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ABSTRACT
The diffusion of Li in bulk Si and crystalline LiSi is investigated over a wide range of temperatures employing first-principles calculations
based on density functional theory, transition state theory, and the kinetic Monte Carlo method. Nuclear quantum effects are incorporated by
computing the vibrational spectrum and its effect on the effective energy barrier. The Li diffusion coefficient in bulk Si calculated with such
quantum effects is ∼33% lower than the classical limit near room temperature due to higher effective energy barrier and tends to the classical
limit at a high temperature (>1000 K). The presence of anharmonicity, estimated by the quasiharmonic approximation and the cBΩ model,
increases the diffusion coefficient by ∼60%. For Li diffusion in LiSi with multiple vacancy jumps, we obtain an effective diffusion barrier of
0.27 eV ± 0.01 eV. In the Li–Si system, the quantum mechanical effects are only marginally significant at room temperature.

Published under license by AIP Publishing. https://doi.org/10.1063/5.0007648., s

I. INTRODUCTION

The use of silicon as an anode material in Li-ion batteries (LIB)
has been investigated intensely for many years. With a gravimet-
ric capacity about ten times higher than graphite, Si-based anodes
can drastically improve the energy density of current LIBs. How-
ever, their actual use is limited by a huge volume change (up to
300%) during charging and discharging.1 This is due to complex
structural transformations that Si experiences during Li insertion
and removal.2 In order to understand the structural changes, it is
paramount to investigate the kinetics of Li in both bulk Si and
various lithiated phases.

Several experimental methods such as the potentiostatic and/or
galvanostatic intermittent titration techniques (PITT and GITT),3

nuclear magnetic resonance (NMR),4 electrochemical strain map-
ping (ESM),5 and electrochemical impedance spectroscopy (EIS)6

have been used to estimate Li diffusion coefficients in Si-based
anode materials. Nevertheless, an accurate quantitative measure-
ment of the Li diffusion coefficient in lithiated Si is still a challeng-
ing task because of phase transformations upon lithiation, precise
sample preparation, and controlling other experimental parameters.

Consequently, there is a large discrepancy in the experimentally
reported values of Li diffusivity in lithiated LixSi (x ≥ 1), spanning
4 orders of magnitude from 10−8 cm2/s to 10−12 cm2/s in room
temperature values.3,5–8

First-principles methods based on density functional theory
(DFT) have been very successful in providing an atomic-level
description of diffusion mechanisms as well as overall diffusivity val-
ues. Such DFT studies have shown that Li occupies the tetrahedral
(Td) site in the Si lattice during the initial phase of lithiation and
jumps to the adjacent Td site via the hexagonal (Hx) transition site.9

The diffusion barrier calculated from first-principles (0.59 eV)9–11

is in reasonable agreement with the experimental value of 0.655 eV
± 0.01 eV.12 However, most of these first-principles studies have
been limited to the calculation of the diffusion barrier, while the
diffusion coefficient is, at most, estimated.

In order to study the kinetics, DFT based ab initio molecular
dynamics (AIMD) simulations have been used frequently to com-
pute the diffusion coefficient. Despite the overall success of such
simulations, in particular, for electrolytes,13 the technique is lim-
ited to fast diffusion processes. It is, indeed, computationally expen-
sive and sometimes even infeasible to get the desired convergence,
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especially in dilute doping limits. Consequently, the diffusion coef-
ficients of Li in LixSi (x ≥ 1) calculated from AIMD simulations at
300 K show a variation of 5 orders of magnitude spanning from
10−9 cm2/s to 10−14 cm2/s.14–18 In order to speed up the simulation,
often AIMD simulations are generally conducted at high temper-
atures to accelerate the diffusion process, and the diffusion coef-
ficient is then extrapolated to room temperature. The discrepancy
in the reported values can be due to small errors, which are then
amplified by the extrapolation to room temperature. Additionally,
the diffusion mechanism at a high temperature may be qualitatively
different than at room temperature and the extrapolation of the dif-
fusion coefficient might not be a plausible approximation, especially
if there is a phase change and a consequent change in the diffusion
mechanism. In principle, enhanced sampling methods such as meta-
dynamics can also be used on top of AIMD simulations to speed up
the process; however, finding a set of collective variables to describe
the diffusion process can be challenging.19

Recently, Moon et al.20 studied Li diffusion in Si and various
LixSi alloys using the Kinetic Monte Carlo (KMC) method based
on the energy barriers calculated from first principles. They found
a diffusion coefficient of Li in LiSi in the range of 10−11 cm2/s
–10−12 cm2/s at 300 K with an effective barrier of 0.306 eV. Although
their results are in good agreement with the experimental data at
700 K, it is not clear whether they used classical or quantum approx-
imations in calculating the diffusion prefactor for the KMC studies.
Moreover, the treatment of atomic nuclei as pointlike classical par-
ticles may lead to inaccuracies in describing the motion of Li atoms,
even though to a lesser extent as compared to protons.21 A few stud-
ies21–24 have shown that nuclear quantum effects have a significant
contribution to the vibrational properties of lithium, which, in turn,
affects the jump rate and the overall diffusion coefficient. This sug-
gests that it is not trivial to neglect these effects a priori without any
quantitative or qualitative assessment, which has not yet been done
for the Li–Si system.

An approach to obtain a non-classical description of diffusion
based on the transition state theory (TST) has been proposed.24,25

The suggested method is computationally cheaper, yet it provides
a comparable accuracy to an expensive path integral (PI) based
on AIMD methods. This approach has been successfully tested
for hydrogen diffusion in metals,25 Li diffusion in graphite,24 self-
diffusion of Si,26 and many more systems.27–29 This method is often
used with the harmonic approximation for computing the phonon
frequencies, and it is important to estimate the effect of anhar-
monicity in the system that might become significant at a high
temperature.

The literature on anharmonicity in diffusion discusses mainly
two types of effects: (1) those due to the change in the lattice param-
eter owing to thermal expansion at a high temperature30,31 and (2)
those due to the phonon–phonon interactions.32,33 The first effect,
i.e., the volume change, is often studied through the quasiharmonic
approximations (QHAs) that provide a first order anharmonic cor-
rection.34 However, it can underestimate the phonon frequency
change when the phonon–phonon interactions contribute signif-
icantly in phonon softening at high temperatures.32 In order to
address both effects, Varotsos and Alexopoulos proposed the cBΩ
model35–37 that connects the Gibbs free energy (for defect formation
or for migration) to the isothermal bulk modulus (B) and the volume
per atom (Ω), changing as a function of temperature. The model

gives slightly better agreement with the experimental data as com-
pared to a similar model proposed earlier by Wert and Zener that
connects the Gibbs free energy of formation to the shear modulus,
μ, of the material.38,39

In the present work, the methodology based on TST is followed
and its limitations are discussed along with a measure of anhar-
monic effects in calculating the diffusion coefficient. We examine
Li interstitial diffusion in bulk Si, as well as Li diffusion in the crys-
talline lithiated phase LiSi. The LiSi phase is selected as it is difficult
to observe its formation in room temperature experiments due to
the slow kinetics of formation and narrow temperature range of
stability.40,41 Thus, it is often not considered in studying the Li–Si
system.3,42 However, it is a stable phase below 600 K, and it can be
synthesized at a pressure of 1 GPa–2.5 GPa and a temperature range
of 773 K–993 K (500 ○C–700 ○C).43,44 Thus, our study on Li diffu-
sion in LiSi might reduce the gap in the literature of the LiSi alloy.
The effect of anharmonicity is estimated by the cBΩ model and com-
pared with the quasiharmonic approximation. For this purpose, we
compute from first principles the temperature-dependent primitive
cell volume and bulk modulus for the LiSi phase, which had not
yet been computed or measured, to the best of our knowledge. Our
results provide a consistent interpretation of the experimental data
and an analysis of the quantum mechanical and anharmonic effects
for Li diffusion in the Li–Si system.

The paper is structured as follows: Sec. II presents the theoret-
ical details of the extended TST formalism to obtain the diffusion
coefficient and the computational details used for calculations. Sec-
tion III provides the results obtained for Li diffusion in bulk Si. Sec-
tion IV provides those for Li diffusion in the c-LiSi phase, and finally,
Sec. V summarizes our major findings and presents our concluding
remarks.

