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E ẋ = A x + B u

y = C x The system changes

at parameter

value µi

1.Find the low rank solutions
Pi−1 = Xi−1X>i−1, Qi−1 = Yi−1Y>i−1

of the Lyapunov equations:{
EPi−1A> + APi−1E> = −BB>
E>Qi−1A + A>Qi−1E = −CC>

Xi−1 ∈ Rn×kXi−1

Yi−1 ∈ Rn×kYi−1

Pi−1 ∈ S+(p, n), p = mini−1(kXi−1)
Qi−1 ∈ S+(q, n), q = mini−1(kYi−1)

2.Find projectors VProj and WProj with an SVD

2.1. SVD step: Y>i−1EXi−1 = Ui−1Σi−1V>i−1

2.2. Σi−1 truncated as Σ̃i−1 to r largest values.
Vi−1 and Ui−1 truncated to r first columns Ṽi−1 and Ũi−1.

2.3. VProj = Xi−1Ṽi−1Σ̃−
1
2

i−1 and WProj = Yi−1Ũi−1Σ̃−
1
2

i−1

3.The end-goal: reduce the model

Ẽ = W>ProjEVProj Ã = W >
ProjAVProj

B̃ = W>
ProjB

C̃ = CVProj

Ẽ ˙̃x = Ã x̃ + B̃ u

ỹ = C̃ x̃

PMOR (balanced truncation)
E ẋ = A x + B u

y = C x The system changes

at parameter

value µi

1.Find the low rank solutions
Pi = Xi X>i , Qi = Yi Y>i
of the Lyapunov equations:{

EPi A> + APi E> = −BB>
E>Qi A + A>Qi E = −CC>

Xi ∈ Rn×kXi

Yi ∈ Rn×kYi
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Pi ∈ S+(p, n), p = mini(kXi )
Qi ∈ S+(q, n), q = mini(kYi )

2.Find projectors VProj and WProj with an SVD

2.1. SVD step: Y>i EXi = Ui Σi V>i
2.2. Σi truncated as Σ̃i to r largest values.

Vi and Ui truncated to r first columns Ṽi and Ũi .

2.3. VProj = Xi Ṽi Σ̃
− 1

2
i and WProj = Yi Ũi Σ̃

− 1
2
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3.The end-goal: reduce the model

Ẽ = W>ProjEVProj
Ã = W >

ProjAVProj

B̃ = W>
ProjB

C̃ = CVProj

Ẽ ˙̃x = Ã x̃ + B̃ u

ỹ = C̃ x̃

E ẋ = A x + B u

y = C x The system changes

at parameter

value µi

1.Find the low rank solutions
Pi+1 = Xi+1X>i+1, Qi+1 = Yi+1Y>i+1

of the Lyapunov equations:{
EPi+1A> + APi+1E> = −BB>
E>Qi+1A + A>Qi+1E = −CC>

Xi+1 ∈ Rn×kXi+1

Yi+1 ∈ Rn×kYi+1

Pi+1 ∈ S+(p, n), p = mini+1(kXi+1)
Qi+1 ∈ S+(q, n), q = mini+1(kYi+1)

2.Find projectors VProj and WProj with an SVD

2.1. SVD step: Y>i+1EXi+1 = Ui+1Σi+1V>i+1

2.2. Σi+1 truncated as Σ̃i+1 to r largest values.
Vi+1 and Ui+1 truncated to r first columns Ṽi+1 and Ũi+1.

2.3. VProj = Xi+1Ṽi+1Σ̃−
1
2

i+1 and WProj = Yi+1Ũi+1Σ̃−
1
2

i+1

3.The end-goal: reduce the model

Ẽ = W>ProjEVProj Ã = W >
ProjAVProj

B̃ = W>
ProjB

C̃ = CVProj

Ẽ ˙̃x = Ã x̃ + B̃ u

ỹ = C̃ x̃

M = S+(q, n)

Qi−1

Qi

Qi+1
Q(µ)Go to PMOR step 2

Goal: accelerate PMOR with interpolation.

3 Evaluate matrices {P0, . . . , Pi , . . . , Pm} ∈ S+(p, n)
and {Q0, . . . , Qi , . . . , Qm} ∈ S+(q, n) for a
few values of the parameter µ0, . . . ,µi , . . . ,µm ∈ R

3 Recover matrices P and Q at a new value µ
with interpolation on S+(·, n).
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Piecewise linear interpolation in Rn×n

TS method at Qmid (cubic)

TS method at Q1 (cubic)

Piecewise-geodesic interpolation

Blending method (cubic)

S+(q, n): space of positive-semidefinite
matrices of size n and rank q

Manifold structure⇒

Equiped with exp and log maps
Near X , (Euclidean) tangent space TXM

X , Y ∈M
H ∈ TXM

supe
rfast

!

if q <
< n

logX (Y ) : lifting Y to TXM

O(nq2 + q3)

Product of two
n × q matrices

Polar
decomp.

: expX (H)mapping H toM

O(nq)

Just a sum of two
n × q matrices

M = S+(q, n) TS method

1 Lift all points Qi to a reference
Tangent Space TxM at x ∈M
with the logx (Qi).

2 Compute a (Euclidean) solution
Q̃TS

x (µ) with your favorite tool.

3 Map the solution back toM
as QTS

x (µ) = expx
(
Q̃TS

x (µ)
)

expx (·) logx (·)

M

Qi−1

Qi

Qi+1

TxM

Blending method
Idea: blend solutions from two different

(but close) tangent spaces

Q(µ) = av
[
(1− w , w), (QTS

Qi
(µ), (QTS

Qi+1
(µ))

]

µ 1 Find
µi ≤ µ ≤ µi+1

2
Interpolate with

QTS
Qi

(µ) and QTS
Qi+1

(µ)3 Blend
solutions
together
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