PRESENTATION AND UNIQUENESS OF KAC-MOODY GROUPS OVER
LOCAL RINGS

TIMOTHEE MARQUIS AND BERNHARD MUHLHERR

ABSTRACT. To any generalised Cartan matrix (GCM) A and any ring R, Tits associated a
Kac-Moody group & 4(R) defined by a presentation & la Steinberg. For a domain R with field
of fractions K, we explore the question of whether the canonical map pr: G4(R) — &4(K)
is injective. This question for Cartan matrices has a long history, and for GCMs was already
present in Tits’ foundational papers on Kac—Moody groups.

We prove that for any 2-spherical GCM A, the map ¢pr is injective for all valuation rings R
(under an additional minor condition (co)). To the best of our knowledge, this is the first
such injectivity result beyond the classical setting.

1. INTRODUCTION

To any reduced root system @, one can associate an affine group scheme €94 over Z, namely the
(universal) Chevalley-Demazure group scheme of type ®, such that €04 (C) is the (universal)
complex semisimple algebraic group G¢ with root system ®; it is characterised by a few simple
properties (see [Dem65]), making it the natural analogue of G¢ over any (commutative, unital)
ring R. The value of €94 over a ring R is called a Chevalley group over R.

When R is a field, Steinberg [Ste68] proved that €04 (R) admits a presentation with generators
{za(r) | @ € ®, r € R}, subject to a few relations: one first introduces the Steinberg group
St(®, R) obtained by ensuring that the sets {zo(r) | r € R} are copies of (R,+) satisfying
certain commutation relations, and one obtains the desired presentation by adding relations
corresponding to so-called Steinberg symbols (see Remark for precise definitions). Denoting
by Go(R) the group defined by this presentation over any ring R, Steinberg showed that there
is a natural morphism ¢r: Go(R) — €Dg(R) which is an isomorphism whenever R is a field.

Since then, determining for which rings R the map g is injective (a ring satisfying this property
is called universal for ® in [AMS8]) has been an active topic of research, notably in the context of
algebraic K-theory: the kernel of St(®, R) — €Dg(R) is denoted Ko(®P, R), and the injectivity
of pr amounts to Ky(®, R) being generated by Steinberg symbols. Besides [Ste68], a few early
milestones regarding this question include the proofs of universality (for all ®) of the ring of
integers ([Mil71], [HR75], [Beh75]), of local or even semilocal rings with at most one residue field
Fy ([Coh66l, [Ste73]), of polynomial rings K[t] and Laurent polynomial rings K[t, ¢ ~!] for K a field
([Reh75], [Mor82)]), and of rings of the form Z[1/p1,...,1/p,] for suitable finite sets of primes
p1,--.,0r ([AMSS]). As a more recent result, let us for instance mention [Sin25, Theorem 1.3],
showing that for a Dedekind domain R, the polynomial ring Rl[t1,...,%,] is universal for some
root systems of large rank provided R is. Note that, despite all these positive results, even
Euclidean domains such as Z[1/p] for a prime p > 5 are not universal (see [AMS8] p.461]).
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Around the 1970’s, constructions of algebras and groups attached to generalised Cartan matrices
(namely, the Kac—Moody algebras and Kac—Moody groups, see [Kac90] and [Tit87]) began to
emerge, first as (infinite-dimensional) generalisations of semisimple Lie algebras and algebraic
groups, and progressively becoming important objects of study with a very rich theory in a
variety of domains, including geometric group theory, algebraic geometry, representation theory
and theoretical physics (see e.g. [Marl8] and the references therein).

More precisely, to any generalised Cartan matrix (GCM) A = (a4;)i jer, Tits associated in
[Tit87] a group functor & 4 over the category of ring&ﬂ defined at each ring R by a presentation
@ la Steinberg (in particular, & 4(R) coincides with Gg(R) for A a Cartan matrix with root
system ®). On the other hand, Mathieu constructed in [Maf89] an ind-group scheme &5™*,
which coincides with €Dg for A a Cartan matrix with root system ® (see [Roul6l 3.8]), and
such that for each ring R, there is a natural morphism ¢gr: &4(R) — 65" (R). When R is a
field, this morphism is injective, but its image is much smaller than &%"*(R): in fact, 8% (R)
is naturally a Hausdorff topological group in which & 4(R) embeds as a dense subgroup (at
least in the generic case). The groups ® 4(R) and &5 (R) for R a field are then referred to as
minimal and mazimal Kac-Moody groups (where “minimal” should be understood as “being
generated by the |I| copies of SLy(R) attached to the simple roots”). In [Tit87], Tits also
asserted the existence of a group functor associated to A and satisfying a few simple axioms
which any reasonable “minimal Kac—-Moody group functor” ought to satisfy, and proves that
the restriction of such a functor to the category of fields is uniquely determined (and coincides
with &4). Such a functor %" turns out to be unique (at least over domains, see [MarlS|
Proposition 8.129]): for each ring R, the group &% (R) can be constructed as the subgroup of
&5 (R) generated by the |I| fundamental copies of SLa(R) (see [Marl8, §8.8]). In particular,
g can be viewed as a morphism

¢r: Ba(R) — 8" (R) C 83" (R),

or if R is a domain with field of fractions K, as the canonical map & 4(R) — & 4(K) since
GU"(R) C B3 (K) = &4(K).

The question of whether &4 is the “good” minimal Kac-Moody group functor over certain
categories of rings beyond fields, or in other words, of knowing for which rings R the map
or: G4(R) — 8Y"(R) is injective, is already very much present in Tits’ foundational papers
(see e.g. [Tit85, §6] and [Tit89, §3.5]). In this paper, we prove that for any 2-spherical GCM
A = (aij)ijer (that is, such that a;;a,; < 3 for all ¢,j € I with ¢ # j), the map pr: &a(R) —
S (R) is injective for any local ring R that is a Bezout domain (in other words, for any
valuation ring), up to a minor technical condition (co) (see below). To the best of our knowledge,
this is the first such injectivity result beyond the classical setting of Cartan matrices. Note that
the groups B4 (R) over rings R with a discrete valuation have been investigated over the past
decade (see for instance [GR14], [Roul6] and [BPHR25]) with the aim of extending the classical
Bruhat-Tits theory [BT72] of semisimple algebraic groups over fields with a discrete valuation.

To establish our result, we actually prove a more precise statement, namely that &3 (R) can
be presented as a Curtis—Tits amalgam: for each subset J of I with |J| < 2, let G g denote the
Chevalley group ¢®g,(R), where ®; is the root system with Cartan matrix Ay = (ai;)i jeJ-
Thus, for each distinct 4, j € I, the group Gy; jyr is a copy of SLa(R) x SLa(R), SL3(R), Spy(R)
or of ¢D¢,(R), depending on whether a;ja;; = 0,1,2 or 3, while G;g and G, are its rank 1

176 simplify the exposition, we only mention in this introduction the Kac—-Moody group functors of simply
connected type — see Remark 2) concerning the general case.
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subgroups, isomorphic to SLy(R). We define the Curtis—Tits amalgam CT o(R) as the limit of
the inductive systenﬂ of groups {Gyr | J C I, |J| <2}.

Consider the following condition (co) for a ring R:

(co) R has no quotient Fy if a;;a,; = 2 for some 4, j € I, and R has no quotient Fy or F3 if
a;ja;; = 3 for some 7,5 € 1.

Here is our main result.

Theorem A. Let A be a 2-spherical GCM and R be a valuation ring satisfying (co), with field
of fractions K. Then the canonical morphisms

CTA(R) = B4(R) — 85 (R) C &4(K)

are isomorphisms. In particular, the map & 4(R) — & 4(K) is injective.
The proof of Theorem [A] can be found in Section

Remark 1. Theorem [A]for R a field is the main result of [AM97]. More precisely, Abramenko-
Miihlherr describe in [AM97] two different approaches to show that a group acting chamber-
transitively on a thick 2-spherical twin building C (with an additional condition amounting to the
above condition (co)) can be presented as a Curtis—Tits amalgam, as in Theorem The second
approach, detailed in an unpublished preprint [M{ih99] by the second author, is of geometric
nature: it consists in proving that a certain chamber system Opp(C) associated to C is simply
connected (see §6] for precise definitions).

To prove Theorem |Al we introduce the notion of (simply connected) twin chamber system C (see
, which englobes the twin buildings mentioned above, but also similar objects constructed
from 2-spherical Kac-Moody groups over local rings (see . We then show, as in [Miih99], that
groups acting chamber-transitively on Opp(C) admit a presentation as a Curtis—Tits amalgam
(see Corollary . We expect Corollary to have further applications beyond Theorem

Remark 2.

(1) To prove Theorem [A] we show that the map CT4(R) — &%"(R) is an isomorphism,
thereby establishing the desired isomorphism &4(R) & &% (R). Of course, this also
shows that CT4(R) = &4(R), which recovers a result of Allcock (see [AIIL6, Theo-
rem 1.1(iv) and Corollary 1.3]) for valuation rings. Note that Allcock’s result that
CTA(R) & 64(R) when A is 2-spherical holds for arbitrary rings R satisfying (co);
in particular, for such rings, the injectivity of & 4(R) — &3*(R) is equivalent to the
presentation of &%3"(R) as the Curtis-Tits amalgam CT 4(R).

(2) One can define Kac—Moody groups &p(R) associated to more general data D than
the GCM A, called Kac-Moody root data — this corresponds in the classical case to
considering the different isogeny types of a semisimple algebraic group. For the purpose
of this introduction, we formulated Theorem [A] for the simply connected Kac-Moody
root datum D = DY as in [Marl8, Example 7.11] (that is, &4 = &ps), but we prove
Theorem [A|in the setting of arbitrary Kac-Moody root data (see Theorem .