II. METHODS
A. Theoretical approach

The diffusion coefficient of a single interstitial atom in bulk
solid can be obtained by the transition state theory. Following
Vineyard’s work,45 it is written as

DTST(T) =
1
6
zR2τ(T), (1)

where z is the number of equivalent jumps, R is the jump distance,
and τ is the jump rate that depends on the temperature T. The jump
rate is, in turn, expressed in terms of the vibrational free energy
difference, ΔFvib, and the diffusion energy barrier, ΔE, between the
initial and the saddle point as45

τ(T) =
kT
h
e−[ΔE+ΔFvib(T)]/kT . (2)

If we consider the harmonic approximation for the lattice vibra-
tions with a quantum mechanical expression, ΔFvib

Q can be written
in terms of the vibrational frequencies at the saddle point (S) and at
the initial point (0) as

ΔFvib
Q (T) =

N−1

∑
i
{

1
2
hνSi + kT ln[1 − e−hν

S
i /kT]}

−
N

∑
i
{

1
2
hν0

i + kT ln[1 − e−hν
0
i /kT]}. (3)
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The classical limit of this expression is given by24

ΔFvib
C (T) = kT{

N−1

∑
i

ln(
hνSi
kT
) −

N

∑
i

ln(
hν0

i

kT
)}, (4)

where νi is the vibrational frequency of the ith mode with hνi being
the quantum of energy of the harmonic oscillator. The superscripts
S and 0 denote the initial point and the saddle point, respectively,
while the subscripts Q and C represent the quantum and classical
expressions, respectively. The summation in the saddle point case
runs only until N − 1 because there is one degree of freedom less
corresponding to the imaginary frequency associated with the nega-
tive curvature at the saddle point.46 The complete derivation of the
free energy using the partition function with the harmonic approx-
imation is explained in Appendix A. Substituting the expression
for ΔFvib from Eq. (3) in Eq. (1), the diffusion coefficient can be
written as

DQ(T) =
1
6
zR2 kT

h

∏
N
i 2 sinh( hν0

i
2kT )

∏
N−1
i 2 sinh( hνSi

2kT )
e−ΔE/kT . (5)

This expression for the diffusion coefficient correctly approaches the
classical limit given by the TST at high and low temperatures,25,45

lim
T→∞

DQ(T) = DC(T) = DTST(T)

=
1
6
zR2 ∏

N
i=1 ν

0
i

∏
N−1
i=1 νSi

e−ΔE/kT , (6)

lim
T→0

DQ(T) = DTST+ΔZPE(T)

=
1
6
zR2 kT

h
e−(ΔE+ΔZPE)/kT , (7)

where ZPE is the zero-point energy, defined as the low temperature
limit of Eq. (3) so that

ΔZPE = lim
T→0

ΔFvib
Q (T) =

N−1

∑
i=1

hνSi
2
−

N

∑
i=1

hν0
i

2
. (8)

The diffusion equation taking into account the quantum approxi-
mation [Eq. (5)] can also be written in the Arrhenius form as25

DQ(T) = D∗QA(T)e
−ΔEQA(T)/kT , (9)

where the temperature-dependent pre-factor and the energy barrier
are given by

D∗QA(T) =
1
6
zR2 kT

h
×

∏
N
i sinh( hν0

i
2kT ) exp[∑N−1

i=1
hνSi
2kT coth( hνSi

2kT )]

∏
N−1
i sinh( hνSi

2kT ) exp[∑N
i=1

hν0
i

2kT coth( hν0
i

2kT )]
,

(10)

ΔEQA(T) = ΔE − kT
N

∑
i=1

hν0
i

2kT
coth(

hν0
i

2kT
) + kT

N−1

∑
i=1

hνSi
2kT

coth(
hνSi
2kT
).

(11)

The above equations present the correct high and low temperature
limits such that Eq. (9) approaches Eqs. (6) and (7), respectively.
Note that Eqs. (10) and (11) are corrected versions of Eqs. (9) and
(10) of Ref. 25. Although Eq. (9) includes the zero-point energy, it
does not take into account the quantum tunneling effects that might
play a significant role for small Li atoms. Fermann and Auerbach47

suggested an approach to include the quantum tunneling effects as a
correction factor Γ to provide the overall diffusion equation as

DQ+Γ = DQΓ, (12)

where Γ is a dimensionless multiplying factor incorporating the
effect of thermally activated incoherent tunneling to the diffusion
equation. The factor Γ is defined as47

Γ(T) =
eΔE/kT

1 + e2πΔE/h∣ν‡ ∣
+

1
2 ∫

πΔE/h∣ν‡ ∣

−∞

eh∣ν
‡
∣θ/πkTsech2θdθ, (13)

in which ν‡ is the imaginary frequency associated with the curvature
at the saddle point. The above expression for Γ must be evaluated by
using numerical integration with a sufficiently lower limit for −∞.
At a low temperature, Γ becomes proportional to eΔE/kT ,47

lim
T→0

Γ(T)→ eΔE/kTe−2πΔE/h∣ν‡ ∣
(1 +

2πkT
h∣ν‡∣

), (14)

thus canceling the temperature dependence term e−ΔE/kT , resulting
in a non-zero diffusion coefficient as known from both theoret-
ical and experimental results. However, at a high temperature, it
becomes47

Γ(T) = 1 +
∞

∑
n=1

1
n!
(
h∣ν‡∣/kT

π
)[

θn0
1 + e2θ0

+
1
2 ∫

θ0

−∞

θnsech2θdθ], (15)

where θ0 = πΔE/h|ν‡|. This expression tends to 1 as T increases; thus,
the diffusion coefficient converges to the classical diffusion equa-
tion [Eq. (6)]. Therefore, this quantum tunneling correction shows
the correct high and low temperature limits. As all the ingredients
required for calculating Γ (ΔE and νi) are already available in evaluat-
ing Eq. (5), we used this approach to include the quantum tunneling
correction. It should be noted that in the original study,47 the cor-
rection factor Γ was multiplied by the diffusion coefficient obtained
by the classical TST approach, while in the present work, the expres-
sion based on the quantum-mechanical approximation, according to
Eq. (9), is used.

The anharmonic effects due to the volume expansion can be
studied consistently using the quasiharmonic approximation. In this
approach, the diffusion barrier varies as a function of volume V, at
a given temperature T, i.e., ΔE(T) = ΔE(V(T)), where V(T) is deter-
mined by minimizing the free energy curve vs volume for a given T
using the QHA.48–50

In the QHA, all the phonon frequency shifts are associated with
the volume change so that phonon frequencies are explicitly vol-
ume dependent and are temperature dependent only through the
thermal expansion. Although this approach is a common practice in
the literature to incorporate anharmonic effects, it does not include
the anharmonic effects caused by phonon–phonon interactions or
in other words explicit temperature dependence. The cBΩ model
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proposed by Varotsos and Alexopoulos35,51 incorporates both the
volume and phonon–phonon temperature dependence, approxi-
mately, by defining the diffusion energy barrier as

ΔE(T) = cB(T)Ω(T), (16)

where B(T) is the isothermal bulk modulus, Ω(T) is the mean vol-
ume per unit atom, and c is the dimensionless constant with respect
to temperature and pressure. The constant c can be obtained by fit-
ting Eq. (16) with the diffusion energy barrier (ΔE) estimated from
the experimental data or with the one calculated from first principles
at T = 0.

Despite the accuracy of the abovementioned approach to study
diffusion, as it is based on TST, it shares similar challenges. One of
the main restrictions is that the initial and the final point configura-
tion need to be known a priori to find the saddle point of the jump,
which can be difficult in some cases, especially in amorphous sys-
tems.10 However, in most of the crystalline systems, one can identify
stable sites for the diffusing species from ground-state calculations.
Jumps between these sites can then be studied by nudged-elastic
band (NEB)52 or climbing-image nudged-elastic band (CI-NEB)53

methods, providing the saddle point configuration. Thus, it is in fact
a limitation of the NEB method.

The second limitation that arises from the use of TST is that it
gives the diffusion coefficient based on only one type of jump, which
might not be the case in most diffusion studies.20,54,55 However, one
can use methods such as KMC simulations56,57 to get the effective
diffusion coefficient from multiple jumps.20,54 The KMC method
treats each jump as an independent process, I, with a jump rate τi
defined as45,58

τi = γie−ΔEi/kT , (17)

where γi is the attempt frequency, ΔEi is the energy barrier obtained
by a NEB calculation, k is the Boltzmann constant, and T is the
temperature. Substituting Eqs. (5) and (6) in Eq. (1), the jump rate
(τi) can be obtained with the quantum and classical approximations,
respectively. The detailed KMC algorithm for simulating the time
evolution can be found in the literature,59–61 and the main steps are
mentioned in Appendix B. It should be noted that the effective diffu-
sion coefficient thus obtained are discrete data points for a particular
temperature T, unlike the continuous curve obtained by TST. The
overall diffusion equation can then be obtained by fitting these data
points.

The effect of using a quantum mechanical approximation and
anharmonicity on the diffusion coefficient is the center of our study.
Since lithium is a relatively light atom, a large zero-point energy is
present for the vibrations in which it has a large participation ratio,
thus potentially impacting the diffusion constant. An assessment on
the validation of the harmonic approximation and quantum tunnel-
ing corrections will provide a useful insight on the Li diffusion in
bulk Si and c-LiSi.

B. Computational details
The first-principles total energy calculations were performed

with DFT as implemented in the ABINIT code62–65 using a plane-wave
basis set within the generalized-gradient approximation (GGA-
PBE).66 The converged plane-wave cutoff energy was 32 Ha
(∼871 eV) and 12 Ha (∼327 eV) for bulk Li and Si, respectively. For
bulk Si doped with Li and for LiSi structure, a cutoff energy of 32 Ha

(∼870.76 eV) was used. ONCVPSP pseudopotentials67,68 were used
with 1s and 2s electrons as valence electrons for Li, while for Si, 3s
and 3p electrons were treated as valence electrons.

