ISOMORPHISMS OF TWISTED HILBERT LOOP ALGEBRAS
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ABSTRACT. The closest infinite dimensional relatives of compact Lie algebras are Hilbert—Lie alge-
bras, i.e. real Hilbert spaces with a Lie algebra structure for which the scalar product is invariant.
Locally affine Lie algebras (LALAs) correspond to double extensions of (twisted) loop algebras over
simple Hilbert—Lie algebras &, also called affinisations of ¢. They possess a root space decomposition
whose corresponding root system is a locally affine root system of one of the 7 families Af}), Bf]l),
Cgl), D(Jl), B(J2), C’Sm and BC(JQ) for some infinite set J. To each of these types corresponds a
“minimal” affinisation of some simple Hilbert—Lie algebra ¢, which we call standard.

In this paper, we give for each affinisation g of a simple Hilbert—Lie algebra ¢ an explicit isomor-
phism from g to one of the standard affinisations of ¢. The existence of such an isomorphism could
also be derived from the classification of locally affine root systems, but for representation theoretic
purposes it is crucial to obtain it explicitely as a deformation between two twists which is compatible
with the root decompositions. We illustrate this by applying our isomorphism theorem to the study
of positive energy highest weight representations of g.

In subsequent work, the present paper will be used to obtain a complete classification of the
positive energy highest weight representations of affinisations of €.

1. INTRODUCTION

Locally affine Lie algebras (LALAS) are natural generalisations of both affine Kac-Moody algebras
and split locally finite Lie algebras. They were first introduced in [MY0G] as a subclass of the so-called
locally extended affine Lie algebras (LEALAS), and were later classified up to isomorphism in [MY15]
(see also [Neel0]). The LALAs roughly correspond to double extensions of (twisted) loop algebras over
locally finite simple split Lie algebras (algebraic point of view), or equivalently, over simple Hilbert—Lie
algebras ¢ (analytic point of view) — in the latter case, we call such a LALA an affinisation of €. The
LALAs possess a root space decomposition with respect to some maximal abelian subalgebra, whose
corresponding root system is a so-called locally affine root system (LARS). The LARS were classified
in [Yos10], and those of infinite rank fall into 7 distinct families of isomorphism classes, parametrised
by the types Agl), B(Jl)7 051), DSI), B&Q), ng) and BCSz) for some infinite set J. To each of these types
corresponds a “minimal” affinisation of some simple Hilbert—Lie algebra ¢, which we call standard.

In this paper, we give for each affinisation g of a simple Hilbert—Lie algebra £ an explicit isomorphism
from g to one of the standard affinisations of £. The existence of such an isomorphism can also be
derived from the classification of locally affine root systems, but for representation theoretic purposes
it is crucial to obtain it in an explicit form. We illustrate this by applying our isomorphism theorem
to the study of positive energy highest weight representations of g, building on previous results from
[NeelQ] on unitary highest weight representations of LALAs.

Note that our results do not rely on the classification of LALAs from [MY15] or of LARS from
[Yos10].

We now present the main results of this paper in more detail, refering to Sections 2] and [3] below for
a more thorough account of the concepts presented. A Hilbert—Lie algebra t is a real Lie algebra as well
as a real Hilbert space, whose scalar product (-,-) is invariant under the adjoint action, that is, such
that ([z,y],2) = (z, [y, 2]) for all z,y, 2 € £. By a theorem of Schue ([Sch61]), any infinite-dimensional
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2 TIMOTHEE MARQUIS AND KARL-HERMANN NEEB

simple Hilbert—Lie algebra is isomorphic to the space ¢ := uy(Hg) of skew-symmetric Hilbert-Schmidt
operators on some Hilbert space Hg over K € {R,C,H}. Any maximal abelian subalgebra t of ¢ (a
Cartan subalgebra of £) yields a root space decomposition

te=tcO (P _ 8
of the complexification of €, whose corresponding set of roots A = A(€,t) C it* is an irreducible locally
finite root system of infinite rank, hence of one of the types Ay, By, Cy or D; (see [NSO1] and [LN04]).
More precisely, if K = C or K = H, then ¢ possesses only one conjugacy class of Cartan subalgebras
and A = Ay or A = Cy, respectively. If K = R, then € possesses two conjugacy classes of Cartan

subalgebras, yielding the root systems A = By and A = Dj.
Given an automorphism ¢ € Aut(t) of finite order N € N, there is a Cartan subalgebra t of £ such
that t# is maximal abelian in ¢ = {a € ¢ | p(x) = z}. In particular, &c possesses a p-invariant root

space decomposition
e
te= t @ @aEA B%
with respect to ty := ¥, with corresponding root system A, = A(¥, ty) C itj.
The @-twisted loop algebnﬂ on ¢ is defined as
L,o(8) ={Ee CP(R,E) | &(t+2m) = o 1 (&(t) VE € R}.
The scalar product (-,-) on E can be extended to a non-degenerate invariant symmetric bilinear form

on L,(t) by setting

27
€= [ O ar

We denote by (-, -) the hermitian extension of this scalar product to the complexification of L (£).
Let derg(L,(€), (-, -)) denote the space of skew-symmetric derivations D of L, (£) that are diagonal,
in the sense that D preserves each space e™/N @ €& for n € Z and a € A,. Let Dy € derg(L, (), (-, )
be defined by Dg(¢) := ¢&'. Given a weight v € it}, we also define the derivation D, of £c by setting
D, (z) =iv(a®)z forallz €&, a € A,

where of € ity is such that (h,a*) = a(h) for all h € tg. Then D, restricts to a skew-symmetric
derivation of ¢, which we extend to a diagonal derivation of £, (£) by setting D, (£)(t) := D, (£(t)) for
all £ € L,(¢) and t € R. Note that derg(L,(8), (-,-)) is spanned by Dy and all such D, (see [MY15,
Theorem 7.2 and Lemma 8.6]). We set

D, := Do+ D, € dero(L,(8), (-, ).

Then D, defines a 2-cocycle wp, (z,y) = (Dyx,y) on L,(¢), and extends to a derivation D, (z z) :=
(0, D,x) of the corresponding central extension R @, L, (£). The double extension

L) = (R @, Lo(8) x5 R

is called the (v-slanted and p-twisted) affinisation of the Hilbert-Lie algebra (¢, (-,-)). If v = 0, we
also simply write Z. o(8) = L’”( ). The Lie bracket on E"( ) is given by

[(21,71,t1), (22, T2, t2)] = (wp, (T1,%2), [T1, X2] +t1 Dyxe — t2 D1, 0).

The subalgebra t§ := R @ty @ R is maximal abelian in [,A;({’) and yields a root space decomposition of
Z; (£)c with corresponding set of roots B<p = A(EZ(E), t5) Ci(t5)*. One can realise 34, as a subset of
(A, U{0}) x Z, where to (a,n) € A, corresponds the root space e™™/N @ Eé:a’") with

Eg"n) ={rctd| o Hz)= e/ Ny}
1In the literature, the ¢-twisted loop algebra is also defined as a space of 2m-periodic smooth maps, instead of 2w N-

periodic smooth maps as in our definition. The reparametrisation needed to pass from one definition to the other is
detailed in Remark below.
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The set (890)C = &V, N(A, x Z) of compact roots of &V, is then a LARS, hence isomorphic to one of the
root systems Xgl) or YJ(Z), for X € {A,B,C,D} and Y € {B,C, BC}. The root systems of type XL(Il)
can be realised as A(Ed, (8),15) with ¢ = id and ¢ such that A(¢,t) = X ;. The three root systems of
type Y}Z) can be realised as A(Ew(é), t5). for some order 2 automorphism 1) of ¢ and some suitable €.
The corresponding three automorphisms ¢ are described in [Neeld, §2.2] (see also Section @ and are

called standard. The above seven Lie algebras Ew (€) are also called standard.
Here is the announced isomorphism theorem.

Theorem A. Let t be a simple Hilbert-Lie algebra and let ¢ € Aut(€) be of finite order N € N. Then
there exist

e an automorphism v € Aut(t) which is either the identity or standard,
e a smooth one-parameter group (¢¢)icr of automorphisms of € commuting with ¢ such that

¥ = ¢1¢,

e a mazimal abelian subalgebra t of € such that t# = t¥ =: ty and such that ty is mazimal abelian
in both € and ¢?,

o and a linear functional p € itf,

such that, for any v € itf, the following assertions hold:
(i) The map
®: LY(6) = LET(E) : (21,€(1), 22) = (21, u(E(1)), 22)
Z'As an isomorphism of Lie algebras fixing the Cartan subalgebra t§ :=R @ to ® R pointwise.
(ii) @ induces an isomorphism of locally affine root systems given by

o A(EAZ,(E),’(S)C — A(E$+”(E)7t8)c (a,n) — <a,N¢, (% - ,u(aﬁ))),

where Ny, € {1,2} is the order of 1.
(iii) The Weyl groups of L (t) and £i+”({%) with respect to t§ coincide.