2The embeddings of the rank 1 subgroups G;r in the rank 2 subgroups G{i,j}R considered in this paper
are the “standard” ones, namely, those such that the amalgam CT4(R) has a presentation with generators
{za(r) | " € R, a € U‘J|=2 ®;} and relations the union over all J C I with |J| = 2 of the relations in

Steinberg’s presentation of Gjr = €D, (R) (assuming R is universal for ®;, e.g. R a local ring).
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Note that Theorem [A] provides new universality results even in the classical setting. Indeed, let
A be a Cartan matrix with irreducible root system ®, and let A be the extended matrix of A
(see [MarIS8) §5.3]): this is a GCM, of so-called untwisted affine type, which is 2-spherical if ®
is not of type A;. Moreover, there is a Kac—-Moody root datum D associated to A for which
there is a natural morphism pgr: &p(R) — €Dz (R[t,t71]) that is an isomorphism whenever R
is a field (see [Marl8l §7.6]). Theorem |A| (or rather, Theorem then implies that for any
valuation ring R satisfying (co), the Laurent polynomial ring R[t,¢~'] is universal for ® (see
Remark [8.11)), thus generalising Morita’s result [Mor82] for such root systems.

Corollary B. Let ® be an irreducible reduced root system, and suppose that ® is not of type
Aj. Let R be a valuation ring satisfying (co). Then R[t,t™] is universal for ®.

Finally, note that, as soon as SLy(R) is elementary generated (such rings R are called GEq-rings
in [Coh66], and include local rings), the natural morphism pr: &4(R) — S5 (R) is surjective.
On the other hand, even if R is a GEs-ring and a domain, with field of fractions K, the image
under ¢g of the subgroup U of & 4(R) generated by the positive real root groups (see for
precise definitions) is in general properly contained in Ugin+ = Ug N &Y(R): this happens
for instance as soon as A is not 2-spherical, as observed by Tits (see [Tit87, Remark 3.10(d)]).
As a byproduct of our methods, we show that Ug and Ug‘in+ nevertheless coincide when A is
2-spherical and R is a local domain satisfying (co) — see Theorem [5.9(3).

Proposition C. Let A be a 2-spherical GCM and R be a local domain satisfying (co), with field
of fractions K. Consider the natural morphism ¢r: & 4(R) — &3(R) C & 4(K). Then

vr(Ug) = Ug N&R"(R).

The paper is structured as follows. After some preliminaries on Kac-Moody groups in Section [2]
we establish properties of these groups in the three next sections, under the different assumptions
on the ring R required for Theorem [A} for Bezout domains in Section [3] for rings satisfying the
condition (co) in Section [4] and for local rings in Section [5| In Section @ after briefly recalling
some terminology on chamber systems, we introduce the notion of twin chamber systems, and
state our main result about them (Theorem [6.3)). This result, which is of geometric nature and
is independent of the Kac-Moody setting, is proved in Section [7] Finally, in Section 8 we show
that 2-spherical Kac-Moody groups over valuation rings satisfying (co) yield simply connected
twin chamber systems.

Acknowledgement. We would like to thank Pierre-Emmanuel Caprace for useful comments
on an earlier version of the paper.

2. PRELIMINARIES

We start by introducing the notations and terminology that will be adopted throughout the
paper.

2.1. Rings. By a ring we always mean a commutative, unital ring. Given a ring R, we denote
by R* the multiplicative group of its units. We denote by Z—alg the category of rings, and by
Grp the category of groups.
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2.2. About SLj. Let R be a ring. We write By (R) (resp. B; (R)) for the subgroup of upper
(resp. lower) triangular matrices in SLa(R), and U (R) for the unipotent matrices of By (R).
We also let Eo(R) := (U (R), Uy (R)) denote the elementary subgroup of SLy(R).

Following [Coh66], we call R a GEa-ring if SLy(R) = E2(R). For instance, Euclidean rings and
rings of stable rank 1 (in particular, local rings) are GEs-rings.

Recall that a Bezout ring is a ring in which the sum of two principal ideals is again a principal
ideal.

Lemma 2.1. Assume that R is a Bezout domain, with field of fractions K. Then
SLy(K) = SLy(R) By (K).
Moreover,
Uy (K)( 21 6) B3 (K) =Y B (K),
where Y is a set of coset representatives for (SLa(R) — Bf (R))/By (R).

Proof. Consider a matrix M = (2 ) of SLy(K). Choose ¢,d € R relatively prime such that
cp+dr =0, and let a,b € R be such that ad — bc = 1. Then multiplying M on the left by the
matrix (¢4) of SLy(R) yields a matrix in By(K). This proves the first claim.

Since Y N B (K) = Y N (SLe(R)N By (K)) = YNBS (R) = @ and SLy(R) = yevoqn yBS (R),
it follows from the first statement that SLy(K) = By (K) U Y By (K). The second claim then
follows from the Bruhat decomposition SLy(K) = By (K) U U (K)( % §) B3 (K). O

We also recall that over local rings R, the group SLy(R) = E2(R) admits the following presen-
tation.

Lemma 2.2. Let R be a local ring. Then SLa(R) admits a presentation with generators
{z4+(r),z_(r) | r € R} and the following relations, for all a,b € R and r,s € R*:

(1) z+(a)ws(b) = zs(a+0b),

(2) 3(r)zs(a)s(r)~t = zx(ar®?), where 3(r) == x4 (r)az_(r~ai(r),

(3) - sh = (rs)*, where u" :=5(1)"'5(u) for all u € R*.
The isomorphism from this presentation to SLa(R) is given by x1(r) — (§7), z—(r) — (1. 9).
Proof. This follows from [Coh66, Theorem 4.1] and [Coh68, Corollary to Theorem 1] (note

that Cohn actually gives a slightly different presentation of SLa(R), but it is straightforward to
check that both presentations are equivalent, see e.g. [Hut22, Appendix A]). O

2.3. Kac-Moody root systems. Let A = (a;j)ijer be a generalised Cartan matrix
(GCM), that is, A is an integral matrix indexed by some finite set I, satisfying a;; = 2, a;; <0
and a;; =04 aj; = 0 for all 4,5 € I with ¢ # j. The cardinality of I is called the rank of A.

Let Q := ;¢ Za; be the free abelian group on the basis I := {«a; | i € I'}. The Weyl group
of A is the subgroup W = W(A) of GL(Q) (the Z-linear permutations of @) generated by the
simple reflections s; (i € I) defined by

S;: Q—)Q:ajHaj—aijai.
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The pair (W, S := {s; | i € I)) is then a Coxeter system, with the order m;; of s;s; (i # j)
satisfying m;; = 2,3,4, 6 or oo, depending on whether a;;a;; =0,1,2,3 or > 4 (see e.g. [Marl8|
Proposition 4.22]). We denote by ¢ = £g the word metric on W with respect to S. The matrix
A is called spherical if W is finite (equivalently, A is a Cartan matrix), and 2-spherical if
m;; < oo for all 4,5 € I with ¢ # j.

Set & = ®(A) := W.II C Q. Then ® coincides with the set of real roots of the Kac-Moody
algebra of type A, see e.g. [Marl8, § 3.5] (alternatively, ® can be W-equivariantly identified
with the set of roots or half-spaces of the Coxeter complex of (W, S), see [Marl8, Section B.4]).
In particular, if A is spherical of rank 2, then ® is a root system of type A; X A1, As, By or Gs.
Setting
P :=dN+Q; where Qi := @Nai cCQ,
iel

we have & = &, UP_. We call an element o € ®, a positive root and a € ®_ a negative
root; we then also write a > 0 or a < 0 accordingly. The height of a =}, ; n;a; € ® is the
integer ht(a) := >, c;ni. If J C I, we set ®1(J) := ®x NP, ; Zay;.

Two distinct roots «,3 € ® form a prenilpotent pair if there exist w,v € W such that
{wa,wp} C &4 and {va,vp} C P_. In that case, the (open) interval

Ja, Blni= {ia +jB | i,j € Ns>1} N
is finite (see [Marl8| §7.4.3]). If @ is spherical, then {«, 8} is prenilpotent if and only if 8 # +a.

2.4. Kac-Moody root data and tori. Let A = (a;;); jer be a GCM. A Kac-Moody root
datum associated to A is a quintuple D = (I, A, A, (¢;)ier, (hi)icr), where A is a free Z-module
whose Z-dual we denote AV, and where the elements ¢; € A and h; € AY satisfy (c;, h;) = ai;
for all i, € I. For instance, the unique Kac-Moody root datum D such that AY = @, ; Zh; is
called the simply connected Kac-Moody root datum, and is denoted D% (see [Marl8|, §7.3.1]).

To any Kac-Moody root datum D, one can associate a group functor T, : Z—alg — Grp, called
the split torus scheme, defined by Tx(R) := AV ®zR* for each ring R. Alternatively, T (R) =
Homyz,_14(Z[A], R) ~ Homg,p (A, R*), where the isomorphism AY ®7 R* = Homgyp(A, RX) is
given by the assignment

h@r— [r": A = R : X)) ::ro"h)]

For instance, if D = D, then Ty (R) = (r" | r € R*, i € I) = (R*)!I (see [MariS8, §7.3.3]).

2.5. The constructive Tits functor &p. Let D = (I, A, A, (¢;)ier, (hi)icr) be a Kac-Moody
root datum. For each v € & = ®(A), we consider a copy i, of the additive group functor
Gqy: Z—alg — Grp (given by G,(R) = (R, +)), by specifying an isomorphism

2yt RS U (R)awr xy(a) for each ring R.

For i € I, we also set for short z4; := 244,.

Definition 2.3. The Steinberg functor associated to A is the group functor Gts: Z—alg —
Grp defined as follows: for any ring R, we let &t4(R) denote the quotient of the free product
of all £, (R) for v € ® by the relations

[zo(a),z5(b)] = Hmv(Cf‘jﬂaibj) for all prenilpotent pairs {a, §} and all a,b € R, (RO)
v

where v = ia+j 8 runs through o, B[y and the integers C’iajﬁ are as in [Marl18, Proposition 7.43].



