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NS equations (incompressible)
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Reynolds averaging
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Reynolds averaged NS (RANS) equations
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Reynolds averaged NS (RANS) equations
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Reynolds stress :

turbulent kinetic energy (TKE) :
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Effective « turbulent viscosity » model
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Momentum equation divided by the density
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Temperature equation (incompressible)
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Reynolds averaged temperature equation 
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turbulent heat flux density : 

rate of dissipation of the TKE : 
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Effective « turbulent thermal conductivity » model

model the turbulent heat flux density using an effective « turbulent thermal conductivity » :

turbulence « at equilibrium » : rate of dissipation of TKE = rate of production of TKE 
(see the TKE equation; not developed in this course) : 
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Temperature equation divided by the density and the 
specific heat
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Steady and 2-D mean flows
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Steady and 2-D mean flows: model
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Steady and 2-D mean flows: model
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Fully developed turbulent channel flow
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Fully developed turbulent channel flow
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 Note:     is here measured from the bottom wall

The profile of the total shear stress (molecular + turbulent) is linear ! 
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Fully developed turbulent channel flow
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High Re channel flow simulation
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DNS = Direct Numerical Simulation 

all the scales are resolved !
Lee and Moser 2015



velocity profile obtained from the DNS
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turbulent viscosity obtained from the DNS
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wake function obtained from the DNS
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red : model by Winckelmans and Duponcheel, PhysRev Fluids (2021)  



wall-resolved LES of a channel flow

cross view

side view

LES = Large Eddy Simulation 

not all the scales are resolved,  
yet many scales are ! 

  
hence the need to model the  
effect of the sub-grid scales  
(SGS) on the resolved scales
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SGS model used: a high-pass filtered SGS viscosity model 
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Good agreement of our LES with the reference DNS



Thermally developed turbulent channel flow
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Thermally developed turbulent channel flow
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Fully developed turbulent boundary layer
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Fully developed turbulent boundary layer

this is the « Townsend term »
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Fully developed turbulent boundary layer
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(thus neglecting the variation in  of the Townsend term !)  x
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The boundary layer equations for the velocity field are finally taken as :

As to the boundary layer equation for the temperature field, it is obtained as :



velocity profile obtained from a DNS
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wake function obtained from a DNS

red : model by Winckelmans and Duponcheel, PhysRev Fluids (2021)  
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Turbulent shear stress profile:  channel versus boundary layer
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• Case with constant density:


• it suffices to include the hydrostatic pressure into the 
definition of the kinematic pressure:


• then nothing changes: we obtain the same Navier-Stokes 
equations for incompressible flows as before, and thus 
also the same RANS equations, and the same physics.

Adding gravity
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• Case with small variations of density  (yet still assuming that 
the flow remains incompressible = Boussinesq approximation):


• we then define the kinematic pressure as:


• we obtain an added « buoyancy term » on the RHS of the 
momentum equation for     :  


• and thus also in the RANS equation for     : 
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