Discontinuous

Galerkin
Method

r OJu + C(’?u
ot ox

I
<

u(t, L/2)

u(t,—L/2)
[ u(0,2) u

u(x)




C’est quol
physiquement
une equation
de transport ?



[a solution exacte
peut etre discontinue !

LEPL1110 : Legendre-DG




Avec peu d’¢léments lineaires. ..
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. ou beaucoup !




[.a méthode DG...

En effectuant une intégration par partie,
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En multipliant par l'inverse de la matrice de masse,

Ff(u")



[.’1dée originale de
[_esaint-Raviart. ..

Lesaint, P, & Raviart, P. A. (1974).
On a finite element method for solving the neutron transport equation.
Publications mathématiques et informatique de Rennes, (54), 1-40




The Discontinuous

so-called Galerkin

Method
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L’approximation est discontinue !




How to impose
the continuity

constraint ?

05F

£=1,A=100
Almost the classical upwind difference !
Stable, but a lot of numerical diffusion...
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Des fonctions de base
un fifrelin

LEPL1110 : Legendre-DG

astucieuses...
n‘l/
'e\'@"{'f’&s\%
¢o(z) = 1 }&"‘Wj
() = =
nén(z) = (2n—1)z ¢p_1(z) — (n—1) dp_2(z)



Et les deux matrices locales
discretes deviennent
s1 simples !



MECA1120 : homework 7

Discontinuous —
Galerkin E

]
U

Method

Time = 39.980 Iter = 1999 Step = 0.020



Implémentation de

la methode DG...
5t e (1) + 5o (v0) = 0




% 1+ 2 (ue) + 2 (we)

ot Oz

3
Z < ¢i¢j Ze

Oy

dt

dt

3

c(t,z,y) ~ f(t,zy) ~ Y CLt) dilz,y)
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En multipliant par l'inverse de la matrice de masse,

3
> AGBi(cM)/Je
j=1
Fg(c")

En fonction de la vitesse normale
le long d’un segment, on cacule les flux

a Pentrée du domaine :

B

= (ung + vny)

Equations
discretes




Un petit gyre
oceanique

bien connu...
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max(u) = 0.0548 max(v) = 0.1512

Comme évaluer cela prend beaucoup de
temps, on va calculer une approximation
linéaire discontinue de la vitesse !

(-1 + sqrt(l + (2 * M PI * delta * epsilon) * (2 * M PI * delta * epsilon))) / (2 * epsilon);

(-1 - sqrt(l + (2 * M PI * delta * epsilon) * (2 * M PI * delta * epsilon))) / (2 * epsilon);

D = ((exp(22) - 1) * 21 + (1 - exp(Zl)) * 22) / (exp(2l) - exp(Z2));

M PI / D * (1L + ((exp(Z22) - 1) * exp(x * Z1) + (1 - exp(Zl)) * exp(x * 22)) / (exp(Z2l) - exp(Z2)));

1 / D* (((exp(Z2) - 1) * Z1 * exp(x * Z1) + (1 - exp(Zl)) * 22 * exp(x * Z2)) / (exp(Zl) - exp(Z2)));

const double tau0 = 0.1;
const double L = leb6;

const double gamm = le-6;
const double rho = 1000;
const double delta = 1;
const double g = 9.81;

const double h = 1000;

const double f0 = le-4;
const double beta = 0.5e-11;
double Y =y - 0.5;

double epsilon = gamm / (L * beta) ;
double Z1 =

double 22 =

double

double f1l =

double f2 =

ul[0] =

v[0]

D * tau0 / (M PI * gamm * rho * h) * f1 * sin(M PI * Y);
D * tau0 / (M PI * gamm * rho * delta * h) * £2 * cos(M PI * Y);




Un joh
maillage. ..

Taille typique des éléments : 0.016 ... 0.032




Pas de temps = 0.8

Boum !
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Pas de temps = 0.06

Boum !

1IMINUOUS

le pas de temps...

Pas de temps = 0.04
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Le plus petit pas de temps

Plus petit élément
Vitesse maximale




The time

stepping
1ssue

C’est le plus petit élément qui est contraignant !
Tres treés ennuyeux !

MECA1120 : homework?7 MECA1120 : homework?7
Time = 6.993 Iter - 1000 Step = 0.00% Time = 6.990 Iter = 140 Step = 0.050
Endroit
le plus
critique !

—

Pas de temps = 0.05 :
140 pas

Pas de temps = 0.007 :
1000 pas




The time

stepping
1Ssue

890,000 triangles
Smallest element : 7 m
Largest element : 3,300 m
99.9 % > 60m

The time step is constrained by the smallest element .