PRESENTATION AND UNIQUENESS OF KAC-MOODY GROUPS OVER LOCAL RINGS 7

Definition 2.4. The constructive Tits functor of type D (see [Marl8 Definition 7.47])
is the group functor p: Z—alg — Grp such that, for each ring R, the group Bp(R) is the
quotient of the free product Gty (R) * To(R) by the following relations, where i € I, r € R,
t € To(R), and where we set 5;(r) := x;(r)z_;(r~1)z;(r) for r € R* and 3; := 3;(1):

teai(r) -t =z (t(c)r), (R1)
5137 =5(0), (R2)
5(rh =3 cphi for r € R*, (R3)
5 -u-3, ' =sf(u) forueil (R), y€EO, (R4)

where the elements s;(t) € To(R) from and s} (u) € s, (R) from are as in [MarI8|
Definition 7.46].
We set for short Gr := &p(R). We can identify the root groups
Up :=Usr :=Us(R) (€ ®) and Tg:=T\(R)

with their image in Gr. We set

Uf := (Uar | a € &) C Gg, Bi :=TrUz and Ng:= (5, Tr|icI).
For w € W with reduced decomposition w = s;, ...S;, (i1,...,iq € I), we write
W:=3; ...8, € Ng;

as the notation suggests, @ only depends on w (see [Mar18| Proposition 7.57]).
For each i € I, we also set

Uiy = Uk NS:UR3 " Gig = (Uar,U-a,r) and Py = (Gig, Bf).
More generally, if J C I, we set
Uipi=(Uar | 0 € ®:(J)), Gyr:=(GigrlicJ) and Pi,:=(Gr, BL).
There is a Cartan—Chevalley involution wg € Aut(GRr) such that
wr(Uy) =U_q foralla € ®, wr(Tr)=Tr and wgr(s;)=3; foralliel.

Remark 2.5. Let R be aringand ¢ € I.

(1) The relation (R3] implies that 32 = (—1)" € Tg.

(2) The relation (R4)) implies that wU,w ~! = Uy, for all w € W and a € ®.

(3) Tr normalises each i, (R) (o € ®) by (2), (R1) and , and hence also Gg and Uz .

(4) Together with (R2), (1) and (3) imply that U(Jg)  is normalised by Ty and ;.
Remark 2.6. Let K be a field. The group Gk has the following properties (see e.g. [Marl8|
§7.4.6, §B.3 and B.4]).

(1) The assignment s; — s; defines a surjective morphism Ng — W with kernel Tx. The
pairs (Bjf, Ng) and (By, Nx) form a twin BN-pair for Gx. In particular, Gk admits
Bruhat decompositions

Gx = |[ BiuwBg.
weWwW



(2)

3)
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The group Gk also admits (refined) Birkhoff decompositions
Gk = |[ UFaTkU.
wew

Moreover, if u_nuy = 1 for some uy € Uﬂi(t and n € Ng, then u_ =uy =n=1. In
particular,
Bif NUg = Bx NUE = {1} (2.1)

If i € I, one has semidirect decompositions
Py = TG x UGy and Uy = Usam X Ul

In particular,
Ui N P = Usax, (2.2)
as Pt = Uzo,xBE U3, BE.

2.6. The Tits functor &3™. Let D = (I, A4, A, (¢;)ier, (hi)icr) be a Kac-Moody root da-
tum. In [Tit87], Tits asserts the existence of a group functor over the category of rings, called
a Tits functor, satisfying a small number of natural axioms (the axioms (KMG1)-(KMG5)
from [Tit87]), and then shows that, up to an additional nondegeneracy condition, the restric-
tion of such a functor to the category of fields is uniquely determined. Such a Tits functor
BBin: Z—alg — Grp has been explicitly constructed in [MarI8, §8.8] (see [Marl8, Proposi-
tion 8.128]). It has the following properties:

(Gminl)

(Gmin2)

(Gmin3)

(Gmin4)

BEIn comes equipped with group functor morphisms ¢;: SLy — &% (; € ) and
n: Ta — BB such that for each ring R, the group morphism ng: Ty (R) — SB(R)
is injective. We then identify Tr = T (R) with a subgroup of G'5'™ := &5 (R).

There is a (unique) group functor morphism ¢: &p — %" such that for each ring R,

the restriction of pr: Sp(R) — GBI (R) to Tg is the identity, and for each i € I,

%’R((l) ’{) = @R(xi(r)) and @iR( —17’ (1)) = @R(x—i(r)) for all r € R.

The morphism ¢g is injective on each Uyr (v € ®), and we keep the notations U,r,
x~(r), z1i(r) and 5; (i € I) for the corresponding objects in G'5™". We also set G;r :=
vr(G;r). Note that

eir( % §) =5 and Gig=pir(Ex(R)) foralliecl.
If Ry — Ry is an injective ring morphism, then the group morphism SR (R;) —
BB (Ry) is injective.

If K is a field, then px: &p(K) — BB (K) is an isomorphism. We then identify Gk
and G,

For a ring R, we set

—+ ; —+ —=
Up = ¢r(Ut) = (Uar | 0 € @1) CGR™ and By := ¢r(Bi) = TrUg.

For J C I, we also set

— . — ot
Gir=¢r(Gr) =(Gir |i€J) and P, g:=¢r(P7) = (Gsr, Bg).

Remark 2.7.

(1)

Note that GEa-rings are precisely those rings R such that ¢r: Gg — GBI is surjective.
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(2) If R is a domain with field of fractions K, then by (Gmin3) and (Gmind) we can iden-
tify G'B™ with a subgroup of Gk so that the natural map Gr — Gk coincides with
vr: Gp — G%in C Gk (we then also write pr: Gr — Gk for this map). Thus, if R is
in addition a GEy-ring, then G'8™ is just the image of G in Gk.

(3) If A is spherical and R is a local ring, then ¢p: Gg — GB™ is an isomorphism by
[Ste73| Corollary 2.14]. Since the result is only stated for D = D% in loc. cit., we will
also give a simple proof of this fact for local domains in

3. BRUHAT-LIKE DECOMPOSITION OF G'3'™ OVER BEZOUT DOMAINS

Let R be a domain with field of fractions K, and assume that R is a GEg-ring, so that
wir: SLa(R) — G'™ C Gk has image G, for each i € I. Set for short

Ei = (,07R(B;_(R)) and 67 = éiR'

For each i € I, we fix a set Y; = Y;r of coset representatives for (G; — B;)/B;, so that

yeY;U{1}

Lemma 3.1. Leti € I. Then Bf NG; = B;.

Proof. Let g € SLy(R) C SLy(K) be such that ¢;r(g) = ¢ik(g) € Bi, and let us show that

g € Bf (K) (so that g € By (R) and hence ¢;r(g) € B;, as desired). Otherwise, in view of the
Bruhat decomposition SLy(K) = B (K) U By (K)sBj (K) where s := ( ° §), we would have
vix(g) € Bif'3; By, contradicting the Bruhat decomposition in G. O

The following proposition and its proof is a straightforward generalisation of [Ste68, Theorem 15
p-99 and Corollary 1 p.115] (see also [Tit82), 5.3]).

Proposition 3.2. Assume that R is a Bezout domain. Let w € W, with reduced decomposition
W =S8 ...8i,. Then
CR™(w) := GBI N BFwBg =Y, ... Y, (GR" N By),
with uniqueness of writing on the right-hand side. Moreover,
apn = T cw).
wew
Proof. Set for short Bg‘inJr =GR N B]i(f. We prove the first claim by induction on d.

For d = 0, there is nothing to prove. Assume now that the claim holds for d, and let w € W with
reduced decomposition w = s;,5;, ...s;,. Recall from Remark (3) that UH'{ = UaiOKU(—;—o)K

and from Remark H that s;, normalises U, ('EO)K and Tx. Hence, together with Lemma

+= ot =t _ +
By $iyBx = Ua, kSiy B = Yi, By -
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Note also that Bf wBy = By 3;,Bi i, .. 5, By by [AB08, (2) p.320]. Since G'8™ contains Y;,,
it then follows from the induction hypothesis that
GE™ N B w Bg =GE™ N B s, Bisi, ... 5, By
mm ﬁY B]Ksil . ..SidB];(L

=Y, (GE" N BES, ... 5,B)

=Y, ...Y;,BE"t.
We also prove the uniqueness of writing by induction on d. Assume that y; ...y V' =vi, ... yi,b

for some b, € Bp™ T and some y;, , y; €Y. Then

yi_llygl...ygdblzyiz...yidb.

Note that y; 1y§1 either belongs to Bjf or to Bis;, Bi. But the latter case cannot occur,
for otherwise y;lygl oy be B3, Bisi, ... 3:,Bf = BiwB;, contradicting the fact that
Yio i,b € Bis;, wB. Thus yi_llygl € B NG;, = B;, by Lemma so that y;, = ¥,
because YZ1 is a set of coset representatives for (G;, — B;,)/Bi,.

The second claim follows from the Bruhat decomposition in Gk. d

4. GENERATION BY SIMPLE ROOTS GROUPS IN THE 2-SPHERICAL CASE.
Throughout this section, we fix a 2-spherical GCM A = (a;;); jer and a ring R.
4.1. Generators for U} .

Lemma 4.1. Let o € &4 \II. Then there exist i,j € I and v € W with va;,va; € @4 such
that o € Jvay, voy[n.

Proof. Let & € &, \II and let i € I and w € W with ¢(w) minimal such that a = wa;.
Since o ¢ II, w # 1, and hence there exists j € I with j # 7 such that {(ws;) < {(w )
(equivalently, wa; < 0, see e.g. [Marl8, Lemma 4.19]). Write w = wys; for some w; € W wit

(wy) = £(w) —

Note that {a;,«;} cannot be (the set of simple roots of a root system) of type A; x Ay, for
otherwise a = wys;ja; = wyay, contradicting the minimality of w.

If wsja; > 0, then we can take v := ws; since va; = —wa; > 0 and o = way e]vai,vaj [N=
w]ai — ajiozj, —ozj [N-

Assume now that ws;a; < 0, so that w = was;s; with £(ws) = £(w) — 2. Then {a;, oj} cannot
be of type Aj, for otherwise wa; = was;sja; = waoy; with £(w2) < £(w), contradicting the
minimality of w. Similarly, {a;,a;} cannot be of type Bs, for otherwise wa; = was;s;a; =
(was;)ay with £(wses;) < ¢(w), again a contradiction.

