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The casting process 



Geometry 
of casting 

The object to be constructed is polyhedral. 
Molds of one piece, not molds consisting of two or more pieces. 
The object is removed from the mold by a single translation. 



Finding 
the translation 
direction … 

An ordinary facet induces a constraint. 
It is an inequality that describes  
a half-plane on the plane z = 1. 

… is a purely 
geometric problem 

Given a set of half-planes,  
find a point in their intersection  
or decide that the intersection is empty. 



Half-planes 
intersection 

This planar problem can be solved in expected linear time ! 
 
What is the meaning of expected ? 
If we try all its facets as top facets, we derive the theorem : 



Divide 
and conquer 
algorithm 

What remains is to describe the final procedure ?  
But wait—didn’t we see this problem before ? 

  
Indeed, we can compute the intersection of two polygons in O(n log n+ k log n) ! 

Moreover, k < n  ! 



But our  
polygonal 
regions are 
convex ! 

The new algorithm is a plane sweep algorithm: 
 
we move a sweep line downward over the plane,  
and we maintain the edges of C1 and C2 intersecting the sweep line. 
 
Since C1 and C2 are convex, there are at most four such edges.  
Hence, there is no need to store these edges in a complicated data structure. 



Handling 
an event 
in the sweep 
algorithm 



Half-planes 
intersection 

This planar problem can be solved in expected linear time ! 
 
What is the meaning of expected ? 
If we try all its facets as top facets, we derive the theorem : 



Incremental 
linear 
programming 



Incremental 
bounded 
linear 
programming 



In more 
detail 



Randomized 
linear 
programming 



Expected 
complexity 

Since the half-planes are added in random order,  
the probability that hi is one of the special half-planes 

is at most 2/i 

Linearity of expectation 



Smallest 
Enclosing 
Disk 

The simple randomized technique we used above turns out to be 
surprisingly powerful.  
 
It can be applied not only to linear programming but to a variety 
of other optimization problems as well. 



Smallest 
Enclosing 
Disk 



Expected 
running 
time for miniDiskWithPoint ! 

One of the points on the boundary is q,  
so there are at most two points that cause 
the smallest enclosing circle to shrink.  



Exercice 4 