A supercell of 96 Si atoms (2 × 3 × 2 of the conventional unit
cell) was used for studying bulk Si and then was added with one
interstitial Li atom, and a supercell of 128 atoms (2 × 2 × 2 of the
primitive unit cell) was considered for the c-LiSi structure and then
was depleted of one Li atom. For sampling the Brillouin zone, a
2 × 2 × 2 Monkhorst–Pack k-point mesh was used. The kinetic
energy cutoff and the k-point sampling were obtained from
convergence studies with a tolerance level of 0.5 mHa/atom
(∼14 meV/atom). The self-consistent field (SCF) cycles for the total
energy calculations were converged until the difference in forces
between the two consecutive cycles was less than 10−7 Ha/Bohr
(0.005 meV/Å) twice in a row. The structural relaxations were
performed using the Broyden–Fletcher–Goldfarb–Shanno (BFGS)
minimization until the forces on each atom were smaller than 5
× 10−6 Ha/Bohr (0.3 meV/Å). For metallic systems, a Gaussian
smearing of 0.01 Ha (0.23 eV) was used for the occupation of
states.69

In the case of Li diffusion in bulk Si, the most stable posi-
tion for a single Li atom is the tetrahedral (Td) interstitial site. Li
atoms diffuse by jumping to the next vacant Td site via an hexago-
nal (Hx) site.9,70 The corresponding jump distance, i.e., the distance
between two Td sites in a diamond lattice, is a

√
3/4. The energy bar-

rier for Li diffusion was calculated by the NEB method.53 In order to
find the diffusion barrier profile, at least 7 images were used with
2 fixed (initial and final images) and 5 dynamic images. All the
images were relaxed until the absolute energy difference was less
than 10−5 Ha (0.27 meV). The effective diffusion coefficient of Li
in LiSi was obtained through KMC simulations. In order to obtain
better statistics, each KMC simulation was run for 10 000 steps and
averaged over 40 000 sites, an approach suggested in previous KMC
studies.54,61

The TST formalism requires to compute the phonon frequen-
cies only at the Γ point. This is what was done in calculating the
diffusion coefficient for computational efficiency. However, the full
phonon band structures of smaller cells were also produced for illus-
tration purposes. All these calculations were performed using the
density functional perturbation theory (DFPT) as implemented in
the ABINIT code.71–73

For computing the volume expansion using the QHA, the
phonon contribution of the free energy has been calculated at three
volumes, i.e., at the equilibrium point as well as for 1% and 6% vol-
ume expansion at temperatures from 10 K to 1000 K with a step of
10 K, and fitted with a quadratic expression for each temperature.
The total energy was calculated at 34 points starting from a struc-
ture with 3% lower volume to the one with 30% higher volume than
the equilibrium structure and fitted with a 4th order polynomial,
appropriate in that range. The summation of the total energy and
the phonon free energy gives the free energy curves at a temperature
interval of 10 K. The equilibrium volume is thus obtained by min-
imizing the free energy curves, and the isothermal bulk modulus,
B(T), is obtained as74

B(T) =
∂2F
∂V2 ∣

V(T)
V(T). (18)
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The volume-dependent diffusion barrier in the QHA was
obtained by computing first the energy barrier calculated at 0 K
and at an increased volume corresponding to high temperature
(Th), say 1000 K, and then performing a linear interpolation of the
volume-dependent energy between these two values,

ΔE(T) = ΔE0 +
ΔETh − ΔE0

VTh − V0
(V(T) − V0), (19)

where ΔE0 and V0 are the diffusion barrier and mean volume per
atom calculated at 0 K from first principles, respectively; ΔETh and
VTh represent the diffusion barrier and the associated mean volume
per unit atom calculated at a high temperature Th, respectively; and
V(T) represents the mean volume per unit atom at a given tempera-
ture T. In the case of bulk Si, the data from Ref. 50 have been used to
calculate V(T) and B(T), while for LiSi, these thermodynamic quan-
tities have been calculated from DFPT as implemented in ABINIT

71,72

with the abovementioned computational parameters.

III. Li DIFFUSION IN BULK Si
A. Li insertion into bulk Si

In bulk Si, the most stable position for a single Li atom is
the tetrahedral (Td) interstitial site.9 The optimized lattice param-
eters for our pristine 96-atom Si supercell are 10.93 Å, 10.93 Å, and
16.41 Å, which increase to 10.94 Å, 10.94 Å, and 16.41 Å after the
addition of 1 interstitial Li atom. It is less than 0.1% increase in the
lattice parameters. Figure 1 shows the effect of one Li atom addition
on the electronic density of states (DOS) of bulk Si (16-atom super-
cell, for illustration purposes) in an energy window corresponding
to the valence and conduction states spanning the interval [−15 eV,
5 eV] around the Fermi energy. Upon Li addition, the DOS is almost
unchanged. However, the peak heights near the conduction bands
are modified since the 2s electron of the interstitial Li is added to
the conduction band. Consequently, the Fermi energy moves into
the conduction band, making it a metallic system. The Fermi energy
increases by 0.34 eV upon addition of one Li atom to the 16-atom
supercell.

FIG. 1. Electronic density of states of (a) bulk Si and (b) bulk Si with 1 Li atom at
the Td interstitial site. The Fermi energy is set to zero on the x-axis (dotted line).
A 2 × 2 × 2 supercell with 16 Si atoms has been used to simulate bulk Si. These
small-cell results are shown for illustration purpose only.

Figure 2 shows the effect of Li addition on the vibrational prop-
erties of bulk Si (16-atom cell, for illustration purpose). First of
all, after Li addition, three new high-energy vibrational modes are
observed. These three modes represent the vibrational frequency of
the light Li atom in the three spatial dimensions. In order to check
the convergence with respect to the supercell size, supercells of 54
atoms (3 × 3 × 3 of the primitive unit cell) and 96 Si atoms (2 × 3
× 2 of the conventional unit cell) were also considered. The corre-
sponding diffusion barriers and diffusion coefficients are included
in the supplementary material (see Fig. S1). Convergence tests con-
firmed that a supercell of 96 Si atoms is large enough to avoid any
inter-atomic interaction across periodic boundaries, and thus, the
96-atom supercell was used to study bulk and doped Si.

The partial phonon density of states (PPDOS) from this 96-
atom supercell (Fig. 3) allows us to identify the three modes pre-
dominantly associated with localized vibrations of the interstitial
Li atom in the three Cartesian directions. Moreover, these modes
also involve significant Si displacements, i.e., the interstitial Li atom
cannot vibrate freely without affecting the neighboring Si atoms.
Despite this collective behavior, we shall call such modes “Li modes”
in this work. These coupled vibrations are due to the partial charge
transfer between the interstitial Li and the neighboring Si atoms that
inhibit the free movement of the Li atom like a neutral intersti-
tial atom.9 Thus, unlike in the case of hydrogen diffusion in met-
als (metals are heavier),25 here, it is not possible to assume that

FIG. 2. Phonon band structures of (a) bulk Si and (b) bulk Si with 1 Li atom at the
Td interstitial site. The three extra Li modes are clearly seen around 65 meV in the
latter. A 2 × 2 × 2 supercell with 16 Si atoms has been used to simulate bulk Si.
These small-cell results are shown for illustration purpose only.
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FIG. 3. (a) Partial phonon density of states (PPDOS) of a 96-atom supercell with 1
Li atom and (b) a zoomed-in image of the same PPDOS showing the three peaks
corresponding to the Li atom overlapping with those of Si atoms.

the light Li atoms move freely in the host lattice. Therefore, all the
phonon modes have to be considered for calculating the diffusion
coefficient. After analyzing the effect of Li insertion into bulk Si,
in Sec. III B, the diffusion of this interstitial Li atom in bulk Si is
discussed.

B. Diffusion mechanism: Interstitial diffusion
The energetically favorable diffusion pathway for a single Li

atom is Td → Hx → Td as suggested by previous studies.9 The dif-
fusion barrier computed by the NEB method is 0.59 eV (Fig. 4),
which is in good agreement with previous experimental and theoret-
ical studies.9,12,75 As expected, the diffusion path is symmetric across
the barrier.

Figures 5(a) and 5(b) show the phonon density of states for the
initial (Li at Td site) and saddle (Li at Hx site) point configurations,
respectively. The initial point configuration shows three Li modes
coupled with Si, as mentioned in Sec. III A. For the saddle point con-
figuration, two of these Li modes become degenerate at 80 meV and

FIG. 4. Diffusion barrier calculated by the NEB method for one Li atom diffusing in
bulk Si.

FIG. 5. Partial phonon density of states (PPDOS) of bulk Si (96 atoms) with one
Li (a) at the Td site (minimum energy geometry) and (b) at the Hx site (saddle
point geometry). At the saddle point, two Li modes become degenerate at a higher
vibrational frequency (at 80 meV) and the third one shifts to an imaginary frequency
(at −32 meV) represented as negative for illustrating purposes, corresponding to
the vibration in the direction of propagation at the saddle point.

the remaining one is an unstable mode with an imaginary frequency
of 32 meV [represented as negative in Fig. 5 (b)]. The degeneracy
of the two high-energy Li modes comes from the crystal symmetry,
and the unstable mode comes from the displacement in the direction
that connects the two local minima. However, similar to the initial
state, all three Li modes are still coupled with Si. The hardening of
the doubly degenerate mode can be understood from the proximity
of the Li atom to Si atoms at the saddle point, causing faster increase
in the potential felt by the Li atom when vibrating perpendicular to
the transition path direction.

Figure 6 shows the difference in vibrational free energy ΔFvib
C

and ΔFvib
Q calculated adopting the classical and quantum approxima-

tions as per Eqs. (4) and (3). At 0 K, the quantum ΔFvib
Q has a finite

value of 16 meV, while the classical approximation reaches zero.
The difference between both approximations reduces to ∼7 meV

FIG. 6. Temperature dependence of the change in vibrational free energy between
the initial and the saddle point with classical (red) and quantum (blue) approxima-
tions.
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at room temperature as they converge to the same value at a high
temperature.