YA\ « Use innovative time stepping procedures
- K+ Implicit-explicit IMEX) schemes
~— |« Multirate schemes (Bruno Seny)
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des moindres carr
ize = myProblem->mesh->nElem * nLocal + 1

Problem

.
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hamps sont

10n au sens

t s
t

femEdges *edges
in

femMesh *mesh
double *C
double

double

apprima
t myProblem->s

typedef struct {
in

} femAdvect
Ces trois ¢

Notre
probleme




Et calculons aussi
I’1nverse de
la matrice
de masse

.3333333333e-02
.1666666667e-02
.1666666667e-02

.1666666667e-02
.3333333333e-02
.1666666667e-02

.1666666667e-02
.1666666667e-02
.3333333333e-02

.8000000000e+01
.0000000000e+00
.0000000000e+00

.0000000000e+00
.8000000000e+01
.0000000000e+00

.0000000000e+00
.0000000000e+00
.8000000000e+01




Des triangles...

Number of nodes 4
0O : 0.0000000e+00 0.0000000e+00
1 : 1.0000000e+00 0.0000000e+00
2 : 0.0000000e+00 1.0000000e+00
3 : 1.0000000e+00 1.0000000e+00
Number of triangles 2
0 : 0 2
1 : 1 2

double *C = theProblem->soluce;
double a = 0.4;
double b = 0.7;

C[0] = a;
C[2] = a;
C[3] = b;
C[5] = b;
C[6] = O;

Nombre d’éléments : n =2

Approximation linéaire discontinue

Nombre de degrés de liberté intérieur : 3n !
On ajoute un degré de liberté pour ’extérieur

On a un vecteur de taille 3n+1




...et des segments

Number of nodes 4
0 : 0.0000000e+00
1 : 1.0000000e+00
2 : 0.0000000e+00
3 : 1.0000000e+00
Number of triangles 2

0.0000000e+00
0.0000000e+00
1.0000000e+00
1.0000000e+00

0 : 0 2

1 : 1 2

0 : 3 2 1 -1

1 : 1 3 1 -1

2 : 1 2 0 1

3 : 2 0 0 -1

4 0 1 0 -1
Sommets Eléments

L’orientation est en accord avec le premier

¢lement et opposée au second !




Obtenir
les indices des
degres de liberte

Number of nodes 4
0 : 0.0000000et+00
1 : 1.0000000e+00
2 : 0.0000000e+00
3 : 1.0000000e+00
Number of triangles 2

0.0000000e+00
0.0000000e+00
1.0000000e+00
1.0000000e+00

0 : 0 2

1 : 1 2

0 : 3 2 1 -1
1 : 1 3 1 -1
2 : 1 2 0 1
3 2 0 0 -1
4 0 1 0 -1

femAdvTriangleMap (myProblem, 1,map) ;

map[3] = {3,4,5};

femAdvTriangleMap (myProblem, 0, map) ;

map[3] = {0,1,2};




Obtenir
les indices des
degres de liberte

Number of nodes 4
0 : 0.0000000e+00
1 : 1.0000000e+00
2 : 0.0000000e+00
3 : 1.0000000e+00
Number of triangles 2

0.0000000e+00
0.0000000e+00
1.0000000e+00
1.0000000e+00

0o : 0 2

1 : 1 2

0 : 3 2 1 -1
1 : 1 3 1 -1
2 : 1 2 0 1
3 : 2 0 0 -1
4 0 1 0 -1

femAdvEdgeMap (myProblem, 2 ,map) ;

map[2][2] = {{1,2};{3,5}};

femAdvEdgeMap (myProblem, 4 ,map)

.
14

map[2] [2] = {{0,1};{6,6}};




Help...
Protfessor
It blows up !

MECA1120 : homework 7

Time = 4.000 Iter = 199 Step = 0.020

jac =

Time = 4.000 Iter = 139 Step = 0.020



Commencer
par le petit
maillage !

Number of nodes 4
0 : 0.0000000e+00
1 : 1.0000000e+00
2 : 0.0000000e+00
3 : 1.0000000e+00
Number of triangles 2

0.0000000e+00
0.0000000e+00
1.0000000e+00
1.0000000e+00

0o : 0 2

1 : 1 2

0 : 3 2 1 -1
1 : 1 3 1 -1
2 : 1 2 0 1
3 : 2 0 0 -1
4 0 1 0 -1

map = dg.edgeMap (myProblem, 2)

map = [[1,2],[3,5]]

map = dg.edgeMap (myProblem, 4)

map = [[0,1],[]]




R

O

Un probleme
tout simple
tout d’abord

A< C
o
=R

1t=0.0 | t=0.2 - | t=04 i
‘
dt = 0.04 .

| t=0.6 | t=0.38 [ t=1.0
‘lllillll ‘IIIIII!I IIIIII|L;

t=1.2 t=14




‘ advectionAddIntegralsTriangles (theProblem) ;
advectionAddIntegralsEdges (theProblem) ;
advectionMultiplyInverseMatrix (theProblem) ;