For each given pair (&, ¢), the parameters 1, (¢:)icr, t and p whose existence is asserted in Theo-
rem [A] are described explicitely in Section [6] below. The proof of Theorem [A] can be found at the end
of Section [Gl

Along the proof, we obtain an explicit description of the structure of finite order antiunitary oper-
ators on complex Hilbert spaces which may be of independent interest (see Proposition below).

We next state an application of our results to positive energy highest weight representations of
g, = LU(E). Let A € i(t§)* be an integral weight of g,, in the sense that A takes integral values

on all coroots (a,n)Y, (a,n) € (330)0 (cf. below). Assume moreover that A(c) # 0, where
c:= (i,0,0) € it5. It then follows from [Neel(l Theorem 4.10] that g, admits an integrable (irreducible)
highest-weight representation

px = px: 8 — End(Ly, ()

with highest weight A and highest weight vector vy € L,(\). In fact, py is even unitary with respect
to some inner product on L,(A) which is uniquely determined up to a positive factor (see [Neel(l
Theorem 4.11]).

Let v/ € it, and extend the derivation D, = Dy+D, of L,(€) C g, to a skew-symmetric derivation
of g, by requiring that D,/ (t§) = {0}. Then p, can be extended to a representation

pr =" g, x RD, — End(L,()))

of the semi-direct product g, x RD,. such that py(D,) annihilates the highest weight vector vy. The
representation py is said to be of positive energy if the spectrum of H,, := —ipy(D,/) is bounded from
below. If this is the case, the infimum of the spectrum of H, is called the minimal energy level of py.

In the following theorem, we identify it} with the subspace {u € i(t§)* | u(c) = p(d) = 0} of i(t§)*,
where d := (0,0, —i) € it§.
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Theorem B. Let (ZZ(E), t5) be as above, and let A € i(t§)* be an integral weight with A(c) # 0. Let
p € ity and ¢ € Aut(¥) of order Ny € {1,2} be the parameters provided by Theorem and denote by
Wy C GL(3(t5)*) and Ay C i(t§)* the Weyl group and root system of the standard affinisation Ew(f)
of &. Then for any v,V € ity, the following assertions are equivalent:

(i) The highest weight representation py : EZ(E) x RD, — End(L, (X)) is of positive energy.

(i) My, = infx(w\w.)\MJr,, — Autr) > —00, where

Mg = A= Ac)(p+v) €i(ty)” and x: Z[Aw] —R:(a,n) = (u+1)(a*) +n/Ny.
Moreover, if M,, ,,,» > —o0, then M, is the minimal energy level of py.
The proof of Theorem [B] can be found at the end of Section [7] Note that the “standard” Weyl

groups Wy, were given an explicit description in [HN14) §3.4], making the computation of M, , , in
the above theorem tractable. Using Theorem (Bl we will give in [MNI15b] a characterisation of all

pairs (v, 1) yielding a positive energy representation p,”” as above, analogous to the characterisation
obtained in [MN15a] for positive energy highest weight representations of locally finite split simple Lie
algebras.

2. HILBERT-LIE ALGEBRAS
The general reference for this section is [Neel4l, Section 1].

2.1. Hilbert—Lie algebras. A Hilbert-Lie algebra t is a real Lie algebra endowed with the structure
of a real Hilbert space such that the scalar product (-,-) is invariant under the adjoint action, that is,

([, y], 2) = (z, [y, 2]) forall x,y,z €t

By a theorem of Schue ([Sch61]), every simple infinite-dimensional Hilbert-Lie algebra is isomorphic
to

us(H) :={x € Bo(H) | «* = —z}
for some infinite-dimensional Hilbert space H over K € {R, C,H}, with scalar product given by
(z,y) = trr(2y”) = —tre(zy).
Here gla(H) = Bo(H) denotes the space of Hilbert-Schmidt operators on H. Note that if K = C, the

complex conjugation on gly(H) is given by o(z) = —a*, and hence gla(H) can be identified with the
complexification €¢ of € := uy(H).

2.2. Root decomposition. Let g be a real Lie algebra and let g¢ be its complexification, with complex
conjugation o fixing g pointwise. Write z* := —o(z) for « € gc, so that g = {z € gc | * = —z}. Let
t C g be a maximal abelian subalgebra (a Cartan subalgebra) with complexification t¢ C gc. For a
linear functional o € ¢, let

ot :={x €gc | [h ] =alh)x Vh € tc}
denote the corresponding root space. Let also

A= A(g,t) == {a € £\ {0} | g2 # {0}}
be the root system of g with respect to t. Then g& = t¢ and [g%,gg] - gg+5 for all o, 8 € AU{0}.

Assume that g is the Lie algebra of a group G with an exponential function. Then t is called elliptic
if the subgroup e*d* = Ad(expt) C Aut(g) is equicontinuous. This implies in particular that
acit* ={f ety | B(t) CiR} forall o€ A,
and hence that
o(g%) =g forall € A.

A root a € A is called compact if g¢ = Cz,, is one-dimensional and «o([zq, z}]) > 0, so that

spanc{za, 5, [Ta, Th]} N g = sus(C).
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We denote by A, the set of compact roots. If o € A, there is a unique element & € tc N [g&, 9]
with a(d&) = 2, called the coroot of a. Note that & € it. The Weyl group W = W(g,t) of (g,t) is the
subgroup of GL(t) generated by the reflections

ro(z) ==z —alx)d for a € A..

2.3. Locally finite root systems. Let Hgk be some infinite-dimensional Hilbert space over K &
{R,C,H}, and let ¢ = us(Hx) be the corresponding simple Hilbert-Lie algebra, with invariant scalar
product (-,-). Let t C £ be a maximal abelian subalgebra. It then follows from [Sch61] that t is elliptic
and that t¢ C €¢ defines a root space decomposition

EC - t@ © @aEAEC

which is a Hilbert space direct sum with respect to the hermitian extension, again denoted (-,-), of
the scalar product to c. Moreover, all roots in A = A(¢,t) C it* are compact. In addition, there is
an orthonormal basis B = {E; | j € J} C it of t¢ = ¢%(J,C) consisting of diagonal operators with
respect to some orthonormal basis {e; | j € J'} of Hk (or of bloc-diagonal operators with 2 x 2 blocs
if K = R), such that B contains all coroots & (o € A) in its Z-span, such that A is contained in the
Z-span of the linearly independent system {¢; | j € J} C it* defined by €;(Ex) = d;x, and such that
A is one of the following four infinite irreducible locally finite root systems of type A, By, Cy or Dy:

AJ = {6]'_6]9 |],]€EJ7 ]#k}v

BJ = {iej,i(ej i€k) | ],k‘ S J, ] 7& k?},

Cy:={t2¢;,t(e; tex) | j, k€ J, j#k},

Dy:={£(ejter) | jkeJ, j#k}
If K= C or K = H, then £ possesses only one conjugacy class of Cartan subalgebras and A = A
or A = Cy, respectively (see [Neeld] Examples 1.10 and 1.12]). If K = R, then £ possesses two
conjugacy classes of Cartan subalgebras, yielding the root systems A = By and A = D (see [Neeldl

Example 1.13]). The above root data for € will be described in more detail in Section [6] below.
Set

t= {ijEj | z; € iR} C u(Hy),
jeJ
where
HY = spang{e; | j € J'}
is a pre-Hilbert-space with completion HK'A Note that any element of t is determined by its restriction
to HY; we will also view t as a subset of t. The reason for this unusual convention is that we wish

to define an inverse map for the injection of t in its dual t* that is defined on the whole of t*. More
precisely, the assignment €; — Ej;, j € J, defines an R-linear map §: it* — it : y+— u? such that

alpf) = (¥, o) = p(af) for all p € it* and o € A,
where we have extended the scalar product (-,-) on it x it to it x it. For each v, B € A, we set
(0, B) 1= (o, B4).
Then

d:( ol for all a € A.

2.4. Automorphism groups. Let ¢ = uy(Hg) for some infinite-dimensional Hilbert space Hx over
K € {R,C,H}. By [Neeld, Theorem 1.15], every automorphism ¢ of ¢ is of the form

p=my: to iz AzAT!
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for some unitary (for K = R, C,H) or antiunitary (for K = C) operator A on Hxk. In particular, every
automorphism of £ is isometri(ﬂ We recall that an operator A on H¢ is called antiunitary if it is
antilinear and satisfies

(Az, Ay) = (z,y) for all z,y € Hc.