These vibrational energies were used to calculate the diffusion
coefficient according to Eqs. (6) and (5) using the classical and quan-
tum approximations, respectively. The jump distance is the distance
between two tetrahedral voids in a diamond lattice, i.e., 2.368 Å. The
calculated diffusion coefficient is shown on a logarithmic scale vs
1000/T (Fig. 7), showing an Arrhenius-like behavior for both the
quantum (blue) and classical (red) theories. Their ratio is also shown
in Fig. 8: it is close to one at a high temperature (>1000 K), while
it can be significantly smaller at a lower temperature, e.g., 0.6 near
room temperature. Both approaches are in reasonable agreement
with the experimental data of Pell12 and the theoretical calculation
of Fedorov et al.,76 especially at high temperatures, given the usual
uncertainties and rapid changes with temperature of such quanti-
ties. The pre-factor of 1 × 10−3 cm2/s calculated for Li diffusion in
bulk Si is in reasonable agreement with the experimental value of
2.3 × 10−3 cm2/s ± 0.2 × 10−3 cm2/s. However, the other values
reported in the literature (Refs. 5, 8, and 18) at room temperature
are at least 3–4 orders of magnitude higher.

Johari et al.18 studied Li diffusion by the means of AIMD dur-
ing the mixing of Li and Si atoms, where the host lattice transforms
from the c/a-Si in the beginning to the a-LixSi phase. We know that
Li diffuses at least one order of magnitude faster in LixSi phases as
compared to bulk Si,3 which justifies a higher value. Balke et al. used
a value of ∼10−8 cm2/s–10−10 cm2/s to study the diffusion of Li-ions
by means of ESM in a-Si, where Li diffusivity is expected to be higher
as compared to c-Si.18,76 Moreover, it was not a direct measurement
of Li diffusivity, and they also reported some problems during prob-
ing the sample, which they suggested was either due to a higher or
lower Li-ion mobility than they assumed. The result of Yoshimura
et al.8 (2 × 10−11 cm2/s) is the closest, among these three, to the
experimental data of Pell.12 They studied Li diffusion in a single
crystal Si by using bipolar cells; however, they were not sure if it

FIG. 7. Temperature dependence of the diffusion coefficient calculated for Li in
bulk Si. Blue and red lines represent the diffusion coefficient calculated with quan-
tum and classical approximations, respectively. The black line shows the classical
approximation with ZPE correction only, and the green line represents the quan-
tum approximation with quantum tunneling correction. The markers represent the
values reported in Refs. 5, 8, 18, 76, and 77.

FIG. 8. Temperature dependence of the effect of quantum corrections on the dif-
fusion coefficient measured as a ratio of DQ/DC (blue). The ratio DQ+Γ/DC (green)
shows the added effect of quantum tunneling corrections that slightly increases the
diffusion coefficient in the low temperature regime.

was without any alloy formation of LixSi during polarization, which
explains why their reported diffusivity value is higher.

C. Effect of quantum mechanical approximation
The diffusion equation in the Arrhenius form with the

quantum mechanical approximation has a temperature-dependent
energy barrier (ΔE∗QA) instead of a constant energy barrier with the
classical approximation. Figure 9(a) shows this temperature depen-
dence of the energy barrier along with the constant barrier from the
classical TST framework. The effective activation barrier increases
in the lower temperature range to reach a maximum and then
decreases, tending to converge to the classical limit at a high temper-
ature. At 0 K, the effective energy barrier is higher than the classical
limit because of the zero-point energy (ΔZPE).

Similarly, the effective diffusion pre-factor (D∗QA) increases
in the low-temperature regime to reach a maximum and then
decreases to tend to the classical limit in the high-temperature
regime [Fig. 9(b)]. However, it is worth noting that due to a sig-
nificant contribution from quantum tunneling effects (Γ) in the
low-temperature range (Fig. 10), the corrected diffusion pre-factor
(D∗QA.Γ) does not reach a maxima but rather diverges at a low tem-
perature. This exponentially increasing value of (D∗QA.Γ) cancels out
the Arrhenius exponential temperature dependence in Eq. (9), thus
resulting in a finite value of the diffusion coefficient in the low-
temperature range.47 The inclusion of quantum tunneling correc-
tions slightly increases the diffusion coefficient ratio from 0.6 to 0.66
(Fig. 8), owing to an additional diffusion pathway. The effect is very
small as tunneling effects are more prominent in the low tempera-
ture range. At a high temperature, Γ converges to 1 as expected since
the quantum tunneling corrections become less important and the
classical barrier jump is the dominating mechanism governing the
overall diffusion coefficient.

The quantum mechanical approximation for the diffusion coef-
ficient converges to the classical limit at a high temperature. It differs
significantly from it only at a low temperature. The effects observed
in the Li–Si system are the same as for the H-metal system and,
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FIG. 9. Temperature dependence of (a) the effective activation barrier (ΔEQA) and
(b) the effective diffusion prefactor (D∗QA), in blue, along with the quantum tunnel-
ing corrected prefactor (D∗QA.Γ), in green. These parameters of the Arrhenius-like
diffusion equation tend to their temperature-invariant classical limits, ΔEm and D0,
respectively (dashed line), at high temperatures.

however, lower in magnitude. Thus, in order to clarify whether this
suppression is due to the larger mass of Li or to the difference in the
chemistry of Li–Si, we have performed a mass rescaling analysis in
Sec. III D.

FIG. 10. Temperature dependence of the tunneling correction factor (Γ) for Li dif-
fusion in bulk Si. Green and blue dashed curves are high- and low-temperature
limits, respectively. At a high temperature, Γ converges to 1, represented by the
black dashed line.

D. Effect of mass rescaling
In this mass rescaling analysis, the quantum mechanical effects

on the diffusion coefficient were compared with the ones obtained
if the lithium mass is replaced by the hydrogen mass, for which
quantum effects are clearly seen even at room temperature in their
diffusion in metals.

Due to such mass rescaling, there is a significant increase in
the phonon frequencies of the vibrations that have a high partic-
ipation ratio of the light atom (Li with H mass): the mass ratio
being about seven, the vibration frequency ratio is approximately

√
7

for Li-dominated modes. The quantum modification of the vibra-
tional free energy is much more pronounced, as shown in Fig. 11.
At 0 K, the classical limit is absolutely zero, so the mass rescaling
has no effect. For the quantum approximation, the zero-point energy
slightly increases due to the scaling of frequencies and tends to the
classical limit at a high temperature. At a high temperature, both
approaches show lower values of the free energy difference due to
the mass rescaling. After the mass rescaling, there is a significant
quantum effect not only at room temperature but even at a high
temperature (near 1000 K).

The classical (and quantum) decrease in the free energy with
mass rescaling is a consequence of the higher vibrational frequency
of the mode along the transition path in the initial geometry. The
contribution from this mode is only present in the last term of
Eqs. (4) and (3), i.e., in the initial point configuration. This extra
mode is stretched to higher energy by the frequency ratio, result-
ing in a higher vibrational free energy difference (ΔFvib) between
the initial point and the saddle point configurations. Since all three
Li modes overlap with the Si modes [see Fig. 3(b)], the latter are
also affected by the mass rescaling, especially the two lateral high-
frequency modes shown in Fig. 2(b), which are higher at the saddle
point geometry than at the initial point geometry. The global qual-
itative picture of the mass rescaling effect at a high temperature is
nevertheless dominated by the removal of the phonon mode rescaled
in the saddle point configuration as compared to the initial point
configuration.

FIG. 11. Temperature dependence of the change in vibrational free energy with
classical (red) and quantum (blue) approximations, when the Li mass is replaced
by the H mass (rescaling), in view of separating the mass effect from the quan-
tum/classical effect. Solid lines show the results obtained with the unchanged mass
of the Li atom, and dashed lines show results with the rescaled mass of the Li atom.
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This increase in the phonon frequencies due to mass rescaling
shifts the diffusion coefficient upward, as shown in Fig. 12. However,
in the low temperature range, it is shifted downward for the quan-
tum case (DQ) due to higher ΔFvib after mass rescaling. Similar to
what was obtained before mass rescaling, the quantum value after
mass rescaling Dr

Q is lower than its classical counterpart Dr
C near

room temperature, but it increases at a lower temperature as the
quantum tunneling correction becomes dominant and eventually
tends to flatten out surpassing Dr

C. Fermann and Auerbach47 defined
this temperature as the tunneling crossover temperature (Tx) below
which the quantum tunneling is dominant. According to their def-
inition, it is the temperature where the two linear sections could
hypothetically intersect, which in the present case is ∼150 K. This
tunneling crossover temperature is roughly three times larger than
the one before mass rescaling (∼50 K).