Thus {a;, a;} is of type Go. In this case, we can take v := we = ws;s;. Indeed, s;s;04 € oy, o[y
and hence a = wa; = vs;sja; € |va;, va,[y. Moreover, va; = waoa; > 0, for otherwise w =
wss;s;s; for some wg € W with ¢(ws) = £(w) — 3, and hence wa; = wss;sisjo; = (W38;85);
with ¢(wss;s;) < £(w), contradicting the minimality of w. Since, in addition, ve; = woa; =
—wsja; > 0, the claim follows. O

Proposition 4.2. Suppose that
(x) foralli,j €I withi# j: Uy C (Ua,,Ua,) < Gg for all o €lay, aj]n.
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Then Uf; = (U, | i € I) < Gr. Moreover, () holds whenever the following condition (co) is
satisfied:

(co) R has no quotient Fy if a;ja;; = 2 for some i,j € I, and R has no quotient Fy or Fy if
a;ja;; = 3 for somei,j € I.

Proof. Assume that (x) holds. We prove by induction on ht(«) that U, CV :=(U,, | i € I)
for all @ € ®. If ht(a) = 1, this is clear. If ht(e) > 1, then Lemma [4.1] yields 4,j € I and
v € W with vay, v € &4 such that a € Jvay, va;[y. By induction hypothesis, Uyq,, Upa; CV.
By (x) and Remark (2), VUL = Uy1gq C (U, Ua,), and hence Uy C (Upa;, Uva,) €V,
as desired.

The last statement follows from [All16] Lemma 11.1]. O

4.2. Rank 1 Levi decompositions.

Lemma 4.3. Assume that R satisfies (co) in case A is not spherical. Let i € I and € € {£}.
Then the following assertions hold:

(1) B3iBS = Ueo,5:B5%.
(2) Ui = Uca, UG-
(3) U(ei)R is normalised by Tr, Ue, and 5;, and intersects Uey, trivially.

In particular, G;rUf = URGir and G;rBy = BRGig.

Proof. Using the Cartan—Chevalley involution wg, it suffices to prove the lemma for e = +.

(1) Note that BE@BE = U;{E}Bg by . By assumption and Proposition Ug is generated
by root groups U,, (v € ®) such that {, o;} is a prenilpotent pair. Given such ay € ®,\{a;},
it is then sufficient to show that U, Uai’sviBE C Uai’sViBE. Since «; is the only root of @, mapped
to a negative root by s;, it follows from and that the commutator [U,,, U,] belongs

to U(Jg)m and hence that

U’YUOtigiB?%_ < UOMU“/[U’Y? Uai]giBE < UaigiBj%_’
as desired.

(2) The claim is equivalent to UE C Uai'sviUg’svi_l, or else to U;{Ei - UaigiU;{. This is in turn
equivalent to (1).

(3) The fact that U, (41.') g is normalised by Tg and s; follows from Remark 4). On the other

hand, if &73** and UXT \{a,y are the group functors defined in [Marl8 Definition 8.41] (where

A C Q4 is the set of positive roots of the Kac-Moody algebra of type A, see e.g. [Marl8|
§3.5]), then we have a semidirect decomposition {3*(R) = l,,(R) x YR oy (1) ([Marl8,
Lemma 8.58(4)]) and a morphism ¢: Uj — U%* T(R) mapping U,, (bijectively) onto $,, (R)
and U(Jg)R inside UR%\ (. (1) (see [Marl8, Definition 8.65 and Exercise 8.66]). In particular, if

u; € Uy, and u € UJ)R, ! = /! for some v/ € Uy, and v € UJ)R,
whereas ¢(uju’) € A\{a;}(1). Then ¢(u;) = 1 and hence u; = 1. This shows that U(JZT)R is

normalised by U,,, and the same argument yields that U (41.')  intersects Uy, trivially. g

then by (2) we have u;uu;



12 TIMOTHEE MARQUIS AND BERNHARD MUHLHERR

5. PROPERTIES OF Ggr OVER LOCAL RINGS

5.1. Setting for Section Throughout Section [5] unless otherwise stated, the GCM A =
(@ij)ijer is assumed 2-spherical, and R is a local ring, with maximal ideal L and residue field
k:= R/L. In particular, R is a GEy-ring (see §2.2). Consider the natural map

TR: GR—>Gk,

so that 7 is the composition of pp: Gr — G%‘i“ with G‘ﬁi“ — G‘,;‘i“ = Gg. By Lemma we
have morphisms

girt SLa(R) = Gr: (§1) = zi(r), (49) = zi(r)
for each i € I (that is, such that g o @;r = vir), and we set for short
Gi = Gir = ¢ir(SL2(R)) C Gr.

Finally, we write Uf for the kernel of mp|, =+ : Ulj;f — U,gt.
R

5.2. The kernel of 7p.

Lemma 5.1. Assume that R satisfies (co) in case A is not spherical. Let i € I. Then GiULjE =
UEa;.

Proof. Set U(f)L = U(f)R Nker mr. Recall from Lemma (2) that U% = UiuiRUé[)R. Since
this decomposition of U% is mapped under wr onto the corresponding semidirect decomposition
Uf = Uso,i ¥ U(f)k of UE (see Remark W(?))), we have

Ut = UmRU(f) rNkermp C UiaiRUéF)L.
Since G; normalises U(f) r and hence also U(jl.t) ;, by Lemma (3), we deduce that
G.UL C GG, = UGG CULG.

Taking inverses yields the reverse inclusion. 0
Lemma 5.2. Leti € I and g € G;. If mr(g) € ¢ix(B3 (k)), then g € ¢;r(U;y (L)By (R)).

Proof. Let h = (¢%) € SLy(R) with ;z(h) = g. Consider the canonical map m: SLz(R) —
SLa(k), so that p;, o™ = mr o @;p. By assumption, ¢;x o m(h) = wr(g) € @ik(Bj(k)). Since
ker p;rx C {£1d} C By (k), we deduce that w(h) € By (k), and hence ¢ € L. In particular,
ad =1+ bc € R* and hence a € R*. The lemma follows as

h=(23) = (e 1)(5 ) € Uz (DB (R). O
Proposition 5.3. Assume that R satisfies (co) in case A is not spherical. Then kermg C
U; Bf;.

Proof. Let g € kermg. Recall that Gg is generated by Tk and the rank 1 subgroups G;
(i €I). Letiy,...,iq € I be such that g € U, Gy, ... G,, B} and such that d € N is minimal for
this property. Assume for a contradiction that d > 1. Write g = u_g¢; ... g4b4 with ¢, € G,
u_ € Uy and by € Bf;. Note that g; ¢ $;.r(Uy (L)B5 (R)) for any s = 1,. .., d by minimality of
d, since G;U; = U, G; by Lemmaand BEGZ- = GZ-BE by Lemmafor any ¢ € I. It follows
from Lemma that mr(gs) € pix(SLa(k) — Bf (k)) for all s = 1,...,d. In particular, if we
set Y := @ir(Yy) (i € I) for some set Y} of coset representatives for (SLo(k) — By (k))/ B3 (k),
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then 1 = wgr(g) € Yilk...YidkB,j, contradicting the Bruhat-like decomposition of Gy (see
Proposition applied to R := k). O

Corollary 5.4. Assume that R satisfies (co) in case A is not spherical. Then
7' (B BY) = BrBj.

Proof. Proposition implies that 75" (B}, B)) = By kernrB}; C By Bj,. O

5.3. Injectivity theorem for Chevalley groups. Proposition allows to recover the fact
that or: Gr — G'B™ is an isomorphism when A is spherical and R is a local domain; since this
result, which we will need, is only stated for D = D% in [Ste73], we provide here an alternative
proof for the benefit of the reader (c.f. Remark 2.7)(3)).

Theorem 5.5. Let R be a local domain with field of fractions K. Assume that A is spherical.
Then the map pr: Gr — Gk is injective.

Proof. Let g € ker 9. By Remark 2), g is then in the kernel of Gg — G'B™, and hence in
the kernel of mg: G — Gy, (which is the composition of Gg — GE™ with GE™ — G = Gy,),
where k is the residue field of R. Propositionthen implies that g € UETRUIJ{, say g = u_tuy
with uy € Uz and t € Tr. Hence 1 = pgr(g) = pr(u_)pr(t)pr(uy), with pr(us) € Ui
and @g(t) € Tk. The Birkhoff decomposition in Gk (see Remark [2.6(2)) then implies that
us,t € ker pp. As pp is injective on Ug (see e.g. [Marl8, Exercise 7.62]) and on Ty, it follows
that g = 1, as desired. O

Remark 5.6. Let R be an arbitrary ring and assume that A is spherical. Let D = D*f be the
simply connected Kac-Moody root datum associated to A (see . Then the presentation
of B4(R) := &p(R) from Definition can be simplified as follows: & 4(R) has generators
{za(r) | @ € ®, r € R}, subject to the following relations, for all o, 8 € ®, 4,5 € I, a,b € R and
r,s € R*, where we set
5i(r) = 2o, (N T_g,(r Vg, (r) and M :=3(1)
(U) za(a)za(b) = zala+0b),

(C) For B8 # ta:

s(r7 1Y)

[wala),zs(®)] = [ 2,(Cfa'd),
v€la,Bly
y=ia+jp

(T) rhishs = (rs)h,
(SL2) 3i(r)esa, (@)3:(r) ™) = 2rq, (arT2).