3. AFFINISATIONS OF HILBERT-LIE ALGEBRAS

In this section, we let (¢, (-,-)) be a simple Hilbert-Lie algebra and ¢ be an automorphism of ¢ of
finite order N € N, and we set ¢ := ¢*™/N ¢ C. The general reference for this section is [Neel4)
Section 2].

3.1. Finite order automorphisms. Let {y be a maximal abelian subalgebra of
¥ ={zet]| o) =2z}

Then the centraliser in £ of t; is a maximal abelian subalgebra t of ¢ by [Neeld, Lemma D.2]. Thus
to=t¥ =tN¢er.

Since @(t) = t, it follows from that the Lie algebra £c decomposes as an orthogonal direct sum
of p-invariant t¥-weight spaces {’g for g € i(t?)*. Let

Ay = Ae,t9) == {8 € i(t?)" \ {0} | &2 # {0}}

denote the set of nonzero t#-weight in ¢, and for each n € Z and § € A, U {0}, set

&(cﬂ’n) = ?@ NEE where f:={zctc| o '(z) ="z}

Thus
N-1
B,n
=",
n=0

Moreover, dim{%((cﬁ’n) <1 for all $ € A, and n € Z by [Neeld, Appendix D]. For each n € Z, we
let A, C i(t¥)* denote the set of nonzero t¥-weights in €, that is, the set of § € A, such that
dim €™ = 1. Note that A, = Ag = A(E, 1) if ¢ = id.

As ( %,E@ = {0} for all o, B € A, U {0} with a # 3, and as (€2, €%) = {0} if m +n ¢ NZ, the
restriction of (-,-) to tZ = Eéo’o) is non-degenerate. In particular, the map #: it* — it from factors
through a map

B i(t9) = i Cit:p s pf
making the diagram

i — 7

! I

ity — s i
commute. In other words, if 1 € i(t#)*, then p? is the unique element of if? satisfying (uf, h) = u(h)
for all h € it?. As before, we set
(o, B) :== (¥, B%) for all a,f € A,

For x € E((Cﬂ’”) (B €Ay, n€Z), wehave [z,z*] € {?((CO’O) =t%, and for h € t£,

<h7 [1'7£C*}> = ([h,x}7m> = ﬁ(h)<x7x> = <h7 <x7x>ﬁﬁ>
and hence
[z, 2*] = (z,z) 5%

2In the classification theorem [Neeldl Theorem 1.15], the automorphisms ¢ of ¢ are assumed to be isometric: this is
used to show that if p(za) = x()za for zo € £ and a homomorphism x: (A)grp — C*, then im(x) C T. But this
also follows from the fact that ¢ preserves the real form ¢ of ¢c.
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In particular, choosing z € Eg’n) such that (x,z) = (?—ﬁ), we may define as before the coroot of 5 as
2

B = [z,2%] =

#
N

3.2. Loop algebras. Consider the p-twisted loop algebra
L) ={€€ C™R,¥) | £(t+2m) = o7 (£(1) VE € R},

with Lie bracket [€,7](¢) = [£(¢),n(t)]. If ¢ = id, we simply write L£(£) := Liq(¢) for the corresponding
untwisted loop algebra. We extend the scalar product (-, -) on £ to a non-degenerate invariant symmetric
bilinear form on L, (£) by setting

1

(& m) = %/O " le()n(t)) dt.

We again denote by (-,-) the unique hermitian extension of this form to £, (€)c, and we write

o(§)(t) := —€"(t) = =€(1)", £ € Ly(b)c,
for the corresponding complex conjugation on L, (€)c.

Given n € Z and t € R, we set
en(t) := emt/N
so that e, ® x € C°(R, ) for all = € ¢. Note then that for any x € €¢,
E=e, @€ L,(B)c <= z et

because £(t + 2m) = ("E(t) and o1 (£(1)) = en(t) @ o~ (2).
3.3. Derivations. Let der(L,(£),(-,-)) denote the space of derivations D of L, () that are skew-

symmetric with respect to (-,-), that is, such that (D&, n) = —(§, Dn) for all £,n € L,(€). Let
Dy € der(L,(¥), (-, -)) be defined by

Dy(¢) =¢" forall € € L,(8).
Given p € i(t#)*, we also define the derivation D, of ¢ by setting
D, (z) =ip(af)z forallz € €, a € A,.
Since p(af) € R for all @ € A,, D, restricts to a skew-symmetric derivation of &. Note that D,

commutes with ¢ since it stabilises each {?((C ™) for B € Ay, n € Z. Hence it extends to a skew-

symmetric derivation of £, (€) by setting

D,(&)(t):==D,(&1)) forall £ € L,(8) and t € R.
Finally, we set D, := Do + D,, € der(L,(£), (-,)), so that
(3.) Dylen®a) = i(3 + ulah)) (en © 2)

(em)

forall o € Ay and © € & 7.

©s

3.4. Double extensions. We define on L (£) the 2-cocycle

wp, (z,y) = (Dyx,y) forall z,y € L, ().
Let R @®wp, L, (€) be the corresponding central extension, with Lie bracket

[(217 l’l), (2:27 -'172)] = (WD“ (xla x2)7 [xla $2]>
Extend D, to a derivation Bu of R ®up, Ly(E) by

l~)u(z,x) = (0,D,x).
Let R
g:= L5(1) = (R Dup, Lo(8) x5 R

“w
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denote the corresponding double extension, with Lie bracket
[(z1,21,11), (22,72, t2)] = (wp, (1, 22), [21, T2] +t1 Dyxo — to D21, 0).
The Lie algebra g is called the (u-slanted and p-twisted) affinisation of the Hilbert-Lie algebra (&, (-, -)).

If ¢ = idg (resp. p = 0), we also simply write £#(€) (resp. EW(E)) instead of E@ (#). Note that in terms
of the hermitian extension of (-, -) to £, (&)c, the Lie bracket on gc is given by

[(z1,21,t1), (22, T2, t2)] = ((Dpx1, —3), [x1, 2] + t1Dywe — t2Dyyxq,0).

One can endow g with the non-degenerate invariant symmetric bilinear form x: g x g — R defined by

K((21, 21, t1), (22, T2, t2)) = (21, T2) + 21t2 + 2011,
thus turning g into a quadratic Lie algebra. Moreover, the subalgebra

t,=RO“®R

is maximal abelian and elliptic in g. The root system Ay := A(g, ty) can be identified with the set

Ag={(a,n) |neZ, aec A, U{0}}\{(0,0)},
where

(a,n) (2, h,t) == (0,0,n)(2, h,t) := a(h) + it(Z + p(af)).

For (o, n) € Ag, the corresponding root space is

é:a,n) —e, ® E(E:Oc,n).

g
The root (a,n) is compact if and only if o # 0. Hence
N-1
(Ag)e = |J An x (n+ NZ) C {0} x i(t?)* x R.
n=0

Givenn € Z and = € E((Ca’n) with [z,2*] = & (o € A,), we deduce from 1) that

<Du(en ®x),—(e_p, ® x*)*> = <z(% + u(au))en ®RT,—€, ® x> = —z(% + ,u(aﬁ))@:, x).

Since (x,z) = 2/(a, @), the element e, @ x € g((ca’n) thus satisfies

—2i(%& + p(a?))

[€n®x, (en®x)*] = [6n®$,6_n®x*] = ( (a Ot)

&, o).
As (a,n) has value 2 on this element, we deduce that the coroot associated to (a,n) is
—2i( 4 #
(3.2) (a,n)Y = (de’o).
(a, @)
3.5. Locally affine root systems. We define on spang(Ag). the positive semidefinite bilinear form
((a,m), (B,n)) := (a, ) forall m,n € Z, a € Ay, and B € A,,.
Then the triple (spang(Ag)e, (Ag)e; (+,+)) is an irreducible reduced locally affine root system in the

sense of [Neel(), Definition 2.4] (see also [Yos10]).
Such root systems have been classified (see [Yosl0O, Corollary 13]) and those of infinite rank fall

into 7 distinct families of isomorphism classes, parametrised by the types Afjl), 351)7 C’gl), D(JI), 352),
CSQ) and BC’((,Z) for some infinite set .J. Denoting by Q(/) the free Q-vector space with canonical basis
{¢; | j € J} and scalar product (ej, ex) = d;x, these can be realised in Q') x Q as

X=X, xZ for X € {A,B,C, D},
BY = (By x 2Z) U ({+¢; | j € J} x (2Z + 1)),
CP = (C; x22)U (Dy x (2Z + 1)),

BCY := (By x 2Z) U ((B; U Cy) x (2Z + 1)),
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where Ay, By, Cy and D are as in §2.3 and where the scalar product on Q) x Q is given by
(e, 1), (e, ) == (v, &).