Figure 13 shows the difference between the two approaches
(classical and quantum), which is obviously much more pronounced
near room temperature (and at a lower temperature) after mass
rescaling. The ratio between the quantum and classical approxi-
mations at room temperature increases from ∼30% to around 50%
and 66% with (DQ+Γ/DC) and without (DQ/DC) tunneling correc-
tion, respectively (see the inset of Fig. 13). The inflection point in
the DQ+Γ/DC ratio curve represents the temperature above which
tunneling corrections start becoming significant, resulting in a com-
parative increase in the diffusion coefficient with further lowering of
temperature and eventually surpassing DC above Tx. Moreover, the
DQ/DC ratio shows that without this tunneling correction, the diffu-
sion coefficient tends to 0 faster than its classical counterpart, which
contradicts theoretical and experimental results.47

In order to disentangle the effect of the quantum tunneling cor-
rection, the ratio of DQ+Γ/DQ is shown as a function of the inverse
of temperature along with the mass-rescaled one (dashed line in
Fig. 14). After the mass rescaling, the effect of quantum tunneling

FIG. 12. Temperature dependence of the diffusion coefficient calculated using clas-
sical (red) and quantum (blue) approximations with quantum tunneling correction
(green). Mass-rescaled values (see text) are represented by dashed lines. The cor-
responding room temperature values are shown in the inset. The dotted line marks
the tunneling crossover temperature, Tx , for the mass-rescaled case. Markers rep-
resent the values reported in Refs. 5, 8, 18, 76, and 77. This crossover temperature
is much lower when the mass is not rescaled and out of the temperature range
shown here.

FIG. 13. Effect of mass rescaling on quantum corrections with respect to their clas-
sical counterparts is shown as a ratio, as a function of the inverse of the temper-
ature (1000/T). Dashed lines represent the mass-rescaled values. Corresponding
plots near room temperature are also shown in the inset.

corrections increases significantly: it reaches ∼50% even near room
temperature, while it was less than ∼7% before mass rescaling. This
analysis of mass rescaling shed light on how the heavier atomic
mass of Li reduces quantum effects. However, the local chemical
environment might also play an important role, complementing the
understanding brought by the effective activation barrier and the
effective diffusion pre-factor analysis in Fig. 8. Note that the cur-
rent approach is based on the harmonic approximation, and to go
one step beyond, Sec. III E discusses the effect of anharmonicity on
the diffusion coefficient.

E. Effect of anharmonicity
Figure 15 compares the temperature dependence of the diffu-

sion barrier ΔE calculated by the cBΩ model and the QHA along
with the values obtained by NEB calculations at two different vol-
umes. The diffusion barrier decreased by ∼35 meV at higher volume

FIG. 14. Effect of including quantum tunneling corrections on the diffusion coef-
ficient as measured by the ratio DQ+Γ/DQ, as a function of the inverse of
the temperature (1000/T). Dashed lines represent the corresponding ratio after
mass-rescaling.
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FIG. 15. Temperature dependence of the diffusion barrier obtained from the cBΩ
model (purple curve) and the QHA (orange curve). Filled circles mark the val-
ues calculated using NEB calculations, and the dotted line shows the linear
interpolation of the high temperature limit of the QHA.

as compared to the equilibrium volume at 0 K. The temperature
associated with this volume has been obtained as 853.65 K from the
V(T) curve calculated from Ref. 50 (supplementary material). The
QHA only includes the explicit volume dependence by means of
thermal expansion. Thus, the temperature dependence of ΔE comes
from the linear interpolation of the values at 0 K and at an elevated
temperature (853 K in this case) using the temperature dependence
of the volume curve, as outlined in Eq. (19).

The cBΩ model includes (approximately) both the explicit vol-
ume dependence and the phonon–phonon temperature dependence
by employing the temperature dependence of the volume and bulk
modulus, respectively. The temperature dependence of the volume
and the bulk modulus of silicon was obtained from Refs. 50 and
78 and can be found in the supplementary material. The curves
(orange and purple) are adjusted for the ZPE, resulting in a devia-
tion from the value obtained at 0 K without phonon contribution
(red filled circle). The cBΩ model and the QHA differ by about
10 meV in the low temperature regime but stay within ∼5 meV–
8 meV above 200 K and up to 1000 K, which gives some confidence
that both allow us to include the dominating trend due to anhar-
monic effects. These energy barriers were then used to replace ΔE in
Eq. (11) to give the overall temperature dependence of the diffusion
coefficients. Figure 16 shows these additional diffusion coefficient
curves obtained with the cBΩ model (purple curve) and with the
QHA (orange curve).

At a high temperature, no severe deviation from the Arrhenius
equation is observed. This suggests that the anharmonic effects are
not very strong. Though, both the approximations show a lateral
shift toward higher values of the diffusion coefficient for the entire
temperature range. In order to get a better comparison of the two
anharmonic models, the ratio of diffusion coefficients is compared
to the one obtained with the harmonic approximation (Fig. 17).

The comparative ratios in Fig. 17 show roughly a 60%–70%
increase in the diffusion coefficient by including anharmonic effects
by means of either model. This increase is more important than the
one obtained by including the quantum approximation (∼33% in
Fig. 8). The cBΩ model suggests a shift of roughly 70% at a high

FIG. 16. Temperature dependence of the diffusion coefficient calculated for Li in
bulk Si including anharmonic effects. The orange curve shows the diffusion coef-
ficient obtained with QHA, and the purple curve represents the one obtained with
the cBΩ model.

temperature and tends to stay constant at ∼60%. While the QHA
shows an initial shift of ∼55%, it keeps increasing with temperature
as compared to the harmonic approximation.

F. Discussion
The results presented in Secs. III A–III E demonstrate the appli-

cation of the quantum mechanical framework within the TST frame-
work to study Li diffusion in bulk Si. Moreover, the QHA and the
cBΩ model provide useful insight into the validity of the harmonic
approximation. These results are based on several assumptions and
approximations: (i) low concentration of the impurity Li atoms, i.e.,
there is no interaction between the impurity atoms; (ii) the diffusion
process is described by the TST framework, assuming every diffus-
ing species that reaches the transition state must also cross it; (iii)

FIG. 17. Temperature dependence of the effect of anharmonicity on the diffusion
coefficient measured as a ratio of the diffusion coefficient obtained with the cBΩ
model (blue) and the QHA (orange) with respect to the one obtained with the
harmonic approximation (DQ).
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there are no correlated multiple jumps; (iv) only thermally activated
incoherent quantum tunneling effects are included and coherent
tunneling effects are negligible in the studied temperature range;
(v) assessment of anharmonic effects is limited because they depend
on the validity of the QHA and the cBΩ model; and (vi) electronic
energies and phonon frequencies for both the ground state and the
transition state have been obtained from the DFT with GGA-PBE
functional.

Within the framework of these approximations, several effects
have been analyzed to estimate the sensitivity of the results, namely,
(i) the effect of the quantum mechanical approximation, (ii) the
effect of quantum tunneling corrections, (iii) the effect of mass
rescaling, and (iv) the effect of anharmonicity. The analysis shows
that the diffusion of Li in bulk-Si decreases by roughly 30% by
including the quantum mechanical approximation as compared to
the classical TST framework.

The decrease in the diffusion coefficient is in agreement with
the increase in the effective diffusion barrier as compared to the clas-
sical one (refer to Fig. 8). On the other hand, the pre-exponential
factor (D∗QA) is slightly higher than the classical one. Globally, the
increase in the barrier height dominates and lowers the overall dif-
fusion coefficient as expected in an Arrhenius type equation. The
effective diffusion barrier written in Eq. (9) is another form of Eq. (2)
that relates the diffusion barrier to the change in the vibrational free
energy ΔFvib and a temperature independent term ΔE. Therefore, a
higher value of ΔFvib

Q than its classical counterpart increases the dif-
fusion barrier and results in a lower diffusion coefficient. The value
of ΔFvib

Q at 0 K corresponds to the ZPE and converges to its classi-
cal limit (ΔFvib

C ) at a high temperature. However, it is different than
simply adding the ZPE to the classical equation because a simple
shift rectifies the low temperature limit but overestimates the high
temperature limit.25,79

The solubility of Li in Si is very low at room temperature,41,80

which justifies the assumption of low concentration of the diffusing
Li atom. Moreover, unless two Li atoms are in the adjacent tetrahe-
dral void (<6 Å apart), there is no effect on the diffusion barrier.75

Thus, with a supercell with lattice parameters >10 Å, it is safe to
assume no interaction between Li atoms in the adjacent cells.

Now, we turn to the discussion of the TST framework for study-
ing diffusion. In the original work of Eyring,58 a factor c accounts
for the recrossing when the activated complex jumps over the bar-
rier and comes back to the initial state without decomposing. This
factor is known as the dynamical-correction factor in the litera-
ture and decreases the overall diffusion coefficient. It was implicitly
set as 1 by Eyring,58 and later, some researchers have investigated
this correction factor and discussed the complexity in estimating its
value.81,82 However, in most of the diffusion studies, it is considered
a good assumption to neglect any recrossing, i.e., c = 1 is a reasonable
approximation.23,34

The correlation factor (f ) associated with the correlation in
multiple jumps is another factor, which is not considered in the
present work. The value of this correlation factor is ≤1 and depends
on the diffusion mechanism and lattice geometry.83 Thus, if these
correlations are present, it will decrease the diffusion coefficient.
Blöchl et al.84 showed that this factor is negligible for H diffusion
in Si. Moreover, in the case of dilute interstitial diffusion (as in the
present case), the diffusing atom does not have interaction from

a neighboring interstitial atom, and thus, there is no correlation
between multiple jumps, resulting in f = 1.83 Thus, we can neglect
the dynamical-correlation factor in this case without any loss of
generality.