If, moreover, the Dynkin diagram associated to A has no connected component of type A1, then
the relations (SL2) can be omitted (see [Ste68, Theorem 8 on p.66]). The group defined by
the relations (U), (C) and (SL2) is called the Steinberg group St 4(R), while the extra relations
(T) are referred to in the literature as the Steinberg symbols. If ® is the root system of A,
the kernel of the canonical map St4(R) — €Dg(R) is denoted K3(®, R). In the language of
algebraic K-theory, the injectivity of this map is then equivalent to Ko(®, R) being generated
by Steinberg symbols.
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5.4. Comparing U; and GH" N Uﬂg. In order to compare U; and G5 N Ug for R a local
domain with field of fractions K and to prove Theorem[5.9]below, we will need to briefly introduce
the maximal Kac-Moody group functor 8" from [Mar18| §8.7]. This is a group functor over
the category of rings defined as an inductive limit of certain affine schemes B(w) for w € W
(with respect to closed immersions B(w) — B(w’) whenever w < w’ in the Bruhat order on
W), and which is constructed from an affine group scheme (7% (already mentioned in the
proof of Lemma 3), and such that 4% (K) contains Uy for every field K — see [MarI8|
Proposition 8.117]), the torus group scheme T, and copies ¢;(SLa) of SLa, one for each i € T
(see loc. cit.).

For each ring R, the group GB™ introduced in is in fact defined as the subgroup of 8" (R)
generated by Tp(R) and ¢;r(SLa(R)) for all ¢ € I (see [Marl8| Definition 8.126]). For ¢ € I,
we can define an affine group scheme P = B(s;) (see [Marl8 §8.7, p. 260]) such that
Pr*T(R) = Tr - pir(SL2(R)) - W3*T(R) C &P (R) for each ring R (in particular, P C

P+ (K) for each field K).

3

In Lemmas 5.7 and [5.§ below, A is an arbitrary GCM and R an arbitrary ring.

Lemma 5.7. Assume that R is a domain, with field of fractions K. Let i € I. Then
O™ (R) N4 () = W3 (R) and O™ (R) NP (K) = ¥ (R)

Proof. Let k € {R,K} and let X be one of the affine group schemes U%** or P"*+. By
construction, 81" (k) is an inductive limit of subsets B(w)(k) with w € W, where each B(w)
is an affine scheme and the natural inclusion X(k) — B(w)(k) (assuming s; < w in the Bruhat
order if X = P"* 1) comes from a closed immersion X — B(w) (see [Marl8, Definition 8.115]).
Let g € 65" (R) N X(K), and let w € W such that g € B(w)(R), which we may choose so that
s; < w. Let Ay, As be the Z-algebras representing B (w) and X respectively, and let p: A1 — Ay
be the surjective algebra morphism such that the inclusion X(k) — B(w)(k) is given by

X(k) =~ Hom(As, k) = B(w)(k) ~ Hom(A1, k) : f— fop.

By assumption, g € X(K) =~ Hom(As,K) is such that g o ¢ € Hom(A;, R) ~ B(w)(R)
B(w)(K). Hence g € Hom(Az, R) ~ X(R), as desired.

N

Lemma 5.8. Assume that R is a domain, with field of fractions K. Let i € I. Then:
(1) GBI N UL C Guinn U (R).
(2) GE" NP C GF" N (R).
Moreover, if R =K is a field, then the above inclusions are equalities.
Proof. (1) and (2) follow from Lemma as Gt C ¢Y"(R), U C U3 T(K) and P C
P> (K). Assume now that R = K is a field. Then the equality in (1) follows from [Marl8,

Corollary 8.76], and this implies the equality in (2) as P"* T(K) = Tk Gixt3* T (K) and Pl =
TKGZKUH%F. O

Theorem 5.9. Let R be a local domain with field of fractions K. Assume that A is 2-spherical
and that R satisfies (co) in case A is not spherical. Then:

(1) Prpy = G\ PE foralli e I.

— .
(2) TRU » = G N BE.
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(3) Up = Guin nUE
R — YR K-

Proof. (1) Let g € Gr be such that pr(g) € P, and let us show that pr(g) € ﬁj}% (the
case ¢r(g) € Py follows by applying the Cartan—Chevalley involution, as ¢r © wr = Wk © YR).
We have pr(g) € GE" N Py C GE™ NPT (R) by Lemma 2). In particular, if k is
the residue field of R, the image of ¢gr(g) under P T (R) — P"** (k) belongs to G N

K2

P> * (k) = P (where the last equality follows from Lemma 2) applied to R := k). In

otzher words, Tr(g) € Pjf. Hence g € 7' (P}) C kernp - P, C U P, by Proposition [5.3]
say ¢ = u_p;s with u_ € Uy and py € P. Thus ¢r(g) = ¢r(u_)er(p+) € P, where
or(u_) € Up C Uz and pr(p,) € Piy C Pl (see Remark H(Q)) As Uy NPL = U_nx
by in Remark ), we deduce that pr(u_) € U_o,,x NUp = U_,, g (this last equality
follows from [Marl8, Theorem 8.51(4)]) and hence ¢r(g) € U_aiRF:_R = FTR, as desired.

(2) If g € G is such that pr(g) € By, then pr(g) € FjR = éiRTRU; by (1). Since G;rNB; C
TrU}, by Lemma we deduce that ¢(g) € TrU 5.
(3) This readily follows from (2) and the fact that Tix N UZ = {1} (see Remark 2)) O

5.5. Intersections of parabolic subgroups of opposite sign. Consider the following con-
dition (Bir), which a ring R may or may not satisfy:

BinUp=B,NnTUL={1}. (Bir)
For instance, if R is a domain with field of fractions K, then R satisfies (Bir|) as in that case
Ei NUL C BE NUF = {1} (see 1) in Remark .

We again assume that A is 2-spherical, and consider a local ring R with residue field k. We
moreover assume that R satisfies (co) in case A is not spherical.

Lemma 5.10. Let J C I. Then G r Ny (By, BY) C TRU;pU k.

Proof. Let g € GyrNryr'(By, BYY). Then r(g) € TiG i N B, Bif. Consider the Kac-Moody
root datum D(J) := (J, As, A, (¢i)ie, (hi)ics) associated to Ay := (ai;)i jes, so that (the image
in Gr of) &p(y)(R) coincides with TrG g and &p(;)(k) = TG si. (see [Marl8, p.150]). The
Birkhoff decompositions

TiGor = 6p(k) = [ UpTeUf, and Gi = [] U, aT:U;
weWy wew
where W, := (J) < W (see Remark [2.6(2)) imply that
mr(g9) € TeG . N B,C_B,j = TkU;kUjk.
Corollary applied to &p()(R) then implies that g € TrU Uy, as desired. O

Lemma 5.11. Leti € I. Then Gig N BrB C U—a,gUa, rTx-

Proof. If g € G;r is such that pr(g) € E;E;, then mr(g) € B, B, and hence the claim
follows from Lemma with J = {i}. O

Proposition 5.12. Let J C I. Assume that R satisfies , Then ?—;R N ?;R =TrGR.
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Proof. Note that FfR = a(]RE; by Lemma Thus, it is sufficient to check that By N
é]RE; C TrGygr. Let g € By such that ¢g(g) € é]RE;, say vr(g) = ¢r(gsby) for some
gs € Gyr and by € BE. Recall that 7x is the composition of pr with G'B" — G’,;ni“ = Gy.
Thus, 7r(gs) = WR(gbf) € B, B;f. Hence g; € TRU; U 5 by Lemma say gy = tu_uy
for some t € Tk and u4 € UjER. Therefore,

1, =t =
pr(uZ't"'g) = pr(uiby) € BRN B =Tr
by the condition (Bir). Thus

er(9) = er(t)er(u_)or(-"t""g) € Tror(u_)Tr € TrG R,

as desired. O

6. TWIN CHAMBER SYSTEMS

We now come to the more geometric part of the paper, starting with some preliminaries on
chamber systems and simple connectedness, before introducing twin chamber systems and an-
nouncing our main result (Theorem about them. We then prove Theorem in Section
and connect twin chamber systems to Kac—Moody groups over local rings in Section

6.1. Chamber systems. Let I be a set. A chamber system over I is a pair (C, (~;)icr)
where C is a set whose elements are called chambers and where ~; is an equivalence relation
on C for each i € I. Given ¢ € I and ¢, d € C, the chamber c is called i-adjacent to d if ¢ ~; d.
The chambers ¢, d are called adjacent if they are i-adjacent for some i € 1.

If (C’, (~;)ier) is another chamber system over I, then a map f: C — C’ is called a chamber
map if c ~; d = f(c) ~; f(d) for all ¢,d € C and i € I. An automorphism of (C, (~;)er)
is a bijective chamber map C — C whose inverse is also a chamber map.

A gallery in (C, (~;)cr) is a finite sequence (co, ¢1, . . ., ¢;) such that ¢, € C for all p € {0,...,k}
and such that c,—; is adjacent to ¢, for all u = 1,...,k. The number k is called the length
of the gallery. Given a gallery G = (cg,c1,...,c), we put a(G) = ¢g and w(G) =¢. If G is a
gallery and if ¢,d € C are such that ¢ = a(G) and d = w(G), we say that G is a gallery from
c to d or that G joins ¢ and d. The chamber system is said to be connected if for any two
chambers there exists a gallery joining them. A gallery G is closed if a(G) = w(G). A gallery
G = (co,c1,...,c;) is simple if ¢, # ¢, for all p e {1,...,k}.

Let G = (co,c1,---,ck) be a gallery. The reduced length of G is the number
B = < u<k| e # el

We define the k*-tuple A(G) = (A1,..., Ax+) and the reduced gallery G* = (c(,...,cf.) of G
as follows: we put ¢ = cp and A\g = 0, and define recursively

Ap=min{v | A\,—1 <v, c,1 # ¢} and ¢, =c\, forp=1,.. k"

“w
We call A(G) the A-tuple of G.

Given a gallery G = (co,c1,. . .,cx), we denote by G~ the gallery (cx,cx_1,...,co), and if H
(¢, ¢, ..., q) is a gallery such that w(G) = a(H), then GH denotes the gallery (co,c1,...,c, =
€ Chs- s ).

