that {s,t} C S
is geometric for all s,t € S with o(st) = 5. Let {s,t} be such a set. If there exists an
irreducible subset R of S of cardinality 4 containing {s,¢} and such that M (R) # Hy,
then this set R is geometric by the previous proposition. Hence in this case we are done
because subsets of geometric sets are geometric.

We are left with the case where there is no such subset R of S. In this case there
exists (w.l.o.g) u € S such that o(ut) = 3,0(us) = 2 and such that o(vs) = 2 = o(vt)
for v € S\ {s,t,u}. By Proposition (5.3) the set R := {s,utu = tut,v,v'} is universal
(where v,v" denote the elements in S\ {s,t,u}). If M(R) = Hy, then M(S) is a compact
hyperbolic Coxeter diagram and we use [6] to see that S is geometric. If M(R) # Hy,
then it follows from the previous proposition that R is geometric. The conclusion then
follows from Proposition (5.3). O

The main result (1.1) is an immediate consequence of the following more general
statement.

(12.13) Theorem. Let (W, Sy) be a Cozeter system and let S C S)'° be a universal set
of reflections whose diagram M is 2-spherical. Suppose furthermore that M has no direct
factors of type Hy, Hs or Iy(n) withn =15 orn > 7. Then S is a geometric set.

Proof. Let {s,t} C S. If o(st) € {2,3,4,6} then {s,t} is geometric.

If o(st) > 7, then it follows by our assumption that we can find u € S such that
M ({s,t,u}) is irreducible, which implies that {s,t,u} is geometric, by Lemma (11.2).
This yields that {s,t} is geometric in this case as well.

If o(st) = 5, then it follows that there is an irreducible non-spherical subset R of S
having cardinality 3,4 or 5, which contains {s,t}. It follows by Lemma (11.2), Proposition
(12.11) and Lemma (12.12) respectively that the set R is geometric in each case. Hence
{s,t} is geometric.

The claim follows now from Proposition (11.7) ]
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