Quantum tunneling corrections have been included only by the
means of thermally activated incoherent tunneling mechanisms. The
coherent tunneling is only active at a very low temperature, near 0 K,
and thus has never been observed experimentally, at least for the case
of hydrogen.85,86 Thus, it is safe to neglect it in the temperature range
of interest, between 50 K to high temperature.

The only remaining concern is the validation of the harmonic
approximation and the applicability of models used to estimate the
anharmonicity in the system. With either of the models, the diffu-
sion coefficient increases by 60%–70% as compared to the harmonic
approximation. This effect is roughly double than the one observed
after including the quantum mechanical effects, which decreased the
diffusion coefficient by ∼30%. Regarding the accuracy, the QHA esti-
mation of the diffusion constant depends on the precision of NEB
calculations and the volume curve. The former was converged until
the average energy tolerance was ≤1 × 10−5 Ha (∼27 meV) and the
latter had a very good agreement with the experimental data.50 The
cBΩ model has an additional dependence of bulk modulus, which
is a second-order derivative of the volume and can be sensitive to
small errors in the volume curve. The literature33,35 suggests to fit
the factor c to the experimental data. However, in the present work,
the energy barrier calculated at 0 K is used to adjust c to avoid any
accumulation of fitting error. Although it shows a reasonable agree-
ment with the QHA as well as the 0 K NEB results (Fig. 15), it is
a simplistic model incorporating both the V and the T dependency
without including the phonon–phonon interaction, which might be
important at a high temperature.

The GGA-PBE functional that has been used for all the com-
putations slightly overestimates the lattice parameter by <0.7% and
shows a very good agreement with the experimental data for the total
energy as well as phonon calculations for silicon.87 In the future,
one could perform a comparative study of diffusion coefficients
calculated with different functionals.

IV. Li DIFFUSION IN LiSi
A. Crystalline LiSi and Li vacancy effect

Li diffusion in LixSi is at least one order of magnitude faster
than in bulk Si.3 LiSi is the first stable crystalline phase in terms
of increasing Li:Si ratio and has a higher symmetry (space group:
I41/a) than other LixSi phases, with a regular Si network. Three-fold
coordinated Si atoms form rings of 8 atoms (S8), as shown by Evers
et al.,88 and Li atoms occupy the voids in the chain, as shown in
Fig. 18. The Si and Li sublattices are topologically equivalent, form-
ing tetrahedral clusters. The presence of Li atoms distorts the Si
network, and the Si–Si bond distance increases from 2.368 Å in bulk
Si to 2.418 Å and 2.497 Å, which is in good agreement with the pre-
vious first-principles calculations20 and the experimental data.44,88

The primitive cell of LiSi consists of 8 Si and 8 Li atoms where each
Si atom gets one electron from the Li atom to satisfy the octet rule.43

The calculated lattice parameters of the fully relaxed primitive LiSi
structure studied in this work are a = b = c = 14.40 Å with the angles
α = β = 99.15○ and γ = 133○. The conventional standard structure
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FIG. 18. (a) Conventional unit cell (32
atoms) of the LiSi structure, showing
three-fold coordinated Si and tetrahe-
dral Li clusters (Si atoms in blue and Li
atoms in green). (b) Zoomed-in image of
the same structure centered on one Li
vacancy and showing possible jumps to
the neighboring Li atoms. Green jumps
are intra-tetrahedral jumps, and pink/red
jumps are inter-tetrahedral jumps.

contains 16 Si and 16 Li atoms with the lattice parameters a = b
= 9.367 Å and c = 5.743 Å with the angles α = β = γ = 90.00○, which is
in good agreement with the experimental XRD data (a = b = 9.354 Å,
c = 5.746 Å) reported by Stearns et al.44

Four Li atoms in the LiSi structure form a slightly distorted
tetrahedron with a Li–Li bond distance of 2.935 Å and 2.944 Å. Each
Li atom in this tetrahedral network is connected to three other Li
atoms within the same tetrahedra and to three Li atoms (from two
other tetrahedra) by three paths (see Fig. 18): one at a distance of
2.683 Å and two at a distance of 3.052 Å (one in each tetrahedron).
In total, each Li atom is connected to 6 Li atoms: 3 Li atoms within
the same tetrahedron and 3 Li atoms from other tetrahedra, which is
consistent with the experimental data.88

A previous study by Moon et al.20 has shown that vacancy diffu-
sion is the most energetically favorable mechanism for Li diffusion in
LiSi. Since all Wyckoff sites of Li atoms are identical, any Li atom can
be removed to create a Li vacancy without losing generality. After
removing one Li atom, the volume decreases slightly and the lattice
parameter reduces to 14.392 Å (i.e., a decrease of ∼0.05%) and angles
remain unchanged. Similar to the addition of 1 Li atom in bulk Si,
the removal of 1 Li atom from LiSi does not affect much the valence
band, except for the removal of two 1s core electrons. The peaks in
the conduction band change due to the removal of the 2s electron.
Accordingly, in a 16-atom primitive cell, removing a Li atom yields
a Fermi energy decrease by 0.62 eV and consequently moves it to the
valence band, as shown in Fig. 19. In Sec. IV B, different types of pos-
sible vacancy jumps have been studied for calculating the diffusion
coefficient.

B. Migration path and energy barrier
As discussed above, each Li atom can jump to 6 neighboring Li

sites within a radial distance of 3.5 Å. Beyond this distance, the cal-
culated migration barriers are very high (>1 eV) and thus will have a
negligible contribution in Li diffusion.20 Out of these 6 jumps, there
are 3 intra-Td jumps (Vac-Li1, Vac-Li2, and Vac-Li3) and 3 inter-
Td ones (Vac-Li4, Vac-Li5, and Vac-Li6) [see Fig. 18(b)]. Out of
them, there are 2 pairs of identical jumps: Vac to Li4 and Li5 and
Vac to Li1 and Li3 jumps. The remaining two unique jumps are
from Vac to Li6 and from Vac to Li2, leaving a total of 4 differ-
ent types of jumps. The convergence study with respect to the size

FIG. 19. Electronic density of states of (a) the primitive LiSi cell (16 atoms) with (b)
one Li vacancy. The Fermi energy is set to zero on the x-axis (dotted line). These
small-cell results are shown for illustration purpose only.

of the cells was conducted on supercells of the size of 32 atoms (c-
LiSi), 64 atoms (2 × 1 × 1 of c-LiSi), and 128 atoms (2 × 2 × 2 of
p-LiSi) for individual energy barriers and the overall diffusion coef-
ficient calculated by KMC simulations (see Figs. S2 and S3 of the
supplementary material). Although the 64-atom cell was well con-
verged, the biggest supercell of 128 atoms was used in the study for
better accuracy. Table I outlines the calculated jump distances and
the migration energy barriers for these 4 types of jumps along with

TABLE I. Calculated Li migration jump distances and energy barriers compared with
the values reported in the literature.20

Distance (Å) Eb (eV)

Jump This work Reference 20 This work Reference 20

Vac-Li1 2.935 2.900 0.247 0.252
Vac-Li2 2.944 2.911 0.261 0.235
Vac-Li4 3.056 3.003 0.430 0.466
Vac-Li6 2.695 2.644 0.252 0.272
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the first-principles calculations of Ref. 20. Figure 20 shows the cor-
responding energy profiles. The agreement is very reasonable given
that the present study relies on GGA, while Ref. 20 used the local
density approximation (LDA), which is known to underestimate the
lattice parameters and hence Li–Li distances. The two types of path-
ways connecting different tetrahedra are Vac-Li4 and Vac-Li6 with
energy barriers of 0.430 eV and 0.252 eV, respectively. In order for
Li atoms to diffuse in the LiSi structure, they have to go through
one of these inter-tetrahedral paths; therefore, these jumps are rate-
limiting. Comparing both energy barriers, the latter is roughly half
of the former, and thus, it is more likely to control the effective Li
diffusion at room temperature and above.

C. Phonon calculations
Figure 21 shows the vibrational energy calculated from phonon

frequencies at the initial and saddle point configurations with
the quantum and classical approximations using Eqs. (3) and (4),
respectively. As noted in the bulk Si case, the ZPE correction due
to the quantum approximation is small and only significant below
room temperature. The classical vibrational free energy (Fvib

C ) goes
to zero at 0 K, as shown in Eq. (20), and the limit of the quantum
vibrational free energy (Fvib

Q ) has a finite value, as shown in Eq. (21),

lim
T→0

Fvib
C = lim

T→0
kT∑

i
ln(

hνi
kT
) = 0,

lim
T→0

ΔFvib
C = 0,

(20)

lim
T→0

Fvib
Q =∑

i
(
hνi
2
),

lim
T→0

ΔFvib
Q =

N−1

∑
i
(
hνSi
2
) −

N

∑
i
(
hν0

i

2
).

(21)

Instead of only one type of jump in the case of bulk Si, there are
six possible vacancy jumps in LiSi. Consequently, there will be six
diffusion equations, one for each corresponding jump, and thus, the
overall diffusion coefficient cannot be computed directly. Therefore,
as mentioned in Sec. II A, a KMC simulation is used to estimate the
effective diffusion coefficient due to all these jumps using the DFT
data.

FIG. 21. Temperature dependence of the vibrational free energy for different types
of vacancy jumps (refer to Fig. 18 for nomenclature). The red and blue curves
indicate the results obtained using the classical and quantum approximations,
respectively.