If A = A(8,t) has type X for some X € {A, B,C, D} (see Ej then the root system of type X!(Il)
is obtained as the set of compact roots

(Ag)e=DAoxZ=AXLZ

of the untwisted doubly extended loop algebra g = LA(E) (¢ = ide). The root system of type XSQ) for
X € {B,C, BC} can similarly be obtained as the set of compact roots

(Ag)e = (Ao x 2Z) U (A1 x (1 + 27Z))

of a twisted doubly extended loop algebra g = L, (), for some suitable choice of a simple Hilbert-Lie
algebra ¢ = £x and of an automorphism ¢ = px € Aut(t) of order 2. The three involutive auto-
morphisms ¢x, X € {B,C, BC}, are described in [Neeld, §2.2] and are called standard (see also
Section @ We will also call the 7 Lie algebras g described above standard affinisations of the corre-
sponding Hilbert—Lie algebra €. We will describe these 7 standard affinisations and the corresponding
root data in more detail in Section 6] below.

3.6. Weyl group. For each (a,n) € (Ag)., the reflection r(, ) € GL(tg) is given by

T(a,n) (Za hv t) = (Za h7 t) - (Oé, ’I’L)(Z, h7 t) ' (Oé, n)\/
3.3 —2i(2 #
(33) i+ o) )
(a,a)

= (2 1,1) = (alh) + it (3 + n(eh))) - (

In particular,
(a,0)(2, by t) = (2,h,t) — (a(h) + itu(aﬁ)) . ( —iu(Q), &, 0).
Denote by
17\/\# = WI(g,tg) = ((am) | n €Z, a € A,) C GL(tg)
the Weyl group of (g, t5), and by W, the subgroup of Wu generated by the reflections 7, gy for o € Ag.

Note that W, preserves the invariant bilinear form x: g x g — R.

For each x € t?, define the automorphism 7, = 7(x) € GL(tg) by

Tz(z,h,t) = (z — (h,z) — @,
Then 74, Ty, = Ty +a, for all x1,z2 € t¥. Moreover, defining for each o € A, and n € Z the reflection
T(an) € GL(tg) by the formula even if a ¢ A, one can check that r 0)7@,n) = Tina/n (cf.
[HN14, §3.4)).

Assume now that for each a € A, there exists some 3 € Ag such that r, o) = 7(3,0y- This is for
instance the case if (Ay). is one of the 7 locally affine root systems from §3.5| Denoting by 7, the
abelian subgroup of t¥ generated by {ind/N | n € Z, a € A, }, we deduce the following semi-direct
decomposition of )7\/\# inside GL(tg):

h+tx7t).

Wy =1(T,) X W,.
We will describe in Section [7| an explicit isomorphism between W, and W.
4. ISOMORPHISMS OF TWISTED LOOP ALGEBRAS

In this section, we fix some simple Hilbert-Lie algebra £ = us(Hg) for some infinite-dimensional
Hilbert space Hk over K € {R,C,H}, as well as some automorphism ¢ € Aut(¢) of finite order.

Lemma 4.1. Let 1) € Aut(€) be of finite order, and assume that there exists a smooth one-parameter
group (¢1)ier of automorphisms of € commuting with v such that ¢11p = @. Then the map

i Lo,(8) = Lyp(8) 1 & R(E) (L) := brjan(£(F))

s an isomorphism of Lie algebras.



10 TIMOTHEE MARQUIS AND KARL-HERMANN NEEB

Proof. Let { € L,(). Then ®(§) € C>*(R, ) and for all t € R,

D(E)(t+27m) = b 141 (E(t +2m)) = dyjonpry™ (07 (E(1) = ¥ duj2n (§(1)) = 71 (B(E)(1))-
Hence ®(L,(¥)) C Ly (£). Moreover,

[(£), 2()](t) = [pt/2x (£(2)); P12 (N(1))] = i /2 ([£(2), n(1)]) = ([&, n])(£)
for all £&,n € L,(€) and t € R, so that ® is indeed a Lie algebra morphism. Similarly, the map
B Ly(8) = Lo(8) 1 & PTHE(E) := d_y/2x(£(2)) is a well-defined Lie algebra morphism. Since it
is an inverse for @, the lemma follows. O

Proposition 4.2. Lety € Aut(€) be of finite order, and let (U;):cr be a smooth one-parameter group of
unitary operators Uy € U(Hk) such that the corresponding automorphisms ¢y = wy, of € commute with
Y and such that g1 = . Let t be a maximal abelian subalgebra of €, and assume that 2 = ¥ =: {,.
Assume moreover that ty is mazimal abelian in both €9 and € and that to C ¢ for allt € R.

Let pi, v € it} and assume that the skew symmetric operator A, = ip* € u(Hx) satisfying (A, h) =
ip(h) for all h € ity is bounded. Assume moreover that

d
%Ut/Zﬂ' = _AuUt/2w = _Ut/Qﬂ'Apﬂ

Then the following holds:
(i) The isomorphism ®: L, (€) — Ly(€) provided by Lemma[{.1] extends to an isomorphism

d: (R Buwp, ‘C’LP(E)) NBU R— (R @wDu+u ,qu(f)) ><15H+V R
fixing t§ := R ® tg & R pointwise.
(ii) @ induces an isomorphism of locally affine root systems given by

T A(LY(),15)e = ALLT(0),45)e : (a,n) = (0, Ny - (5 — p(a)),

where N, and Ny are the respective orders of ¢ and 1.
(iii) The Weyl groups W(E;(E),tS),W(EZJFV(E),tS) C GL(t§) coincide.

Proof. Write for short g, := E;({’) and gy = Eﬁf”(‘é), as well as Ay and Ay for the corresponding
root systems with respect to the Cartan subalgebra t§. Note that A, = A(€,ty) = Ay. For each n € Z
let A¥ and AY respectively denote the set of nonzero to-weights on

() = {z cte | o M) =¥ Neg} and €1(y) == {x € tc | v (z) = 2™/ Nug},
as in Thus

(Ag)e= |J AZx(+N,Z) and (Ag)e= |J AL x(n+NyZ)
0<n<N, 0<n< Ny
(cf. §3.4).
We extend the isomorphism ®: L, (¢) — Ly (€) provided by Lemma to a bijective linear map
®: g, — gy by setting ®(1,0,0) := (1,0,0) and (0,0,1) := (0,0,1).
We first claim that D, = ad(A,) € der (¥, (-,-)). Indeed, let {E; |j € J} be some orthonormal basis
of the real Hilbert space ity whose R-span contains all af, o € Ay (cf. §2.3/and §3.1). Write

A, = Zquj where p; := (A, E;) =ipu(E;) for all j € J.
jeJ
Then for any z in the t;-weight space of ¢ corresponding to o € Ay, U {0}, we have
ad(A)(z) =Y By e =Y pya(Bye =Y py(Bj,af)z = (A, of)x = ip(af)z = Dz,
jed jed jed

as desired. Note that the above sums are finite because of is a (finite) linear combination of the Ej.
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We then obtain for all £ € L, (¢) that

(®(£)'(t) = %(Ut/Qﬂ'g(t)Uft/Qﬂ) = =M ®@(E)(t) + () (1) + () A, = R(E)(t) — Du(())(1).

On the other hand, since ¢, (t € R) fixes t; pointwise, it preserves all to-weight spaces in £¢, and thus
commutes with D, . Hence

[@((0,0,1)), 2()](t) = [(0,0, 1), 2(OI#) = Dyt (2(9))(1)
= (2(8))'(t) + Du(P()(t) + Do (2(E))(t) = R(E)(t) + Du(dr/2x (£(1)))
BE) (1) + iy (D (E(1))) = DD, () (1) = B([(0,0,1),€]) (1),

so that ® is indeed a Lie algebra isomorphism. Moreover, the restriction of ® to t5 is the identity
because ¢; fixes tg pointwise. This proves (i).

As ® fixes tG, it preserves the root space decompositions of g, and g, with respect to tj and hence
induces an isomorphism of locally affine root systems

T (Ag,)e = (Agy et (a,n) = (, T (1))
such that
(,n)(2,h, 1) = a(h) + it(F + v(0)) = a(h) + it (52 + (n+v)(aF)) = (,Fa(n))(2, h,1)
for all (z,h,t) € t§. This yields in particular
Taln) = Ny - (3 — plah)),

so that (ii) holds.
Since moreover

(a,n)Y = (22(1\&;;(0&&)) ,d,o) = ( 2i( N(“ )(a,(o(/;+y)(aﬁ)) ,&0) = (o, 7a(n))”
for all (a,n) € (Ag,)c by , we deduce that

T(an) = T(amam)) € GL(t5) for all (a,n) € (Ag,)e-
Hence W(g,, t§) = W(gy, t§), proving (iii). O

Remark 4.3. Recall from that we defined the @-twisted loop algebra £, () as a subspace of the
27 N -periodic functions of C*°(R, £), where N,, is the order of ¢. Another convention which one finds
in the literature is to consider 2m-periodic functions instead. We now explain how the characteristic
data of these two definitions are related.