O < c
Il
oSS =

t= 0.0 1 t=0.2 t=04

+0.0e+00

+0.0e+00

+0.0e+00

+0.0e+00

+0.0e+00

+0.0e+00

+0.0e+00

-- after triangles
+0.0e+00 .
+0.0e+00

10, 00t00 Sanlty
+0.0e+00

+0.0e+00

e check #1

-- after edges




Comment imposer
un flux de matiere
sur le cote gauche ?




advectionAddIntegralsTriangles (theProblem) ;
advectionAddIntegralsEdges (theProblem) ;
advectionMultiplyInverseMatrix (theProblem) ;

+5.0e-01
-5.0e-01
-2.8e-17
+2.8e-17
-5.0e-01
+5.0e-01

+4 .4e-16

-- after edges
-1.1e-15
+1.0e-15
-2.8e-17
+2.8e-17
+9.2e-16
-1.1e-15
+4.4e-16

-- after triangles

Flux a gauche =1

1 t= 0.0 | t=0.2

Sanity
check #2

O < c

o
— O

t=04




Number of nodes 4

0 0.0000000e+00 0.0000000e+00
1 1.0000000e+00 0.0000000e+00
2 0.0000000e+00 1.0000000e+00
3 1.0000000e+00 1.0000000e+00
Number of triangles 2

0 : 1 2

1 3 2

0 3 2 1 -1

1 1 3 1 -1

2 1 2 0 1

3 2 0 0 -1

4 0 1 0 -1

MECA1120 : homework 7

.0e+00
+0.0e+00
+0.0e+00
+0.0e+00

eoo1 +5.0e-01
+5.0e-01 =5.0e-01
+0.0e+00 +0.0e+00
+0.0e+00 -~ triangle 1
+0.0e+00
+0.0e+00
+0.0e+00
-- triangle 0

Time = 0.080 Iter = 2 Step = 0.040

Sanity
check #2

32



Number of nodes 4 +0.0e+00

0 : 0.0000000e+00 0.0000000e+00 Time - 0.080 Tted 10.0e+00 |,

1 : 1.0000000e+00 0.0000000e+00 +0.0e+00

2 : 0.0000000e+00 1.0000000e+00 +0.0e+00

3 : 1.0000000e+00 1.0000000e+00 +0.0e+00
Number of triangles 2 +0.0e+00

0 : 0 1 2 +0.0e+00

1 : 1 3 2 -- edge 4

: Sanity

o W NP+ Oo

O NRFHERELRW

HOMNMWNDN

ooorr
=

E check #2



O

ﬂ
: U=1
V=0
C=0
And now

e I . "




Time =

MECA1120 : homework 7

0.000 Iter -

0 Step -

0.040

[tération one :-)

advectionAddIntegralsTriangles (theProblem) ;
advectionAddIntegralsEdges (theProblem) ;
advectionMultiplyInverseMatrix (theProblem) ;

+0.0e+00
+0.0e+00
+0.0e+00
< u3¢i+v% s +0.0e+00
o 6y e € +0.0e+00
+0.0e+00
+0.0e+00
-- after triangles
+5.0e-01
+0.0e+00
+5.0e-01

L ¢;8c* >, +0.0e+00
+0.0e+00

+0.0e+00
-1.0e+00
-- after edges




Time =
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0.040 Iter -

1 Step -

0.040

[tération two :-)

advectionAddIntegralsTriangles (theProblem) ;
advectionAddIntegralsEdges (theProblem) ;
advectionMultiplyInverseMatrix (theProblem) ;

olon 0di \ &
< (u P +v6—y) Ce e

< ¢i,66* e

-4 .0e-02
+4.0e-02
+0.0e+00
+0.0e+00
+0.0e+00
+0.0e+00
+0.0e+00
-- after triangles
+4.6e-01
+8.0e-02
+4.6e-01

-4 .0e-02
+0.0e+00
+4.0e-02
-1.0e+00
-- after edges




Time =
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0.040 Iter -

1 Step -

0.040

[tération two :-)

advectionAddIntegralsTriangles (theProblem) ;
advectionAddIntegralsEdges (theProblem) ;
advectionMultiplyInverseMatrix (theProblem) ;

+5.0e-01
+4.0e-02
+5.0e-01-0.4e-02
-4 .0e-02
L ¢iBc" >, +0.0e+00
+4.0e-02
-1.0e+00
-- after edges
+4.6e-01
+8.0e-02
+4.6e-01
e uadhz N v6¢i s ~4.0e-02
oz ay e ~¢€ +0.0e+00
+4.0e-02
-1.0e+00
-- after triangles




] Cestquoi la solution ?

MECA1120 : homework 7 A A MECA1120 : homework 7

Time = 0.000 Iter = 0 Step = 0.040 Time = 0.040 Iter = 1 Step = 0.040