D. Effective diffusion coefficient: KMC
KMC simulations were performed on a conventional LiSi lattice

with a single Li vacancy through which Li atoms will diffuse with the
above calculated energy barriers. The diffusion coefficient for each
one of the six jumps was calculated with the quantum and classi-
cal approximations using Eqs. (5) and (6). Similar to bulk Si, the
quantum tunneling correction shows a very small effect on the diffu-
sion coefficient near room temperature. The ratio of DQ+Γ/DQ for all
four jumps (Fig. S4 of the supplementary material) is less than 1.05
(i.e., less than 5% change) near room temperature, and it increases
for lower temperature. However, unlike bulk Si, the overall diffusion
coefficient of Li in LiSi is calculated at discrete temperature values,
which are at or above room temperature. Moreover, we have already
shown in Sec. III D that the heavy mass of Li, as compared to H, sig-
nificantly diminishes the quantum effect. Thus, it was safe to ignore
the quantum tunneling corrections in the KMC study for the LiSi
case.

Figure 22 shows the distribution of the diffusion coefficients
Di obtained from KMC simulations at different temperatures from
40 000 sites with 10 000 steps each based on the jump rates deter-
mined from the classical approximation. Because the selection of an

FIG. 20. Four types of Li vacancy jumps
(above) and associated minimum energy
pathways (below). Gray shaded area
shows the tetrahedral polyhedra around
the initial Li vacancy site. The energy
barrier height is indicated by the peak
height inside the graph (in eV) (refer to
Fig. 18 and Table I for the nomencla-
ture associated with the type of jump).
The horizontal dashed line indicates the
value reported in Ref. 20.
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FIG. 22. Statistics showing the distribution of the diffusion coefficients (Di for each
of the 40 000 runs) obtained from KMC simulation for each temperature. The solid
line (red) is obtained by fitting a Poisson distribution. The data are normalized
[|Di | = Di /max(Di )] and binned into 50 bins for curve fitting over the distribution.
The y-axis represents the probability of the Poisson distribution.

event in the KMC algorithm gives a Poisson distribution,54 we also
show a Poisson distribution fit (red curve) as a guide for the eye. The
good agreement between the distribution obtained from the KMC
study (histograms) and the Poisson fit (red curve) suggests that the
KMC simulations provide sufficiently converged results.

The effective diffusion coefficient of this distribution has been
calculated by using Eq. (B5), as suggested in Refs. 54 and 59. Simi-
larly, an effective diffusion coefficient was also calculated based on
the jump rate calculated from the quantum approximation. Fig-
ure 23 shows the Arrhenius fit for these values obtained for the
classical and quantum approximations, and a comparison with the
experimental data3 and previous KMC simulations performed by
Moon et al.20 Due to the scarcity of experimental data for the LiSi
phase, the diffusion data from Wen and Huggins3 on other LixSi
phases were used as a rough estimate for the diffusion of Li in LiSi;
Moon et al.20 also used the same reference.

The diffusion coefficients obtained from both approximations
provide a good fit for the Arrhenius equation with an effective bar-
rier of 0.27 eV and a diffusion pre-factor of 2.81 × 10−5 cm2/s ± 0.5
× 10−5 cm2/s. Quantum effects have a marginal role in the diffu-
sion coefficient of Li in LiSi, providing the same diffusion barrier
of 0.27 eV and a prefactor of 3.14 × 10−5 cm2/s. The diffusion
coefficients obtained from both approximations are in close agree-
ment with the experimental data3 at 700 K. The filled markers in
the plot represent other theoretical values of the diffusion coeffi-
cients obtained from ab initio molecular dynamics studies at high
temperatures.

E. Effect of anharmonicity
Similar to the bulk Si case, the effect of anharmonicity on the

diffusion of Li in LiSi is studied by the means of QHA and the cBΩ

FIG. 23. Temperature dependence of the effective diffusion coefficient (D) obtained
from KMC simulation. Dots in red and blue indicate values obtained with classical
and quantum approximations of attempt frequencies, respectively. Solid lines show
the fitted Arrhenius plot to get the effective pre-factor and the effective energy
barrier. The experimental data point is shown by the empty square (black), and
results from previous theoretical investigations3,14,16,17,20 are indicated by filled
markers (black).

model using the temperature-dependent volume and bulk modu-
lus. Figures 24 and 25 show these quantities calculated from first
principles.

Because of the slow kinetics of formation, the LiSi phase is dif-
ficult to form at room temperature and normal pressure (NP), and
thus, there are limited experimental data on its structural proper-
ties.41,44 Stearns et al.44 have synthesized c-LiSi in laboratory at a
high temperature and high pressure (HP), and reported a volume of
15.75 Å3/atom from x-ray diffraction data by Rietveld refinement.
Our ZPE corrected volume at zero temperature (15.83 Å3/atom) is
0.08 Å3/atom higher than their value, as shown in Fig. 24. However,
at the time of writing, we are not aware of any experimental data for
elastic properties of the c-LiSi phase.

A previous DFT calculation (with the LDA functional) by
Taubert et al.89 has reported a value of 56.8 GPa for the bulk modu-
lus of LiSi at zero temperature, which is in good agreement (±10%)

FIG. 24. Temperature dependence of the LiSi primitive volume from first principles.
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FIG. 25. Temperature dependence of the LiSi bulk modulus from first principles.

with the value of 50 GPa calculated in this study (Fig. 25). Moreover,
there is a well-established general tendency of GGA-PBE to under-
estimate the bulk modulus,90 while LDA can present errors of both
signs, i.e., higher and lower.87

Figure 26 shows the temperature dependence of the diffusion
barriers for all four types of vacancy jumps calculated with the cBΩ
model and the QHA according to Eqs. (16) and (19), respectively.
The cBΩ model shows the same overall trend for all four jumps as
expected. The temperature varying ingredient, the volume per unit
atom (Ω) and the bulk modulus, remains the same for all four types
of jumps, thus resulting in the same curve scaled to a different energy
level corresponding to each jump.

The overall decreasing trend is due to the lattice softening with
the thermal expansion, which in most cases decreases the diffusion
barrier. This ability of the cBΩ model to incorporate the anharmonic

FIG. 26. Temperature dependence of the diffusion energy barrier calculated with
the cBΩ model (violet) and with the QHA (orange) for all four types of jumps. Red
and orange dots are the values obtained from NEB calculations at 0 K and 920 K,
respectively.

effects in a simple model by means of volume and bulk modulus
makes it a promising approach to study anharmonicity and has
shown good results in studying diffusion in several semiconduc-
tors and metal oxides.37 However, in the case of the Vac-Li1 jump,
according to the QHA, the diffusion barrier increases with temper-
ature. Thus, the cBΩ model and the QHA approach diverge for this
case. The QHA uses an additional information about the diffusion
barrier at an elevated temperature (920 K in this case), and thus, it
treats more accurately the volume dependence, but the lack of treat-
ment of the phonon–phonon interaction prevents us to conclude
that it is better than the cBΩ model, as already outlined. We can
simply note that while both approaches agree on the decrease in the
barrier energy with temperature for three out of four types of jumps,
they disagree for the Vac-Li1 jump. Similar to what was done in the
harmonic approximation, the KMC simulation was used to calculate
the effective diffusion coefficient for the Li vacancy jump for both the
models to study the anharmonic effects.

Figure 27 shows the effective diffusion coefficients obtained
with the KMC simulation at discrete temperatures using the individ-
ual vacancy diffusion coefficient calculated with the cBΩ model (vio-
let) and the QHA (orange). The individual points fit very well with
the Arrhenius equation with a R2 value of 0.99 in all the cases. The
corresponding values of diffusion pre-factor D0 and the diffusion
barrier Eb are within an error range of ±0.6 × 10−5 and ±0.01 eV,
respectively. Both the approximations show a slight increase in the
diffusion coefficient at a high temperature due to anharmonic effects
with a slightly higher slope (0.28 eV) as compared to the harmonic
approximation (0.27 eV). However, the difference is within the error
limits of the KMC simulation.

In order to have a better comparison, the effective diffusion
coefficients from both approximations are shown in Fig. 28 as a ratio
with respect to the harmonic approximation with quantum mechan-
ical corrections (DQ). The effect of quantum mechanical corrections
is also shown on the secondary axis as the ratio of DQ vs DC for
comparison.

FIG. 27. Temperature dependence of the Li diffusion coefficient in LiSi obtained
from the KMC simulations. The harmonic classical (red) and quantum (blue)
approximations are shown along with the cBΩ model (violet) and with the QHA
(orange) to study anharmonicity in the system. The error (variance) in the values
of Eb and D0 is ±0.01 eV and ±0.6 × 10−5, respectively.
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FIG. 28. The effect of anharmonicity is shown as a ratio of the diffusion coefficient
obtained with the QHA (orange) and the cBΩ model (violet) with respect to the one
obtained with the harmonic approximation (DQ) at each temperature using KMC.
The ratio of DQ/DC is also shown on the secondary axis with the same scale for
comparison.