For N € N, we set

Lon(®):={€COR,E) | &+ ) =97 (E®)}-

For N = 1, this is the p-twisted loop algebra L (€) that we consider in this paper; the other convention
which we alluded to above is to take N = N,,.

Let tp = t¥ be maximal abelian in £ and let v € itj. Define the skew-symmetric derivation D, of
L, n(E) as in §3.3] Thus

Dy(eintN/N“’ ® l‘) — Z(% + V(O{u))(eintN/N“’ ® J?)

(a,m)

for all « € A, and = € €. Denote by

LY () = (R &y, Lon(8) x5 R

the double extension of £, n(£) corresponding to D,, as in with Cartan subalgebra t§ := R@ty®R.
Then

(4.1) O: LY (8) = LYK () £(1) = E(NE),  (1,0,0) = (N,0,0), (0,0,1) + (0,0, %)
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is an isomorphism. Set
c:=(i,0,0) € ity and d:=(0,0,—1) € itf.
For a weight A = [A., A%, A\g] € i(t§)* with respect to t§ C E;,l(f), where
A= A()e €185, Ac:=A(c) ER and Aq:=A(d) €R,
the corresponding weight with respect to t§ C E; () is then given by
(4.2) Ao @ =[LA, A0 Ny

Similarly, for x = [xe, X%, Xa] == Xc€ + X° + xad € it§ C 2;71(@, where x° € ity and x¢, xa € R, we
have

(4.3) ®(x) = [Nxes x*s 3 xal-

Using the identities and (4.3), it is then easy to state the positive energy condltlon for highest

weight reprebentatlonb of E " (8) in terms of the corresponding condition for E 1(€) (see §7.2/for more
detail about the positive energy condition).

5. THE STRUCTURE OF FINITE ORDER ANTIUNITARY OPERATORS

Given a complex Hilbert space H with orthonormal basis B = {e; | j € J}, we denote by oz the
complex conjugation on H with respect to this basis. The following proposition describes the structure
of finite order antiunitary operators on H.

Proposition 5.1. Let H be a complex Hilbert space, and let A be an antiunitary operator on H of
finite order. Let N € N be such that A*N = idy and set ( .= e™/N € C. Then the following holds:
(i) A2 € U(H) and H has a decomposition
H=HoH1& P (Hen®Heom)
0<n<N/2
into A%-eigenspaces, where Hy denotes the A%- eigenspace corresponding to the eigenvalue A.
(ii) There is some A-stable subspace H, of H1 with dim ?—ll <1 such that the following holds:

e IfdimH, = 1, there is some unit vector €j, € Hy such that Aej, = €5,
e For each n € Z with 0 < n < N/2, there exists an orthonormal basis {ej ve; | 7€ Jean}

of Heon +He—2n (forn > 0) and of Hy NHL (for n=0) such that A stabilises each plane
(Cej+ ® Ce; , j € Je2n, and has the form

0 ¢
(C” 0)%;,@

Proof. The first statement of the proposition is clear. Since A is antilinear and commutes with A2,
we have for any eigenvalue A of A% and any v € H, that

A%(Av) = A(A?%v) = A(\w) = Mo,

and hence A.H) = Hy. Thus A stabilises each of the subspaces H1, H_1 and Hezn @ He-2n forn € Z
with 0 <n < N/2.

Since A acts as a conjugation on H;, the fixed-point space H{* is a real form of H;. Choose an
orthornormal basis {ff7 | j € Ji} U Sy of Hy that is contained in H{', where S; = {e;,} is a

singleton if dim #; is finite and odd and S; = @ otherwise. Let also 7-[1 dgnote the sub-vector space
of Hy with basis S;. Thus Afji = fjjE for all j € Ji and Aej, = ¢, if dimH; = 1. For all j € Jy, set

in the basis {ej, e; }.

e = %(ffiifj’).
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Then {ej ,€; | j € Ji} is an orthonormal basis of H1 N H , and A has the desired form in each of the
bases {ej €5}, J € Jr

Let now n € Z with 0 < n < N/2, and choose some orthonormal basis (6+)jEJ<2n of Hean. Set

= ("Aef € Heon for each j € Jezn. Then {ef,e] | j € Jen} is an orthonormal basis of

Heen @ He-2n, and A has the desired form in each of the bases {ej €5 “} g€ Jean.
Finally, note that for any unit vector v € H_;1, the subspace Cv @ CAv is two-dimensional and
stabilised by A. Indeed,

(v, Av) = (Av, A%20) = —(Av,v) = —(v, Av)
and hence (v, Av) = 0, so that {v, Av} is an orthonormal basis of Cv ® (CAv Using Zorn’s lemma, we
may thus choose an orthonormal subset (€] *)jes_, in H_y such that {e = (N/2A6+ |jeJ_1}is
an orthonormal basis of H_;. Again, A hab the desired form in each of the bases {ej €5} J € Jo.
This concludes the proof of the proposition. O

6. ROOT DATA FOR AFFINISATIONS OF HILBERT—LIE ALGEBRAS

Let ¢ = uy(Hk) for some infinite-dimensional Hilbert space Hg over K = R, C or H, and let
€ Aut(t) be of finite order.

Lemma 6.1. There exists some unitary (if K =R,C,H) or antiunitary (if K = C) operator A on Hg
of finite order such that p = 4.

Proof. By there exists some unitary (if K = R, C,H) or antiunitary (if K = C) operator B on
Hy with o = 5. Let N € N be the order of ¢. Then BY centralises £, and hence BY = )\ - idy, for
some Ag in the center of K with [Ag| = 1.

If K =R or K = H, then \g € {£1} and hence A := B satisfies A?Y =id. If K = C and B is
unitary, we set A := vB for some N-th root v € C of )\61, so that AN = id. Finally, assume that
K = C and that B is antiunitary. Since for any nonzero v € Hc,

Xo(Bv) = BN (Bv) = B(BYv) = B(Aov) = Ao(Bv),
we get \g = A\g € R and hence \g € {£1}. We then set A := B, so that A% =id. O

For each pair (€, ¢), we now describe data ¥, (¢;)ier, t and p as in Proposition thus yielding
the desired isomorphisms from Theorem [A]

Example 6.2. Let € = uy(#H) for some infinite-dimensional complex Hilbert space H and let ¢ € Aut()
be of finite order. Let A be some unitary operator on H of finite order N € N such that ¢ = w4 (see
Lemma . Set ¢ := e2™/N,

As every unitary representation of the cyclic group of order N on H is a direct sum of 1-dimensional
irreducible ones, we may choose some orthonormal basis (e;) ;e of H consisting of A-eigenvectors. Let
t C & be the subalgebra of all diagonal operators with respect to the e;, j € J. Then t is elliptic and
maximal abelian, and tc 2 ¢2(.J,C) with respect to the orthonormal basis {E; | j € J} C it given by
Ejey, == djrer. The set of roots of €c = gla(H) with respect to tc is given by the root system

AJ:{ej_ekr'j?ékv j7k€‘]}a

where €;(Ey) := d;,. The corresponding set of compact roots for L(t) is of type Agl) (see [Neeldl
Examples 1.10 and 2.4]).

For each j € J, let n; € {0,1,...,N — 1} be such that Ae; = ("™e;. For each t € R, let also
U; € U(H) be the diagonal operator defined by Uie; = ("™ie;, and set ¢y = my, € Aut(€). Let p € it*
be defined by w(E;) := p; := —n;j/N. Setting A,, = iuf = > jes it Ej € u(H), we then have

dtUt/Q‘n' = _A;LUt/QTr = _Ut/QWA/,L‘

Finally, note that, for any t € R and x € t, the operators U; and = are both diagonal with respect to
the e;, 7 € J, and hence commute. In particular ty :=t# =t C t? for all t € R.
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We may thus apply Proposition (with ¢ = id) and conclude that for any v € it, there is an
isomorphism

O: LY(8) — LV (8) : (21, E(8), 22) > (21, By (E(1)), 22)

fixing the Cartan subalgebra t§ := R@® 1t @R pointwise. Moreover, ® induces an isomorphism of locally
affine root systems

m: ALL(), ) — AT = ALPT(8),85)e < (a,m) = (@, 3 — p(ad)),
where N, is the order of . Finally, the Weyl groups W(E;(E), t¢) and W(LFF (), ) coincide.

