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The wind field estimation
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?
How to fit a curve to points on M ?
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1D : Interpolative Bézier curves

Each segment between two consecutive points is
a Bézier curve of degree K.
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[G. et al. 2014, Arnould et al. 2015]
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Reconstruction : the De Casteljau algorithm
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The straight line is a geodesic
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The exponential map to construct the geodesic

γ(t) = Expx(tξx)
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The logarithmic map to determine the starting velocity

Logx(y) = ξx
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Example on the sphere
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Well ? ! What about fitting, now ?
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Smooth fitting with Bézier (in Rn)
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Differentiability
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Optimal C1-piecewise Bézier fitting (in Rn)
Minimization of the mean squared acceleration of the path
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⇔
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j=0
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Optimal C1-piecewise Bézier fitting (onM)
The control points are given by :

xi =
n∑

j=0
qi,j(λ)dj

These points are invariant under translation, i.e. :

xi − dref =
n∑

j=0
qi,j(λ)(dj − dref )

On manifolds : representation of xi in the tangent space
of dref with the Log, as a− b⇔ Logb(a)

vi = Logdref (xi) =
n∑

j=0
qi,j(λ)Logdref (dj)

Back to the manifold with the Exp : xi = Expdref (vi),
where dref = di if xi is b−i , pi, b+

i .
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Application : Wind field estimation on S+(r, p).
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Application : Wind field estimation on S+(r, p).
How to estimate the error ?

Training set : {C(θi)}i∈IT IT = {1, 3, . . . , 33} ;
Validation set : {C(θi)}i∈IV IV = {2, 4, . . . , 32} ;

Bézier spline B(θ) with input data points from IT

Mean Squared Error :

MSE(B(θ)) = 10 log
(∑

i∈IΩ
||C(θi)−B(θi)||2F∑
i∈IΩ
||C(θi)||2F

)
, Ω = {I, V }.



23

Application : Wind field estimation on S+(r, p).
No noise on data
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Application : Wind field estimation on S+(r, p).
With artificial noise (8dB) on data
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Fitting with Bézier : pros and cons

3 Optimality conditions are a closed form linear system.

3 Method only needs exp and log maps.

3 The curve is C1.

7 No guarantee on the optimality whenM is not flat.

3 We can do denoising.
ESANN, 2017. Joint work with MIT.
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Some guarantees on the optimality
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Optimisation without derivative (Manopt -
Nelder-Mead)
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Future work : evaluate a gradient of the objective
Core question : derivative with respect to bi of

d2
2 (B(tk−1),B(tk),B(tk+1))

(b, t) g(b, t) . . . B(t) d2
2(x, y, z)

Deterministic chain rule of geodesics :
g g g d2

2

∇d2
2(x, y, z) : Bačák et al. 1

∇g : Jacobi fields

1. Miroslav Bacak, Ronny Bergmann, Gabriele Steidl, and Andreas
Weinmann, A Second Order Nonsmooth Variational Model for Restoring
Manifold-valued Images, SIAM Journal on Computing 38 (2016), no. 1,
567–597.



29

Conclusions

General C1-interpolative/fitting methods on manifolds...
with applications in medical imaging, wind estimation, model

reduction,...

light • closed form • uses few elements inM

Summary on interpolation :
“Differentiable Piecewise-Bézier Surfaces on Riemannian Manifolds”
[Absil, Gousenbourger, Striewski, Wirth, SIAM Journal on Imaging Sciences,
2017].
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Any questions ?
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