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A medical application




The wind field estimation
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How to interpolate or fit points on M...

...in 1D and 2D ?



Interpolation and fitting on manifolds
with differentiable piecewise-Bézier
functions
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1D : Interpolative Bézier curves

Each segment between two consecutive points is
a Bézier curve of degree K.

b1
o (o]
bo b (o]
f 1 1 t
0 1 2 3

K
Br(t,b) = biBig(t)
i=0

[G. et al. 2014, Arnould et al. 2015]



Reconstruction : the De Casteljau algorithm

Ba(bo, by, bo; 1) o Ba(bo, by, ba; 3)
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Example on the sphere
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It’s ugly. Make it smooth!



Smooth interpolation with Bézier (in R")

do

ds

ob,

segment 0 segment 1 segment 2 segment 3 segment 4

ds

T

| T -
S -
[ I A

Each segment is a Bézier curve smoothly connected !
Unknowns : b, , b;r.



Differentiability

di—1 dit1



Optimal Cl-piecewise Bézier interpolation (in R™)

Minimization of the mean squared acceleration of the path
1 . n- 1 1 .. 1 .
min [ 130+ Y [ 1Bk [ 150 ol
i i=1

1 n-1 .1 1
oy OIS S A EACT IRy A EACR
i i=1

Second order polynomial P(b; )

1 n-1 .1 1
min [ 1r a3 [ IAe R+ [ 1B el
i i=1

Second order polynomial P(b; )



result on R?

Norm of the velocity

05 1 15 2 25 3 35 4

Norm of the acceleration




Optimal Cl-piecewise Bézier interpolation (on M)

m The control points are given by :
n
b =) 4id;
j=0
m These points are invariant under translation, i.e. :

n
i=0

m On manifolds : projection to the tangent space of d" ef
with the Log, as a — b < Log(a)

n
v; = Loggrer (b Z ¢i,jLogrer (d;)

m Back to the manifold with the Exp : b, = Exp e/ (v;).



Application to MRI — the manifold of closed shapes
>

2.4




Interpolation with Bézier : pros and cons

v Optimality conditions are a closed form linear system.
v/ Method only needs exp and log maps.
v/ The curve is CL.
X No guarantee on the optimality when M is not flat.

[G. et al., 2014] [Arnould et al., 2015] [Pyta et al., 2016]
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Smooth fitting with Bézier (in R")

- ---

ob,

segment 0 segment 1 segment 2 segment 4

T

a

&

. &
B - -0

)

Now data points are approached but not interpolated !

Unknowns : b, , b;r, ;.
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Differentiability

Pi+1

di— di+1

b b



Optimal Cl-piecewise Bézier fitting (in R")

Minimization of the mean squared acceleration of the path

min / |\/32H2dt+2 / i Pde+ / 15120 S s — pil2

Po,b; ;b ,pn i—0

win [ 18P Y / IR+ [ NBSIPaEA S il

P0sb ;b Pn i=0

Second order polynomial P(po,b; , b, p., \)

win [ 18P Y / Wear-+ [ 13 ey o=l

P0,b 3 ,b i »Pn

Second order polynomial P(po,b; , b, p., \)
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Optimal Cl-piecewise Bézier fitting (on M)

m The control points are given by :
n
v =) 4i,i(N)d;
j=0
m These points are invariant under translation, i.e. :

v —d =3 g (0 (dj — dT)

» On manifolds : projection to the tangent space of d"¢/
with the Log, as a — b < Log(a)

= Loggres (v Z qi.j (M) Loggres (dj)

m Back to the manifold with the Exp : z; = Exp jres (v;),
where "¢/ = d; if x; is b, pi, b;L.



Application : Wind field estimation
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Application : Wind field estimation on S (r,p).

No noise on data.

0 4
validation set
—920 |
Y
AY
— N
)
2 —40 + N
= \
\
\
\
—60 | . training set
\
\\ ;
N N
—80 +

1073107210 10° 10* 10% 10%® 10* 10° 10°
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Application : Wind field estimation on S (r,n).
With artificial noise (8dB) on data.

validation
>

MSE [dB]

Aopt

10731072107 10° 10* 10% 10%® 10* 10° 10°
A



Fitting with Bézier : pros and cons

v/ Optimality conditions are a closed form linear system.
v Method only needs exp and log maps.
v/ The curve is C!.
X No guarantee on the optimality when M is not flat.

v We can do denoising.
Paper submitted at the ESANN conference, 2017. Joint work with MIT.
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2D : Interpolative Bézier surface

Fach patch between four neighbour points is
a Bézier surface of degree K.