Example 6.3. Let ¢ = uy(Hy) for some infinite-dimensional quaternionic Hilbert space Hy and let
© € Aut(t) be of finite order. Let A be some unitary operator on Hy of finite order N € N such that
@ = ma (see Lemma . Set ¢ := e%7/N,

The quaternionic Hilbert space Hy can be constructed as Hy = H2 for some complex Hilbert space
‘H with conjugation o, where the quaternionic structure on H?2 is defined by the antilinear isometryﬁ
(v, w) := (—ow, ov). With this identification, we then have

t=uy(Hy) = {r € us(H?) | 5z = 25}
and
UMe) = {g € UH?) | 595" = g}.
Let
HW=MnoMH)ae P (H)e @ (H)e-n)

0<n<N/2

be the decomposition of H? into A-eigenspaces, where (H2), denotes the A-eigenspace corresponding
to the eigenvalue X. Since A € U(H?) commutes with &, the antilinear isometry ¢ maps (H?), to (H?)x
for each A-eigenvalue A. In particular, each of the subspaces (H?)1, (H?)_1 and (H?)¢n & (H?)c-n
with 0 < n < N/2 is a quaternionic Hilbert subspace of Hg. Let (e;)jcs,, be an orthonormal
basis of (H?)1+1 over H, and for each n with 0 < n < N/2, let (e;)jes.» be an orthonormal basis
of (H?)¢n @ (H?)¢-n over H that is contained in (H?)¢n. Then the reunion of these bases yields an
orthonormal basis (e;),es of Hy over H.

Up to replacing H by the complex Hilbert space generated by (e;);jes, we may then assume that
Hp is constructed as above as Hy = H? for some complex Hilbert space H with orthonormal basis
(ej)jes (and complex conjugation o with respect to this basis) in such a way that for each j € J, the
C-basis vectors (e;,0) and (0,e;) are A-eigenvectors of respective eigenvalues (™ and (™ for some
natural number n; with 0 <n; < N/2.

Let t C ¢ be the subalgebra of all diagonal operators with respect to the (e;,0) and (0,e;), j € J.
Then t is elliptic and maximal abelian, and {¢ consists of diagonal operators in

tc=w(Hum)c = {(5 _Sr) e B(H?) | BT =B, ¢ =C}

of the form h = diag((h;),(—h;)), where BT := o¢B*c for all B € B(H). Thus t¢ & ¢2(J,C)
with respect to the orthonormal basis {E; | j € J} C it defined by Ej(ex,0) := 0;x(ex,0) and
E;(0,ex) := —0;1(0,ex). The set of roots of £c with respect to tc is given by the root system

CJ = {i26j7i(€j :tek) ‘ ] 7é ku ]7k € J}>
where €;(Ey) := d;,. The corresponding set of compact roots for /3(?) is of type CSI) (see [Neeldl
Examples 1.12 and 2.4]).

3Writing C=R+RZand H=C+CJ =R+RZ+RJ + RZJ, the isometry o corresponds to left multiplication
by J.
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For each ¢t € R, let Uy € U(Hn) be the diagonal operator defined by Uy(e;, 0) = (" (e;,0) (and hence
Ui(0,ej) = ¢"(0,¢e;)) and set ¢, = 7y, € Aut(€). Let p € it* be defined by u(E;) := p;j := —n;/N.
Setting A, :=ip® =Y. i E; € u(Hu), we then have

d

EUt/Zﬂ' = _AuUt/27r = _Ut/Qﬂ'Apx

Moreover, for any t € R and « € t, the operators U; and x are both diagonal with respect to the (e;, 0)
and (0,¢e;), j € J, and hence commute. In particular ty :=t¥ =t C t? for all t € R.

We may thus apply Proposition (with ¢ = id) and conclude that for any v € itf, there is an
isomorphism

jeJ

T EZ(E) — LPHV(8) 1 (21, €(1), 22) = (21, bejan (E(1)), 22)
fixing the Cartan subalgebra t§ := R@®t, @R pointwise. Moreover, ® induces an isomorphism of locally
affine root systems

o ALL(), 86)e — CF = AL (8),86)c - (a,m) = (o, 3= — pla?)),

where N, is the order of ¢. Finally, the Weyl groups W(EZ(E), t5) and W(E‘””(E), t§) coincide.

Example 6.4. Let € = uy(Hg) for some infinite-dimensional real Hilbert space Hr and let ¢ € Aut(f)
be of finite order. Let A be some unitary operator on Hp of finite order N € N such that ¢ = 74 (see
Lemma .

Note that A may be viewed as a unitary operator on the complexification H := (Hg)c of Hg that
commutes with complex conjugation. Since moreover H decomposes as an orthogonal direct sum of
one-dimensional A-eigenspaces, Hr decomposes as an orthogonal direct sum

Hr = H1 D H_1 @’H(,

where Hy; is the A-eigenspace for the eigenvalue +1, and where H: has an orthonormal basis
{ej e | j € J¢} such that A stabilises each plane Re; + Re’; and is of the form

s(2mn;/N) —sin(2wn;/N)
(6.1) <z?n(2wnj/N) cos(2mn;/N) )

in the basis {e;, e’ }, for some n; € Z with 0 < n; < N/2. We let also {ej, e | j € Jx1} U S+ denote
an orthonormal basis of Hi1, where Sy; := {e;.,} is a singleton if dim H; is finite and odd and
Si1 := & otherwise. Up to replacing A by —A (this does not modify ¢), we may then assume that
S1={ej,} and S_1 = @ in case |S1 U S_1| = 1. Note that N must be even if H_; # {0}.

Set n; := 0 (resp. nj := N/2) for each j € J; (resp. j € J_1). Writing J' := J- U J; UJ_1, we thus
get an orthonormal decomposition

Hr =Rej, @Re;_, @ EB],GJ, (Re; @ Ref)

such that A stabilises each plane Re; +Re; (7 € J') and is of the form in the basis {e;, )}, and
with the convention that e;,, € Hyq is omitted if St = @. If [S1 US_1| = 2, we set 6;'1 '=¢;_, and
J:=J U{j1}. Otherwise, we set J := J'.

We choose a maximal abelian subalgebra t C € such that kert:= {& € Hg | h.x = 0 Vh € t} is the
one-dimensional subspace Rej, if [S;US_;| =1 and kert = {0} otherwise, such that t commutes with
the orthogonal complex structure Z on (ker t)* = ®jeJ(Rej @ Re’) defined by Ze; := e for all j € J,
and such that all planes Re; + RZe; (j € J) are t-invariant (see [Neeld, Example 1.13]). For j € J,
we define the elements

fj = %(ej — iIej) and f*j = %(6]‘ —+ z'Iej)
of H. If kert # {0}, we also set f;, :=e;,. Then the f; form an orthonormal basis of H consisting of
t-eigenvector.
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Note that for each j € J’, the basis elements f; and f_; are also A-eigenvectors, with respective
eigenvalues ("™ and (~". For each t € R, we let U; € U(Hg) be defined by the matrix

(cos(2t7mj/N) —sin(2tmn; /N))
sin(2tmn;/N)  cos(2tmn;/N)

in the basis {e;, e/} for each j € J, where we have set n;, := 0 in case [S1US_1| = 2, and by Use;, = ¢;,
in case |S1 US_1| = 1. We also set ¢ = 7y, € Aut(t). Note then that ¢1¢ = ¢, where ¢ € Aut(¥) is
the order 1 or 2 automorphism ¢ = wpg of ¢ corresponding to the matrix B € U(Hg) whose restriction
to P;c s (Re; @ Re}) is the identity, and such that Be;,, = *e;,, if Si1 # @. Thus ¢ = id unless
[S1 U S_1| = 2. Note also that ¥ commutes with ¢, for all ¢ € R.

The restriction of any = € t to Re; © Re;-, j € J, is of the form

(% 0)

in the basis {ej,e}}, for some a € R. In particular, z commutes with U; for each ¢t € R, so that
t? C t = t? for all t € R. The same argument implies that t¥ and t¥ both contain the subspace

to={ret|re;=ze;=0VjeJ\J}

We now claim that ¥ and t¥ coincide with ¢y and are maximal abelian in £¥ and €%, respectively.
Indeed, if ¢ = id, so that ¢ = ¢, we have t¥ = t = t¥ = 5. Assume now that ¢ = mp has order 2,
so that |S; U S_1]| = 2. Then kert = {0} and t¥ = ty = t¥ because the restriction of ¢ (resp. ) to
Re;j, @ Re; , is of the form (§ Y ) in the basis {ej,,e; ,} and

6 )06 -0

Let = € € (resp. £¥) be such that tg + Rz is abelian. Then z stabilises each plane Re; + Rej (j € J')
and hence decomposes as ¢ = g + 21 for some z¢ € ty and some z; € ¢ with z1e; = :ve; =0 for all
j € J'. Since 1 = x — x( is skew-symmetric, it stabilises Re;, @ Re; ,. Moreover, x; is fixed by ¢
(resp. ), and hence we conclude as above that 1 = 0. Thus x € ty, and hence t; is maximal abelian
in £ (resp. £¥), as desired.