Let J be a subset of I. A J-gallery is a gallery G = (¢, ¢1,...,ck) such that for each u €
{1,...,k} there exists an index j € J with ¢,—1 ~; ¢,. Given two chambers ¢, d, we say that
¢ is J-equivalent to d if there exists a J-gallery joining ¢ and d and we write ¢ ~; d in this
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case. Note that ¢, d are i-adjacent if and only if they are {i}-equivalent. Given a chamber ¢ and
a subset J of I, the set Rj(c) :={d € C | ¢ ~; d} is called the J-residue of c.

6.2. Homotopy of galleries and simple connectedness. In the theory of chamber systems
there is the notion of m-homotopy and m-simple connectedness for each m € N. In this paper we
are only concerned with the case m = 2. Therefore our definitions are always to be understood
as a specialisation of the general theory to the case m = 2.

Let (C,(~i)ier) be a chamber system over a set I. Two galleries G = (cg,...,cx) and H =
(¢p, - .., cp ) are said to be elementary homotopic if there exist p, v, p/, v/ with0 < p <v <k
and 0 < p/ < v/ <k’ such that the following holds:

(H1) p=p' and ¢, = ¢;, for all n € {0,..., u}.
(H2) k—v=F —v'and ¢y = ¢}, _, forall n € {0,...,k — v}

(H3) The galleries (cy,...,c,) and (¢}, ...,c,,) are J-galleries for some subset J of I with
|| < 2.

Two galleries G, H are said to be homotopic if there exists a sequence G = Gy, G1,...,G; = H
of galleries such that G/,_; is elementary homotopic to G, for all u=1,...,1.

If two galleries G, H are homotopic, then by definition a(G) = a(H) and w(G) = w(H). A
closed gallery G is said to be null-homotopic if it is homotopic to the gallery (a(G)). The
chamber system (C, (~;);er) is called simply connected if it is connected and if each closed
gallery is null-homotopic.

6.3. Twin chamber systems.

Definition 6.1. An opposition datum C over a set [ is the collection of a pair (C, (~;)icr),
(C—, (~4)ier) of chamber systems over I, together with a symmetric relation op C (C4 x C_) U
(C- x Cy), called opposition. We call C a twin chamber system if it satisfies the following
axioms, for each € € {*}:

(TCS1) Let ¢,d € C. with ¢ ~; d for some i € I, and let z,y € C_, with  ~; y for some j € I.
If dopxopcopy, then either dopy or j = .

(TCS2) Let ¢,d € C. with ¢ ~; d for some i € I, and let x € C_, such that zopc. Then there
exists y € C_ with & ~; y such that copyopd.

(TCS3) For all ¢ € C, and all J-residues R; C C_, with |J| < 2, the sets ¢°P := {x € C_. | copz}
and c°? N R; are connected.

(TCS4) For all ¢ € C., there exists a chamber map w.: C_. — C. such that w.(z)opz for all
x € C_, and such that w.(c°?) = {c}.

We call C simply connected if both (Cy, (~;)icr) and (C—, (~;)icr) are simply connected.

We define the chamber system Opp(C) := {(z,y) € C+ x C_ | xopy} over I by declaring, for
each i € I, that (z,y) ~; (z/,y’) if and only if x ~; 2’ and y ~; ¥/.

Remark 6.2. Although we will not need this fact, we note that thick 2-spherical twin build-
ings are prototypical examples of simply connected twin chamber systems. More precisely, let
C = (C4+,C-) be a thick twin building, with associated codistance §*, in the sense of [ABOS|
Definition 5.133]. Thus C4 is the chamber system of a building (A%, %) in the sense of [AB0S|
Definition 5.1.1], and C is an opposition datum, with opposition relation copd < 6*(c,d) = 1.
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It easily follows from the twin buildings axioms that C satisfies (TCS1) and (TCS2). One also
checks that C satisfies (TCS4): for e € {+} and ¢ € C, choosing a twin apartment (3¢, ¥7°)
with ¢ € %€, there is for each chamber © € C_. a unique chamber w.(z) € X such that
0*(c,x) = §°(c,we(x)), and this yields a map w.: C_, — X C C¢ with the desired properties
(see [ABOS8|, Corollary 5.141(1)]). Assume now that C is 2-spherical (i.e. every rank 2 residue of
C+ is a spherical building) and that C+ does not contain any rank 2 residue isomorphic to one of
the buildings associated to the (twisted) Chevalley groups Ba(F2), Ga(F2), Go(F3) or 2Fy(Fs).
Then C also satisfies (TCS3) (see e.g. [ABOS, Remark 5.212]). Finally, C is simply connected
by [Ron89, Theorem 4.3].

We will prove in Section [7] the following theorem.
Theorem 6.3. Let C be a twin chamber system. If C is simply connected, then so is Opp(C).

Definition 6.4. Let C be an opposition datum over I. An automorphism of C is an automor-
phism of both (C4, (~;)ier) and (C—, (~;)icr) preserving the opposition relation op. We write
Aut(C) for the group of automorphisms of C. Note that Aut(C) also acts on Opp(C). We say
that a group G acts transitively on C if there is a group morphism G — Aut(C) whose image
acts transitively on Opp(C).

By the general theory of groups acting transitively on chamber systems (see for instance [Sch95]
Proposition 6.5.2]), Theorem has the following corollary.

Corollary 6.5. Let C be a simply connected twin chamber system, let (c4,c—) € Opp(C), and
let G be a group acting transitively on C. Let Jo be the set of subsets of I of size at most 2, and
for each J € J, let G; denote the set of g € G stabilising the J-residues of cy and c_. Then
G is the amalgamated product of the subgroups G; where J runs over Js.

Note that Corollary [6.5 when C is a thick 2-spherical twin building with no rank 2 residue
isomorphic to one of the buildings associated to the groups Ba(Fa), Ga(F2), Ga(F3) or 2Fy(F2)
(cf. Remark is the main result of [AM97].

7. PROOF OF THEOREM [6.3]

Let C be a simply connected twin chamber system over I, consisting of the pair (C4, (~;)ier),
(C—, (~4)ier) of chamber systems and of the opposition relation op.

For ¢ = (z,y) € Opp(C), we write ¢ := x and ¢~ := y. Given a gallery G = (co, c1,...,c;) in
Opp(C) and € € {+£}, we denote by G. the gallery (cf,ci,...,c5) of (Ce, (~i)ier).

Lemma 7.1. Let J C I. Let ¢ = (¢*,¢7) € Opp(C), and let di,dy € Ry(c) with dy ~; ds for

some i € J. Then there exists y € Rj(c™) such that di opyopds.

Proof. Let (¢t = c¢p,c1,...,¢6-1 = di,c;;, = d2) be a J-gallery, and let i, € J such that
Cu—1 ~i, ¢ for each p=1,...,k (so that ip =1). Set yo := ¢, so that yoopco. Using (TCS2)
repeatedly, we can inductively construct a sequence of chambers yg,y1,...,yr in C_ such that
Yu—1 ~i, Yp and ¢, _10py,opcy, for all p=1,... k. We can then set y := yy. O

Lemma 7.2. Let c4 € C+. Then the maps
C_- = Opp(C) : .+ (we, (x),2) and Cy — Opp(C):x — (z,w._(x))

are isomorphisms onto their image.
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Proof. This is immediate from (TCS4). O
Lemma 7.3. The chamber system Opp(C) is connected.

Proof. Let (cy,c_),(d4+,d—) € Opp(C). By Lemma the map C_ — Opp(C) : = —
(We, (z), ) is an isomorphism onto its image. As C_ is connected, there is a gallery in Opp(C)
joining (cy,c-) = (we,(c-),c-) and (d/, := we, (d_),d_). Again by Lemma the map
Cy — Opp(C) : © — (z,wq_(x)) is an isomorphism onto its image. Since C; is connected,
there is a gallery in Opp(C) joining (d,,d_) = (d/,,wq_(d!;)) and (d4,wq_(dy)) = (dy,d-), as
desired. O

Proposition 7.4. Let ¢ € C4, and let G = (cg,c1,...,c) be a closed gallery in Opp(C) such
that c:‘ =c forallp=0,...,k. Then G is null-homotopic.

Proof. By Lemma [7.2] the map 7: C_ — Opp(C) : © ~— (w¢(x), ) is an isomorphism onto its
image. By assumption, G = 7(G_). As C_ is simply connected, G_ is null-homotopic in C_,
and hence G = m(G_) is null-homotopic in Opp(C). O

Lemma 7.5. Let G be a gallery in Opp(C). Then G is homotopic to a gallery H = (co, ..., c)
such that for each p € {1,...,k} there exists an € € {&} with the property that c;,_; = cj,.

Proof. Reasoning inductively on the length of G, we may assume that G = (dy,dy). Let i € T
such that dT ~; df. By (TCS2), there exists y € C_ with y ~; dy (and hence also y ~; dy)
such that dj opyopd]. We can then take H = ((df,dy ), (dF,v), (df,y), (df,dy)). O

Lemma 7.6. Leti € I, let ¢,d € Cy with ¢ ~; d, and let (xo,21,22) be a gallery in ¢°P such
that xgopdopxs. Then there exists a gallery (xo = Yo,Y1,.-.,Yx = To) in d°P such that the
gallery

(<C7 Jfo), (Cv .’1?1), <C7 .’132), (da 90)7 RS (d7 yk:)7 (Cv JJQ))
is null-homotopic in Opp(C).

Proof. By (TCS1), either dopx; or x2 ~; x1 ~; xo. In the former case, we can choose k = 2
and (yo,y1,Yy2) = (2,21, x0). In the latter case, we can choose k = 1 and (yo,y1) = (2,20). O

Lemma 7.7. Leti € I, let ¢,d € Cy with ¢ ~; d, and let (xzg,...,zx) be a gallery in c°P such
that zgopdopxzy. Then there exists a gallery (xr = yo,Y1,-..,y1 = xo) in d°P such that the
gallery

((Cv SC()), SERE) (Ca Ik), (da y0)7 L) (d7 yl)7 (Cv :CO))
is null-homotopic in Opp(C).

Proof. We proceed by induction on k. If k = 1, the assertion is trivial; if k& = 2, the assertion
follows from Lemma [T.6] Assume now that k > 2.

