
Where are you ?

Computational Geometry
6 : Point Location
pages 121-144

Let S be a planar subdivision with n edges. 

The planar point location problem is to store S in 
such a way that for a given point q, we can report 
the face f of S that contains q.
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A first very simple
data structure

We draw vertical lines 
through all vertices of the subdivision.

This partitions the plane into vertical slabs.

This procedure
divides the plane

into vertical slabs

Each slab is then divided
by some line segments
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First, we do a binary search in x !
Then, we do a search in the slab !

Only two searches in one-dimensional lists

Query time
is good !

Storage
is bad !



Trapezoidal Maps

We draw two vertical extensions from every endpoint p of a segment 
in S, one extension going upwards and one going downwards. 

The extensions stop when they meet another segment.

Let S be a set of segments in general position
T(S) is the trapezoidal map of S
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Let us inspect
the left side
those trapezoids
It generates to a  point !

It is the lower vertical 
extension of the left top that 
abuts on the bottom !

It is the upper vertical 
extension of the left bottom 
that abuts on the top !

t consists of the upper and 
lower extensions of the right 
endpoint of a third segment !
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Complexity
of the trapezoidal maps

It generates to a  point !

It is the lower vertical 
extension of the left top that 
abuts on the bottom !

It is the upper vertical 
extension of the left bottom 
that abuts on the top !

t consists of the upper and 
lower extensions of the right 
endpoint of a third segment !
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Specialized data structure for each trapezoid

• Top, Bottom, Leftp, Rightp
• Pointers to its at most four neighbors

Adjacents
Trapezoids

Let S be a set of segments in general position
T(S) is the trapezoidal map of S

Let S be a set of segments not in general position
T(S) is the trapezoidal map of S
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A directed acyclic graph
as the search
structure 

The search structure D and the trapezoidal map T(S) 
computed by the algorithm are interlinked.

•A trapezoid of T(S) has a pointer to the corresponding leaf of D.
•A leaf node of D has a pointer to the corresponding trapezoid in T(S).
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A directed acyclic graph
as the search
structure 

White nodes : nodes

Does q lie to the left or to the right of the vertical 
line through the endpoint stored at this node ?

Gray nodes : segments

Does q lie above or below the 
segment s stored here ?



A Randomized
Incremental
Algorithm The loop invariant is that T is the trapezoidal map for Si, 

and that D is a valid search structure for T.
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How to
insert a segment 
in lines 4-6 ?

To modify the current trapezoidal map, we first have to know 
where it changes. This is exactly at the trapezoids that are 
intersected by the segments.

Our first task is therefore to find the intersected trapezoids.
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Updating both
data structures
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Updating 
both
data structures
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Complexity
of the trapezoidal
map algorithm



Dealing with
Degenerate
Cases

Composite numbers are used to deal with the case 
where points have the same coordinate. 

Let us have another look at such a symbolic perturbation, 
and will try to interpret it geometrically.



Composite
Number
Space

The first coordinate of any two composite points are distinct
The same holds true for the second coordinate. 

We construct kd-trees and range trees for this space with the order defined by 



Exercice 6
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