K K
Bi(t1,t2,b) =Y > by Bik (t1)Bjk (t2)
i=0 j=0
31



Bézier surface on one patch

—————

K K

Bi(t1,t2,b) = > by Bik (t1) Bjk (t2) = av[b, wjj]
i=0 j=0

Y=

. o—e
| |
1 1. 1
O >—O O
2. 1
I 1 I
o >—0 o}
| |
1 1. 1
[ >—O L J

Two-curves Karcher De Casteljau 2D



Bézier surface on one patch

K K Ui 3
Br(t1,t2,b) = Z Z bij BiK(tl)BjK(tg) = av|b, wij]
i=0 j=0

v v X

Two-curves Karcher De Casteljau 2D




Continuity

m,n bm,n—l
0 T V4,3

mmn _ pm—1,n
boj = bs,

34



Differentiability

°o o
o—b
=
c,
=

-O--9--¢--0--9--0-

m,n m,n
pren — R W
0 — 2

m,n | gm,n
m,n __ bi,—1+b’i,1 o
3,0 2
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Differentiability
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not sufficient...
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A new definition of Bézier surfaces in M

: : Bs(t1,t2, b) = av[b, ;]
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Optimal Cl-piecewise Bézier surface (in R")

Minimization of the mean squared acceleration of the surface

In the Euclidean space...

M N R
min > F(B")

i m=0n=0
where 5 o‘?v\k V) Z); (s
’ oapeion) || 9, t2) | 2T A e

o/

12

&,
23 (f/) ,3;

Quadratic function, easy on the Euclidean space...
but not in M.



Optimal surface on M : project on tangent spaces

m,n
b2,1




Optimal surface on manifolds

Compute v;";" on the tangent space...




Optimal surface on manifolds

.. and project back to the manifold.

T v "
D irj

m,n

m,mn
biu‘ ,/\/l

.. well it's a bit more complicated ;-).



A result on SO(3) %
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A result on the space of triangulated shells 4
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The medical application




Interpolation with Bézier in 2D : pros and cons

v Optimality conditions are a closed form linear system.
v/ Method only needs exp and log maps and parallel transport.
v/ The surface is C.

X The control points generation might be very heavy.
Another method to generate the control points [Absil et al., 2016]

X No guarantee on the optimality when M is not flat.
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Conclusions

General C'-interpolative/fitting methods on manifolds...
with applications in medical imaging, wind estimation, model
reduction,...

light e closed form e  uses few elements in M

Summary on interpolation :

“Differentiable Piecewise-Bézier Surfaces on Riemannian Manifolds”

[Absil, Gousenbourger, Striewski, Wirth, SIAM Journal on Imaging Sciences,
to appear].



Any questions ?
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Optimal surface : prepare the manifold setting

0310, 1) vy (1,1)
b7
/ \

3

N 1
FBm) = > Joujop > (0"(rs)-vgt(rs)

i,j,O,pZO T,SE{U,I}



Optimal surface : system reduction

: : m+1ln  m+ln um—i—l,n

777777 A uO,l ’ul,O » Y11
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, m+1l,n _  m+ln m—+1,n
””””” o : Uy Uy — —Urg

CY and C' conditions




Optimal surface : constraints

m+1,n
U_1,-1

T|T+7Z

vy7"(0,1)

m+1,n
m,n+1$"Pm+1,n (u—l,—l )

by

Logpm,n+1 (pm—|—1,n)




Optimal surface : solution

The objective function L(X)i; = ll > o.p QijopTop

min ZZZ > LTSU”;ZS (TSU)’Z’;S

mn /
Wij (s’ m 0n=01,7=07r,s€{0,1}
is solved through a linear system

Uppt = —(S*T*LTS) "N (S*T*LZ).

manifolds constraints

T = T+Z S U