If 21 € d°P then applying the induction hypothesis to the gallery G = (x1,...,z) yields a
gallery Hy = (yo = 2k, ...,y;, = 1) with the required properties. The claim then follows by
putting [ = 13 + 1 and y; = x. Similarly, if 25 € d°P, the induction hypothesis and the case
k = 2 yield the claim.

Assume now that z1,z2 ¢ d°°. By (TCS1), we have z¢ ~; 1. By (TCS2), there exists
z € ¢®® Nd°? with z ~; o (in particular, z # z3). Applying the induction hypothesis
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to the gallery (z,xo,...,x), we obtain a gallery (yo = zk,¥y1,...,Ym = 2) in d°P such that

((Cv Z)v (Ca xZ)a tey (C’ :L'k)a (da T = yO)) and ((Cv Z)a (dv = ym)? (dv ymfl)v ) (dv Yo = xk)) are
homotopic.

Let j € I be such that 1 ~; @2 and set J = {3, j}. Since xg ~; 1 ~j x2 ~; 2z, (TCS3) yields a J-
gallery (z =y, ...,y;, = xo) contained in d°P. Since ((c,zo), (¢, x1), (¢, x2),..., (¢, zk), (d,xp =
Yo)) is elementary homotopic to

((C7 Zo = yl/’)a (d? yll’)7 ey (d7 y(/) = Z)7 (Ca Z>7 (Ca 1‘2), IR (07 xk)a (d> Tk = y0)>7
which is homotopic to
((C7 To = yl/’)a (d7 yl/’)v sy (d7 y6 = Z)? (C, Z)7 (d7 z = ym)v (da ym,—l)a ey (da Yo = Z'k))
and hence to
((C7 Zo = yl/’)7 (d7 y;’)7 LER) (d7 y(/) =z= ym)7 (du ymfl)a R (du Yo = J}k)),
the gallery (yo,---,Ym = Y5, -- -, Y}, = o) has the required properties. O

Proposition 7.8. Let J C I be of cardinality at most 2 and let ¢ = (¢*,¢™) € Opp(C). Let

G = (co,-..,ck) be a closed gallery in Opp(C) with ¢y = ¢ = ¢ and suppose that c:; € Ry(c™)
forallw=0,...,k. Then G is null-homotopic.

Proof. By Lemma we can assume that for each p € {1,...,k}, there exists an € € {£}

such that ¢j,_; = cj. Let k* be the reduced length of Gy, let G = (cj,...,c;-) and let
A= (A1,..., A\g+) be the A\-tuple of G,. In particular, setting Ag := 0,
Cho1 = c}\"kl = c';‘ﬁl forp=1,...,k*, and cj. = cj\'k* = cz = ca' =ct.

For each € {1,...,k*}, we can choose by Lemma some d,, € R;(c™) such that
¢, 0pd;, 0pc,_y.
Put do = dk*+1 =c .

For y € {0,...,k"}, since d,,,d,, 11 € (c};)°P, we can choose by (TCS3) a J-gallery Z,, = (d,, =

2405 -+ -+ Zum,, = dyy1) contained in (¢},)°P. Let Z, denote the gallery
((Cru d,u = Z#O)a (C;ku Zﬂl)v sy (c;ku Zpm,, = d#+1))
in Opp(C).
For p e {1,...,k*}, since cj\ru =c,F = c}\:_l, the assumption made at the beginning of

the proof implies that Cr, = Crm1 = d;,.

For p € {1,...,k"}, since d}, = cx, and d, € (c})°P, we can choose by (TCS3) a gallery

w
X, = (dy = xpo, .- -, Tk, = d,) contained in (c;)°P. Let X, denote the gallery
((C;kmdu =Zu0), (c/*“xul), . (C:»xuku = d;))
in Opp(C).
For p € {1,...,k*}, since dj, = Cy,—1 and dy, € (cf,—1)°P, Lemma [7.7| (applied to (c,d) :=
() €—1) and (zo, ..., 21) = X,) provides a gallery Y, = (d}, = Y0, - - -, Yu, = dy) contained

in (c;,_1)°P such that the gallery

X (o dy), (hi1, d7))Y u((cimr, dp). (€, dp))
of Opp(C) is null-homotopic.
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For p € {0,...,k* — 1}, consider the gallery G, = ((c};,,d}, = c;H)7 s (s Crppra1 = d 1)) in
Opp(C), and set Gy = ((¢j, dj = ¢y, )5+, (Ches ¢ ). Then G can be decomposed as
G = Go((cp, dy), (e1,d7)Gr((cT, d3), (c3,d3))Ga - - - Grr -1 (G -1, i), (G, i) ) G
Since for each p € {1,...,k*}, the galleries ((c},_y,d},), (ch, d%)) and YV, ((cf_y,dp), (cf, du)) X
are homotopic by the previous paragraph, we deduce that G is homotopic to
Gl = GQ?]_((CS, dl), (CT, dl))ylGl?g .. .Yk*,le*,l?k* ((CZ*,l, dk*), (CZ* 5 dk*))Y,c* Gk*

On the other hand, Proposition implies that GoY; is homotopic to Zy, that YMGNYMH is
homotopic to Z,, for all u € {1,...,k*—1}, and that X Gy~ is homotopic to Zy~. In particular,
G’ is homotopic to

G" =Zo((cf,dv), (1, d1))Z1 - Zye —1 (e 1y diew ), (s die ) ) Zee

But G” is a closed gallery in R;((¢™,c™)) and is therefore null-homotopic, as desired. O

Lemma 7.9. Let G be a gallery in Opp(C) and let X be a simple gallery in C such that G*, and
X are elementary homotopic. Then there exist a gallery H in Opp(C) such that H is homotopic
to G and such that H} = X.

Proof. Let A\(G4) = (A1,..., ), let G = (cg, ..., ¢;), let X = (cq,...,c)) and let J, p, v, p/, v/
be as in the definition of an elementary homotopy from G7 to X: we have

* / * / * / * / * / * /
Co=Co G =01, -y €y =0cy and ¢ =Cpry Gy =Gy, -n, Cp = C
while the J-galleries (c};,...,c;) and (c},,...,c,,) are homotopic.
Write G = Gi(cy,,---,cx,)G2, as well as ¢\, = (cj,,a) and ¢y, = (¢}, b). Put I’ =v' — /. Since
c:‘, = ¢}, op a, a repeated use of (TCS2) allows to inductively construct a gallery (a = ao, ..., ar)

in C- such that ((c,/,a0), (¢} 41,a1),---,(c,,ar)) is a gallery in Opp(C). Since ¢;, = ¢ opb,
we can also choose by (TCS3) a gallery (ay = bo, ..., by = b) contained in (¢}, )°P.

v/

Set
H = G1((¢},00)5 (Cy1,01)5 -5 (Cpryar) = (¢, bo), (s 1), - oo (60, b1 ) ) Gl
Then G is homotopic to H by Proposition since (¢, ..., ¢,,) is contained in a J-residue.
Moreover, since (cL,, Clurgtr - ,¢,,) is a simple gallery, we have
HY = (¢t s ) (Cur = €y Cins oo s 6 = c3)(C5y ooy c) = X,
as desired. 0

If a gallery G is (resp. elementary) homotopic to a gallery H, we write G ~ H (resp. G — H).

Theorem 7.10. Let C be a simply connected twin chamber system. Then Opp(C) is simply
connected.

Proof. Let G be a closed gallery in Opp(C). Then G is a closed gallery in C;. Since C; is
simply connected by assumption, G can be transformed to a length zero gallery (c¢*) by a
sequence of elementary homotopies, say G — X1 — X3 — -+ = X, = (¢*) with each X,
a simple gallery. Applying Lemma inductively, we find galleries H,, in Opp(C) such that
G~ Hy ~Hy~ -~ H.and Hj, = X, forall p=1,...,r. As H, is null-homotopic by
Proposition the claim follows. O
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8. THE OPPOSITION DATUM OF G'B™"

Let R be a local ring, with residue field k. Assume that A is 2-spherical and that R satisfies
(co). The purpose of this section is to associate a twin chamber system to GB", to which we
can apply the results of §6]

Definition 8.1. We define the two chamber systems Cy = C4(G'8™) over I as follows. The
set of chambers of C4 is Gmi“/ﬁﬁ Set c(ﬂf = Eﬁ € Ci For g,h € G%ﬁ“, the chambers gcoi
and hco are z-ad_]acent for some ¢ € I (denoted gco ~; th) if h=lg € ﬁfR. Note that
Py =GBy = BiGir by Lemma [1.3]

Two chambers gcg and hc, with g,h € G are opposite (denoted gcg opg hey ) if h=lg €
BrpBg. We denote by C = C(G™In) the opposition datum of Gt consisting of the pair
(Ct, (~i)ier), (C—,(~;)icr) of chamber systems together with the opposition relation op = opp.
Note that G'8™ acts transitively on C.

Lemma 8.2. The opposition datum C satisfies the axiom (TCS1).

Proof. WLOG we may assume that ¢ = + (the proof is similar for e = —), that ¢ = ¢ and
that x = ¢; (because G5 is transitive on Opp(C)).

Since d € (cy)°Pr = Upcl and d ~; cf (that is, d € Gigcl), Lemma implies that
d = z_;(r)c§ for some r € R. Similarly, y = z;(s)c, for some s € R. If i # j, then d =
z_i(r)ef oprxj(s)cy =y because z;(—s)z_;(r)cy = v_i(r)zj(—s)cf = x_i(r)ef oprey. O

Lemma 8.3. The opposition datum C satisfies the axiom (TCS2).

Proof. As in the previous lemma, we may assume that ¢ = +, that ¢ = car and that = = ¢, .
Since R is local, it has stable rank 1, and hence SLy(R) = U, (R)U; (R)B5 (R). There thus
exist 7, s € R such that d = x;(r)z_;(s)cgd, and we can choose y = z;(r)cy - O

Lemma 8.4. The opposition datum C satisfies the axiom (TCS3).