The complexification (tg)c of tg is precisely the set of all those elements in E% which are diagonal
with respect to the orthonormal basis of H consisting of the f;. Thus (to)c = ¢%(J’,C) with respect to
the orthonormal basis {E; | j € J'} C ity defined by E; f := d;i fi for all k € J'. Define also €; € it]
by Ej(Ek) = 0jk, kelJ.

If ¢» = id, the set of roots of Eg = ¢ with respect to = tc is given by

Dy={%x(ejtex)|j#k, jkeJ} ifkert={0}

and
By={t(e;xex) | j#k, jjkeJtU{=xe; | j € J} otherwise.

The set of compact roots for ljw({?) = L(&) is then respectively of type DSI) and B(Jl) (see |[Neeldl
Examples 1.13 and 2.4]).

If v = 7p has order 2 (so that |S; U S_1| = 2) then, up to replacing B by —B (which does not
modify 1), the operator B is the orthogonal reflection in the hyperplane ej:l. Thus % is the standard
automorphism from [Neel4, Example 2.8]. As observed above, t¥ = tq is maximal abelian in

tV ={zct|mwe_, =0}

and ker(t¥) N ejll = Re;, is one-dimensional. The set of roots of Efcz’ with respect to tg is then of type
B/, while the set of compact roots for Ly (£) is of type B‘(IQ) (see [Neeldl Example 2.8]).
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Back to the general case (¢ of order 1 or 2), let p € it§ be defined by u(E;) := p; := —n;/N for all
j € J'. Setting A, := iuf = > jer i E; € u(Hr), we then have
d
%Ut/Zﬂ' = _AMUt/27r = _Ut/Qﬂ'Apx
We may thus apply Proposition @ and conclude that for any v € itj, there is an isomorphism

®: L2(6) = LU (E) : (21,€(1), 22) = (21, By2n (E(E)), 22)

fixing the Cartan subalgebra t§ := R@® 1ty @R pointwise. Moreover, ® induces an isomorphism of locally
affine root systems

m ALL (), 86) — AL (), 6)e € {DSY, B, B} : (a,n) = (o, Ny - (7 — p(ad))),

where N, is the order of ¢ and Ny, € {1,2} is the order of . Finally, the Weyl groups W(L((¥), t5)
and W(EZJ”'(E), t§) coincide.

Example 6.5. Let £ = uy(H) for some infinite-dimensional complex Hilbert space H and let ¢ € Aut()
be of finite order. Let A be some antiunitary operator on H of finite order 2N for some N € N and
such that ¢ = 74 (see Lemma [6.1).

We set ¢ := e"™/N and we apply Propositionto A. Let #; and {ej7 e; |j€Jen}, 0<n < N/2,
be as in Proposition ii). Thus A stabilises each plane (Ce;' ® Ce; , j € Jezn, and has the form

0 ¢
(c—” O)Ueﬁej

in the basis {ej, e; }. If dim H, = 1, we also choose some basis S := {e;, } of H; such that Ae;, = e;,;
if dim7-l1 =0, we set S1 := @. Set

J = U Jean and By = {6;‘: | jeJ}
0<n<N/2
Then B := B, UB_ U S; is an orthonormal basis of H. For each j € J and n € Z with 0 < n < N/2,
we set n; :=n if j € Jeon.

To treat both cases S1 = @ and S; # @ at once, we adopt the convention that whenever e;, appears
in what follows, it should be omitted if S; = @. We alsoset e :=7 € Cif Sy =@ ande:=1¢€C
otherwise.

Let ’HS—L be the closed subspace of H spanned by B*. We define on H{ the complex conjugation
oy = o, With respect to eBy = {ee;r | 7 € J} and on H, the complex conjugation o, = op_ with
respect to B_. Write H as

H=H] & Cej, ®H,,
which we endow with the conjugation o extending oj and o, , and such that oe;, = e;,. Consider the
automorphism ¢ € Aut(t) defined by

Y(z) = Sox(So)™t  for z € ¢,
where

0 1

0 01
S=10 1 0 if S1 #@ and S’z(l 0
1 0 0

) if S, = 2.

Setting o := So, we thus have

Set — oF ; Se. = es
oe; =ef foralljeJ and oej, = ej,.

Note that 4 is the standard automorphism of [Neeld, Example 2.9] if S; = @ and of [Neeld, Exam-
ple 2.10] if Sy # @.
Let (U)ier be the one-parameter group of unitary operators on #H defined by

Uteji = gi"ftej[ forall j € J and Uej, =ej,.
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Then A = U0 and U; commutes with ¢ for each t € R. Set ¢, := my, € Aut(¥) for all ¢t € R. Thus ¢,
commutes with ¥ and ¢1¢ = .

Let t be the set of elements in £ which are diagonal with respect to the orthonormal basis 5. Hence
t is maximal abelian in ¢ (see Example and t = t%* for each t € R. For each j € J, define the
operator E; € it by

Ejef := +0;pef forallke€J and Ejej, := 0.
Let
to :==spang{iE; | j€ J} Ct

Since for each j € J and t € R, the operator ¢E; commutes with U; and &, the subalgebras t¥ C €%
and t¥ C &% both contain t; and are contained in t?*. On the other hand, if « € £ centralises to, then
x is diagonal with respect to B, that is, € t. In particular,  commutes with Ag—' = U, so that
r € £ if and only if x € €. If moreover x € ¥ (or equivalently, € €¥), then for any j € J and
A € iR such that xej = )\e;r, we have

re; =uxoe] =oxe; = —)ﬁej+ = —)\e;.

Since in addition
xej, = x0ej, = 0xej, = —Tej,
so that xe;, = 0, we deduce that x € tyg. This shows that t¥ = t¥ =ty and that ty is maximal abelian

in both £¥ and €Y. The set of roots of Eg with respect to tg is then of type By if S; # @ and of type
Cy if S; = @. Accordingly, the set of compact roots for Ew(é) is of type BC.(JQ) or CSQ) (see [Neeld,
Examples 2.9 and 2.10]).
Let now p € itfy be defined by pu(E;) := pj := —;—]{, for all j € J. Setting A, := ipf = Zje, in B €
u(H), we then have
d
dt
We may thus apply Proposition FILZ] and conclude that for any v € itj, there is an isomorphism

Ut/27r = _AHUt/27T = _Ut/Qﬂ'AM‘

D E;({%) — Eiw({?) 2 (21,€(t), 22) = (21, P2 (E(1)), 22)

fixing the Cartan subalgebra t§ := R@&ty &R pointwise. Moreover, ® induces an isomorphism of locally
affine root systems

m ALY (), 1) — AL (8), 6)e € {BCT,CP}: (a,n) = (o, 3 — 2p(a%)),

where N, is the order of ¢. Finally, the Weyl groups W(E;(E), t5) and W(EZJFV(E), t5) coincide.

Proof of Theorem [A] This sums up the results of Examples and O

7. ISOMORPHISMS OF WEYL GROUPS

By Theorem [A] every affinisation of a simple Hilbert-Lie algebra £ is isomorphic to some slanted
standard affinisation E;(E) of ¢, with the same Weyl groups. In turn, EZ (¢) and ./Ew (&) have the same
root system with respect to some common Cartan subalgebra, and hence isomorphic Weyl groups.
In this section, we give an explicit isomorphism between these Weyl groups. We then present an
application of our results to the study of positive energy highest weight representations of [ZZ)({’)
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7.1. Unslanting Weyl groups. Let ¢ be a simple Hilbert—Lie algebra, and let 1) € Aut(£) be of finite
order N € N. Let ty be a maximal abelian subalgebra of £ and let Ay = A%, t) be the corresponding

root system. Let also t§ := R® ty & R be the corresponding Cartan subalgebra of g, := /3;(?), for any
v € itf, and set Aw = A(g,, t§).

We assume that ¢ is either the identity or one of the three standard automorphisms (cf. , SO
that (ﬁw)c C Ay X Z is one of the 7 locally affine root systems Agl), Bgl), Cgl), Dgl), BSQ), C’J2 and
BCS2). For each v € itf, let W, = W(g,,t5) C GL(t5) be the Weyl group of g, with respect to t§.

We fix some v € itj. In the notation of we then have a semi-direct decomposition

W, = 7(Ty) X Wy,
where 7y, is the abelian subgroup of ty generated by {ind/N | (a,n) € (ﬁw)c} and W, is the subgroup
of W, generated by the reflection r(, o), @ € Ay, defined by
(7.1) T(a,0) (2, b t) = (2, h,t) — (a(h) + itu(aﬁ)) (—iv(a),q,0) forall (z,h,t) € .
We also denote by 7o, a € Ay, the reflections
Ta(z, h,t) = (2,h — a(h)d,t)

in GL(t§) generating W, so that Wo = T(Ty) X Wo.