F. Discussion
In this subsection, all the results obtained for Li diffusion in LiSi

via the vacancy mechanism are discussed and compared with the
reported literature. The values of the effective diffusion coefficient
obtained in the KMC study are in good agreement with the experi-
mental data at 700 K3 (see Fig. 23). In a previous KMC study, Moon
et al.20 also reported a similar value at 700 K. However, their low
temperature diffusivity values are at least one order of magnitude
smaller than our results. The least square fit of their reported values
gives an effective barrier of 0.40 eV. Nonetheless, they reported an
effective barrier of 0.306 eV for Li diffusion in LiSi, which is close to
the value obtained in our study (0.27 eV ± 0.01 eV). Moreover, an
effective barrier of 0.40 eV is much higher than the smallest inter-
Td barrier of 0.27 eV and close to the higher energy inter-Td jumps
(0.47 eV) (refer to Table I). These high-energy jumps are unlikely
to contribute significantly at room temperature, and thus, the effec-
tive barrier should be close to the smallest one and not to the largest
one. The discrepancy can be due to insufficient statistics of the KMC
calculation and error bars.

AIMD studies conducted by Chiang et al.16 reported a higher
diffusion coefficient (filled triangle) of the order of 10−4 cm2/s with
an effective barrier of 0.38 eV in the high temperature range. It
is one order of magnitude higher than the values reported in this
study. Their extrapolated value at 700 K is also roughly an order
of magnitude higher than the experimental data. A similar AIMD
study by Kim et al.17 (filled square) also showed a similar value of
diffusion coefficient at 1050 K. However, both these studies were
performed with the liquid LiSi phase, in which diffusion is expected
to be slightly higher than the corresponding solid phase. Thus, the
room temperature extrapolation is not an accurate description of
diffusion in the c-LiSi phase.

In another study, Wang et al.14 calculated the Li diffusion coef-
ficient (upside down filled triangle) during lithiation of Si to form
LiSi in a similar temperature range. However, unlike Chiang et al.,16

they started with the room-temperature structure of solid Si to form

LiSi, instead of a liquid/amorphous one. Their reported values are in
better agreement with the experimental data, and their room tem-
perature value is also in close agreement with our results. The dis-
crepancy in the abovementioned two sets of AIMD studies carried
out in a similar temperature range shows roughly a difference of 2
orders of magnitude between the solid and liquid LiSi phases, and
thus, one has to be careful about the phase while doing the AIMD
studies at elevated temperatures.

Comparing KMC simulations with MD, apart from the advan-
tages of studying low temperature/slow processes, one of the dis-
advantages is the explicit inclusion of anharmonicity, while MD
implicitly includes it. Moreover, the accuracy of KMC studies relies
on the completeness or convergence of diffusion events and the
accuracy of the energy barriers. In this study, both the parameters
were carefully monitored for convergence, i.e., convergence of dif-
fusion events to a Poisson distribution for the former (see Fig. 22)
and a varying supercell study for the latter (see the supplementary
material). Future experimental results can further validate the accu-
racy of these KMC results.

Regarding the validation of the harmonic approximation in
the LiSi case (refer to Fig. 28), both approximations (cBΩ model
and QHA) separate at a high temperature (except at 1000 K). For
instance, the cBΩ model increases the diffusion coefficient, while the
QHA decreases it. The difference in the two approximations might
be due to the discrepancy in the estimated diffusion barrier for one of
the four inter-tetrahedral jumps (Vac-Li1), as shown in Fig. 26. On
the one hand, the QHA can underestimate the anharmonicity as it
does not include the phonon–phonon interaction that can play a sig-
nificant role at a high temperature.32,49 On the other hand, the cBΩ
model relies on the temperature-dependent bulk modulus and ther-
mal expansion, and with a lack of experimental data, its validity is
not clear. Although, in the low temperature range, the overall trend
from both the approximations shows an increase in the diffusion
coefficient with an increase in temperature, none of them provide
a convincing proof of having significant anharmonic effects on the
diffusion of Li in LiSi.

V. CONCLUSION
In this study, we have performed a first-principles based study

of Li diffusion in bulk Si and c-LiSi phases within the transition state
theory framework and also taking into account nuclear quantum
approximations and anharmonic effects. As compared to the clas-
sical approach, the addition of quantum effects for Li diffusion in Si
lowers the value of the room temperature diffusion coefficient by
33% because of a higher effective energy barrier. The cBΩ model
and the quasi-harmonic approximation suggest an increase in the
diffusion coefficient by 60% in the case of bulk Si by including anhar-
monic effects. However, they fail to give a compelling evidence of
significant anharmonic effects in the case of LiSi. Based on these
findings, we propose that the nuclear quantum effects and anhar-
monic effects are rather weak and only play a marginal role in the
Li–Si system.

The obtained results are in good agreement with previous
experimental and theoretical studies. For Li diffusion in bulk Si, we
obtained an energy barrier of 0.59 eV with a diffusion pre-factor of
1 × 10−3 cm2/s. In the case of LiSi, our calculations are in better
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agreement with the experimental data than previous ab initio
molecular dynamics studies conducted at higher temperatures. We
obtained an effective diffusion barrier of 0.27 eV ± 0.01 eV with a
pre-factor of 2.8 ± 1.1 × 10−5 cm2/s for Li diffusion in LiSi. More-
over, we propose that one of the inter-tetrahedral jumps with an
energy barrier of 0.25 eV is the rate-limiting step for long range Li
diffusion in LiSi.

The main advantages of using the current approach over molec-
ular dynamics are the following: (1) unlike molecular dynamics,
this approach can be used for slow diffusion processes near room
temperature and (2) it gives a better understanding of the dif-
ferent diffusion mechanisms involved, and thus, it is helpful in
designing new materials with the desired diffusion properties. This
makes it a potential approach in studying even more complex
systems, for instance, Li diffusion in lithiated LixSi phases with
defects. Based on our results, this approach can be used in studying
room temperature Li diffusion in different anode materials and can
possibly increase our understanding in designing next-generation
batteries.

SUPPLEMENTARY MATERIAL

The supplementary material contains convergence tests for the
supercell size, bulk modulus, and volume change of bulk-Si used to
study anharmonic effects as well as the phonon band structure of
c-LiSi and with 1 Li atom vacancy.
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APPENDIX A: HARMONIC APPROXIMATION
The free energy can be expressed in terms of the partition

function Z(T) using Boltzmann statistics,46

F(T) = −kT lnZ(T). (A1)

Assuming harmonic approximation for the lattice vibrations, the
partition function can be written in terms of the vibrational fre-
quencies (νi) and the ground-state energy (E0) using the quantum
mechanical expressions,46

Z(T) = e−E0/kT
∏
i

1
2 sinh( hνi

2kT )
(A2)

⇒ F(T) = −kT ln
⎛

⎝
e−E0/kT

∏
i

1
2 sinh( hνi

2kT )

⎞

⎠

= E0 + kT∑
i

ln[2 sinh(
hνi
2kT
)], (A3)

where νi is the vibrational frequency of the ith mode with hνi being
the quantum of energy of the harmonic oscillator. The second term
in Eq. (A3) can be written as the vibrational free energy (Fvib

Q ),24

Fvib
Q (T) = kT∑

i
ln{2 sinh

hνi
2kT
} (A4)

=∑
i
{

1
2
hνi + kT ln[1 − e−hνi/kT]}. (A5)

The classical limit of this expression is given by24

Fvib
C (T) = kT∑

i
ln(

hνi
kT
). (A6)

APPENDIX B: KMC ALGORITHM
The main steps of the KMC algorithm are as follows:

Step 1: Identify all the events (q) that can take place in the current
atomic configuration.

Step 2: Determine rates (ki) of all possible events. The jump
rate τi for an event i is given by the transition state
theory45,58 as

τi = γie−ΔEi/kT , (B1)

where γi is the attempt frequency, ΔEi is the energy barrier, k is
the Boltzmann constant, and T is the temperature associated with
event i. For all the events, the attempt frequency was calculated
using the phonon vibration modes and energy barriers by the NEB
method. For the classical approximation, the attempt frequency (γi)
is the ratio of phonon frequencies for the initial and saddle points
within the classical transition state theory framework and is tem-
perature invariant. For the quantum approximation, it varies with
temperature and is given by

γi =
kT
h

∏
N
i=1 2 sinh( hν0

i
2kT )

∏
N−1
i=1 2 sinh( hνSi

2kT )
. (B2)

Step 3: Generate a uniform random number between 0 and 1 (r1)
to select the event p out of all the q events to take place as

p−1

∑
i=1

ki < r1ktot ≤
p

∑
i=1

ki, (B3)

where ktot is the cumulative sum of rates of all the possible events.
Step 4: Reconfigure the system according to the selected event.
Step 5: Since selecting an event randomly is a type of Poisson

process, the time evolution for each KMC step can be
evaluated as91

t → t − ln(r2)/ktot , (B4)
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where r2 is a second random number between 0 and 1.

Step 6: Update new positions of Li atoms and vacancy, and
update the time according to step 5.

Step 7: Return to step 1.

Repeat this process for a sufficiently large number of times.
The diffusion coefficient can then be calculated as the time-weighted
average of the diffusion coefficients for each site i,61

D =∑
i
DiΔti/t, (B5)

where Di is the diffusion coefficient calculated for each site i over
time Δti and t is the total time for the entire KMC simulation, and
the expression

Di = ⟨[r(ti) − r(t0)]2⟩/2dΔti (B6)

gives the diffusion coefficient of each site i. The vectors r(ti) and r(t0)
represent the final and initial positions of the vacancy, respectively.
The variable d denotes the dimensions of the simulation, and ⟨. . .⟩
denotes the average over all particles.
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The data that support the findings of this study are available
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