Proof. To ensure that C satisfies (TCS3), it suffices to check that Uﬁ = (U1, (R) | i €I) (and
similarly for A replaced by Ay = (ai;)i,jes for any J C I with |J| = 2). This thus follows from
Proposition O

Lemma 8.5. The opposition datum C satisfies the axiom (TCS4).

Proof. WLOG we may assume that ¢ = + (the proof is similar for e = —), and that ¢ = ¢f
(because G'8™ is transitive on Opp(C)).

Recall from Remark [2.6) .(1 that the palrs (Bk , Nj) form a twin BN-pair for G = Gj,. In
particular, the chamber systems AF := (C+(Gy), (~i)ier) form a twin bulldmg (see [ABOS]
§6.3.3]), and we denote by d; the associated codistance function on (A}, A;), as in [ABOS|
Definition 5.133] (in particular, given two chambers c; of A} and c_ of A}, we have 0} (cy,c_) =
lyy if and only if ¢4 opy, c—). Let also 6 : Ch(AF) x Ch(AF) — W denote the Weyl distance
on AF as in [ABOS, Definition 5.1.1], where Ch(AF) = Gy/B is the set of chambers of A}
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Let
ﬁR : mln _) Gmln Gk

be the canonical map, so that mgp = Tg o R, and consider the chamber maps
Frt Co(GmM) o AE : By v 7r(g) BE.
Write ¢ = 7g(cg) = Bif for the fundamental chamber of A

Let X} = {wef | w € W} C C4(G%™M), so that WR\E+ I Zﬁ is an isomorphism from ¥}
onto the fundamental apartment ¥} = {wey | w € W} of A+ For each « € Ch(A,), let oy (x)
denote the unique chamber of ¥} such that &} (cf, z) = 6; (cd ,O'/C( )). Thenoy: Ch(A,) — X
is a chamber map (see [AB0OS, Lemma 5.139(1)]) such that x op;, ox(x) for all z € Ch(A} ) (see
[ABOS| Corollary 5.141(1)]).

Define the chamber map w.: C_(GR™) — SF C C(G'B") by setting

we(x) = (7~TR|2;)710;€(%R(33)) for all € C_(G%™).

Let now =z € C_ (Gmin), say © = gc; for some g € G so that 7r(x) = Tr(g)e,. Write
ox(7r(z)) = weg for some w € W. Since oy (Tr(x))opy, Tr(x), we have Tr(g) " weg opy

and hence Tr(g~'w) = Tr(g9)"'w € B, B;f. By Corollary this implies that ¢~ '@ € Fg?;,

that is, g~ 'wed opp g . Hence w.(x) = wel opp gcy = .

Finally, if © € ¢°Pr, then = g¢; for some g € E;;, and hence 7gr(z) = Tr(9)¢; opx . In
particular, w.(z) = (%R\EE)’l(Ear) =c. O

Corollary 8.6. Assume that A is 2-spherical and that R is a local ring satisfying (co). Then
C(G®™) is a twin chamber system.

Lemma 8.7. Assume that R is a Bezout domain, with field of fractions K. Then the map
min -+
C+(GB™) — C+(Gx) : By — 9B%

1s an isomorphism of chamber systems. In particular, C is simply connected.

Proof. By Lemma 2.1} . we have SLy(K) = SLQ( )By (K). In particular, for all ig,...,iq € I,
we have Gk . . szKB CGir-- szRBK, as follovvs from an induction on d using that
Gio]KGilK - Gid]KB]K - GiURB]K GilK Ce GidKBK - GioRGilK - GidKB]K R

where the last inclusion follows from the fact that BﬂzgéiK = éiKBH:g foralli € I (see Lemma.
This shows that
Gk = 6" (R)BE.
. + : —==+ + —=+ .
Since By N G4 (R) = By and Py N GY"(R) = P,p for all i € I by Theorem m the map

C(GB™) — C4(Gk) : gﬁi — gBZ is an isomorphism of chamber systems. Since C+(Gx) are
buildings and hence simply connected (see [Ron89, Theorem 4.3]), the claim follows. O

Recall that a local ring that is a Bezout domain is precisely a valuation ring, namely, a domain
R with field of fractions K such that for any nonzero x € K, at least one of z or —! belongs to
R. Corollary [8:6] and Lemma [8.7] sum up to the following theorem.

Theorem 8.8. Assume that A is 2-spherical and that R is a valuation ring satisfying (co). Then
C(G®™) is a simply connected twin chamber system, and G'5™ acts transitively on C(G'5™).
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We can now prove our main theorem.

Theorem 8.9. Assume that A is 2-spherical and that R is a valuation ring satisfying (co). Then
G™In is the amalgamated product of the system of subgroups {TrRG r = TrGr | |J| < 2}. In
particular, the morphism pr: Gr — GR™ is an isomorphism, which restricts to isomorphisms
U;% — Uﬂf NGR™, where K is the field of fractions of R.

Proof. Note that the restriction of ¢r to the subgroups TrG g is injective by Theorem
whence the equality TrGsr = TrGsr. By Theorem , C(G™™) is a simply connected twin
chamber system and G'B™ acts transitively on C(G'3™). Moreover, if J C I with |J| < 2, then
the stabiliser in GR of the J-residues of ¢, and c_ is P} N P, and therefore coincides with
TrG jg by Proposition (recall that domains satisfy ) The first statement thus follows
from Corollary

Denote by CTp(R) the amalgamated product of the subgroups {TrG g | |J| < 2}, so that we
have an isomorphism CTp(R) — GB™. Since the relations defining CTp(R) are satisfied in
G, we then have canonical injective morphisms

CTp(R) 5 &p(R) = 8™ (R) — 65™(K) = &p(K). (8.1)
The fact that the isomorphism pr: Gr — G'R™ restricts to isomorphisms Uﬁ — UH:('E N Gyin
follows from Theorem [5.9]3). O

Remark 8.10. Let A = (ai;)i jer and R be as in Theorem and assume that D = D5 (see
§2.4), so that T = (" | r € R*, i € I) =2 (R*)1]. For each J C I with |J| < 2, set
Tip:= (" |reR*, icJ) and Tj:= " |reRX, icl\J),

sothat Tp = Tjp X TR!. Note that G;rNTRr = Tyg (this follows for instance from Remark (2)
applied to G x and Gk). Hence TrRGyr = TI% X G yg is the quotient of the free product Té*GJR
by the relations

rh"xi% (a)(rh)=t = Tia, (art®i) forallie I\J, jeJ, r€ R* and a € R.

Since these relations are satisfied in Gy; jyr, and similarly the defining relations

rlishi = (rs)* and rhishi = shiphi forall4,j € I\ J and r,s € R®

of T} are satisfied in Grijiyr, it readily follows that CT 4(R) = CTp(R) is the amalgamated
product of the system of subgroups {G g | |J| < 2}.

Remark 8.11. To see that Theorem [8.9] implies Corollary [B] consider a valuation ring R
satisfying (co) and with field of fractions K, and let A = (a;;); jc5 be a Cartan matrix. Write

I={1,...,0} and set D := D Let ® be the root system of A, with simple roots oy, ..., oy,

and let # denote the highest root of ®. Assume that ® is irreducible and not of type A;. Recall
that & 5(K[t,t71]) = €D5(K[t,t71]) by [Mor82], where & ; = &5. We have to show that the
canonical map

Ur: Gx(R[tTTY]) = G 1(K[t, t71]) = €D (Kt,t71])
is injective.
Recall from Remark [5.6|that & 4(R[t,t~!]) has generators {Z,(P) | P € R[t,t*]} satisfying the

following relations, for all a,, 5 € ®, m,n € Z, a,b € R and r,s € R*, where we set
Na(Tt™) := T (rt™)Z_o(r ™) Zo(rt™) and  ha(rt™) := no (1) ng(r~ ™)

(U) Zo(at™)zo(bt") = Zo(at™ + bt™),
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(C) For B # +a:
[:Z'a (atm% fﬁ(btn)] _ H fv(égjﬂaibjtim-i_j”),
Y€, BN
y=ia+jB
(T) ha(rt™)he(st™) = ho(rst™m).

Set I :={0,1,...,¢}, and let A = (a;;); jer be the extended matrix of A (see [Marl8| §5.3]).
Since A is not of type A, the GCM A is 2-spherical. Let D be the Kac-Moody root datum
associated to A defined in [Marl8, p.160] (in_particular, Tp = (rh | r € R*, i € I) is the same
torus for both D and D), so that Theorem yields the injectivity of the canonical morphism
Yr: CTp(R) = &p(K) = €Dg(K[t, t']).
It is given by the following assignment, for all i € I and a € R (see [Marl8| §7.6)):
Tt (a) = VR(T1a,(a)), Tay(a) = Yr(Z_g(at)) and z_4,(a) = Yr(Te(at™)). (8.2)

To show that ¢p is injective, it thus suffices to check that the assignment

Tio, (@) = Tig,(a), Togla) s T_glat), x_az(a)r> Tg(at™) foric Tandac R (8.3)

defines, for each J C I with |J| < 2, a morphism TrG r — & z(R[t,t7!]), and hence also
a surjective morphism CTp(R) — & z(R[t,t™']) whose composition with v{p coincides with
g (the surjectivity follows for instance from [Marl8, Lemma 7.89]). Noting that under this
assignment,

50(7) 1= Ty (T)T g (1 )@y (1) = Z_g (1) g (r~ 12 _g(rt) = n_g(rt) (8.4)
and
rho =50 (1) 78 (r ) = n_g () g (rl) = hog () T h_g(rt ) = h_g(r) (8.5)

for all r € R*, it is now straightforward to check that the image in & 5(R[t,t~']) of the defining
relations of TrG s (see for instance Definition for the group &p(;)(R) = TrG R as in the

proof of Lemma [5.10) indeed follow from the relations (U), (C) and (T) (note that the integral
constants in the commutator relations in TrRG r and & z(R[t,t!]) are necessarily the same,
since both coincide with the corresponding constants in €D g (K[t,t71])).
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