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Let us assume that people simply get their goods at 
the nearest site.  The trading area for a given site 
consists of all those points for which that site is 
closer than any other site ! 

The induced subdivision is called the Voronoi 
diagram of the set of sites. 



Voronoi Diagrams 
A universal structure ! 



Voronoi Cell Thus, the Voronoi cell is  
the intersection of n−1 half-planes. 

Hence, it is a possibly unbounded  
open convex polygonal region bounded  

by at most n − 1 vertices  
and at most n − 1 edges. 











Complexity  
Since there are n sites  

and each Voronoi cell has  
at most n − 1 vertices  

and edges,  

the complexity 
is at most quadratic. 



Largest empty circle 







Let us use a sweep line ! 

But, it is not so easy, because the part of Vor(P) 
above depends not only on the sites 
that lie above the line but also on sites below.  

Fortune 
Algorithm 

Watson 
Algorthm 



Crystal seeds growth 
and Voronoi diagrams 









The beach line ! 

The locus of points that arec loser to some site 
than to the line 
is bounded by a parabola.  

Hence, the locus of points that are closer to any site above  
than to the line 
is bounded by parabolic arcs 



Maintaining  
the beach line  
as the sweep line moves 

A site event will occur ! 

The new breakpoints  
coincide at first ! 

They move in opposite directions  
to trace out the same edge. 



What happens 
at a site event ? 

So now we understand what happens at a site event:  
a new arc appears on the beach line, and a new edge of the Voronoi 
diagram starts to be traced out.  

Is it possible that a new arc appears on the beach line in any other way ?  
The answer is no ! 



An arc disappears 
fromt the beach line 



Voronoi diagram : 
a doubly-connected 
edge list  

Data 
Structures 
Beach line : 
a binary  
search 
tree 

Events : 
a priority 
queue 



Designing 
Fortune’s 
algorithm 

All the site events are known in advance,  
but the circle events are not.  

This brings us to one final issue that we must 
discuss, namely the detection of circle events. 



A site event 
Locate the arc above  

Break the arc 



A new site  

Add a new edge 



A circle event 
Checking for potential 
circle events 

Converging 
breakpoints 
may not always 
yield a circle event 



A circle event 
Handling circle events 

Add vertex 
to the corresponding 
edge 



A circle event 
Deleting the disappearing arc 

Creating  
a new 
edge 



A circle event 

Check the new triplet 
for potential 
circle event 



End of the 
story 

Incorporate 
a bounding box 

Algorithm terminates when the queue is empty,  
but the beach line and its break points continue to trace Voronoi edges. 

Close those half-infinite edges with a bounding box 



O(n log(n)) 

Handling 
a site event 

Handling 
a circle event 

Each new site can generate at most two new arcs. 
The beach line has at most 2n+1 arcs. 
At most O(n) events in the queue list. 

The total running time is O(n log(n)) 



Is Fortune  
algorithm 
optimal ? 



Exercice 7 