Finally, we recall from §3.1] that for any v € it}, there is a unique element ¥ € ify such that
(%, h) = v(h) for all h € ity. We set

tt=RaofoR,
and we extend each root av € Ay, C it to a linear functional
a: tg— iR : h a(h) = (h,af),

~

so that Wy and W, may be viewed as subgroups of GL(t§).

Lemma 7.1. Let ou,...,a, € Ay for some n € N. Then for all (z,h,t) € tAS,

T(an,0) - - - T(az,0)"(a1,0)- (2, Ry 1) = (2, b, t) = (iu(f,?l""""" (z, h,t)), —forn(z h, t),()),

where
n

fooen s 45 s to 1 (2,h,t) = Y (as(h) +itv(0d)) T, . Ta,,, (d).

s=1
Proof. This easily follows by induction on n using (7.1) and the decomposition
T(an0) - - T(a,0)-(2: A t) = (2,B,8) =T (0.0)-(T(an_1.0) - - - T(a1,0)-(2, B t) — (2, 1, 1))
+(r(a,0) (2 B t) = (2, 1,1)).

Since, in the notation of Lemma
as(h) +itv(af) = ag(h) + it(*, o) = as(h) + as(itv?) = ag(h + itv),
so that
(7.2) fovn (2 ht) = fOV O (2, h 4 itk t)  for all (2, h,t) € €,
we deduce from Lemma that for all ay,...,a, € Ay and all (z,h,t) € ’%,
T(an0) - - T(an,0)-(2, B 1) = (2, B, 1) =0 = T, ... Ta,.(z,h + it} t) — (z,h +itvh 1) = 0.
This implies in particular that the assignment 7, o) = 7o for each a € Ay, defines a group isomorphism

Yoi: Wy = Wo i T(an,0) - T(a1,0) = Tap - Tay -
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Proposition 7.2. The map v,: W, = Wy extends to a group isomorphism

o~

i W, — Wo : Tow — Tew(w) (€ Ty, weW,).
Proof. This follows from the observation that for each o € Ay and x € Ty we have

r(a)o)Txr@{O) = Tro(a) = Foﬂ'gc?;l where ro: tg = to:h— h—a(h)d. O

Remark 7.3. If v € ity, then 7, is just the conjugation by 7_,:.

7.2. Application to positive energy representations. We place ourselves in the context of
(although we will only need to assume that 1 is the identity or standard in Proposition and
Theorem below) and keep the same notation. Set

c:=(i,0,0) € ity and d:=(0,0,—1) € itg,

so that c is central in (g,)c and ad(d) has eigenvalue % + v(a*) on €, ® E((Ca’n), a € Ay (cf )
For a weight
A€i(ty)” ZiR @it @ iR,
we set
A= M) €985, Ac:i=A(c) ER and Ag:=A(d) €R.
Note that we may extend the map §: itj — ity to a map
Boi(t5) — it : A= M= e+ (\0)F — Ad
satisfying k((z, h,t), \*) = A((z, h,t)) for all (z,h t) € it§, where we have again denoted by k the
hermitian extension of /<;|texte (cf. . to (t§)c x (9)c. Smce fis bljectlve this allows in particular
to view the Weyl group W not only as a subgroup of GL(zt") as in but also as a subgroup of

GL(i(t5)*), where the action is characterised by (@.\)¢ = @.\! for all @ € W
Fix some A € i(t§)*, and assume that A. # 0 and that X\ is integral for g,, in the sense that

A(a,n)Y) € Z for all compact roots (a,n) € Aw. It then follows from [NeelO, Theorem 4.10] that
g, admits an (irreducible) integrable highest-weight module L, () of highest weight A, whose corre-
sponding set of weights is given by
(7.3) Pr=P = COHV(WV./\) N A+ Z[ﬁ“)
Let

px = px: v — End(L, ()
denote the corresponding representation. Note that py is unitary with respect to some inner product
on L, (\) which is uniquely determined up to a positive factor (see [Neel0l Theorem 4.11]).

Let v € it§, and extend the derivation D,» = Do+D, of L (£) C g, to a skew-symmetric derivation
of g, by requiring that D,/ (t§) = {0} (cf. §3.3). Since the derivation D, preserves the root space
decomposition of (g, )c, it follows from (3.1)) that p) can be extended to a representation

pr =" g, x RD, — End(L,()))
of the semi-direct product g, x RD,/ by setting
PA(Dy vy = ix (v = A)vy
for all v € Py and all v, € L, (X\) of weight -y, where x: Z[ﬁw] — R is the character defined by
(7.4) x((a,n)) = 2 +1/(a¥) for all (a,n) € Ay.

The representation py is said to be of positive energy if the spectrum of H,, := —ipx(D,/) is bounded
from below. If this is the case, the infimum of the spectrum of H, is called the minimal energy level
of px. In view of (|7.3]), the representation p) is of positive energy if and only if

infx(W,,.A - )\) > —00.
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To match the context of (namely, W, C GL(i’%) instead of W, C GL(i(t§)*)), we identify x
with an element of it§ by setting

X(p) = k(i x) = u(x) for all p € Z[A),

so that

(@A =N = k(@M =N, y) = w(@  x =, X)) =A@ Ly —y) forall@eW,.
With this identification, py is thus a positive energy representation if and only if
(7.5) inf)\(w\,,.x - X) > —oo.
Write x = xec + X° + xad € if§ for some x., xa € R and some x° € ify. Since for all (a,n) € va
X((a,n)) = w((a,n)f,x) = w((—i(F +v(a),a,0), (ixe, x°, —ixa))

= (0, X°) + xa(F +v(a) = a(x” + xav*) + xaty
we then deduce from that
(7.7) =) = and xq=1.

Define

(7.6)

A= A= Av€i(ty)” and x,:=x+ xavt € it%,
where we view v € it} as a weight in i(t§)* by setting v(c) = v(d) := 0.
Proposition 7.4. Let A € i(t§)* and x = x.c + X° + xqd € z’% Then
AWux = %) = A (Woxw = Xu)-
Proof. Let 7,: 17\7” — 17\/\0 be the group isomorphism provided by Proposition We claim that
A@X = Y) = A (Fu (@) Xy — x)  for all @ € W,
Given a tuple of roots a = («y, ..., ay) € A” | we use the notation
T(@,0) = T(an,0) - - T(ay,0) and To =Tq, ... Ta,-
It then follows from Lemma and lb that for all (z,h,t) € z'%,
T(a,0)-(2, Ry t) = (2, h,t) = (iu(fl‘,"(z,h,t)), —fl‘,"(z,h,t),O),
Ta(z, hyt) — (2, h,t) = —(O,fﬁ‘(z,h - ityﬂ,t),o).
Let now w € Wy, which we write as W = 7,7(a,0) for some x € Ty and some tuple of roots a.. Then
M (o (@)X = X)) = A (TaTa(ixe, X7+ xar®, —ixa) = (ixe, X° + xav?, —ixa))
= Mo (To-(ixes X° + xav® = £3(0), —ixa) — (ixe: X° + xav¥, —ixa))
= M (= xa(F 2) = (X = £ 00, 2) + 242, — 3 (x) — ixaz, 0))
(O = £2(0), @) = B = X0(£2 () + iea) + A (£2(X)
= M (£700) = (¢ = £ (00, 2) + 2452~ [2 () — ixax, 0))
= M- (ixe + i (£00),x° = £ (0, ~ixa) = (ixe, X%, —ixa))
= A(TaT(0,0)-(0Xes X°, —ixa) — (iXe, X° —iXa))
= A(ﬂ?.x — X)-
This concludes the proof of the proposition. O

Theorem 7.5. Let A € i(t§)* be an integral weight for g, with Ac = A(c) # 0. Then for any v,V € itg,
the following assertions are equivalent:

(i) The highest weight representation ﬁ:’”/: g, X RD,, — End(L,()\)) is of positive energy.
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(ii) M, :=inf )\,,()7\/\0.)(,, —Xy) > —00, where A, := X\ — A\ov €i(t§)* and x, = (V) +d € i’%.
Moreover, if M, ,» > —oo, then M, is the minimal energy level of ﬁ)'\/’”/.

Proof. This readily follows from (7.5)) and Proposition where the above description of x, follows
from (7.7). O

Proof of Theorem By Theorem iii), the Weyl groups of E;(E) and ZZJ”'(E) with respect to t§
coincide. By 1D the representation py: LY (¢) x RD, — End(L,()\)) is thus of positive energy if
and only if

inf/\(W,H_V.X - x) > —00,
where W,Hl, = Ww is the Weyl group of the slanted standard affinisation E‘d‘f”({’) of ¢ and x =

(V")F —v* +d (see (7.7)). Thus Theorem [Bffollows from Proposition where the character x in the
statement of Theorem [B| corresponds to x,+., = (v')* + u* 4+ d in the above notation. 0
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